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Entrance examination 1999/2000The candidate is asked to solve one of the following exercises.1 Theory of matricesA. Briey recall the basic properties of eigenvalues and eigenvectors of realsymmetric matrices.B. Let an; bn; �1 < n <1be two periodic sequences of real numbers, i.e.an+N = an; bn+N = bn for any n:The positive integer N is called period of the sequences. We assume all numbersan to be nonzero.Consider a system of linear equations depending on a parameter �an n�1 + bn n + an+1 n+1 = � n; �1 < n <1 (1.1)in the space of complex valued sequences ( n)�1<n<1.1). Prove that for any complex � there exist a nonzero solution ( n) to 1.1satisfying  n+N = � n for any n (1.2)with some complex coe�cient �.2). Prove that for any complex � except for at most 2N values �1, : : : , �2m,m � N , there exist exactly 2 nonzero solutions to the system (3.1, 3.2) withtwo di�erent values of �.3). Prove that all the exceptional values �1, : : : , �2m are real.
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2 Classical �eld theoryA possibile Lagrangian density for the electromagnetic �eld in empty space isL = � 116�F�� F ��where F�� = @�A� � @�A� is the electromagnetic �eld strength tensor and A�is the electromagnetic potential. One should recall that the expression of F��in terms of the electric �eld E and magnetic �eld B isF�� = 0BB@ 0 E1 E2 E3�E1 0 �B3 B2�E2 B3 0 �B1�E3 �B2 B1 0 1CCAGreek indices run from 0 to 3, Latin ones from 1 to 3, and the spacetime metricsignature is (+���). The C.G.S. system of units is used. Whenever necessaryone should assume that the electromagnetic �eld is di�erent from zero only ina bounded region of three-space.1) Write the canonical stress-energy tensor t�� associated with the LagrangianL.2) Prove that the tensor T �� = t�� � 14�F �� @�A�is symmetric and yields the same conservation laws as t�� .3) Write the components of T �� in terms of the �elds E and B.4) Discuss the conservation laws associated with the tensor T �� , comparingwith Poynting's theorem.5) After de�ning the angular momentum tensorM�� = T �� x � T � x�prove that the equations @�M�ij = 0 are equivalent to the conservation ofthe angular momentum of the electromagnetic �eld. The latter is de�nedas the vector L = c4� Zx0=K x ^ (E ^B) d3x :where K is a constant.
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6) Prove that the conservation laws@�M�0i = 0are equivalent to Ec2 dXdt = PwhereE = Zx0=K T 00 d3x; X i = 1E Zx0=K xi T 00d3x; P i = Zx0=K T 0i d3x :3 TopologyA. Formulate and discuss the Poincar�e lemma for di�erential forms de�ned indomains of Euclidean space.B.1. Let (v1(x); : : : ; vn(x)) be a smooth vector �eld de�ned for x in a ball B ofn-dimensional Euclidean space. Prove that, ifnXi=1 @vi(x)@xi = 0 (3.1)then the components of the vector �eld can be represented in the formvi(x) = nXj=1 @!ij(x)@xj (3.2)for an antisymmetric smooth tensor �eld !ij(x) = �!ji(x) de�ned in the ballB. 2. Suppose now that the vector �eld (v1(x); : : : ; vn(x)) satisfy Eq. (3.1) in adomain B of Euclidean space that is not a ball. Can one always represent it inthe form (3.2) for some tensor �eld !ij(x)? Discuss the topological propertiesof B that could obstruct such a reducibility.3. Construct an example of a domain B of some dimension n � 2 and of avector �eld satisfying (3.1) in B which cannot be represented in the form (3.2).
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4 Analytical MechanicsA) Briey outline the theory of generating functions for symplectic (that is,canonical and independent of time) transformations in Classical Mechanics.Consider in R2 = T �R, endowed with canonical coordinates (p; q), the vector�eld X = � _q = p� q2_p = 2qp� 2q3 � Sinh(q)1) Prove that X is a hamiltonian vector �eld.2) Find a symplectic transformation under which the Hamiltonian of X takesthe form of the energy of a particle of unit mass on the line R in a suitablepotential.3) Find a generating function for such a transformation.B) Briey recall the formal properties of the Poisson brackets (i.e. antisym-metry, Leibnitz rule, .......) seen as a bilinear composition law for functions onan arbitrary manifold. Express them in local coordinates and show that thestandard rule for canonical coordinates (pi; qi); i = 1; : : : ; nfpj; qkg = �jk; fpj; pkg = 0; ; fqj; qkg = 0full�lls those properties.Consider now cylindical coordinates (�; �; z) on a suitable open set U � R3 .1) Verify that the assignement:f�; �g1 = z�; f�; zg1 = 1; f�; zg1 = 0 (4.1)satis�es the properties of a Poisson bracket.2) Find a (class of) function(s) F (�; �; z) such thatfF;Gg1 = 0 8G 2 C1(U)3) Is there any vector �eld Y on U , representable in the formY := n _� = fK; �g1 _� = fK; �g1 _z = fK; zg1owhere K is a smooth function on U (that is, Y is a Hamiltonian vector �eld withrespect to the brackets f�; �g1), whose ow connects the points u0 = (1; �=2;�1)and u1 = (1=2; 2�=3; 2)?
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