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Each applicant is required to completely solve at least one of the following exercises. Every
answer must be sufficiently motivated.

A.

Consider the matrix
H := σx ⊗ σx + σy ⊗ σy + q σz ⊗ σz,

where q ∈ C is a parameter and

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

1. For which α ∈ R is H invariant under the adjoint action of U⊗U , where U = exp(iασz)?

2. For which values of q is H Hermitian and for which is positive?

3. Compute Z(β) := Tr exp(βH), for β ∈ R.

4. Find the eigenvectors of exp(βH).

B.

1. State the Mayer-Vietoris theorem for computing the de Rham cohomology of a differ-
entiable manifold that can be written as the union of two open subsets.

2. Compute the de Rham cohomology of the following spaces.

2a. A 2-dimensional torus T = S1 × S1.

2b. T minus a point.

2c. A compact oriented surface with 2 holes.

3. Use induction to compute the de Rham cohomology of a compact oriented surface with
n holes.



C.

Consider the family of affine algebraic plane curves over C given by the equation

ax3 + x2 − y2 = 0,

where a is a complex parameter. Discuss the following questions for varying a.

1. Is the curve irreducible?

2. Find the singular points of the curve. Which type of singularities are displayed?

3. Write the equation of the total transform of the curve.

4. Find the normalization of the curve.

D.

Consider a point particle of mass m and Cartesian coordinates ~r = (x, y, z) ∈ R3, with
central potential energy V = V (r), where r =

√
x2 + y2 + z2. The function V (r) is smooth

for any r > 0. The force acting on the particle is ~F = −~∇V (r), where ~∇V (r) is the gradient
of the function V (r).

1. Prove that the orbit of the particle either lies in the invariant plane orthogonal to the
angular momentum ~L := ~r×m~̇r when ~L 6= 0, or on a line through the origin (0, 0, 0) when
~L = 0. (Here × is the vector (cross) product and ~̇r is the time derivative of ~r = ~r(t)).

In the following, assume that ~L 6= 0.

2. Let M be the invariant plane orthogonal to ~L. For simplicity, assume that ~L = (0, 0, L),
L ∈ R\{0}, and introduce polar coordinates (r, θ) on M , defined by x = r cos θ, y = r sin θ,
r > 0, θ ∈ [0, 2π). Write the Lagrangian L(r, θ, ṙ, θ̇) of the system on the tangent bundle
TM . Prove that there exist two constants of motion.

3. Write the Hamiltonian H(r, θ, pr, pθ) of the system on T ∗M . Show, in the Hamiltonian
formalism, that the Hamiltonian and the momentum pθ are two constants of motion. Show
that the system is integrable according to Liouville.

4. An orbit in T ∗M lies on an invariant surface defined by H(r, θ, pr, pθ) = E and pθ = L,
where E, L ∈ R are constants. Let V (r) = krα, where k and α are real numbers such that
k 6= 0. Find the conditions on k, α, E and L such that there exist canonical action-angle
variables (namely, the orbit lies on some compact Arnold torus).

5. Compute explicitly the action variables when α = 2 and k > 0. Write the Hamiltonian
as a function of the action variables and say if the motion is periodic. [Hint:∫ ξ2

ξ1

√
1− A

ξ2
−Bξ2 dξ = π

(
1

4
√
B
−
√
A

2

)
,

where A,B > 0, 4AB ≤ 1 and 0 < ξ1 < ξ2 are the two positive roots of 1− A
ξ2 −Bξ2 = 0.]



E.

On Minkowski spacetime R× R3, the second set of the vacuum Maxwell equations

∇ · E = ρ, ∇×B − ∂E/∂t = j (1a)

∇ ·B = 0, ∇× E + ∂B/∂t = 0 (1b)

implies the existence of potentials (A,Φ), defined up to “gauge transformations”

A→ A′ = A+∇Λ, Φ → Φ′ = Φ− ∂Λ/∂t,

such that
E = −∇Φ− ∂A/∂t, B = ∇× A.

1. Show that one can choose a set of potentials satisfying the Lorentz gauge condition

∇ · A+ ∂Φ/∂t = 0 (2)

in such a way that the equations (1) are equivalent to the wave equations

∇2Φ− ∂2Φ/∂t2 = −ρ

∇2A− ∂2A/∂t2 = −j (3)

2. Show that the Lorentz condition (2) is preserved under the family of restricted gauge
transformations such that ∇2Λ− ∂2Λ/∂t = 0.

3. Show that the equation (2) and (3) are covariant under the Poincaré group of spacetime
transformations

X ′ = M X + b

with M tηM = η. (X = (t, x, y, z) and η = diag(−1, 1, 1, 1)). What are the transformations
of the potentials (Φ, A) and the sources (ρ, j)?

4. Find the conditions on E,B such that there exists a Poincaré transformation after
which E ′ = 0 (or B′ = 0). Show in particular that a purely electrostatic field cannot be
transformed into a purely magnetostatic field.



F.

Consider the quantum dynamics of a particle of mass m in the real plane R2 with coordi-
nates q = (q1, q2) and classical Lagrangian

L =
m

2

∑
i=1,2

q̇iq̇i +
B

2

∑
i,j=1,2

εijqiq̇j −
k

2

∑
i=1,2

qiqi, (1)

where B and k are two real positive constants and εij the totally antisymmetric tensor in
two dimensions with component ε12 = 1.

1. Calculate the Hamiltonian of the system and quantize the system by imposing the
canonical commutation relations. Solve the Heisenberg equations of the quantum system.

2. Calculate the simultaneous eigenstates of the Hamiltonian and of the angular momentum
operator M =

∑
i,j=1,2 ε

ijqipj and their spectrum of eigenvalues.

[Hint: write the total Hamiltonian as H = Hred − B
2m
M . Note that eigenfunctions of M

with eigenvalue +λ and −λ are degenerate in the spectrum of Hred and use this fact to
write the eigenfunctions of H in the form Ψ(q) = χ(q)ψ(q) were χ(q) are eigenfunctions
of M and ψ(q) eigenfunctions of Hred with zero eigenvalue w.r.t. M ]

3∗. Consider the Lagrangian L0 which is obtained from (1) by setting m = 0. Repeat the
calculations of points (1) and (2) for the Lagrangian L0.

4∗. Discuss if and how the solution of the Heisenberg equations and the spectrum of
eigenvalues of the above two systems, described respectively by H and H0, are related in
the m→ 0 limit.

[Hint: study point (2) using polar coordinates. Use separation of variables between the an-
gular and radial part, and write for the radial part the ansatzR(r) = r|λ| exp (−αr2/2)u(αr).
Expand u(αr) in power series and impose that its behavior for r → 0 and r → ∞ does
not affect the asymptotic behavior of R(r) in these limits. Recall that the Laplacian in

angular coordinates is
(

∂2

∂r2 + 1
r

∂
∂r

+ 1
r2

∂2

∂φ2

)
].


