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Written test, September 9, 2013

Each applicant is required to solve at least one of the following exercises. Every answer
must be sufficiently motivated.

A.

Denote the Cartesian coordinates of a point x = (2!, 22, 23, 24, 2%, 25) € RS with the notation
(a1,a,a3,11,12,13).

In RS consider a skew-symmetric tensor ¥, ﬂ“”% A 82V of type (2,0) with components
T (x) == {xt, x¥}, p,v =1,..,6, where {x# x¥} in the above notations is defined as follows:

3 3
{ai,a;} =0, {a;,l;} == emar, {0} == eule, 1,7 €{1,2,3},
k=1 k=1

1 (¢,7,k) even permutation of (1,2,3)
€k =1-1  (4,7,k) odd permutation of (1,2,3)
0 otherwise

Answer the following questions:

1) Prove that (RS,{-,-}) is a Poisson manifold with Poisson brackets

3 of 0
(b= 3 (ha) 520 fgec=(me)

pov=1

Let I, I, I3 be positive constants and consider the following Hamiltonian:

BB

=5 T oL, 2—[3—(a1+a2+a3), (1)
Write the Hamilton equations % = Xg"(x), p =1,...,6, where Xy is the Hamiltonian

vector field of H with respect to the brackets {-,-}.
2) Give the definition of Casimir functions, symplectic leaves and symplectic foliation.
Prove that:

2.i) For (ay,aq,a3) # 0, (I1,12,13) # 0, there are two (and only two) independent Casimir
functions ®1(ay, asz,az) and ®y(aq,as,as,ly,ls,13), and compute them explicitly.



2.ii) On the subspace (a1,as,a3) = 0, there is only one independent Casimir function
®3(ly,1s,13), and compute it explicitly.
3) Consider the case (ay,as,a3) =0, with &3 =13 +13+12 .

3.i) Describe geometrically the orbits of the Hamiltonian (1) when I; < Iy < I3.

3.ii) Let L > 0 be a constant. Introduce the coordinates v, on the symplectic leaf
®3(11,12,13) = L?, as follows

l1=L sin® cosp, Ily=L sind sinp, I3=1L cosv; Y e[0,7], pel0,2m).

Write {1, ¢} on the symplectic leaf and the Hamilton equations for 9, ¢.

3.iii) Show that the above Hamilton equations are integrable by means of one quadrature.

4) Consider the case (ay,a2,a3) # 0. Let a > 0 and ¢ € R be the constants which iden-
tify a symplectic leaf ®; = a2, &3 = ¢. The change of coordinates (ay,as,as,l1,l2,13) —
(a,0,¢, Py, Py, Py) defined by

a1 =asinfcos¢p, as=asinfsing, az=acosb,

) cosf CoS c
[y =sin¢ Py + cos ¢p— P, - — 4  +— a
sin 6 sin 6 a?
., cosf sin ¢ c c
ly=-cos¢p Pp+sing——; Py+— P, +— a2, Il3=-Py +— as.
sin sin é a? a?

reduces the Poisson brackets to the form: {a,-} = {F,,-} =0, and
c .
{67¢}:Oa {97P¢}:{¢>P9}:07 {9,P0}2{¢,P¢}=1a {P97P¢}:ESH16

[Note: it is not required to verify the above expressions.] The above brackets imply that
0, ¢, Py, Py are coordinates on a symplectic leaf. Why?

5) Restrict to a symplectic leaf as in point 4). Show that there exist smooth functions
f1(0,0) and f5(0,¢) such that the local change of coordinates ¢! = 0,¢?> = ¢, py = Pp +
f1(0,9), p2 = Py+ f2(6, ¢), reduce {-,-} to the canonical form {¢*,¢’} = {pi, p;} =0, {¢’,p;} =
5;, i,7 € {1,2}. Prove that {-,-} cannot be globally reduced to the canonical form by the
change of coordinates above, except for the case ¢ =0.

B.

1) Fix L > 0. Prove that the operator —% acting on the functions in C2(0, L) vanishing
in a neighborhood of 0 and L, is neither closed nor self-adjoint in L2(0, L).



2) Prove that the same operator, acting on the functions in C2(0, L) which vanish at x =0
and z = L, is closable and its closure is self-adjoint. Denote this self-adjoint operator by
Hy.

3) Find the spectrum of the self-adjoint operator Hy, defined at point (2).

4) Determine (as a series) the solution ¢~ 1(t) to the Schrédinger equation i = Hy,
considering as initial datum the characteristic function of the interval [0, %] Prove that
this solution v (t) is periodic and compute explicitly the period.

5) For V e L>=(0,1), let E,(\) be the n-th eigenvalue of the operator H(\) := H; + AV in
L2(0,1). Prove that
[En(1) = En(0)] < V]

6) Fix L >0 and M >0, with L # M. In the Hilbert space H = L?(0,L) ® L?(0, M), con-
sider the solution ¢ —» W(¢) to the Schrodinger equation corresponding to the Hamiltonian

operator
HL,M:HL®1+1®HM-

Assume that the initial datum Wy is contained a subspace of H spanned by a finite number
of eigenfunctions of Hy, ;. Find a condition on L and M which implies that ¢ — W(t) is
periodic for every ¥, (possibly with a Wg-dependent period).

C.
1) Let &£ € C. Consider the map:

1 1
z = 5 (§ + E) .
e Show that the map is conformal on the domain |¢| > 1.

e Determine the image of the domain |£| > 1 and |£] = 1.

e Determine the inverse map.

2) Show that if u(z) is a harmonic function in a domain D of the complex plane then

27

u(z) = %fu(z+rei9)d0,
0

where the disk centred at z and radius r is contained in D.



3) Now consider the function

u(z)—lfllo ! dt
o Ja g|z—z€|\/1_t2’

where z € C and |z — t| denotes the modulus.

e Show that u(z) is a harmonic function for |z| > 1.

e Show that

(2) = log 2, ze[-1,1]
ne)= log2-loglz+Vv2z2-1|, zeC\[-1,1].

Hint: use the substitution t = cosf and z =& + % and show that

1 .
|z —cosf| = §|£— st -5, s=e".

D.

In the following H*(X) will denote the de Rham cohomology of an n-dimensional differ-
entiable manifold X. Let Qf(X) be the space of differential k-forms on X with compact

support.

a) Prove that dw € QF1(X) if w e QF(X).

As a consequence, (Q2(X),d) is a differential complex. Let H2(X) be its cohomology (the

de Rham cohomology of X with compact supports).

b) Compute the groups H5(R) from the definition.

c¢) Is the de Rham cohomology with compact supports a homotopy invariant?

d) Discuss and prove, if possible, the following statement: if X is orientabile, the pairing

PX)xUHX) >R, (W) [ e
X
induces an isomorphism H*(X)* ~ H?*(X) (Poincaré duality).

e) Compute the groups HF(R") for all n > 1.



If U c V are open subsets of X there is a natural inclusion jyy: QF(U) < QF(V) (explain).
f) Let X =U uV, with U, V open and connected. Prove that for all k£ the sequence
0 QFU V) S QEU) @ QF(V) > QF(X) >0
is exact. The morphisms a and b are defined as
a(w) = (uavy (W), —juavv (W), b(n,7) = jux(n) + jv,x (7).

g) From the exactness of this sequence deduce a long exact sequence for the de Rham
cohomology groups with compact support.

h) Write the latter sequence for the case X = S' xR and check that via the isomorphism
in item d) it is compatible with the Mayer-Vietoris sequence for the usual de Rham
cohomology.

E.

Let C' = {(z,y) € AZ| f(x,y) = 0} be the plane algebraic curve defined by the polynomial
f € Clz,y] and let L = {(a,b) + A(u,v)| X € C} be a line passing through P = (a,b) € A%
not contained in C'. The intersection multiplicity between C' and L in P, multp(C'n L), is
defined as the multiplicity of the zero of f(a+ Au,b+ A\v) in A = 0.

a) Let C' and L as above. Prove that the following inequality holds true:

Y multp(CnL)<d,

PeL

where d = deg(f) is the degree of f, i.e. the degree of C.

b) Let C' ¢ AZ be a plane algebraic curve as above. For any P = (a,b) € A% the
multiplicity of C' in P is defined as follows:

multp(C) = min{multp(C n L) | L ¢ AZline through P} .
i) Prove that there is an expression as follows:
f(xvy) = fu(l'—(17y—b) +fu+1(5f—&>y—b)"‘-u“‘fd(if—a»y—b),

where, for any ¢ = pu,...,d, f; is a homogeneous polynomial of degree ¢ > 0 and
fu#0. Conclude that multp(C') = p.
(Hint: after an appropriate translation, one can assume that P = (0,0).)



ii) Let f e C[x,y] be an irreducible polynomial of degree d. Assume that P =
(0,0) e C'={f =0} is of multiplicity multp(C) = d - 1. Prove that the map

©: A%: -> A(QC

= (_fdl(% D, _foalu 1))
fd(ual) ’ fd(u71)

defines a birational function Af -> C'.

iii) Discuss point ii) (eventually through examples) in the case where f is reducible.
c) Let C'={(z,y) e AL|y? = 22 + 23}

i) Determine the singular points of C' and the corresponding multiplicities.

ii) Prove that C is rational and determine an explicit birational parametrization

A(lc -> C.
iii) Determine the automorphism group of C'; Aut(C).

d) Let C c P2 be a plane projective algebraic curve and let L c P% be a line such that
L¢C.

i) Recall the definition of the intersection multiplicity between C' and L at the
point P € L. Prove that the following equality holds:

multp(C n L) = multyp) (T(C)nT(L)),

for any projective transformation 7: P24 — P2,

ii) Prove the following equality:

Y multp(CnL)=d,

PeL

where d is the degree of C.



