Sector of Functional Analysis
Entrance Examination, October 1993

Solve at most 5 of the following problems.

Pb. 1) Let z1,...x, be real numbers. Prove that
la) Sp ot =1 = (33 a) V" < 1/
and then deduce that
1b) z; > 0 for every i — (xqx2-- -xn)l/” < MT”C"

Pb. 2) Let f,g:@ — @ be holomorphic. Prove that the condition

FRI<lg(z)l  (2€@), (%)

implies the existence of a constant ¢ such that, f = cg.

Pb. 3) Let H a Hilbert space, and for any n > 1 let A,, : H — H be a bounded linear
operator. Prove that ||A4,| — 0 if the following condition holds:
Apx, — 0 strongly for every weakly convergent sequence (x,,)n>1 in H.

Pb. 4) Let (f,)n>1 be a sequence of real continuous functions defined on [0,1]. Prove
that the following conditions are equivalent:

a) (fn)n>1 is equibounded and f,, — 0 pointwise;

b) lim, f[0,1] fndp = 0 for every Borel measure p which is positive and bounded on [0, 1].

Pb. 5) Let X be a complete metric space and, for each 0 < A <1, let Ty : X — X satisfy

d(T)\(.f)?T)\(y)) < d(ZL‘,y) (V LY, >‘)

N =

Prove that if D is a dense subset of X and for every x € D

lim T (2) = To(x),

then,
lim z) = g,

—0

where z) = T)(z)).

Pb. 6) In L> = L*(]0,1]), let V' be the set of all characteristic function xg, with E
running in the set of measurable subsets of [0,1]. Is V' compact in L>°? Justify your
answer.



Pb. 7) Let T : /3 — {5 be the linear operator defined by

Tn

T(x):= (;)nzh

for every x = (z,,)n>1 € f2. Prove that T'(¢3) is dense in ¢5 and differs from ¢, (that is,

T(fg) = EQ and T(fg) 7& Eg)

Pb. 8) Let f, f, : [0,1] — IR be continuous functions. Assume that for every sequence
(2n)n>1 converging to a point = € [0, 1], we have

lm £, () = £().
Prove that f, converges uniformly to f in [0, 1].

Pb. 9) Let f : IR —]0, 400 be continuous. Prove the uniqueness of the solution to the
Cauchy problem

a' = f(x), x(to) = xo,
for every initial data tg, xg.

Pb. 10) Let f : [0,1] x IR™ — IR"™ be of class C'. Let x be the solution to the Cauchy
problem

2(t) = f(t,x(t), (0)=0,

on [0,8[C [0,1]. Prove that if x cannot be extended at 3 as a solution, then for every
compact subset K C IR" there exists tx < 3 such that z(t) ¢ K for tx <t < 3.



