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Abstract

This thesis is a contribution to the mathematical theory of Hyperbolic Conservation Laws.
Three are the main results which we collect in this work. The first and the second result
(denoted in the thesis by Theorem A and Theorem B respectively) deal with the following
problem. The most comprehensive result about existence, uniqueness and stability of the
solution to the Cauchy problem

U + F(U)x = 0,
{u(O,x) = u(x), ©)

where F : RN — R¥ is strictly hyperbolic, u = u(t,z) € RNV, ¢ >0, € R, Tot.Var.(a) < 1,
can be found in | |, where the well-posedness of (C) is proved by means of vanishing
viscosity approximations. After the paper | |, however, it seemed worthwhile to develop
a purely hyperbolic theory (based, as in the genuinely nonlinear case, on Glimm or wavefront
tracking approximations, and not on vanishing viscosity parabolic approximations) to prove
existence, uniqueness and stability results. The reason of this interest can be mainly found in
the fact that hyperbolic approximate solutions are much easier to study and to visualize than
parabolic ones. Theorems A and B in this thesis are a contribution to this line of research.
In particular, Theorem A proves an estimate on the change of the speed of the wavefronts
present in a Glimm approximate solution when two of them interact; Theorem B proves the
convergence of the Glimm approximate solutions to the weak admissible solution of (C) and
provides also an estimate on the rate of convergence. Both theorems are proved in the most
general setting when no assumption on F' is made except the strict hyperbolicity.

The third result of the thesis, denoted by Theorem C, deals with the Lagrangian structure
of the solution to (C). The notion of Lagrangian flow is a well-established concept in the
theory of the transport equation and in the study of some particular system of conservation
laws, like the Euler equation. However, as far as we know, the general system of conserva-
tions laws (C) has never been studied from a Lagrangian point of view. This is exactly the
subject of Theorem C, where a Lagrangian representation for the solution to the system (C)
is explicitly constructed. The main reasons which led us to look for a Lagrangian representa-
tion of the solution of (C) are two: on one side, this Lagrangian representation provides the
continuous counterpart in the exact solution of (C) to the well established theory of wavefront
approximations; on the other side, it can lead to a deeper understanding of the behavior of
the solutions in the general setting, when the characteristic field are not genuinely nonlinear
or linearly degenerate.
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Introduction

This thesis is a contribution to the mathematical theory of Hyperbolic Conservation Laws.
Aim of this Introduction is to present an overview of the three main results of this thesis,
discuss how they are related to the general theory of conservation laws and give an outline of
the techniques used to prove them.

A system of conservation laws in one space dimension is a system of PDEs of the form

ug + F(u)y =0, (1)

where u : [0,00) x R — R" is the unknown and F : Q@ C RY — R¥ is a given smooth (say
C3) map, called fluz, defined on a neighborhood € of a compact set K C RV .
Equation (1) is usually coupled with an initial datum

w(0,z) = u(z), (2)

where @ : R — RY is a given function. It is customary to assume that the system (1) satisfies
the strict hyperbolicity condition, i.e. the Jacobian DF'(u) of F has N distinct eigenvalues

)\1(11,) <0 < /\N(u) (3)

in each point u €  of its domain. We will also assume, for simplicity, that the initial datum
u is identically zero out of a compact set. This is just a technical assumption which can always
be removed.

Systems of conservation laws are very important for applications. For instance, they are
widely used to express the fundamental balance laws of continuum physics (see | D,
when small viscosity or dissipation effects are neglected. As an example, the Euler equation
for a compressible, non-viscous gas takes the form of a system of three conservation laws,
where the unknowns are the mass specific volume of the gas and its velocity. Conservation
laws are also used in several other fields, like biology, elastodynamics, rigid heat conductors,
superfluids or traffic flow models. In the latter case, for instance, the unknown u(t,z) € R is
the density of car at time ¢ on the point z and the map F' = F'(u) represents the flux of cars
as a function of their density w. In this thesis, however, we will not focus on a single example
of conservation laws; on the contrary, we will develop results which hold for the general system
(1), (2) without any assumption on the flux F' except the strict hyperbolicity, and which are
based on the careful analysis of the wave interactions.

In order to better understand how the three main results of this thesis fit in the general
theory of Hyperbolic Conservation Laws, we consider worthwhile to present first an extended,
even if far from complete, history of general existence, uniqueness and stability theory for the
Cauchy problem (1), (2). Then we will give a general, not technical, overview of the three
main results of the thesis, providing also the precise statement of the three main theorems we
will prove in this thesis. In the meanwhile, also further research directions will be proposed.

History of the previous results

Admissibility criteria. It is well known that, due to the nonlinear dependence of the
characteristic speeds Ag(u) on the state variable u, waves may compress and classical (smooth)

XI



XII INTRODUCTION

solution to (1), (2) can develop discontinuities in finite time. On the other side, the notion of
distributional solution is too weak to guarantee the uniqueness. For this reasons the notion
of solution which is typically used is the following one.

DEFINITION 1. A map u : [0,00) x R — R¥ belonging to L{ _ is said to be a weak solution
of the Cauchy problem (1), (2) if:

(1) w satisfies the equation (1) in the sense of distributions;

(2) wu is continuous as a map [0,00) — L (R;RY);

(3) at time t = 0, u satisfies the initial datum, i.e. u(0,2) = u(z);

(4) wu satisfies some additional admissibility criteria, which come from physical or stabil-
ity considerations and guarantee the uniqueness of the solution.

3
4

Many admissibility criteria have been proposed in the literature: just to name a few, the Lax-
Liu condition on shocks (see | , , |), the entropy condition (see | D,
the vanishing viscosity criterion (see | ). We do not want to enter into details: the
interested reader can refer to the cited literature and to the book | |.

The Riemann problem. The basic ingredient to solve the Cauchy problem (1), (2) is
the solution of the Riemann problem, i.e. the Cauchy problem when the initial datum has the
simple form

wO.2) =ul@) =3 k.50 (4)

The solution of the Riemann problem (1), (4) was obtained first by Peter Lax in 1957 | ],
under the assumption that each characteristic field is either genuinely non linear (GNL), i.e.

VAk(u) - re(u) # 0
for every u or linearly degenerate (LD), i.e.
VAk(u) - re(u) =0

for every w. As usual, we are denoting by ri(u),...,r,(u) the right eigenvalues (normalized
to 1) associated to Aj(u),..., A\, (u) respectively:

{uL if x <0,

Df(u)rg(u) = Ag(uw)rg(u), for every k =1,...,n and for every u € Q.

In this case, if ]uR — uL| < 1, using Implicit Function Theorem, one can find intermediate
states u® = wg, wi,...,wp, = u® such that each pair of adjacent states (Wk—1,wy) can
be connected by either a shock or a rarefaction wave of the k-th family (if GNL) or by a
contact discontinuity of the k-th family (if LD). We will refer to shocks, rarefactions and
contact discontinuities as wavefronts, rather than wave: we will indeed use the word “wave”
to describe slightly different objects. The complete solution to the Riemann problem is now
obtained by piecing together the solutions of the N Riemann problems (wg_1,wy) on different
sectors of the (¢,x)-plane. The strict separation of the A\, assures that no overlapping can
occur.

In the general case (here and in the rest of the thesis, by general case we mean that no
assumption on F' is made besides strict hyperbolicity) the solution to the Riemann problem
(u*,uf*) was obtained by Stefano Bianchini and Alberto Bressan in [ |. They first
construct, for any left state u’ and for any family & = 1,...,n, a curve s — TfuL of
admissible right states, defined for s € R small enough, such that the Riemann problem
(u”, TFu"™) can be solved by (countable many) admissible shocks (in the sense of limit of
viscous traveling profiles), contact discontinuities and rarefactions waves. Then, as in the
GNL/LD case, the global solution of (u”,uf?) is obtained by piecing together the solutions of
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N Riemann problems, one for each family: uf* = T} o---o0 Ts,l1 u”. (Here some overlapping
among shocks and contact discontinuities can occur).

Glimm’s and Liu’s existence result. The first result about existence of solutions to
the general Cauchy problem (1), (2) can be found in the celebrated paper by James Glimm
| | in 1965, in which the existence of solutions is proved again under the assumption
that each characteristic field is either GNL or LD. In | |, for any € > 0 an approximate
solution u® (¢, x) is constructed by recursion as follows. First of all we can always take (possibly
after a linear change of variable in the (t,z)-plane)

Ai(u) € 10,1] for every k and for every u. (5)

Consider now any sampling sequence {¥;};eny C [0,1]. Glimm’s algorithm starts by choosing,
at time t = 0, an approximation u«° of the initial datum «, such that @® is compactly
supported, right continuous, piecewise constant with jumps located at point t = me, m € Z.
We can thus separately solve the Riemann problems located at (t,z) = (0,me), m € Z.
Thanks to (5), the solution u®(t,x) can now be prolonged up to time t = e. At t = ¢ a
restarting procedure is used. The value of u® at time ¢ is redefined as

ut(e+, ) == u(e—, me + Vhe), if z € [me, (m+ 1)e). (6)

The solution uf(e,-) is now again piecewise constant, with discontinuities on points of the
form © = me, m € Z. If the sizes of the jumps are sufficiently small, we can again solve the
Riemann problem at each point (¢,x) = (¢, me), m € Z and thus prolong the solution up to
time 2e, where again the restarting procedure (6) is used, with ¥ instead of ¥;. The above
procedure can be repeated on any time interval [ig, (i + 1)e], i € N, as far as the size of the
jump at each point (ie,me), i € N;m € Z, remains small enough, or, in other words, as far
as

Tot.Var.(u®(t); R) < 1. (7)

In order to prove (7), Glimm introduces a uniformly bounded decreasing functional (also called
potential) ¢ — QGM™(¢) < O(1)Tot.Var.(#)?, with the property that at any time ie, i € N,

Tot.Var.(u®(ie+); R) — Tot.Var.(u(ie—); R) < O(l)(QGlimm(is—) - QGlimm(is—i—)). (8)

Here and in the following O(1) denotes a constant which depends only on the flux F. As
an immediate consequence, we get Tot.Var.(u®(¢); R) < O(1)Tot.Var.(u®(0); R) < 1 and thus
the solution u°(t,z) can be defined on the whole (¢, x)-plane [0,00) x R. The uniform bound
on the Tot.Var.(u®(t);R) yields a compactness on the family {u}.: we can thus extract a
converging subsequence, which turns out to be, for almost every sampling sequence {¥;};, a
weak admissible solution of the Cauchy problem (1), (2).

Starting from Glimm’s pioneering work, finding out suitable decreasing potentials to get
a priori bounds on the solutions of the Cauchy problem (1), (2) has been one of the most
important directions in the development of the mathematical theory of conservation laws.

Glimm’s results was improved in 1977 by Tai Ping Liu in | |, where the author shows
that if the sampling sequence {¥;} is equidistributed, that means that for any A € [0, 1],

. i< ‘
lim CaI‘d{ZEN‘l_Z‘_] and ¥; € [0, A]}

Jj—o0 i

= A (9)

then the subsequence extracted from {u®}. converges to a weak admissible solution of (1), (2),
thus getting a deterministic version of the Glimm scheme. The main novelty in Liu’s paper is
the construction of a wave tracing algorithm which splits each wavefront in the approximate
solution into a finite number of discrete waves such that the trajectory of each wave can be
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traced in time and the sum over all waves of the variation of the speed of each single wave in
a given time interval [t1,ts] is bounded by the decrease of QEU™™ in [ty o],

The wave-front tracking method. An alternative method for constructing solutions

of the Cauchy problem (1), (2), again as a limit of a sequence of piecewise constant approx-
imations, is the wavefront tracking algorithm, introduced by Constantine Dafermos | ]
for scalar equations and Ronald Di Perna | | for 2 x 2 systems, then extended in
[ , , | to N x N systems with GNL or LD characteristic fields. The wave-
front tracking algorithm starts at time ¢t = 0 by taking, as in the Glimm scheme, a piecewise
constant approximation of the initial data. The resulting Riemann problems are then solved
within the class of piecewise constant functions by using an approximate Riemann solver that
replaces centered rarefaction waves with rarefaction fans containing several small jumps trav-
eling with a speed close to the characteristic speed. This approximate solution can now be
prolonged until a time ¢; is reached, when two (or more) wavefronts starting from ¢t = 0
interact. Since w(tq,-) is still piecewise constant, the corresponding Riemann problems can
again be approximately solved within the class of piecewise constant functions. The solution
u can thus be prolonged up to a time to when, again, two wavefronts collide, and so one.
In using front tracking approximations to prove existence of the Cauchy problem (1), (2),
the two main difficulties derive from the fact that the number of lines of discontinuity may
approach infinity in finite time and the total variation of the solution can blow up. As in the
Glimm scheme, one of the fundamental tools to overcome such difficulties is again the Glimm
potential QGlmm

The semigroup approach. A different line of research, related to the analysis of unique-
ness and stability issues, led to the introduction of the notion of standard Riemann semigroup.

DEFINITION 2. A standard Riemann semigroup for the system of conservation laws (1) is
amap S : D x[0,00) = D, defined on a domain D C L*(R;R") containing all functions with
sufficiently small total variation, with the following properties:

(1) for some Lipschitz constants L, L',
|Sii — Ssvll1 < Lllu — ||y + L'|t — s|, for any 4,0 € D, t,s>0; (10)

(2) if @ € D is piecewise constant, then for ¢ > 0 sufficiently small S;@ coincides with the
solution of (1), (2), which is obtained by piecing together the standard self-similar
solutions of the corresponding Riemann problems.

In the GNL/LD case it is proved (see, among others, | |, [ |, | |) that
any system of conservation laws admits a standard Riemann semigroup and that at any time
t > 0 the solution u(t) obtained as limit of Glimm approximations u®(t) with the initial
datum 4, coincides with the semigroup S;u. Also in the semigroup approach, one of the most
important techniques used to prove stability results is the construction of suitable decreasing
potential defined on pair of solutions (see | D).

Convergence rate of the Glimm scheme. Relying on the existence of the standard
Riemann semigroup for GNL/LD systems, in 1998 A. Bressan and Andrea Marson further
improved the theory of Glimm’s sampling method. They show in | | that, if the sampling
sequence {v;}, satisfies the additional assumption

sup A card{i € N | j; S.z < ?2 and ¥; € [0, \]} <C. 1 —i—l(.)g(.]g.—jl)‘ (11)
A€[0,1] J2—n J2—
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(and it is not difficult to prove that such a sequence exists), then the Glimm approximate
solutions u®(7") converges to the exact weak admissible solution u(7") = Stu; more precisely,
the following limit holds:

(T ) - ST@HLl

lim =0. 12
e—0 } log 5| Ve (12)
The technique used in | | to prove (12) is as follows. Thanks to the Lipschitz property

of the semigroup (10), in order to estimate the distance
l(T, ) = T, ) o = ([T, ) = Sra]| o,
we can partition the time interval [0,7] in subintervals J, := [t,, t,4+1] and estimate the error
[0 (1) = Stya 0" (tr) | 1 (13)

on each interval J,.. The error (25) on J, comes from two different sources:

(1) first of all there is an error due to the fact that in a Glimm approximate solution,
roughly speaking, we give each wavefront either speed 0 or speed 1 (according to the
sampling sequence {¥;};), while in the exact solution it would have a speed in [0, 1],
but not necessarily equal to 0 or 1;

(2) secondly, there is an error due to the fact that some wavefronts can be created at
times ¢ > t,, some wavefronts can be canceled at times ¢t < .1 and, above all, some
wavefronts, which are present both at time ¢, and at time t,;1, can change their
speeds, when they interact with other wavefronts.

The first error source is estimated by choosing the intervals J, sufficiently large in order to
use estimate (11) with jo — 71 > 1. The second error source can be estimated (choosing the
intervals J, not too large) using the bound on the change in speed of the waves present in
the approximate solution provided, in the GNL/LD case, by Liu in | | through his wave
tracing algorithm and the Glimm potential Q™™

As € — 0, it is convenient to choose the asymptotic size of the intervals J, in such a way that
the errors in (1) and (2) have approximately the same order of magnitude. In particular, the
estimate (12) is obtained by choosing |J,| ~ /¢ log |loge|.

Results in the non-convex setting. Up to now, all the results we presented were
obtained under the assumption that each characteristic field is either GNL or LD. We consider
now the general case, when this “convexity” assumption is removed and the only property of
F is its strict hyperbolicity (3).

The problem of finding a suitable decreasing potential to bound the increase of ¢
Tot.Var.(u®(t); R) for a Glimm approximate solution u® (see (8)) was solved first by Tai Ping
Liuin | | for fluxes with a finite number of inflection points. Later, in | |, Bianchini
solved the problem for general hyperbolic fluxes, introducing the cubic functional

s chbiC(t) — / |O'(t, S) . O'(t, S,)’deS, ~ (’)(1)1_‘0‘5.\/&1"-(@L‘5(1f))37 (14)

where s,s’ are two waves in the approximate solution at time ¢ and o(t,s),o(t,s’) denote
their speed.

In | | Bianchini and Bressan also proved the following fundament theorem, which
provides existence, uniqueness and stability of the solutions to (1), (2).

THEOREM 1. Any strictly hyperbolic F' admits a standard Riemann semigroup {S; [t > 0}
of vanishing viscosity solutions with small total variation obtained as the (unique) limits of
solutions to the viscous parabolic approximations

up + F(u)y = fgy, (15)
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when the viscosity p — 0. The semigroup S is defined on
D= {u e L'(R;RY) | Tot.Var.(u) < 1, lim _u(x) € K}

and satisfies the Lipschitz condition
|Sii — Ssv||y < Llju — 0|y + L't — 5|, for any u,v € D, t,s>0. (16)

As we have already pointed out, Theorem 1 is the most comprehensive result about ex-
istence, uniqueness and stability of the solutions of the Cauchy problem (1), (2). Its proof,
however, relies on the deep analysis of the viscous approximations (15) through parabolic
techniques. It seemed thus worthwhile to develop a purely hyperbolic theory (based, for in-
stance, on Glimm or wavefront tracking approximations) to prove existence, uniqueness and
stability results in the general case, when no assumption on F' is made except the strict hy-
perbolicity. The reason of the opportunity of developing such purely hyperbolic theory, other
than theoretical interest, can be mainly found in the fact that the hyperbolic approximate
solutions (like Glimm’s ones or wavefront tracking ones) are piecewise constant functions with
discontinuities traveling on a finite number of straight line and they thus can be visualized,
analyzed and used much more easily than the parabolic approximations which solve (15).

The construction of wavefront tracking approximations in the general setting and the proof
of their convergence to the semigroup solution S;u provided by Theorem 1 was performed
by Fabio Ancona and A. Marson in | . In a very similar way to the GNL/LD case,
also in the general case the main difficulties come from the fact that the number of lines
of discontinuity may approach infinity in finite time and the total variation of the solution
can blow up. The cubic functional Q™M defined in (14) is sufficiently sharp to be used to
overcome such difficulties.

The analysis of the Glimm scheme presents more difficulties. It is not difficult to show
(see for instance Theorem 2.16) that, as for wavefront solutions, the cubic functional QP
is sharp enough to construct, for any € > 0 a Glimm approximation u® defined for all times
t € [0,400). However (as pointed out in | |, see also | | and | |)) the proof
of the convergence of the Glimm scheme in the deterministic setting and the proof of estimate
(12) on the convergence rate can not be achieved now through the cubic functional QP
while, on the contrary, in the GNL/LD setting those results were obtained through the same
functional Q™™ used to bound the total variation of the solution.

Indeed, as observed by Ancona and Marson in | |, the sum over all waves of the
variation of their speed in a time interval [¢1,t2] (which, as in the GNL/LD case, is the crucial
term to estimate) is a quadratic quantity and thus can not be estimated through a cubic
functional. The following example can clarify the problem.

Consider a scalar equation (N = 1) and consider an interaction between two positive
shocks of strength, respectively, s1, so and speed o1, o2. By the well-known properties of
the scalar equation, after the collision a single shock is present, whose strength is s; + so and
whose speed is
O_ISI + o_llsll
Therefore, in this simple example, the (weighted) sum of the variation of speed of the wave-
fronts is

//‘ _ ‘0/ B 0'”’
g Y
and it is evident from the last inequality that such variation of speed is (in the worst case)
quadratic w.r.t. the total variation of the shocks involved in the interaction. In order to
prove the convergence of the deterministic version of the Glimm scheme and a sharp rate of

o = o'lls'[ + o — o] [5'115"] < 1F"[loo|"|1”, (17)
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convergence like the one in (12) it is thus necessary to introduce some new quadratic interaction
potential. This is exactly the point where our research started three years ago.

Overview of our contributions

Aim of the remaining part of this introduction is to answer the following questions: what
are our main contributions and why we decided to study such problems; which line we followed
in our researches and why we decided to follow this line; in other words, which intermediate
steps we considered before getting the final results and how the three results we present here
have been developed one from each other.

A quadratic interaction estimate. As mentioned at the end of the first part of the
Introduction, our research started with the study of the papers | |, | I, [ ],
where a quadratic interaction estimate is discussed. As in (17), such quadratic estimate can
be easily explained in the case of a wavefront tracking solution to (1), (2) in the scalar case
N =1. Let {tj};=1,. s be the times at which two (or more) wavefronts having the same sign
interact. We assume for simplicity that at time time ¢; only two wavefronts interact. The
quadratic interaction estimate can be written as
/"

AN s ||s"
Z |0'(5j) /O'(S]),US]HS] < (’)(l)TOt.VaI“.(@)2- (18)
|51+ 171

t; interaction

In the above formula s%, s” are the wavefronts which interact at time ¢;, o(s}) (resp. o(s))
is the speed of the wavefront s (resp. s) and |s}| (resp. [s]]) is its strength. Notice that, by
(17), the above estimate is exactly the global change in speed of the wavefront present in the
solution due to interactions between wavefronts with the same sign (the interactions between
wavefronts of opposite sign are much less complicated to study and thus we do not consider
them for the moment). As it is shown by some counterexamples in | , |, some
points in the proofs of (17) presented in the papers | I, | I, | | contain,
in our opinion, some gaps, which justified the publication of a new and different proof in
[ I, [ | and | |: this is the first result of this thesis. The precise statement
of the theorem (which is the generalization of estimate (18) to a Glimm approximate solution
in the vector case) requires the introduction of further notations. For this reason we think
that is is more convenient first to discuss the line of research we followed in the three cited
papers to prove (the generalization of) estimate (18) and then to present the precise statement
of the theorem at the end of this section, see Theorem A below. The proof of Theorem A is
the topic of Chapter 3.

In all the three papers | I, [ |, [ |, the proof of estimate (18) relies
on two main tools:

(a) a new wave tracing algorithm, which, in the same spirit as | |, splits each wave-
front in the approximate solution into a (discrete or continuous) set of elementary
pieces called waves; more precisely, we introduce a map x(t,w), called the position
map, which gives the position of every wave w at every time ¢t and three quantities
S(w), t (w), £ (w’) which correspond to the sign +1 of a given wave w, to its
creation time and to its cancellation time;

(b) a new interaction functional

Fis Q) = // a(t, w, ') dwdw, (19)
{(w,w’) pair of waves}

where ¢(t,w,w’) is a quantity called the weight of the pair of waves (w,w’) at time
t; the main features of £ are that it has bounded variation and its decrease at each
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interaction time ¢; controls the quantity

|o(s5) — o(s5)]ls}]ls]]
/ /"
|Sj‘ + |3j|

, (20)

which is the quantity to be summed on the Lh.s. of (18).

We remark that the functional £ is the natural extension of the original Glimm functional
QCIm™: indeed 9 reduces to Q™™ when a GNL/LD system is considered and the weight
q(t, w,w") is defined to be 1 if w,w’ have different positions at time ¢ (i.e. x(t,w) < x(¢,w’))
or 0 if they have the same position, (x(t,w) = x(t,w’)).

We decided to study estimate (18) first of all in the most simple situation: a wavefront
tracking solution to the scalar equation (1), N = 1. This has been done in | ]. The
advantage of considering first the scalar case relies on the fact that all the wavefronts belong
to the same family. Therefore the collisions among wavefronts can be only interactions among
wavefronts having the same sign, or cancellations, i.e. collisions among wavefronts having
opposite sign. Nevertheless, even in the scalar situation the analysis is already quite com-
plicated. Indeed, the main problem in proving (18) in the non-convex setting (which is the
scalar counterpart of the lack of the GNL condition) is the following. If F is strictly convex,
when a cancellation occurs, i.e. a shock meets a rarefaction, the rarefaction and a part of the
shock are canceled, while the outgoing Riemann problem is made by a single shock. Therefore,
it is not difficult to see that Q™™ is decreasing. Indeed, two waves which have the same
position x(t,w) = x(t,w’) at some time ¢ must have the same position x(t,w) = x(t,w’) for
any time ¢ € [, min{t®"°(w), t*“(w’)) until one of the two is canceled. If, on the contrary,
F' is not convex, a shock which collides with a rarefaction can be split in several pieces and
thus QC™™ is not decreasing any more. Our idea to solve this problem was to associate
to each pair of waves (w,w’) a characteristic interval Z(t,w,w") which summarize the past
history of the two waves from the time of their last splitting tP"*(¢,w,w’) and to assign to
each pair of waves a positive weight defined, roughly speaking, as

difference in speed of w,w’ for the Riemann problem in Z(¢, w, w’)
with the flux F'

length of the interval Z(¢,w,w’)

The choice of the weights (¢, w,w’) is sharp enough to guarantee that, on one side, their
positive total variation in time is uniformly bounded and, on the other side, at each interaction
they are huge enough to bound (20). The most important conclusion of the analysis in
| | is that the weights q(¢,w,w’) (and thus also the potential ) are non-local in time,
a situation very different from the standard Glimm interaction analysis of hyperbolic systems
of conservation laws.

Since estimate (18) raised from the problem of the convergence of the deterministic version
of the Glimm scheme, in paper | | we also considered an approximate solution to the
scalar system N = 1 obtained through the Glimm scheme. The main observation in the
scalar Glimm case is that the analysis is quite similar to the one performed for the wavefront
solutions; however, due to the presence of rarefactions, which are not approximated through
a finite number of discontinuities, it is much more convenient to consider a continuous wave
tracing, differently from the discrete wave tracing algorithm proposed in the work of Liu
[ | and considered also in | I, | |. The choice of a continuous wave tracing
will turn out to be very convenient in the analysis of the system case and, in particular, in
the construction of the Lagrangian representation, which is the third result of this thesis.

After the scalar case, in | | we study how the same estimate (18) can be proved in
the presence of waves of different families. To this aim, the most simple situation is consid-
ered, namely a wavefront solution to the Temple-class triangular system (see | | for the

q(t, w,w') ~
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definition of Temple class systems)

{ Ut"‘f(“a”)z :07

vy — Up = 0,

with % > —1, so that local uniform hyperbolicity is satisfied. Besides interactions of waves
of the same family and same sign and cancellations, we deal here also with transversal inter-
actions, i.e. interactions of waves of different family. The main difficulties here, w.r.t. the
scalar case, are the following: a shock can be split not only by a cancellation, but also by a
transversal interaction; at any given time ¢, the reduced flux (see (2.8) for the definition of
reduced flur) of a pair of waves (w,w’) at the time tP1*(¢,w,w’) of their last splitting before
t can be different from the reduced flux of the same pair of waves at the time t™ (t,w,w’) of
their next interaction after t. These problems are solved in | | through the definition
of an effective flur function £°(t), depending on time, which contains all the information
about the “convexity/concavity” of each characteristic family and the introduction of a parti-
tion P(t,w,w") of the characteristic interval Z(¢, w,w’). Roughly speaking, the new definition
of the weights becomes, in this case,

difference in speed of w,w’ for the Riemann problem in Z(t, w, w’)
w.r.t the partition P (¢, w,w’) and the flux £¢ ()

length of the interval Z (¢, w,w’)

q(t, w,w') =

Finally in | | we prove estimate (18) for a general system of conservation laws (1),
without any assumption on F' except the strict hyperbolicity (3). The two main difficulties
in the general case are the following. First, the Riemann problems in the general case are
not solved anymore taking the convex/concave envelope of a given flux (as it happens in the
scalar case and also in the triangular system when Riemann coordinates are used), but they
are solved through the solution of a fixed point problem in the space of curves v = (u, vy, o)
(where k is a fixed family in {1,...,N}) equipped with a suitable norm, as proved for the
first time in | |. However, the norm in | | is not sharp enough to estimate the
change in speed of the waves, which is the quantity we are interested in. Therefore we were
forced to introduce a new distance between a pair of curves v = (u, vy, 01), v = (v, v, 0})
in which the term [|oy, — 07||1 plays a crucial role. The second difficulty in the general case is
that the weight used for the analysis of the triangular system is a map in L'(dwdw’) and not
in L% (dwdw') and for this reason it is very sensitive to small cancellations. This problem,
which does not appear in the simplified setting considered in | |, is a main source of
troubles in the general case. Its solution is obtained adapting the definitions of Z(t, w,w’)
and of the associated partition P(t,w,w’) in order to include information not only about
the past history of the pair (w,w’) from t%Pt(¢,w,w’), but also about the future history of
(w,w') up to the time of their next interaction t™ (¢, w,w’). As a last remark about paper
[ |, we observe that in this paper only the analysis for the Glimm scheme is performed;
the reason of this choice is, first of all, that one of the applications of estimate (18) concerns
the convergence rate of the Glimm scheme; as a second motivation, in this case, both estimate
(18) and its proof can be written in a very clean form, since from each grid point (ic, me),
i € N, m € Z, an exact (not approximate) solution to a Riemann problem arises, while in the
wavefront tracking we should have dealt with several different approximate Riemann solvers.

In this thesis we decided to present, in Chapter 3, the proof of estimate (18) and the
construction of the functional 9 directly for a Glimm approximate solution to the general
strictly hyperbolic N x N case, i.e. in the situation considered in | | (even with some
modifications in the definition of the partitions and the weights, as we will see later). A
simplified proof (for a less general system) can be found in | .
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We conclude this section with the precise statement of the theorem we will prove in Chapter
3, which require the introduction of some notation. Let (u®,u™), (uM uf) be two Riemann
problems with a common state v, and consider the Riemann problem (uL , uR). As we have
already observed, it is shown in | | (and it will be proved also in Section 2.1) that if
|uM — ul|, [uf* — uM| < 1, then one can solve the three Riemann problems as follows:

M _ pN 1, L R _ pN 1. M R _ N 1,L
u —Ts/NO"'OTs’IU» U —Ts/&o---oTS/{u ) ur =T, 0---oTgu",

where for each k = 1,..., N, s},s/,sy € R and (s,u) — T¥u is the map which at each
left state u associates the right state T¥u such that the Riemann problem (u,T¥u) has an
entropy admissible solution made only by wavefronts with total strength |s| belonging to the
k-th family (see page XII in this introduction).

We are interested in studying how much the speed of the wavefronts of the two incoming
Riemann problems can change after the collision. More precisely, for each family &, writing

for brevity
I(s) = [min{s, 0}, max{s, 0}] \ {0},
let us denote by

the speed function of the wavefronts of the k-th family for

L M

. )\ 3
ok Lsk) = (M1, M) the Riemann problem (u”,u™),

0o " Q Q the speed function of the wavefronts of the k-th family for
ok 5+ 1) = (A1 M) the Riemann problem (u™, u®),
the speed function of the wavefronts of the k-th family for

ok M) = (1, M) the Riemann problem (u”, uf).

Notice that we are assuming that o is defined on s}, 4+I(s}) instead of I(s}) and that A\g_1, A
are respectively a lower and upper bound for the k-th eigenvalue Ax(u). Let us consider now
the L'-norm of the speed difference between the waves of the Riemann problems (up,upr),
(upr,ur) and the outgoing waves of (ur,ur):

IU//_ ) . .f///>07
AO’k(uL’UM,uR) — H(O—k Uk) O—kHLl(I(SkJ’_Sk)mI(Sk)) it 8.8, =

H (0% 2 o) — UkHLl(I(sgc—f—sg)ﬁI(sk)) if sp,s7, <0,

where o}, U o} is the function obtained by piecing together o}, o), while o} A o} is the
restriction of o} to I(sj + sj) if [s| > [sf] or oyiy(y ysy) in the other case, see formulas
(1.2), (1.3).

Now consider a right continuous e-approximate solution constructed by the Glimm scheme
(see page XIII or Section 2.3); by simplicity, for any grid point (ie, me) denote by

Aoy (ie, me) = Aoy (u>™ ™ uf=Hm=1 gbm)

the change in speed of the k-th wavefronts at the grid point (ie,me) arriving from points
(ie,(m —1)e), ((i — 1e,(m — 1)e), where u?" := u(je,re). The first result of this thesis
is that the sum over all grid points of the change in speed is bounded by a quantity which

depends only on the flux F' and the total variation of the initial datum and does not depend
on ¢. More precisely, the theorem we will prove in Chapter 3 is the following.

THEOREM A. [t holds
+oo
> > Aoylie, me) < O(1)Tot. Var.(4; R)?, (21)
i=1 meZ
where O(1) is a quantity which depends only on the flux F'.
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We explicitly notice that Aoy, is exactly the variation of the speed of the waves when joining
two Riemann problems and, in the case of an interaction between two shocks of the same
family and having the same sign, it corresponds exactly to the quantity to be summed on the
Lh.s. of (18). Estimate (21) is thus exactly the generalization of estimate (18) to the case of
a Glimm approximate solution to the N x N system.

As a final remark of this section, we observe that estimate (21) has a natural extension in
the viscous setting, when a viscosity term pug, is added on the Lh.s. of (1), see (15). While
the building block of the solution of the hyperbolic equation (1) is the Riemann problem, in
the viscous case the building block is the viscous traveling profile, i.e. a solution of the form

u(t,z) =U(x — M) (22)
which satisfies the second order ODE
U= (DfU) - \U".

In this case the velocity of the viscous profile is A and it holds

A=t
Uy
In the inequality (21) the Lh.s. is the sum over all grid points (ie, me), i € N, m € Z on the
(t,x) plane of the change in speed of the wavefronts present at point (ie, me) multiplied by
their strength. Hence its equivalent in the viscous setting is the integral over the (¢,x) plane
of the change in speed multiplied by the strength of the viscous profile at point (¢, z), i.e.

// ‘ux}da:dt = //
[0,00) xR [0,00) xR

It would thus be nice to obtain an uniform estimate of (23) in terms of the total variation of
the initial datum. However, though the term to estimate can be written down in a very clean
form (23), it is not clear at all which technique can be used in order to estimate it. Indeed,
the method we use to prove (21) relies heavily on the wave tracing algorithm we developed,
in particular on the notion of position x(t,w) of a given wave w at a given time t: in the
viscous case it is not clear any more what this concept means, since the traveling profiles (22)
are not localized in space, and thus it is not at all obvious how to define a suitable functional
which can play the role that 9 has in the hyperbolic case.

dxdt. (23)

Ut
Uty — — Uty

Ut
Oy —
() x

xT

Sharp convergence rate of the Glimm scheme. We have already pointed out that
estimate (18) comes out from the analysis of the convergence rate of the Glimm scheme, where
a functional which bounds the change in speed of the elementary waves in the approximate
solution is needed. Therefore, after proving estimate (18) in the three cited papers | |,
[ |, | |, we explicitly proved in | | that the same estimate on the rate of
convergence, obtained by Bressan and Marson in | | for a GNL/LD system, holds also
in the general strictly hyperbolic setting. More precisely, we proved the following theorem.

THEOREM B. Consider the Cauchy problem (1)-(2) and assume that the system (1) is
strictly hyperbolic. Let u® be a Glimm approzimate solution with mesh size € > 0 and sampling
sequence satisfying (11), and denote by t — Syt the semigroup of vanishing viscosity solutions,
provided by Theorem 1. Then for every fized time T € [0,+00) the following limit holds:

(T ) — Srall,
lim =
e—0 Ve|loge|

(24)
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In proving (24) we discovered the following phenomenon. The quadratic estimate (18) is
necessary and sufficient in the GNL /LD case to prove both the convergence of the deterministic
version of the Glimm scheme | | and estimate (24) on its rate of convergence. In the
general setting, estimate (18) is sufficient to extend Liu’s proof | | of the convergence of
the deterministic Glimm scheme (even if we will not prove this statement explicitly, we observe
that, at the best of our knowledge, no proof of this fact has been proposed in the literature in
the general strictly hyperbolic setting). On the contrary, estimate (18) is necessary, but not
sufficient, to prove the bound on the convergence rate of the Glimm scheme (24). The problem
is the following. As we explained when we introduced the paper | | on the convergence
rate of the Glimm scheme in the GNL /LD setting (page XIV), the crucial point is to partition
the time interval [0, 7] into subintervals [t,,¢,+1] and to estimate the error

[0 (1) = Sty 0" (8) || 21 (25)
in each of these intervals, through a suitable decreasing (quadratic) potential. The technique
we use in | | to prove (24) is analogous to the one used in | |. We construct a

wavefront auxiliary map @ : [t,, t,41] x R = RY such that there is a correspondence between
waves in u® and waves in 1 and, moreover, each wave w has the same initial position at time
t, in u® and in ¥ and the same final position at time ¢,4; in u® and in . In the GNL/LD,
however, if two waves have the same position at ¢, and different positions at t,1, then they
must be positive waves (rarefactions) and thus their speed do not depend on the other waves
with which they are traveling at a given time ¢. Therefore, their speed at time ¢, is the same
in u® and in ¥. On the contrary, we have already remarked that in the non-convex setting
splittings can occur and thus this property is not true any more. Hence, we have been forced
to introduce in | | a sharper version of the potential Q(¢) and of the weights q(¢, w,w")
which takes into account the whole history of the pair (w,w’) not only from t*P1*(¢, w, w’) to
£ (¢,w, w') but on a generic time interval [t,,¢,11].

This sharper version of the potential Q(¢) is the one we present in this thesis in Chapter
3. The proof of the convergence rate (24) of the Glimm scheme, which is the second result of
this thesis, can be found in Chapter 4.

The Lagrangian representation. The last results of this thesis arises from the following
observation. To prove the quadratic interaction estimate (18) and to construct the functional
9 we introduced the notion of continuous wave tracing for the (Glimm) approximate solution
u®, € >0, i.e. the set of waves W* C R together with the position map x°(t,w), t € [0,00),
w € W° and the three maps S¢(w), (t°)%(w), (t"¢)%(w), respectively the sign of w, its
creation time and its cancellation time. We observed that the family, parametrized by € > 0,
of all the wave tracings shares an intrinsic compactness. Indeed the maps w — x%(t,w) are
increasing for every fixed time ¢, while the maps ¢ — x°(¢,w) are Lipschitz for any fixed wave
w. Therefore, we can pass to the limit to get a position map x(t,w) such that x°(t,-) — x(¢,-)
in L' as € — 0 (see Proposition 5.38). Defining the density function as

Pt w) == ST (W)X (eer)e (w), (seane)e () (1),

it is immediate to see that w +— p®(¢t,w) are uniformly bounded in L°°; moreover, it turns
out that the distributional derivative w.r.t. time D;p® is a finite Radon measure on the plane
and thus we can pass to the limit also the density functions to get a map p(¢,w) such that
p°(t,) — p(t,-) weakly* in L for any t, as ¢ — 0, and Dyp is a finite Radon measure
on the plane (see Proposition 5.39). We thus obtain two maps, namely x(¢,w) and p(t,w),
respectively the position at time ¢ of the wave w and the density at time t of the wave w,
which, in some sense, provide a wave tracing for the exact solution u(t) = Siu, where S is
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the semigroup introduced in Theorem 1. We will call this “limit” wave tracing Lagrangian
representation. It is explained below the reason of this name.

To better clarify what we mean by Lagrangian representation, we present now the precise
definition of Lagrangian representation just in the scalar case N =1 (the vector case would
require many further notations, see Definition 5.21), we state the main existence theorem which
will be proved in Chapter 5 and we show how the existence of a Lagrangian representation
can be proved in three very simple examples.

DEFINITION 3. Let u : [0,400) X R — R be a solution of the Cauchy problem (1), (2) in
the case N = 1. A Lagrangian representation for u up to a fixed time 7" > 0 is a 3-tuple
(W, x, p), where

W C R is called the set of waves,
x:[0,T] x R — R is the position function,
p:[0,T] x W — [—1,1] is the density function,
and, for every time ¢ € [0,7] up to a countable set, the following properties hold:

(i) for every fixed time ¢t € [0,7], w — x(t,w) is increasing; for every fixed w € W,
t — x(t,w) is 1-Lipschitz and therefore is it differentiable for a.e. time t € [0,T7];

moreover
0
ait‘(t,w) = A(t, x(t,w)), for |p(-,w)|L -ae. time ¢ € [0, T], (26)
where A = A\(¢,z) is the scalar field given by
I (u(t,x)) if u(t,-) is continuous at x,
Alt,x) = 27
(t,2) {f(uﬁfj_g:ﬁ?gf)_)) if u(t,-) has a jump at z; (27)

(ii) extending on the whole R? the maps p to zero outside the set [0,7] x W, the
distribution D;p is a finite Radon measure on R?;
(iii) the distributional derivative of u(t,-) w.r.t. x satisfies

Dyu(t) = x(t); (p(t)L w),
where Dgu(t) is the distributional derivative (viewed as a measure) of the map = —
u(t,z), L' is the Lebesgue measure and # denotes the push-forward of measures.

Point (i) describes the regularity properties of the position map x and requires that the
trajectory x(t,w) of any fixed wave w is, roughly speaking, a characteristic curve. Point (ii)
describes the regularity properties of the map p and, in particular, requires that not too many
creations/cancellations of waves take place. Finally, Point (iii) requires that the maps x, p are
enough to reconstruct the solution u (provided one knows its value as # — —o0) at any fixed
time ¢.

The existence of a Lagrangian representation (even in the system case) is the third result
of this thesis and it is presented in Chapter 5, where we will also provide a precise definition of
Lagrangian representation for a general solution to the N x N system (1), (2), see Definition
5.21. The theorem we will prove is the following.

THEOREM C. Let u(t) := Siu be the vanishing viscosity solution of the N x N system
of conservation laws (1) with initial datum w. Let T > 0 be a fived time. Then there exists
a Lagrangian representation of w up to the time T, which moreover satisfies the following
condition: up to countable many times, for every x € R

x s a continuity point for u(t,:) < / p(t,w)dw = 0. (28)
x(t)~! (z)
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We do not want to explain now how the proof of Theorem C is obtained. A sketch of
the proof of Theorem C can be found in Section 5.2. On the contrary, we prefer to clarify
Definition 3, showing how a Lagrangian representation can be constructed in three very simple,
scalar examples.

EXAMPLE 1. Consider a single scalar Riemann problem (u”,uf) at (t,z) = (0,0) and
assume that u” < uf* and it is solved by a single entropic shock of strength |uf —u*| traveling
with speed o. In this case a possible Lagrangian representation (up to time time +oo) for
the solution w is

W = (0, luf* — uLH, the set of waves,
x(t,w) = ot for any ¢ € (0,00] and w € W,
p(t,w) =1 for any ¢t € (0,00] and w € W.

It is immediate to verify that the Properties (i), (ii), (iii) in the definition of Lagrangian
representation are satisfied. Moreover, from this example it is clear that the map x, in some
sense, transports the derivative of the initial datum, which is a Dirac’s delta located in 0 with
strength u® — u” along a characteristic line.

A complete similar analysis can be done if u” > uf just requiring that p(t,w) = —1 for
any t and w.

ExaMPLE 2. The second example concerns a single interaction between two shocks having
the same sign. Assume thus the the initial datum is made by a Riemann problem (u’,uM)
located at = —1 and another Riemann problem (u, uf) located at x = +1. Assume that
ul < uM < 't the first shock travels with speed o’; the second shock travels with speed
o”. If o' > o”, the two shocks collide at time ¢ := 2/(¢’ — ¢”) in some point Z. After the
collision a single shock of strength uf — u! is generated, traveling with speed
O_/(UM _ uL) + J//(uR _ uM)

ul — ul :

g =

A possible Lagrangian representation for this configuration is the following. The set of waves
is W := (0,uft — u”]. The position map is defined for w € (0,u™ — u’] as

-1 tift t
x(t,w): ) +o 1 6[9717
T+ot ift e[t o0,
while for w € (uM — u” uf* —u”] as
1 "t iftelo,t
et )= LT e (0,1,
T +ot if t € [t, 00].

Finally the density is defined as p(t,w) = 1 for any t and any w (no wave is canceled). As
before, it is easy to see that Properties (i), (ii), (iii) in Definition 3 are satisfied.

ExaMPLE 3. The third example concerns a single interaction between two shocks having
opposite sing, namely a cancellation. Consider the flux

_ 2 ; 3

Flu) = U+ u if u <y,

L2 —Tu+ 8 ifu>3

1 8 64 = 1

Define also the three states
5 3
L M R

= O’ = —, = —.

U U 1 U 1
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Assume that the initial datum @ is made by the Riemann problem (u, u*) located at x = —1
and the Riemann problem (u,u’) located at = 1. It is easy to see that the Riemann
problem (u”,u) is solved by a single shock traveling with speed ¢’ := 0, while the Riemann
problem (u™,uf?) is solved by a single shock traveling with speed ¢” := —3/8 < 0. Therefore
the two shocks collide at some point (Z,Z). The outgoing Riemann problem (u, u%) = (0, 3/4)
is solved by a single shock traveling with speed o = 1/4. In this configuration a possible
Lagrangian representation (up to time +o00) is thus:

W= (07 7/ 4].
The density map is defined as

1 for w € (0,3/4] and any t,

1 forwe (3/4,5/4] and t € [0,1),
p(t,w):=40  forw e (3/4,5/4] and t € [t, x0),

—1 forw e (5/4,7/4] and ¢ € [0, 1),

0 forwe (5/4,7/4] and t € [t, ),

meaning that the positive waves in (3/4,5/4] and the negative waves in (3/4, 7/4] are canceled
at time t. Finally the position map is defined for w € (0,5/4] as
—1 't ift e |0,t
x(t,w) =< _ o 1 6[_’1
T+ot iftelt oo,
meaning that before the interaction all the waves in (0,5/4] travel together on a big shock
starting at ¢ = 0 in = —1 and having speed ¢, while, after the collision, they travel on a
a big shock having speed o. For the negative waves w € (5/4,7/4], the position is defined as

(t.w) 1+0"t ifte|0,t],
x(t,w) =4 _ . i
T+ot ifte]t, oo,

meaning that before the collision they travel on the shock starting at (t,z) = (0,+1) and
after the collision they travel (as canceled waves) on the shock generated at (¢,Z) (in general,
canceled waves are attached to the last surviving wave, such that w — x(¢,w) is still increas-
ing). It is not difficult to prove that, also in this case, the properties required in the definition
of Lagrangian representation hold.

In the three previous example is was pretty easy to construct explicitly a Lagrangian
representation. For a system with an initial datum not so simple, however, the procedure
is more complicated and require, as we stressed before, the proof of the convergence of the
approximate wave tracing.

We discuss now the reason why we call this “limit” wave tracing a Lagrangian representa-
tion. The notion of Lagrangian flow is a well-established concept in the theory of the transport
equation and in the study of the Euler equation. For instance, in the linear transport equation

{8tu(t, ) +b(t,z) - Vou(t,z) =0,

u(t,0) = u(z), (29)

where
u:[0,00) x R? = R, is the unknown,

b:[0,00) x RY — R? is a given vector field,
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the solution to (29) presents a strong connection with the Lagrangian flow x : [0, 00) x R% — R¢
generated by the ODE

%(t, x) =b(t,x(t,z)), (30)
x(0,z) ==
Similarly, to the incompressible Euler equation
Oru(t,z) +u(t,x)Vu(t,x) = —Vp(t,z) balance of momentum,
div u(t,z) =0 incompressibility condition,
u(0,x) = u(x) initial condition,
where ¢ is the time, € RY is the Eulerian space variable, u = (u1,...,uy) is the fluid

velocity, p is the scalar pressure, it is possible to associate, under some regularity assumptions,
a Lagrangian flow

x:[0,00) x RN — RV, (t,z) — x(t,x),
which describes the trajectory of the particle which is initially located at point . The function
x(t,z) is determined by solving the Cauchy problem:

9= Tr)=1u X x

The notion of Lagrangian representation introduced in Definition 3 is very close to the what
happens in the transport equation and in the Euler system. Indeed, we have a (scalar) field
A(t, ) (which plays the same role as the vector field b in the transport equation or the velocity
field w in the Euler system) and a set W of particles (the waves) such that

a) each wave moves on a trajectory which satisfies the ODE (26), exactly as each particle
satisfies the ODE (30) in the transport equation and (31) in the Euler system;
b) the (distributional) derivative v(t) := D u(t,-) of u at any fixed time ¢ satisfies the
transport PDE
ve 4+ (A(t, 2)v)g = 0; (32)
c) the flux x transports the distributional derivative v of u along characteristic curves.

Up to now, as far as we know, the notion of Lagrangian representation has never been
singled out as a tool for the analysis of general hyperbolic systems of conservation laws, even
if the weak derivative v = Dju satisfies a transport equation similar to (32). Indeed, the
main difficulty consists in the fact that, both in the transport equation and in the Euler
one, the vector field which generate the flux x (respectively b(t,z) and u(t,z)) shares some
incompressibility (or nearly incompressibility) property, which are almost necessary to have the
uniqueness of the solutions. On the contrary, for a system of conservation laws, the (scalar)
field A(t,x) is, in general, non-incompressible, as appears from Example 2, thus yielding
non-uniqueness issues. The proof of the existence of at least one Lagrangian representation
presented in Chapter 5 of this thesis shows that we are able to select, among many, a “correct”
flow x, in the sense that it satisfies (the vector version of) Points a), b), ¢) above.

We conclude this brief overview about the Lagrangian point of view in conservation laws,
explaining why we think that the existence of a Lagrangian representation for the Cauchy
problem (1), (2) is important. First of all it is interesting from a theoretical point of view,
because it provides the continuous counterpart in the exact solution to (1), (2) to the well
established theory of wavefront approximations; indeed the family of trajectories {x(¢,w), w €
W} can be regarded as an (continuous) family of infinitesimal wavefronts, traveling with the
(generalized) characteristic speeds.
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Besides this purely theoretical aspect, we think that our Lagrangian approach to conser-
vation laws can lead to a deeper understanding of the behavior of the solutions in the general
setting, when the characteristic fields are not GNL/LD. In particular the Lagrangian descrip-
tion of the solution will allow to prove regularity results, similar to those already known for
the GNL/LD case. More precisely, it is well known that the solution u(¢,x) is a BV function
of the two variables (¢,x), also in the general setting. Hence is shares the regularity proper-
ties of general BV functions. In particular either u is approximately continuous or it has an
approximate jump at each point (¢,z), with the exception of a set A/ whose one-dimensional
Hausdorff measure is zero. In the genuinely non linear case it is proved (see, for instance,
[ | and [BY]) that the set A is countable and u is continuous (not just approximately
continuous) outside N and outside a countable family I" of Lipschitz shock curves; moreover
at any point I'\ AV, the solution has left and right limits (not just approximate limits). It is
thus natural to expect that the same kind of regularity holds also in the non-convex setting
and, indeed, this can be obtained through the tools provided by the Lagrangian description
of the solution.

Another immediate application of the Lagrangian formulation for conservation laws is that
it will allow to prove all the interesting interaction estimates and to define all the Glimm-type
functionals, looking directly at the exact solution u(t,-) = Siu (see Theorem 1), avoiding the
analysis of the approximate (Glimm or wavefront) solutions, as it has been usually done up
to now.

However, due to time constraints, we do not insert in this thesis such kind of results which
will appear in a forthcoming paper | |.

As a final remark, we observe that the only missing point to complete the cornerstones of
the theory of strictly hyperbolic conservation laws in the general setting is a purely hyperbolic
proof of the stability of the solutions (already provided, through parabolic methods, in the
fundamental paper | |), in the same spirit as | I, | I, [ ].

Structure of the thesis

The thesis is organized as follows.

In Chapter 1 we collect some notations and mathematical preliminaries which will be used
throughout the thesis. In particular we present results about the convex/concave envelope of
a function f : R — R and we will recall some well-known results in measure theory, in the
theory of BV functions of one variable and in the theory of monotone multi-functions.

Chapter 2 is still devoted to introduce some preliminary results, this time about the theory
of Hyperbolic Conservation Laws. We will focus on those results which will be used in the
subsequent chapters, in particular on the construction of the vanishing viscosity solution to the
Riemann problem, the construction of the Glimm approximate solutions and the definitions
of the Lyapunov functionals already present in the literature.

In Chapter 3 we present and prove the first result of this thesis, namely Theorem A. As
we have already pointed out, Theorem A is the final outcome of papers | I, | |,
[ ]. In particular we will present the result in the most general setting, namely the one
considered in | |, with a sharper definition of the potential £ which is needed in the
proof of the convergence of the Glimm scheme.

Aim of Chapter 4 is the proof of Theorem B, namely the estimate on the rate of convergence
of the Glimm scheme. The result of this chapter can be found in the paper | |.

Finally Chapter 5 contains the third and last result of this thesis, namely Theorem C. As
we have already pointed out, this Chapter is, in some sense, a work in progress. The proof of
Theorem C presented in Chapter 5 is complete. However, due to time constraints, we decided
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not to insert some further results and corollaries which could be obtained with little effort
from C. An extensive discussion of the matter will appear in | |.



CHAPTER 1

Mathematical preliminaries

In this chapter we collect some notations and mathematical preliminaries which will be
used throughout the thesis. In particular, in Section 1.1 we fix some notations we will widely
use in the following. In Section 1.2 we present some results about the convex/concave envelope
of a function f: R — R. In Section 1.3 some tools from Measure Theory are introduces, while
in Section 1.4 a brief overview on BV functions in one variable is given. Finally in Section
1.5 the definition of monotone multi-functions together with some of their properties can be
found.

1.1. Notations
We fix here, for the usefulness of the reader, some notations which will be used throughout
the thesis.

e The restriction of a map f to a subset A of its domain is denoted by f|4.
e Given a totally ordered set (A, =), we define a partial pre-ordering on 24 setting,
forany I,J C A,

I < J if and only if for any a € I,b € J it holds a < b.

We will also write I =< J if either I < J or I = J, i.e. we add the diagonal to the
relation, making it a partial ordering.
e Given two sets A C B, the characteristic function of A on B is denoted by

1 ifzeA,

. B 0,1 =
XA _>{ ) }) XA(I) {O lfI‘EB\A

e For any s € R, define

_J(0,s] ifs>0,
Ls) = {[3,0) if s <0. (1.1)

e Let X be any (nonempty) set and let f:I(s') = X, g: s +1(s") = X;
—if §'s” >0 and f(s') = g(s'), define

T L _ ) f@) ifzel(s),
fug:I(s+s") — X, (fUg)(z):= {g(:c) e s +1(s") (1.2)
— if §'s” <0, define
Tl L _ Jf@) [ =", z € I(s"+5"),
fog:I(s+s")— X, (f A g)(x):= {g(x) it 18] < |s"], z € T(s' + 5. (1.3)

e Given an interval I C R, a piecewise constant (resp. affine) map isamap f: 1 — R
such that I can be written as a finite union of intervals I = I U---U I, and f is
constant (resp. affine) on each I, j =1,...,n.

1
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e Given a C! map ¢g: R — R and an interval I C R, possibly made by a single point,
let us define the Rankine-Hugoniot speed

g(supI) — g(inf I)
Urh(g,f) — d sup I —inf [ - .
%(I), if I is a singleton.
e The Lebesgue measure on (a subset of) R? is denoted by £¢.
o If (X, A) is a measure space (see Section 1.3), the Dirac’s delta (viewed as a measure)
in a point x € X is denoted by 4.
e If 11 is a measure on (X,.A), the integral of a measurable function f on X w.r.t. p
is denoted by [ f(x)u(dz).
e The L* norm of a map ¢ : [a,b] — R™ will be denoted either by ||g|l« or by
9]l Lo ((a,p]) » if We want to stress the domain of g; similar notation for the L'-norm.

, if I is not a singleton,

1.2. Convex envelopes and secant lines

In this section collect some results about convex envelopes of continuous functions and
slopes of secant lines; these results are frequently used in the thesis.

We recall here the notion of convezr envelope of a continuous function g : R — R and we
state some results about convex envelops.

DEFINITION 1.1. Let g : R — R be continuous and [a,b] C R. We define the convex
envelope of g in the interval [a,b] as

c[oré]vg(u) := sup {h(u) ’ h:la,b] = R is convex and h < g}.

A similar definition holds for the concave envelope of g in the interval [a,b] denoted by

c[oncg. All the results we present here for the convex envelope of a continuous function g
a,b

hold, with the necessary changes, for its concave envelope.
Adopting the language of Hyperbolic Conservation Laws, we give the next definition.

DEFINITION 1.2. Let g be a continuous function on R, let [a,b] C R and consider
convigy g. A shock interval of convy,y g is an open interval I C [a,b] such that for each
u€ I, convigy g(u) < g(u).

A mazimal shock interval is a shock interval which is maximal with respect to set inclusion.

A shock point is any u € [a,b] belonging to a shock interval. A rarefaction point is any
point u € [a,b] which is not a shock point, i.e. any point such that convy,y g(u) = g(u).

The following theorem is classical and provides a description of the regularity of the convex
envelope of a given function g. For a self contained proof (of a bit less general result), see
Theorem 2.5 of | ]

THEOREM 1.3. Let g : [a,b] = R be a Lipschitz function.

(1) The convex envelope cony g of g in the interval [a,b] is Lipschitz on [a,b] and
a,

Li ( <Li ;
ip cony g) < Lip(g)
if g is differentiable at u € (a,b), then convi,y g is differentiable at u and
dg
du

B dconvigy g
(1) = =5, (@):
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moreover, u + dconvi,y g(u)/du is defined a.e. and it is a monotone function in
the sense of Definition 1.40.

(2) If jg is a BV function, then - conv[a b g s a BV function and for any a < wuy <
u9 S b

dconvi, p g d
%; (u17u2)> < e.Tot.Var. <dZ’ (ub“?))'

(3) If g € CY([a,b]), then convg € C([a,b]) and, for any point u € (a,b) such that

g(u) = c[orglvg(u), it holds

)

e.Tot.Var.(

a4
du”
(4) If g € C*([a,b]), then c[orll)]vg e CM([a,b]) and

d dg
Lip( — < Lip| == ).
o) = o)

By "C!([a,b])" we mean that c[oré}vg is C! on (a,b) in the classical sense and that in a
a,

(resp. b) the right (resp. the left) derivative exists.
We now state some useful results about convex envelopes, which we frequently use in the

paper.
PROPOSITION 1.4. Let f : R — R be continuous and let a < u < b. If convi,y f(u) =
f(u), then

d
(u) = du oW g(u).

conv | = conv f U conv
[a,b] f [a,7] f [@,b] -

O

PROOF. See Proposition 2.7 of | |.

COROLLARY 1.5. Let f : R — R be continuous and let a < u < b. Assume that
belongs to a mazximal shock interval (u1,uz) with respect to conviyy) f. Then convig g f|{a,u)
CONV[g, b] f|[a,u1]

PROPOSITION 1.6. Let f : R — R be continuous; let a < u < b. Then

(1) (d CoNvig, ] f) (u+ d%c V{a,b] f)(u+) for each u € [a,u);

(2) (d convig ) f) (u— %convabl f)(u=) for each u € (a,u];
(3) (d convigy f) (u+ %COHV[G o f)(u+) for each u € [u,b);
(@

|| IS

)= (
)2
<

d

(4) (du convig f)( ) (d‘i convigj) f)( —) for each u € (@,b].
The above statement is identical to Proposition 2.9 of | |, to which we refer for the
proof.

PROPOSITION 1.7. Let g : R — R be C' and a < u <b. Then

(1) for each ui,us € [a, ], u1 < ug,

icomv (ug) — iconv (uy) > iconv (ug) — iconv (u);
du [a,a] g du [a,q] IV =\ qu [a,b] g du Ta,b) g ’

(2) for each ui,us € [u,b], uy < uz,

d d d d
- - > - — -
< du c[gnb}v g) (u2) = (du c[gl%]v g) (1) < du C[g]%]v g) (uz2) (du C[g,lll;]v g> (),
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where the derivative in the endpoints of the intervals are in the sense of right/left derivative.
PROOF. See Proposition 2.10 of | | O

PROPOSITION 1.8. Let a < a' < ...a" be P real numbers. Let f : [a°,a”] — R be a
CHY map. Set

o(t) := D conv f(7), oP(r):=D conv f(7), forp=1,...,P.

[a0,aP] [aP~1,aP]
Then for any constant o* € R,

P P

a aP
/ |a(7’)—a*|d7‘§2/ |oP (1) — o*|.
a9 =1 ap—1
PROOF. Define

b {inf {rela®a”]|o(r) =b} if {re[a®a”]]|a(r)>b}+0,

al’ otherwise.

It is easy to see that convie ,ry f(b) = f(b) and thus, by Proposition 1.4, if b € [a?~!, a?],
then convis-1 4 f(b) = f(b). Therefore

b
/ o(t)dr = conv f(b) — conv f(0)

0 [a0,aP] [a0,aP]
= f(b) — £(0)
— ﬁil
= f(b) = f(@” ) + D f(aP) = (")
=1
p .
N ([59%1 f0) = som far) + pz:; ([59%1 fa?) = som, ™)
b p—1 min{a?,b}
:/ oP(r)dr + / oP(r)dr
ab—1 =1 ap—1
and thus
b b
/ lo* —o(7)|dT :/ o* —o(r)dr
a ab —
= /apl (J* - O'p(T))dT + Z;/Ml (a* - Up(T))dT (1.4)
—
b ~ p—1 aP
< o* —oP(r)|dr + o —adP(r)|dr.
/. LM |
Similarly
aP aP P
/b lo(7) — U*‘dT < /b loP (1) — O'*‘ + Z /]JP(T) — 0*}d7'. (1.5)

p=p+1

The conclusion follows easily from (1.4) and (1.5). O
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PROPOSITION 1.9. Let g : [a,b] — R be a continuous map. Let a < c <b. Then

D conv D conv )|dr = — conv
| 1D conva(r) = Deony g()]ar = gle) ~ conv g(c).

PROOF. We already know that D convi, ) g(7) < D conv, g g(7). Therefore
D conv — Dconv g(1)|dr = / D conv g(7) — D conv dr
/ | ab]g [a, ]g ‘ a ( [a,c] a(r) = [a,b] olr )>

=g(c) - Dc[gn}vg( c). O

COROLLARY 1.10. If g : [a,b] — R is Lipschitz and a < ¢ < b, then

/‘Dc[org}vg() Dc[on}vg 7)|dr < Lip(g)[b — ¢|.

PRrROOF. The proof is an easy consequence of previous proposition and Theorem 1.3. [

ProrosiTION 1.11. Let g,h: R — R be Lipschitz functions. Let a,b € R, a <b. Then
1t holds

convg—convh” <llg — hl|l _,
one—convh|_< o ]

d dg dh

_ 2 wl < |22 28
du [a b] V9T du Cﬁ%]v - ‘ du  dul|l’
deonvigp g  deonvigy h dg dh
dr B dr dr dr|,

PROOF. See Proposition 2.12 of | | and Lemma 3.1 of | |. O

PROPOSITION 1.12. Let g : R — R be a Lipschitz map. Let [a,b] C R and assume that
is an mazimal open shock interval for convi,y g. Set
dconvi,y g
=——>=(1).
o g0 D
Then for any € > 0,

£1<{u€ (infI,infI +¢) ’ g (u) ZU}) >0

and
L ({u € (sup[—s,sup]) ‘ g (u) < a}) > 0.

PROOF. Let us prove only the first inequality, the second one being completely similar.
Assume by contradiction that there is € > 0 such that

£1<{u€ (inf7,inf I +¢) ’ g (u) ZJ}) =0.

It holds
inf I+€

inf I+e
/ odz = c{og}vg(inf] +e)— c[org]\fg(inf I) <g(inflI+e¢e)—g(infl) = / g (2)dz.
inf I a, a, inf I

Hence

inf I+¢
/ [g'(z) - a] dz >0,
inf I

a contradiction. O
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PROPOSITION 1.13. Let f : [a,b] — R be a Lipschitz map. Let {I,}, be a countable family
of non-trivial intervals, I, C la,b], £ (I,) > 0. Define

(z) = convy, f(z) ifx € I,
g = f(zx) otherwise.

Then g is Lipschitz and for any n, g(inf I,,) = f(inf I,,), g(sup I,,) = f(sup I,,).

The proof is not difficult and thus it is omitted.

We conclude this section with two results related to the slope of the secant line of a function
g between two given points a < b. Their proofs are very easy and thus they are omited. Using
the language of Hyperbolic Conservation Laws, we will call this slope the Rankine-Hugoniot
speed given by the map g to the interval [a,b].

PROPOSITION 1.14. Let g : R — R be a CY' function and let a € R. Then the map
g(x) —gla) .
N ., Y=#0
g/(a), fo =0
is Lipschitz on R, with Lipschitz constant equal to Lip(g').

PROPOSITION 1.15. Let g : R — R be a CY function, let [a,b] CR, @ € [a,b] such that

c[org]vg(ﬁ) = g(u). Then for any u € [a,b],

e if u € [a,u], then

o™ (g, [u, @) < 0™ (g, [u, b]);
e if u € [u,b], then

o™ (g, [@,u]) > ™ (g, [a,u]).

1.3. Some tools from Measure Theory

In this section we collect some notations and results in measure theory which will be used
in the next chapters. Our main reference is | |.

1.3.1. Abstract measure theory. Let X be a set and let A be a o-algebra on X. We
call (X, A) a measure space. A positive measure p on (X, A) is a function u : A — [0, 0o] such
that ©(0) =0 and p is o-additive, i.e. for any sequence {E,}, C A, u(lU,, En) = >, t(En).
If v is a positive measure on (X,.A), we will say that a set £ C X is p-negligible if there
exists Z € A such that F C Z and p(Z) = 0. We say that a property P(x) depending on
the point x € X holds p-almost everywhere in X if the set where P fails is a p-negligible set.
If = £4 is the Lebesgue measure on (a subset of) R%, we will simply say the the property
P(x) holds almost everywhere.

A real-valued measure (or simply a measure) p on (X, A) is a function p : A — R
such that p(@) = 0 and p is o-additive, i.e. for any sequence {E,}, C A, the series
> W(Ey) is absolutely convergent and u(lJ,, En) = >, p(En). If @ is a measure on X and
f:X — [—o0,+00] is a p-measurable map, we denote the integral of f over X w.r.t. the
measure p with [y f(z)u(dz). If p = L7 is the Lebesgue measure on (a subset of) R? we
simply write [pq f(x)dz. The measure v on (X,.A) defined by v(E) := [, u(dz) is denoted
by fu. The total variation of a measure p on (X,.A) is the positive measure on (X,.A)
defined by

|ul(E) := sup { > (B
h=1

o0
Ej € A pairwise disjoint, E = | | Eh}.
h=0
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The set M(X) of all measure on (X,.A) with the norm ||| = |p[(X) turns out to be a
Banach space.

DEFINITION 1.16. Let (X,.A) be a measure space. Let u be a measure on (X,.A4) and let
v be a positive measure on (X, A). We say that p is absolutely continuous w.r.t. v and we
write yu < v if for every B € A the following implication holds:

y(B)=0 = |u|(B)=0.

DEFINITION 1.17. If p,v are positive measure on (X, A), we say that they are mutually
singular, and write p L v if there exists F € £ such that

WE)=0,  v(X\E)=0.
If p,v are measure on (X,.A) we say that they are mutually singular if |u|, |v| are.

THEOREM 1.18 (Radon-Nikodim). Let p be positive measure on the measure space (X, A).

Let v be a measure on (X, A). If u is o-finite, then there is a unique pair of measures v®,
v® such that

v <, v 1, v=v*+r°
Moreover, there is a unique function f € L'(X, A, n) such that
v = fu.

The function f (defined up to w-negligible sets) is called the density of v w.r.t. p and it is
denoted by Z—Z.

DEFINITION 1.19. Let (X, .A), (Y, B) be measure spaces. Let f: X — Y be any map such
that f~%(B) € A for any B € B. If u is a measure on (X,.A), we define the push-forward
fep of p through f as the measure on (Y, B) defined by

fa(B) = p(fH(B)).
It is well known that for any ¢ € L'(Y, B, fyu) it holds

/¢@mwm:/wﬂmmmy
Y X

The following lemma describe the relation between absolute continuity and the push-
forward of measures.

LEMMA 1.20. Let p be a measure on (X, A) and let v be a positive measure on (X, A).
Let (Y,B) be a measure space and let f : X — Y be a map such that f~(B) € A for any
BeB. If pn<v, then fju < fyv.

PRrROOF. The proof is immediate from the previous definitions. O

We conclude this section with the following two trivial lemmas, which will be used in
Chapter 5.

LEMMA 1.21. Let (X, A,pn) be a finite measure space, fn,f: X — R, n € N. Assume
that fn(z) — f(x) for p-a.e. x € X. Let J C R be an interval such that

u({fl(ian),fl(supJ)}> =0.

Then Xty = Xf-1(J) H-a-e. and in L.
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PROOF. Set

E={reX ‘ fa(z) = f(z), f(z) #infJ, f(z) #supJ}.
By the hypothesis, u(E) =0. If x ¢ E, f,(x) — f(x). If x € (inf J,sup J), then, for n > 1,
fn(x) € (inf J;sup J) and thus x -1, )( x) = Xg-1(s)(x). Similarly, if z ¢ [inf J,sup J], then
for n > 1, fn(z) ¢ [inf J;supJ] and thus x - ) (33) — Xf-1(s)(x). By the Dominated
Convergence Theorem we get L' convergence. ([

LEMMA 1.22. Let (X, A, ) be a finite measure space. Let fn,f : X — R be a sequence
of measurable functions such that f,(x) — f(z) for p-a.e. x € X (here f, is defined for all
x € X, not just for p-a.e. x € X ). Let T € X be a fized point where f,(Z) — f(z). If

7 (f@) = {z},
then
£1<f;1(fn(:i‘))> — 0 as n — oc.

PROOF. Set Js := [f(Z) — 6, f(Z) + 6]. Clearly £(f~*(Js5)) — 0 as § — 0 and for a.e.
0 >0,

£ <{f1(f(x) —8), F(f(@) + 5)}) 0.
Therefore, by previous lemma,

! (fgl(J(;)) Ny (f*l(J(;)) as 1 — oo.

Since f,(Z) — f(&) as n — oo, for any § > 0 and for any n > 1 (depending on 9),
fa(z) € Js5 and thus f,,; ' (fn(2)) C f71(Js). Hence

timsup £1( £ (fa(@)) ) < £1(/71(5)).
n—oo
Letting § — 0, we get the conclusion. O

1.3.2. Measure on metric spaces. In this and the two next sections X is a locally
compact separable (l.c.s.) metric space equipped with the o-algebra B(X) (or simply B) of
its Borel subsets.

DEFINITION 1.23. Let X be a l.c.s. metric space, B(X) its Borel o-algebra.

(a) A positive measure on (X, B(X)) is called a Borel measure. If a Borel measure is
finite on compact sets, it is called a positive Radon measure.

(b) A real valued set function on the relatively compact Borel subsets of X that is a
measure on (K, B(K)) for any compact set K C X is called a Radon measure on X .
Moreover, if p: B(X) — R is a measure, we say that it is a finite Radon measure.

Given a l.c.s. metric space we introduce the following two spaces. The space C.(X) is
the set of all continuous function X — R with compact support, while the space Cy(X) is
the completion of C.(X) w.r.t. the sup -norm. If X is compact the two spaces coincide. If
X is not compact, C.(X) is the locally convex space whose topology is obtained considering
a sequence of compact A, X and imposing that the inclusions j, : C.(A,) — C.(X) are
continuous. The link between Radon measures and compactly supported continuous functions
is given by the following theorem
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THEOREM 1.24 (Riesz). Let X be a l.c.s. metric space; suppose that the functional L :
Co(X) — R is additive and bounded, i.e. satisfies the following conditions:

L(u+v) = L(u) + L(v), for all u,v € Cyp(X)
and
IL|| := sup {L(u) ‘ we Co(X), Jul <1} < oo,

Then there is a unique finite Radon measure pu on X such that
L(u) = / u(x)u(dz), for all u € Cy(X).
X

We conclude this section with the following definition.

DEFINITION 1.25. Let p be a positive measure on the l.c.s. metric space X. The closed
set of all points € X such that u(U) > 0 for every neighborhood U of x is called the
support of u, denoted by suppu. If p is a measure, the support of p is the support of |ul.

In general for a measure on a measurable space (X,.A) we say that p is concentrated on

Sif Se Aand pu(X\S)=0.

1.3.3. Weak* convergence of measures. We introduce now the notion of weak™ con-
vergence of measures and we prove some related results.

DEFINITION 1.26. Let X be a l.c.s. metric space, equipped with the Borel o-algebra. Let
we M(X) and {p"}neny € M(X). We say that (u™), weakly* converges to p if

lim u(x)u”(dx):/ u(z)p(dx)

for any u € Cp(X).

Notice that, by the Riesz’s Theorem, we can identify the space M(X) as the dual space of
Co(X). The notion of weak™ convergence of measures coincides with the standard notion
of weak* convergence in the dual of a Banach space. The following theorem is thus just an
application of the general theory about weak* compactness criteria.

THEOREM 1.27 (Compactness criterion for finite Radon measure). If (u™)y, is a sequence
of finite Radon measures on the l.c.s. metric space X with sup{|u™| | n € N} < oo, then it
has a weakly* converging subsequence. Moreover the map p — |u|(X) is lower semicontinuous
w.r.t. the weak™ convergence.

We now prove two lemmas which describe the relation between weak* convergence and
the notions of absolute continuity and push-forwards.

LEMMA 1.28. Let (u™) be a sequence of finite Radon measure on the l.c.s. metric space
X and assume that (u™) weakly™ converges to a measure p € M(X). Let v be a o-finite
Borel measure on X . Assume that p"™ < v for any n and let f™ be the density function of
u" wrt. v, ie p = frfv. If |f* < C for some constant C independent of n then pu < v.

PROOF. Since |f"| < C, there exists a function f € L*°(X) such that (f") weakly™
converges to f in L>°(X, B,v) up to subsequences. Therefore, for any ¢ € Cy(X), we have

/X o)™ (der) = /X o) " () () — /X o) f(2)(x).
Since

[ st@ntan) = [ s@tar)
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it must hold p = fr. Therefore for any B € B(X) such that v(B) =0 we have

0=tim [ () (da) =tim [ xp(@) " @ptdn) = [ xo@r@in) = [ @)
and thus p < v. O

LEMMA 1.29. Let p™,pu, n € N, be finite Radon measure on the l.c.s. metric space
(X,B(X)). Let (Y,B(Y)) be another l.c.s. metric space. Let f: X — Y be a continuous
map. If (u") weakly™® converges to p and suppu™ C K C X, where K is a compact set not
depending on n, then (fyu™) weakly™ converges to fyu.

PROOF. Since all the measures " have support contained in a fixed compact set, we can
assume that f € C.(2). Therefore for any ¢ € Co(2), ¢ o f € Cp(2). The conclusion now
follows applying the definition of weak® convergence of finite Radon measures. O

We conclude this section with the following proposition.

PROPOSITION 1.30. Let (u™) be a sequence of Radon measure on the l.c.s. metric space
X weakly* converging to . Then

a) If the measures p™ are positive, then for every lower semicontinuous u : X — [0, 00
2 p

lim inf /X w(z)u"(dz) > / u(z)u(dz)

n—oo X

and for every upper semicontinuous function v : X — [0, 00] with compact support

timsup [ o(@(de) < [ ole)utds).

n—oo

(b) If (|u™]) weakly* converges to \, then X\ > |u|. Moreover, if E is a relatively compact
Borel set such that A(OF) =0, then p"(E) — p(E) as n — oco. More generally,

/ u(x)p(dr) = lim u(z)p" (dzx)
X

n—oo X

for any bounded Borel function u: X — R with compact support such that the set of
its discontinuity points is \-negligible.

For a proof, see | , Proposition 1.62]. As a particular case of previous proposition
we get that
p(K) > limsup p"(K)

n—oQ
for any compact set K C X and
p(A) < limsup p"(A)
n—oo

for any open A C X.

1.3.4. The disintegration theorem. In this section we present the well-known disin-
tegration theorem. We start with the following definitions.

DEFINITION 1.31. Let (X,.A), (Y,B) be measure spaces. Let v be a positive measure on
Y. Let y — p, be a function which assigns to each y € Y a measure p, on X. We say that
this map is measurable if y — i, (A) is measurable for any A € A.

If y — py is a measurable measure-valued function, the generalized product of (p,) and
v is the measure u on X x Y defined by

((A) = /Y ( /X XA(x,y),uy(dx))V(dy), for any A € A.
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We will write for simplicity
b= / pyv(dy).
Y

Notice that for every f € L'(X x Y, A, u) it holds

/)(ny(x7y):u’(dl'dy):/y</}(f($,y)/j,y(dgj)>y(dy).

THEOREM 1.32 (Disintegration Theorem). Let X,Y be lc.s. metric spaces. Let pu €
MXXxY),veMY),v>0. Let f: X xY =Y be the standard projection f(z,y) =1y.
If fslp| < v, then there exists a family {{y}yey of measures on X such that

p= / pyv(dy).
Y
Moreover, for v-a.e. y €Y, the measure i, is concentrated on Hy).

For a proof of the Disintegration Theorem see | , Theorem 2.28].

1.4. BV functions

In this section we summarize the definition of pointwise and essential total variation of a
function of one real variable and we collect some results which will be useful later.

DEFINITION 1.33. Let I C R be a (possibly unbounded) interval in R (we do not specify

if the extrema belong to I or not). For any function w : I — R the pointwise variation
p.Tot.Var.(u; I) of w in I is defined by

P-1

p.Tot.Var.(u; I) := sup{ Z [u(zps1) — u(wp)|
p=1

PeN, xq,...,zp €I, xlggxp}

Clearly, p.Tot.Var.(u;I) is very sensitive to modifications of the values of u even at a
single point. This suggest the following definition.

DEFINITION 1.34. Let I C R be an open (possibly unbounded) interval in R. For any
function w : I — R the essential total variation p.Tot.Var.(u;I) of w in I is defined by

e.Tot.Var.(u; I) := inf {p.Tot.Var.(v; I |v=uLl!—ae in I}.

If e.Tot.Var.(u; I) < oo we will say that u has bounded variation. Any map v in the equiv-
alence class of u such that e.Tot.Var.(u;I) = e.Tot.Var.(v;I) = p.Tot.Var.(v; I) is called a
good representative (in the equivalence class) of .

If I C R is an interval (not necessarily open) and w : I — R is a good representative in
its equivalence class (for instance if w il left- or right-continuous), we will use the notation
Tot.Var.(u; I) to denote the essential total variation e.Tot.Var. (u; I) of w in the interior of I.

The space of all bounded variation functions on I is denoted by BV(I). It is well known
(see for instance | , Chapter 3]) that if v € BV(I), then its distributional derivative
Du is a finite Radon measure on I.

Notice that the pointwise total variation is defined for any interval I C R, while the essential
total variation is defined only for functions on an open interval.
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LEMMA 1.35. Let I = (a,b) C R be an open interval. Let u € BV (I). Then there ezists
a unique left-continuous map u' : I — R and a unique right-continuous map u” : I — R such
that v =" =u for a.e. x € I. Moreover

ul(z) = ¢+ Du((a,z)), u"(z) = ¢+ Du((a, 2]),
where Du is the distributional derivative of u.

For a proof, see | , Theorem 3.28]. The map u! (resp. ") is called the left-
continuous (resp. right-continuous) good representative of u.

The following lemma and corollary are useful when one wants to estimate the total varia-
tion of a map u which is defined almost everywhere.

LEMMA 1.36. Let u € L (I)NBV (I). Assume that it is a good representative in its class
of equivalence, i.e.
p.Tot.Var.(u; I') = e.Tot.Var.(u; I).
Let EC I, LYE)=0. Then it holds
P—1
p.Tot.Var.(u; I) = sup{ Z ‘u(xpﬂ) — u(xp)‘ ‘ PeN, z1<---<xp, xp € I\E}
p=1
Sometimes we will write for simplicity
P—1
p.Tot.Var.(u; I \ E) := sup{ Z ‘u(a:pﬂ) - u($p)‘ ' PeN, z1<---<xp, 2p € I\E}
p=1
REMARK 1.37. If u is not a good representative, then the sup in the previous formula is in
general different both from p.Tot.Var.(u;I) (since E could contain some “crazy” point where

u has a big variation) and from e.Tot.Var.(u; ) (since I\ E could contain some “crazy” point
where u has a big variation).

PrROOF. The inequality

P—1

p.Tot.Var.(u; I) > sup{ Z ’u(xpﬂ)—u(xpﬂ P eNux, e I\E forany pand 21 < --- < xp}
p=1

is clear since p.Tot.Var. is defined taking the sup on a biggest set. To prove the other

inequality, let us argue as follows. Take any finite sequence z; < --- < zp in I. Now fix
€ > 0 and construct another finite sequence

) <m <o <ay<azo<al < --<ap  <ap<ab <ap<ap<al
as follows. For any p=1,...,P,if x, € I \ E, then set xj, = 2 = x,,. If , € IN E, then
distinguish two cases.

(1) Assume first that z;, is a continuity point for w. In this case there is a point :c;) =
x, € I'\ I sufficiently close to x; such that

" r_n
Ty <Tp =T < Tpyl
and

[uley) = ulay)| < 5.

"

Notice that ) ; is already defined when we define x;, and ;.

p—1
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(2) If xp is a jump point of u, then take x;, < x, <, in I\ E such that

u(zp) < u(zy) if lim,_, - u(z) < lim,_, - u(zx),
u > u(zy) if lim,, u(z) > lim -+ u(z).

We can now perform the following computation:

P-1
Z ‘u(xp—l-l) - U(xp)|

P—1
< D lulapn) —u@p )| + [uay ) — u(@))| + Ju(ay) — ulap)]
p=1
P P—-1 P-1
=D lulzy) —ul@)| + Y u(@hey) —ulzy)| + Z Ju(y) — u(zp)]
p=2 p=1 p=
P P—1
=3 [lutay) = u@))l + lu(wy) = ulp)l] + - lu(@p) - ()]
p=1 p=1
2€ / — !
= 3 S Y [l - ul@p)l + lulep) - ul@p)l] + D ) — ulap)
p contin. p jump p=1
point point
P—-1
<24 Y fulzp) —ul@))| + D ulah) - ula))]
p jump p=1
point
P
<2+ ) fulag) — w(@h)| + [ul@) ) — u(zy)]
p=1
P-1
< 25+sup{ Z ‘U(ﬂjp+1)7u($p)} ' PeNux,eI\FE forany pand z; < --- <xp}
p=1
and thus by the arbitrarity of £ > 0
P—1
p.Tot.Var.(u; I) < sup{ Z [ w(@ps1)—u(zp)| ‘ PeNgz,eI\E forany pand 21 < --- < xp},
p=1
thus concluding the proof of the lemma. O

COROLLARY 1.38. For any map v : I — R, even if v is not a good representative, and
for any E C I such that L'(E) =0, it holds

e.Tot.Var.(v; I) < p.Tot.Var.(v; I \ E).
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PROOF. Let u be a good representative for e.Tot.Var.(v; ). Let F := {u # v}. Clearly
LY(F) = 0. It holds

e.Tot.Var.(v; I) = e.Tot.Var.(u; I)
(since u is a good representative) = p.Tot.Var.(u; )
(by previous lemma and the fact that £'(E U F) =0) = p.Tot.Var.(u; I\ (EUF))
(sincew=von I\ (FEUF)) =p.Tot.Var.(v;I\ (FUF))
< p.Tot.Var.(v; I\ E),
thus concluding the proof of the corollary. O

The next theorem is the well-known compactness property of the BV functions.

THEOREM 1.39. Let I C R be an interval. Let F C LY(I) be a family of functions such
that

sup {||u|L1(I) + e.Tot. Var.(u; I)

ue]:}<oo.

Then F is pre-compact in L.

For a proof, see | , Theorem 3.23|.

1.5. Monotone multi-functions

We conclude this chapter with a very short presentation of monotone multi-functions in
one variable and we prove some related results.

DEFINITION 1.40. Let I C R be an interval in R. Let u < £! be a measure on I a.c.
w.r.t. the Lebesgue measure. Let ® : I — 2F be a (multi-valued) function from I to R,
defined for a.e. = € I. We say that ® is a (monotone) increasing multi-function (w.r.t. the
measure p) if for u ® p-a.e. (z,2') € I? and for any z,2' € R

if v € ®(2),2' € ®(2'), then (z —2')(z —2') > 0.
A similar definition holds for (monotone) decreasing multi-functions.
LEMMA 1.41. Let I C R be an interval in R. Let ® : I — 28 be a monotone increasing
multi-function wr.t. the Lebesgue measure on I, as in the previous definition. Then
(1) ® is single-valued for up to a countable number of z € I;
(2) there exists an increasing map ® : [ — R such that
{i)(z)} = ®(z) up to a countable number of z € I;
(3) if we require that P is left-continuous, such map is unique.
PROOF. Let z € I such that ®(z) is not single-valued. Then we can find a rational
number ¢(z) € (inf ®(z),sup ®(z)). The map z — ¢(z) is injective: indeed, if z < z’, then it
must be sup ®(z) < inf ®(2’) and thus ¢(z) < g(2’). Therefore there exist at most a countable

number of z € I such that ®(z) is not single-valued. The second and third point follow easily
from the first one. U

Thanks to previous lemma, we can always identify a monotone increasing multi-valued function
with its unique left-continuous representative.

PROPOSITION 1.42. A family F C L'(I; ) of monotone increasing functions (w.r.t. the
measure p1) over an interval I C R is compact in L'(I; ).
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PROOF. The proof is an easy consequence of the compactness criterion in L' and the
definition of monotone increasing function. O

DEFINITION 1.43. Let @ : I — 2% be a monotone increasing multi-function. Set ®(I) :=
U{#(z) | = € I'}. The pseudo-inverse of @ is the multi-function &% : ®(I) — 2% defined as
P

Hy)={zel|ye ()}

It is immediate to see that if ® is a monotone increasing (resp. decreasing) multi-function,
then ®~! is a monotone increasing (resp. decreasing) multi-function.






CHAPTER 2

Preliminaries on conservation laws

In this chapter we introduce some notations and results in the theory of Hyperbolic Con-
servation Laws. This is not an extensive discussion of the general theory. On the contrary, it
is just a collection of those objects and statements which will be widely use in the subsequent
chapters.

In Section 2.1 we show how an entropic self-similar solution to the Riemann problem
(u, u't) is constructed, focusing our attention especially on the proof of the existence of the
elementary curves of a fixed family. Even if the main ideas are similar to the standard proof
found in the literature (see for instance | |), we need to use a slightly different distance
among elementary curves, see (2.11): this because we need sharper estimate on the variation
of speed.

In Section 2.2 we recall the definitions of some quantities which in some sense measure
how strong the interaction is between two contiguous Riemann problems which are joining
and we present some related results: these quantities are the transversal amount of interaction
(Definition 2.5), the cubic amount of interaction (Definition 2.6), the amount of cancellation
(Definition 2.8) and the amount of creation (Definition 2.8).

In Section 2.3 we review how a family of approximate solutions {u®(t,x)}esq, to the
Cauchy problem

u(0,x) = u(x), 21)
is constructed by means of the Glimm scheme.

Finally in Section 2.4 we recall the definitions of some Lyapunov functionals, already
present in the literature, which provide a uniform-in-time bound on the spatial total variation
of the approximate solution wuf.

Recall that F': Q — RY is a smooth (say C?) function, defined on a neighborhood
of a compact set K, satisfying the strict hyperbolicity condition, i.e. the Jacobian matrix
A(u) := Df(u) has N real distinct eigenvalues Aj(u) < --- < Ay(u). W.lLo.g. we assume
also that 0 € K and that Ag(u) € [0,1] for any w. This can always be achieved through
a linear change of variable. Moreover, since we will consider only solutions with small total
variation taking values in K, we will also assume that all the derivatives of f are bounded

~

on {2 and that there exist constant 5\0, ..., Ap such that

{ut + F(u), =0,

0 < \g_1 < A (u) <A <1, foreveryue Q, k=1,...,n. (2.2)

2.1. Vanishing viscosity solution to the Riemann problem

We describe here the method developed in | |, with some minimal variations, to
construct a solution to the Riemann problem (u”, uf?), i.e. the system (2.1) together with the
initial datum

L
u”, x>0,
u(0,7) = 2.3
(0.2) {UR’ T (23

17
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provided that |u® — u!| is small enough. First we present the algorithm used to build the
solution to the Riemann problem (u”, ) and then we focus our attention on the construction
of the elementary curves of a fixed family.

2.1.1. Algorithm for solving the Riemann problem. The following proposition
holds.

PROPOSITION 2.1. For all o > 0 there exists 0 < §1 < &2 such that for any ul ulft
B(0,41) the Riemann problem (2.1), (2.3) admits a unique, self-similar, right continuous,
vanishing viscosity solution, taking values in B(0,02).

SKETCH OF THE PROOF. Step 1. For any index k € {1,...,n}, through a Center Manifold
technique, one can find a neighborhood of the point (0,0, Ax(0)) of the form
Dy = {(uk,vk,ak) eRY xR xR | lug| < p, |ve| < p, ok — Ae(0)] < p} (2.4)
for some p > 0 (depending only on f) and a smooth vector field
e : Dy — RY, T = Tk (ug, Vg, Ok ),
satisfying
Tr(uk, 0, 0k) = i (uk), ‘g;’;(uk,vk,ak) < O(l)‘vk’. (2.5)

Here and in the following, the index k is just to remind that we are working with curves of
the k-th fixed family. We will call 7 the k-generalized eigenvector. The characterization of
71, 1is that

Dy 3 (ug, vk, 0k) — (uk,kak,ak) eRY xRY xR
is a parameterization of a center manifold near the equilibrium (0,0, Ax(0)) € Dy, for the ODE
of traveling waves

Uy =0,
(A(u) — ol)up = Uy = vy = (A(u) — ol)v,
o, =0,

where A(u) = Df(u), the Jacobian matrix of the flux f, and I is the identity N x N matrix.
Associated to the generalized eigenvectors, we can define smooth functions Ag : D — R

by
N (uky v, o) 1= (L (g ) s Awr) P (uk, v, o) ).

We will call A, the k-generalized eigenvalue. By (2.5) and the definition of i, We can get

a—j\k(u Vg, Ok)

B, o Vs T

)\k(uk, 0, O'k) = )\k(uk), < O(l)]vk] (2.6)

For the construction of the generalized eigenvectors and eigenvalues and the proof of (2.5),
(2.6), see Section 4 of | |.

Step 2. By a fixed point technique one can now prove that there exist §,7 > 0 (depending
only on f), such that for any

ke{l,...,n}, uleB(0,p/2), 0<s<n,

there is a curve
v : [0,8] — Dy,

T = (7)) = (uk(7), vk(7), 0k (7))
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such that wuy,v, € CYY([0,3]), o € C%([0,s]), it takes values in B(u%,d) x B(0,4) x
B(Ax(ul),6) and it is the unique solution to the system

uk(r) = u + /0 " (6))ds

vk (7) :fk(’Ykﬂ')_C[gg]ka('Yk;T) (2.7)

d
op(1) = 7 oy fe(yes; 7)

\

where
folir) = /O S () ds. (2.8)

and conv g fr is the convex envelope of fi in the interval [0,s], see Definition 1.1. In
the case s < 0 a completely similar result holds, replacing the convex envelope with the
concave one. If s = 0, we assume that the curve 74 : {0} — D is made by one single point,

’Yk(o) = (uL7 0, )‘k(uL)) :
If we want to stress the dependence of the curve v, on k, u” and s we will use the notation

7 = Dulul,s) = (ue(u, 5)(r), ve(u, 5)(), ot )(7)).

The curve T'y(u”,s) will be called the evact curve of the k-th family with length s and
starting point u”.

Even if the existence and uniqueness of such a curve is known, we give a proof of this fact
in Section 2.1.2, since we need to use a definition of distance among curves slightly different
from the one in | ].

Step 3. Once the curve 7y solving (2.7) is found, one can prove the following lemma.
LEMMA 2.2. Let v, : [0,5] = Dy, v = Lr(u®, s) = (up(7), vr(7),0%(7)), be the Lipschitz

curve solving the system (2.7) and define the right state u® := uy(s). Then the unique, right

continuous, vanishing viscosity solution of the Riemann problem (u”,uf?) is the function

ul if x/t < o (0),
w(t,z) = ur(t) if &/t = max{€ € [0,s] | x/t = ox(£)},
uft if x/t > op(s).

For the proof see Lemma 14.1 in | |. The case s < 0 is completely similar.

Step 4. By previous step, for any k € {1,...,n}, u* € B(0, p/2), there is a curve
(—mm)3s = TeWh) :=u(u”, s)(s) € B(u",6) CRY

such that the Riemann problem (u”, T*(u)) admits a self similar solution consisting only of
k-waves.

LEMMA 2.3. The curve s+ TF(ul) is Lipschitz continuous and
di L
esslim L) b, (2.9)

s—0 S

For the proof see Lemma 14.3 in | |

Step 5. Thanks to (2.9), the solution to the general Riemann problem (2.1), (2.3) can be
now constructed following a standard procedure (see for example | , Chapter 9]). One
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considers the composite map
T = ()% = RY
($1,...,8N) T(uL)(sl,...,sN) = Tgvo---oTsll(uL)

By (2.9) and a version of the Implicit Function Theorem valid for Lipschitz continuous maps,
T(ul) is a one-to-one mapping from a neighborhood of the origin in RY onto a neighborhood
of u”. Hence, for all u? sufficiently close to u” (uniformly w.r.t. u* € B(0,p/2)), one can
find unique values sy, ..., sy such that T(u’)(s1,...,sy) = u’.
In turn, this yields intermediate states ug = u”, u1,...,un = u’ such that each Riemann
problem with data (ug_1,u)) admits a vanishing viscosity solution wy = wg(t,x) consisting
only of k-waves, i.e.

WP =TN o 0T} ur (2.10)

for some (s1,...,sn) € RY. Observe that some of the s, k = 1,..., N, can be equal to
zero. By the assumption (2.2) we can now define the solution to the general Riemann problem
(u",u) by
N T N
w(t,x) = wi(t, x) for \p_1 < n < Ak
Therefore we can choose 61,82 < 1 such that if u”,uf € B(0,61), the Riemann problem

(u”, u?) can be solved as above and the solution takes values in B(0, §2), thus concluding the
proof of the proposition. O

2.1.2. Proof of Step 2. We now explicitly prove that the system (2.7) admits a 1! x
CUH1 x CY%!_solution, i.e. we prove Step 2 of the previous algorithm, using the Contraction
Mapping Principle. As we said, we need a proof slightly different from the one in | |: in
fact, even if the general approach is the same, the distance used among curves is suited for
the type of estimates we are interested in.

Fix an index k£ =1,..., N and consider the space

X = L*([0, s]; RY) x L*([0,s]) x L'([0, s])

A generic element of X will be denoted by v, = (ug, vk, o). The index k is just to remember
that we are solving a RP with wavefronts of the k-th family. Endow X with the norm

lvwllt = [ (wrs vk, on) [ = uklloo + llvrlloo + llowll (2.11)
and consider the subset

Xk(uL,s) = {fm = (ug, vk, 0x) € X : ug,vx are Lipschitz and Lip(ug) + Lip(vg) < L,

ur(0) = uL,vk(O) =0,
lug (1) — uL] <6, |vg(1)| < 6 for any 7 € [0, 5],

o (7) — Me(ul)| < 6 for Lr-ae. T € [O,s]}

for u € B(0,p) and L,s,§ > 0 which will be chosen later. Clearly Xj(u”,s) is a closed
subset of the Banach space X and thus it is a complete metric space. Denote by D the
distance induced by the norm | - ||y on X .

Consider now the transformation

T Xp(ub,s) — X
Vi = k=T
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defined by the formula

¢

i (r) = ub + /0 () ds,

k() = [ T) — conw T 7),

R d
ox(1) = N Te(ves 7)s

where f has been defined in (2.8). Observe that, since i is uniformly bounded near

(u?, 0, \g(u?)), it turns out that fi(vz) is a Lipschitz function for any 7 € I'x(ul,s), and

thus by Theorem 1.3, Point (1), C[on]vfk(vk) : [0, s] = R is Lipschitz and its derivative is in
0,s

L>([0,s],R).

LEMMA 2.4. There exist L,n,6 > 0 depending only on f such that for all fived u” €
B(0,p/2) it holds:

(1) for any |s| <n, T is a contraction from Ty(ul,s) into itself, more precisely

1
(2) if Y = (ug, Ok, 01) is the fized point of T, then iy, vy € CY1 and &, € COL.

Clearly Point (2) above yields Step 2 of the proof of Proposition 2.1.

PROOF. Step 1. We first prove that if 7, € Xp(ul,s), then 4% = (g, O, 1) := T () €
Xy (u”,s), provided L > 1, n < 1, while § will be fixed in the next step.

Clearly ,(0) = v’ and 9;(0) = 0. Moreover 4y, 0}, are Lipschitz continuous and &}, is

in L>°([0, s]).
Let us prove the uniform estimate on the Lipschitz constants. First we have

T2 L
|, (12) — (1) | < / |7(v6(9)) |ds < ||7klloo|m2 — 71| < 5‘7'2 -7l

T1

if the constant L is big enough. For v it holds
(r2) — 0x(r0)| < | s 72) = il ma)| + [ con felows m2) = conv files )|
78 78
(by Theorem 1.3, Point (1)) < 2 Lip(fk(’yk))‘m — 7'1‘ <2 H:\kHOO‘TQ — 71‘

< L
>~ 5}7_2 _7-1‘7

if L is big enough.
Finally let us prove that the curve +; remains uniformly close to the point (u”,0, A\x(ul)).
First we have

|k (1) —u¥| < /0 [Pk (e ())|ds < Fklloo| Tl < [I7llsoln] < 4,
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if n <« 1. Next it holds

|0(T)| < | fulves 7| + | con Si(ve; 7))

S/OT dfemi )| 4o /OT

ds
(by Proposition 1.11) < 2/ ’(S\k o ’yk)(g)|d§
0

< [ Aklloo|n| <4,

d
— cony fr(vk;<)|ds

d
° ds 10,s]

if n <« 1. Finally, before making the computation for oy, let us observe that

df(vi; )

— A (ut
dr UG

< ’Xk(uk(T),Uk(T),O'k(T)) — S\k(uL,O, O'k(T))’

< 0(1)(Jup(r) = ut] + |oy(7)])

<0(1) (Lip(uk) + Lip(%))ﬁ

<O(1)Ln <9,
if n <« 1. Hence
X d
o1 = M) = | 5 comy fiton) = )|
T [0,] oo

(by Prop. 1.11) < HCW — \p(ub)

oo

<6,

ifn<l.
We have thus proved that we can choose L > 1, < 1 such that 4 := T (%) € X (ul,s).
Notice that the choice of L,n depends only on f and § and not on u’ € B(0,§/2).

Step 2. We now prove that the map 7 : Xj(u’, s) — Xp(ul, s) is a contraction. Let
Y = (up, Vi, 01), ), = (U, v, 03) € Xi(u®,s) and set

e = (U, O, 0%) := T (), Vg = (U, Oy, 6%) 2= T (73,)-

It holds for the component wuy

in(r) - ()] < [ " el©)) — Fe(r(6))|de

S

ouy,

oy,

ory,

fun(6) — ()] + '

(<) — ()| + 1

oo e}

(by (2.5)) < O(1) /0 (lui(s) = u(6)] + [0a(s) = v (6)] + ]an(s) = oh(s)] ) ds
< O(1)D(k, Vi) (n + )
< %D(vkm’c),

(2.12)
it n,0 <1.
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For the component vy we have

o (1) — 0 ()| < [ felves 7) = frlvs 7 \Jr\COHka(Wm )_CBI;]ka(’YIQﬁT)‘

(by Proposition 1.11) < 2|| fi() — fr(7k H
dek W) k()

(2.13)

dr

1

M (7)) = M (7 (7)) |ar

0
1
(using (2.6) as in (2.12)) < iD('yk,'y;),
if n,d < 1.
Finally
1
o= il < [ [3w1(6) = 20| < 5DOw ),

if n,6 < 1 using (2.6) as in (2.13).
Hence 7T is a contraction from Xk(uL ,8) into itself, with contractive constant equal to
1/2, provided 7, < 1.

Step 3. Let us now prove the second part of the lemma, concerning the regularity of the fixed
point 4 = (u, U, 6%). It is immediate to see that u,v € CHL.

Fix now a big constant M > 0 and let A(M) C X;(u”,s) be the subset which contains
all the curves i = (ug, v, o) such that oy is Lipschitz with Lip(oy) < M. Clearly A(M)
is non empty and closed in X . We claim that 7(A(M)) C A(M) if M is big enough and 4,7
small enough. This will conclude the proof of the lemma.

Let v, € A(M) and, as before, 4y = (g, 0, 0k) := T (). Let us first compute the
Lipschitz constant of %:
dfi(yki 72)  dfi(k; 1)

dr dr

— ‘S\k("yk(TQ)) — S\k(’}’k(ﬁ))‘

< 0(1)| (Lip(ux) + Lin(ey) + Lin(ow) ) I = 7
< O(1)(2L + 6M)|7 — 71|
g M‘TQ - 7_1‘7

if 0<d<1and M > 1. Now observe that

d
|6k (72) — 6k (T1)]| 'COHka(Wk:, T2) — —— conv fi(yk; 1)
[0,5] dt [0,5]

d
< Lip<d c[gnv fk(’Yk)> |72 — 71
(by Theorem 1.3, Point (4)) < Lip (dfk(% )l Ty — 71}
S M|7‘2 — 7'1‘.

Hence ¢ is Lipschitz and Lip(¢) < M, ie. 4 € A(M),if § <1 and M > 1. O
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2.2. Definition of the amounts of transversal interaction, cancellation and
creation

In this section we introduce some quantities, namely the transversal amount of interaction
(Definition 2.5), the cubic amount of interaction (Definition 2.6), the amount of cancellation
(Definition 2.8) and the amount of creation (Definition 2.8), which measure how strong the
interaction is between two contiguous Riemann problems and we present some related results.
All these quantities are already present in the literature. In Section 3.2.2, we will introduce
one more quantity, which will be called the quadratic amount of interaction, introduced for

the first time in | .
Consider two contiguous Riemann problem, whose resolution in elementary waves is
WM =TV o oThut, W =TH o oT)u, (2.14)
N 1 N 1

and the Riemann problem obtained by joining them, resolved by
ulft = Ts]Yv o--- oTslluL.

Let f, fi! be the two reduced fluxes of the k-th waves s, s} for the Riemann problems
(P, uM), (uM,u®), respectively: more precisely, f; (fi) is computed by (2.8) where, for
1

soo sy Y (74) is the solutions of (2.7) with length s}, (s}) and initial point
ulfor k=1, T¢E Yo...oTLul, for k > 2,
Sk 51

—1

<uM for k =1, Tf,,_1 o---oTsl,,uM, forkZQ.)
k— 1

1

Since (2.7) is invariant when we add a constant to fy, having in mind to perform the merging
operations (1.2), (1.3), we can assume that f; is defined on s, +1(s}) and satisfies f} (s}) =

ACHE
DEFINITION 2.5. The quantity
R E S AT
1<h<k<n
is called the transversal amount of interaction associated to the two Riemann problems (2.14).

DEFINITION 2.6. For s; > 0, we define cubic amount of interaction of the k-th family for
the two Riemann problems (u”, ™), (u™, uft) as follows:

(1) if s} >0,

Agubic(y L M gy fty = / ' [conv fu(r) = conv (frLU fi) (7‘)] dr
0 [0,5] (0,57, +s%]

s} 45y
+ / { conv fi/(t) — conv (fiU fY) (7’)] dr;
S;C [s;gvsg] [Ous;g""sg}

(2) if —s), <57 <0

. s+
ety = U] cony, filr) — cony fi(r)]dr
0 [07Sk+sk [O’Sk

+ /:2 [ conc  f1.(T) — conv f,’f(T)] dr;

;c+8;c/ [S;g""sg)s;} [O’S;C}
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(3) if s < —s.,

AgPiC (L M Ry ;:/ fr (1) = conc f}lc/(T)}dT

[ c
o st Ly s [sf 570

+ /05;C [ conc fr(r) — conv f,;’(T)}dT.

[s%ﬁ-sg,sﬁ [0,5;c

0

Similar definitions can be given if s} < 0, interchanging convex envelopes with concave.

REMARK 2.7. The previous definition is exactly Definition 3.5 in | |, where it is also
shown that the terms appearing in the above definition are non negative.

The following definition is standard.

DEFINITION 2.8. The amount of cancellation of the k-th family is defined by
Acan(:(uL uM uR) - 0 if S;cslk{ > 07
k Y min{|s} |, |sp|} if s}s? <0,
while the amount of creation of the k-th family is defined by

+
Al u ) = [[sn] = Isf, + ]

The following theorem is proved in | |.
THEOREM 2.9. It holds
N N
Z ‘sk — (s}, + s',;)‘ <0(1) [Atrans(uL,uM,uR) + ZA%“blc(uL, uM utt|.
k=1 k=1
As an immediate consequence, we obtain the following corollary.
COROLLARY 2.10. It holds
N
A?(uL, UM, UR) < AtranS(uL’ qu UR) + Z AzubiC(uL, UM, ’LLR).
h=1

2.3. Construction of a Glimm approximate solution

We recall now briefly how an approximate solution u®(¢,x) to (2.1) is constructed by
means of the Glimm scheme. Fix ¢ > 0.

To construct an approximate solution u® = u®(t,z) to the Cauchy problem (2.1), we
consider a grid in the (¢,x) plane having step size At = Ax = e, with nodes in the points

P = (ti, xm) = (ie, me), teN, meZ.

Moreover we shall need a sequence of real numbers 91, 92,93, .... Now {1J;}; is any sequence
of real numbers in [0, 1]. It will be the topic of Chapter 4 to prove that if {¥;}; satisfies

Aicard{i€N|j1§i<j2 and 9; € [0, \]} <

1 +4log(j2 —j1)

C - ;
J2—

sup - -
A€[0,1] J2— 7

: (2.15)

then the the Glimm approximations u® converges in L' at any fixed time t € [0,00) to the
semigroup solution S;u of the Cauchy problem (2.1) provided by Theorem 1.

At time t = 0, the Glimm algorithm starts by considering an approximation u® of the
initial datum @, which is constant on each interval of the form [me, (m+1)e) and such that its
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measure derivative has compact support. We shall take (remember that @ is right continuous
and a.e. equal to 0 out of a compact set)

u(z) = u(me) for all x € [Tym—1,Tm). (2.16)

Notice that clearly
Tot.Var.(u®(0); R) < Tot.Var.(u(0); R) (2.17)

and
Hﬂg — EHl < Tot.Var.(u; R)E.

For times ¢ > 0 sufficiently small, the solution u® = u®(¢,z) is obtained by solving the
Riemann problems corresponding to the jumps of the initial approximation #° at the nodes
ZTm. By (2.2), the solutions to the Riemann problems do not overlap on the time interval
[0,e), and thus u®(¢) can be prolonged up to t = €.

At time t; = € a restarting procedure is adopted: the function u®(¢t;—,-) is approximate
by a new function wu®(¢1,-) which is piecewise constant, having jumps exactly at the nodes
Tm = me. If the total variation of the solution remains uniformly bounded in time, the
approximate solution u® can now be constructed on the further time interval [e,2¢), again
by piecing together the solutions of the various Riemann problems determined by the jumps
at the nodal points z,,. At time t3 = 2¢, this solution is again approximated by a piecewise
constant function, and the procedure goes on.

A key aspect of the construction is the restarting procedure. At each time t; = ie, we need
to approximate u®(t;—,-) with a piecewise constant function u(¢;,-) having jumps precisely
at the nodal points z,,. This is achieved by a random sampling technique. More precisely,
we look at the number ¥; in the sequence {¥;};. On each interval [z,,—1,2Zy,), the old value
of our solution at the intermediate point ¢;x,, + (1 — ¥;)x;m—1 becomes the new value over
the whole interval:

u (tg, ) o= u® (ti—, (Vizm + (1 — 0;)zm—1)) for all € [xym—1, Tm).

We will show in Theorem 2.16 the, if the initial datum @ has sufficiently small total
variation, then an approximate solution can be constructed by the above algorithm for all
times ¢ > 0 and moreover

Tot.Var.(u®(t),R) < O(1)Tot.Var.(u(0), R). (2.18)

Assuming that u® is defined for all time ¢ € [0,00), we make now the following remarks.
First of all notice that u® restricted on the time interval [0,7] is identically zero out of a
compact set depending on T'.

For our purposes it will be convenient to redefine ¢ inside the open strips (ie, (i+1)e) xR
as follows:

“ (1) uf((i+ 1)e,me) if me <z < me+t—ie,

ut(t,x) ;=

’ u® (ie, me) ifme+t—ic<z<(m+le.

In this way, u®(t,-) becomes a compactly supported, piecewise constant function for each time
t > 0 with jumps along piecewise linear curves passing through the nodes (ie, me).

To conclude this section, let us introduce some notations which we will be used in the
next. For any grid point (ie,me), i >0, m € Z, set

ub™ = uf (ie, me),

iym—1
)

and assume that the Riemann problem (u® u>™) is solved by the collection of exact curve
i,m

{’Y,i’m}kzl,,..,N, where 'y,i’m = (uy ,vé’m, Ji’m) is an exact curve of the k-th family with length
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™ defined on I(s)™):

U T]Xm oL L ubmt
SN 1
Define also
Vi) =" [sv™]", V() = - > (s, ifte lie, (i + 1)e). (2.19)
meZ MmeEZ

Let us introduce also the following notation for the transversal and cubic amounts of interac-
tion and for the amount of cancellation related to the two Riemann problems (u; m—1, %i—1,m—1),
(Ui—1,m—1,ui,m) which interact at grid point (ie, (m — 1)e):

AT (e me) = AT (g 1, Ui 1 m— 1, Yiim),s

and for k=1,...,n,

ASDIC (e me) i= AT (1 01, Uit 1, Ui )

A7 (e, me) == AP (Ui m—1, Uim1,m—1, Wism),
A (ie, me) := AT (Wim—1, Uim1,m—1, Uim)-
2.4. Known Lyapunov functionals

In this section we recall the definitions and the basic properties of three already well
known functionals, namely the total variation functional, the functional introduced by Glimm
in | | which controls the transversal amounts of interaction and the functional introduced
by Bianchini in | |, which controls the cubic amounts of interaction.

Let € > 0 be fixed and let u® be the corresponding Glimm approximate solution. The
following definitions hold, for the moment, on the largest time interval on which u® can be
defined. However, Theorem 2.16 below shows that u® can be defined on the whole half-plane
[0,00) x R.

DEFINITION 2.11. Define the total variation along curves as

N
= Z Z 2™, for any ¢ € [ie, (i + 1)e).
k=1meZ
Define the transversal interaction functional as
N k-1
Q'S(¢) Z Z Z |s Hs l, for any t € [ie, (i + 1)e).
k=1 h=1m>m’
Define the cubic interaction functional as

chblc Z Z / / o Jli,m(,r) . Ui’ml(T/)‘dT,dT-
) JL(s™)

k=1mm’'eZ

Notice the all the objects just introduced depend on ¢, even if we do not write this
dependence explicitly.

REMARK 2.12. The three functionals ¢ — V (t), Q"5(t), Q°"P¢(¢) are local in time, i.e.
their value at time ¢ depends only on the solution u®(¢) at time ¢ and not on the solution at
any other time ¢ # ¢. On the contrary, the functionals Qg,k =1,..., N we will introduce in
Section 3.5 to bound the difference in speed of the wavefronts before and after the interactions

are non-local in time, i.e. their definition requires the knowledge of the whole solution in
[0,00) x R.
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REMARK 2.13. The functional Q"¢ has been introduced first in | |. The first work
where the idea of multiplying the product of the strengths by a factor which takes into account
the relative speeds is the paper | ].

The following statements hold: for the proofs, see | |, [ |

PROPOSITION 2.14. There ezists a constant C > 0, depending only of the flux f, such
that for any time t > 0

éTot.Var.(u(t)) < V(t) < CTot.Var.(u(t)).

THEOREM 2.15. The following hold:
(1) the functionals t ~ V(t), QTS(t), Q°™P(t) are constant on each interval [ie, (i +
(2) b)zig)/’are bounded by powers of the Tot.Var.(u(t)) as follows:
V(t) < CTot.Var.(u®(t)),
Q'™ (t) < C'Tot. Var.(u®(t))?,
Q°UPi(t) < C'Tot. Var.(uf(t))3;

(3) there exist constants c1,co,c3 > 0, depending only on the flux f, such that for any
i € N, defining

anown(t) — 01V(t) + CQQtranS(t) + CgQCUbiC(t),
it holds

N
Z [Atrans(iE,mé“) + Z <Aianc(i€,m€) + AEUbiC(Z‘€,mE)>:| < anown((i . 1) ) anown(zg)

meZ k=1

Using the previous proposition and theorem, we now prove that it is possible to construct
a Glimm approximate solution u° for any ¢ > 0 provided that Tot.Var.(a;R) < 1. The proof
is a standard technique in Hyperbolic Conservation Laws. We explicitly prove the theorem
for the sake of completeness.

THEOREM 2.16. If Tot.Var.(u;R) is sufficiently small, then for every € > 0 it is possible
to construct a Glimm approximate solution u® (with the algorithm described in Section 2.3)
defined for all times t € [0,00).

PROOF. Fix d3 > 0. By Proposition 2.1 there exist ; > 0 and dg > 0 such that
(1) every Riemann problem (u®,uf) with u’,u® € B(0,6;) admits a unique, self-
similar, right continuous, vanishing viscosity solution, taking values in B(0,d2);

(2) it holds

02
—0dp <01 + o + 635(2)> <61,
C1

where C, ¢, c9,c3 are the constant introduced in the statements of Proposition 2.14
and Theorem 2.15;
(3) every Riemann problem (u®,uf) with ul,u® € B(0,dp) admits a unique, self-
similar, right continuous, vanishing viscosity solution, taking values in B(0,d;).
Assume that Tot.Var.(a;R) < dp. We prove now, by induction on ¢ € N, that it is possible
to define u® on the time interval [0,ic] with u®(ig,-) taking values in B(0,01). For i =0 we
choose u®(0,z) = u®(x), where @ is the approximation of @ defined in (2.16). Assume now
that the solution is defined on [0, (i —1)e] with u®((i —1)e, -) taking values in B(0,d;) and let
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us prove that we can prolong it up to time ie with u®(ie, ) taking values in B(0,d;). Clearly,
since u®((i — 1)e) takes values in B(0,01), we can prolong u® up to time ie with values in
B(0,02). Now using Proposition 2.14 and Theorem 2.15 we get

Tot.Var. <u5(i€—, D); R) < CV (ig)

< Z [clV(ia) + cthrans(iE) + e3QCubic (25)}

C .
C2
< . [clTot.Var.(ﬁ‘s; R) + coTot.Var.(u; R)2 + c3Tot. Var.(u®; R)S
1
2
< %50 [01 + c900 + 03(5(2)
1

(by Point (2) above) < 4y,
thus proving that u®(ie) takes values in B(0,0;1) and concluding the proof of the theorem. [






CHAPTER 3

A quadratic interaction estimate

In this chapter we prove the first result of this thesis, namely Theorem A in the Introduc-
tion, which is the natural extension to a Glimm approximate solution of the Cauchy problem

o o= &l

of the quadratic interaction estimate (18) presented in the Introduction, where the reader can
find an extensive discussion on the history and the interest of this estimate. Theorem A is
the final outcome of papers | I, | I, | |. In particular we will present
here the result in the most general setting, namely the one considered in | |. Before
entering into technical details, we recall now the statement of Theorem A.

Let (u®,u™), (uM,uf) be two Riemann problems with a common state v , and consider
the Riemann problem (u”, uf). We have shown in Section 2.1 that if |u —u®|, |uf—uM| < 1,
then one can solve the three Riemann problems as follows:

M

M _ mN 1, L R _ N 1, M R _ N 1, L
U _TSQ\,O"'OTS’IU7 U —ng’vo"'oTs’l’“ , u'=Tg,0-0Tgu”,

where for each k = 1,...,N, si,s.,s; € R and (s,u) — Tfu is the map which at each
left state u associates the right state T¥u such that the Riemann problem (u,T*u) has an
entropy admissible solution made only by wavefronts with total strength |s| belonging to the
k-th family.

Writing for brevity (formula (1.1))

I(s) = [min{s, 0}, max{s, 0}] \ {0},
let us denote by

! (k) — 5 i ) the speed function of the wavefronts of the k-th family for
Tk Hk k=1 2k the Riemann problem (u, uM),

v " Q Q the speed function of the wavefronts of the k-th family for
ok 5+ 1sk) = (Me-1, Ak the Riemann problem (uM,u®),

' Q . the speed function of the wavefronts of the k-th family for

ok Lsk) = 1, M) the Riemann problem (ul, u®).
See (2.2) for the definition of A,, h =0,1,..., N. We assume that o is defined on s +1(s})
mstead o s7.)). Let us consider the -norm of the speed difference between the waves o
i d of I(s})). L ider the L' f th d diff b h f
the Riemann problems (ur,upns), (uar,ur) and the outgoing waves of (ur,ur):

/ " : /A
1(e% Vi) = okll prags coponessyy i Sk = 0,
Aak(uL’ UM’uR) = / " o ) e N

(o}, 2 07)) = O-k”Ll(I(s;C+s;C’)OI(sk)) if 53,53, <0,

31
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where o) U o} is the function obtained by piecing together o), o}, while o, A o} is the
restriction of o} to I(sj + sj) if [s| = |si] or oyiy( 4sy) in the other case, see formulas
(1.2), (1.3).

Now consider a right continuous ¢-approximate solution constructed by the Glimm scheme
(see Section 2.3); by simplicity, for any grid point (ie, me) denote by

i—1,m—1

i,m—l’u

Aoy (ie, me) := Aok(u ,u™)

the change in speed of the k-th wavefronts at the grid point (i, me) arriving from points
(ie, (m —1)e), ((i —1)e, (m —1)e), where w/" := u(je,7e). We can now state the main result
of this chapter, namely Theorem A in the Introduction, which says that the sum over all grid
points of the change in speed is bounded by a quantity which depends only on the flux f and
the total variation of the initial datum and does not depend on ¢.

THEOREM A. It holds

+o00o
> > Aoylie, me) < O(1)Tot. Var.(4; R)?, (3.2)
i=1 meZ

where O(1) is a quantity which depends only on the flux f.

We explicitly notice that Aoy is the wvariation of the speed of the waves when joining two
Riemann problems.
The proof of Theorem A follows a classical approach used in hyperbolic system of conser-
vation laws in one space dimension.
We first prove a local estimate. For the couple of Riemann problems (uL, uM ), (uM ,ulty,
we define the quantity
A(UL, UM, uR) — Atrans(uL’ UM, uR)
N
3 (A )+ A (kM R Al 0 ) ),
h=1
(3.3)

which we will call the global amount of interaction of the two merging RPs (u”, uM), (u™,u®).
Three of the terms in the r.h.s. of (3.3) have already been defined in 2.2, namely

atrans(y by M By s the transversal amount of interaction (see Definition 2.5);
Asanc(yt M uBY s the amount of cancellation of the h-th family (see Definition 2.8);

Asebic (b My s the cubic amount of interaction of the h-th family (see Definition 2.6).

The term A%uadr(uL, uM u®), which we will call the quadratic amount of interaction of the h-
th family, will be defined in Definition 3.16 and was introduced for the first time in | |.
The local estimate we will prove is the following: for all k =1,..., N,

Aoy (ul, v By < O(1)a(ul, ™, uf). (3.4)

This is done in Section 3.2, Theorem 3.18.
Next we show a global estimate, based on a new interaction potential. For any grid point
(ie, me) define
A(ie, me) := A(ub™—1 qfmhm=l g lm)
as the amount of interaction at the grid point (ie,me), and similarly let A™%S(jg me),
ASAnC (e, me), AS™PIC(ie, me) A?Luadr(ia, me) be the transversal amount of interaction, amount
of cancellation, cubic amount of interaction at the grid point (ie, me), respectively.
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For every fixed time T' > 0, we will introduce a new interaction potential Y : [0,7] — [0, 00)
with the following properties:

(1) it is uniformly bounded at time ¢ = 0: in fact,
T(0) < O(1)Tot.Var.(@; R)%;

(2) it is constant on time intervals [(i — 1)e,i€);
(3) at any time ic € [0,T), it decreases at least of § >, _, A(ie, me).
It is fairly easy to see that Points (1), (2), (3) above, together with inequality (3.4), imply

that
I

> Y Aoylie, me) < O(1)Tot. Var. (@ R)?,
i=1 meZ
where I := max{i € N |ic € [0,7)}. As a consequence, by the arbitrarity of 7" and by Point
(1) above, we get Theorem A.
The potential T is constructed as follows. We define a positive functional Q(t) : [0,7] —
[0, 00), bounded by O(1)Tot.Var.(@; R)? at t = 0, which satisfies the following inequality (see
Theorem 3.58):

N
Q(ie) — Qi — 1)) < = > > Al (ie, me) + O(1)Tot. Var.(@; R) > A(ie, me)

meZ h=1 mez
N
= —(1 - O(1)Tot.Var.(@; R)) Z ZA?luadris,me)
mezZ h=1 (3.5)
+ O(1)Tot.Var.(u; R) Z A5 (i me)
meZ
N .
+O(1)Tot. Var.(I;R) > <A;;an6(ie, me) 4 ASP (je, mz—:)).
meZ h=1

We have already seen in Section 2.4, Theorem 2.15 that there exists a uniformly bounded,
decreasing potential QX" (¢) such that at each time ic

N
Z |:Atran5(i€’ mé.) + Z <A§LanC(i€’ mé.) + A?Lubic(i{f,mé)):| < anown«i - 1)6) - anown (25)
meZ h=1

(3.6)
Hence, it is straightforward to see from (3.5), (3.6) that we can find a constant M big enough,
such that the potential

T(t) := Q(t) + MQ™ ()

satisfies Properties (1)-(3) above, provided that Tot.Var.(u;R) < 1.
Notice that the functionals T and £ depends on the parameter £ > and on the fixed
time T', even if we do not explicitly write this dependence.

REMARK 3.1. In the paper | |, for GNL or LD systems, the author proves an estimate,
analogous to (3.2), on the change in speed of a suitable partition of the elementary waves of
the Riemann problem at each grid point. This discrete partition is needed in order to group
rarefaction waves into finitely many packets, which are then traced in time.

A first extension of this idea is in | |, where due to the generic flux F' one has also to
partition the shock waves.
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The construction presented in this paper is thus different in two main aspects. First, our
partition is continuous, i.e. the variable w, indexing the wave, varies in a subset of the real
numbers, while in all the previous cases it is contained in a discrete set.

Secondly, the quadratic estimate of | , Lemma 3.2-(iii)| is much easier due to the decrease
of the original Glimm functional (which is quadratic w.r.t. the total variation), while in our
case one of the main points is precisely the construction of a quadratic decreasing functional.

Notice also that without Theorem A, one cannot show the convergence of the Glimm
scheme to the entropic solution when the sampling sequence 9;, ¢ € N, is equidistributed.

REMARK 3.2. The definition of the functional £ we provide in this chapter is not exactly
the one proposed in | |. Indeed, as we have already pointed out in the Introduction,
the functional proposed in | |, which works perfectly to prove Theorem A, is not sharp
enough to prove the estimate on the convergence rate of the Glimm scheme, namely Theorem
B which will be proved in Chapter 4. We decided therefore to introduce already in this chapter
this stronger definition of £Q which is suitable to prove both Theorem A and Theorem B.

REMARK 3.3. The functional £, which is defined on the time interval [0,7], where T is
an arbitrary number, could be defined on the whole half line [0, +00). However, this would
require some technical trick which can be found in the cited paper | |, but which we
decided to avoid here, for the sake of simplicity.

Structure of the chapter. The Chapter is organized as follows.

In Section 3.1 we present some basic interaction estimates on the exact curves (see Section
2.1) used to find the vanishing viscosity solution of the Riemann problem. Some of these
estimates will be used in this chapter, while some others will be used in the next chapters.
We collect all them here for the sake of convenience.

Section 3.2 devoted to prove the local part of the proof of Theorem A, as explained before.
In particular we will consider two contiguous Riemann problems (u”,u), (uM, uf) which
are merging, producing the Riemann problem (u”,uf!) and we will introduce a global amount
of interaction A, which bounds the L'-distance between the speed of the wavefronts before
and after the interaction, i.e. the o-component of the elementary curves.

In Section 3.3 we define the notion of wave tracing of an approximate solution u® to the
Cauchy problem (3.1), obtained by the Glimm scheme, together with some additional objects,
and we explicitly construct a wave tracing satisfying some useful further properties.

Starting with Section 3.4 we enter in the heart of our construction. We introduce in fact
the notion of pair of waves (w,w’) which have already interacted and pair of waves (w,w")
which have never interacted at time t. For any pair of waves (w,w’) and for any fixed times
t1 < to, we define an interval of waves Z(t1,t2, w,w’) and a partition P(t1,t2, w,w’) of this
interval: these objects in some sense summarize the past “common” history of the two waves,
from the time of last splitting before ¢; (or from the last time in which one of them is created)
up to the time t5.

Now we have all the tools we need to define the functional £, for ¥ = 1,...,n and
to prove that it satisfies the inequality (3.5), thus obtaining the global part of the proof of
Theorem A. This is done in the final Section 3.5.

3.1. Basic interaction estimates

In this section we prove some basic estimates which will be used in the following to analyze
the interaction between two or more merging Riemann problems. In particular the results we
are going to present now will be widely used in Sections 3.2, 4.3 and 5.3. All the proofs are
based on the results presented in Section 1.2 about convex functions and on the fact that
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the curves I'y(ul,s) are obtained as fixed point of a contraction. In what follows we always
assume that the length of all the curves we consider is “small enough”.

We start with the description of a general situation we will encounter many times. Let
k=1,...,N be a fixed family. Let {y”},=1,.. p be a collection of P curves,

VP = (uP, P, o) : IP = Dy C R™+2

with IP an interval of the form a + I(sP) for some a € R, u?, vP of class C1'1| oP Lipschitz
continuous and k(p) an index in {1,...,N}. The set Dy was defined in (2.4). Notice that
here we do not require that +? is an exact curve. Denote by fP the reduced flux associated
to 47, i.e. any C'! map which satisfies

Df?(r) = M) ((7), 07 (1), 0(7) ).
DEFINITION 3.4. We say that v!,..., 7" satisfies the assumption (%) if, setting
al = Zsp for any p=0,...,P,

p'<p
it holds
forany p=1,...,P
k(p) = k for some fixed k € {1,..., N} independent of p,
4P and fP are defined on a?~! + I(sP) ()
and fP(a"") = fP1 (0P
Notice that the condition on f can be always be assumed, because the reduced fluxes are

defined up to an additive constant.

DEFINITION 3.5. We say that (7!, ...,7F) is a collection of consecutive curves if uP(aP~1) =
uP~H(aP™).

Recall that a generic curve I(s) — Dy € RY x R x R is denoted by v, = (ug, vk, 0%),
where the index is just to remember that +; takes values in Dy,.
The following lemma is just an observation on the second derivative of the reduced flux.

LEMMA 3.6. Let vy, = (uk, v, 0k) := Tr(uo, s) be the exact curve of length s starting in
ug and let fr be the reduced flux associated to vy i.e.

filr) = /O " A (un (), v (<), 0 (€))ds.

Then, for a.e. T € I(s), it holds

2 A ~ d conv
L) = P u() i n() + 5 E (ul) [Muulr) - SR e
PrROOF. Observe that
%(%(7))

do (r)=0 for L'-a.e. 7 €10,s5].

Ooy, dr
Namely, if d”{’i“iT(T) # 0 for some 7, then vg(7) =0 and thus, by (2.6),
Ok
Bor (w(m))| < O)|vk(r)| =0.

As a consequence, formula (3.7) holds for a.e. 7€ I(s). O
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LEMMA 3.7 (Translation of the starting point). Let v, = I'y(uo, s) = (ug, vk, o) and 7y, =
Ti(ug,s) = (u), v, 0h). Denote by fi, fi. the reduced fluz associated to i,y respectively.
Then it holds

g — thlloo < (1+ OW)lsl) w0 — iyl o — vhloo < OL)sluo — ),
d2fk d2f/
Jow =iy < OWslluo -, |45 - G2k <Ol )
PROOF. It holds
wk(r) = up + / Aelm(ds [ uhr) = uf+ /0 Fe(va(<))ds
0
op(T) = fir(T )—Cfr;]ka( ) vp(T) = fi(r )_C[Or;]vfk( T)
d /
7u(r) = 4 conv fu(7) () = 4 cony fi(7)

Consider the curve 7;(7) = v (7) + (uj — uo,0,0), i.e. the translation of 4 from the starting
point (ug,0,0%(0)) to (u),0,04(0)) and set 75, := T(Jx). Denote by f). the reduced flux
associated to 7. The curves v, and 3 satisfy the following systems

(G(r) =y + /0 Trelm(nds [T =+ /0 Fe(F(<))ds
Bulr) = () = conv fu(7) () = fu(r) = conv fu(7)
- d -
or(r) = ECBE]V‘}C'“( ) \5/?(7) CZC[CSI;]VJ‘/C( )

Let us prove now the first inequality. Using the Contraction Mapping Principle, we get
luk = wplloo < Nluk — Glloc + [l — uplloe < Juo —upl + DTk k) < |uo —uol +2DFr, T (k)),

being the map 7 a contraction with constant 1/2.
Since 7% is obtained from ~; by translation of the initial point of the u-component, we get

() — (7)< /0 " Fi(s)) — 7yl ]de

T [ ]| 07 - Ory, . Ory, .
< - — - —_ —
_/0 <| ou ‘uk(g) ui()] + Havk oo‘vk (s Haak Uk(g)odg
or
= ’ , \uk(g) — up(<)|ds
( )uo — UoHSI
Similarly, N _
[0k = Tkl . <OW)slluo — ugl, |jow — x|, < OM)]s|luo — ug,
and thus _
D(Fk, k) < O1)]s]|uo — ugl- (3.9)
Hence

lur — uklloo < (1 + O()]s]) Juo — |-

In a similar way

lve = villoe < llve = Tilloo + [0k = vhlloe < 1[0k = vk lloe < D(Fk: ) < 2D (0, T ()
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and

lok = okllt < llok = Gkl + 16k — okllt < 16k — okllt < DV i) < 2D (e, T (k) -
A further application of (3.9) yields the estimates on v, oy

Finally, using the chain rule, Lemma 3.6, Proposition 1.11 and the first part of the proof,
we get

d2fk d2 fl s
- <o) [ (lu) - ol + fuetr) = o) + foulr) - ofr))dr
dr dr= ||, 0
< O(1)]sluo — ug-
(3.10)
This concludes the proof. O
LEMMA 3.8 (Translation of many curves). Let k be a fived family. Let ~},..., v be a

collection of P exact curves of the k-th family satisfying the assumption (x). Let u* € R be
a fized state. Define by recursion the collection of P consecutive curves of the k-th family

. 1, p-1
71% = (uk,vk,ak) = Fk( Sl{:)v 'Yk = (uk,vk,ok) = Fk(uk (ai )752)7
where ai =D <k sh. Assume that also ’yk, . ,'yk satisfy the assumption (). Then for any
p=1,....P,
- 1 1 1
luf = alloo < O1) Y fuf(af ™) — uf " (af )|
q=1
and
. -1, g—1
o, = Bllos, llog, — 031 < O(1 Isk\Z\uk D —uf el ).

PrOOF. We first prove by induction on p that there exists a constant C > 0 depending
only on f such that

P
N CSP_ st -1 —1, g-1
= oo < Ce® im0y ut (@) — ™ (a7 ) (3.11)
q=1
for any p=1,..., P, where u%(a%) =ul. Forp=1, (3.11) is an immediate consequence of

Lemma 3.7 and the fact that 1+ C|s}| < ek . Now assume that (3.11) is proved for p and
let us prove it for p+ 1. Again by Lemma 3.7, we have that

[ ™ =@ < (U4 OIS DR 0 — R e

C p+1 +1
< el || W (ah) — g (ay))|

< Ol (‘u”“(ap) — b (a))| + |uf (a}) — ﬁi(ai)‘)

(using inductive assumption) < ec|5p+1|<‘ zﬂ(ak) ul (af)|

p
+ 0602521 |5Z‘ Z ‘UZ(az—l) o uz—l(az—l)o
q=1

1
< CeOTiE Z [uf(af ) —uf e )

)
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which is what we wanted to prove.
Assume now that (3.11) holds. Then we can use Lemma 3.7 and we get

< Olst |Z uf(af™) —uf (af )],

1ok = % lloes Ml = il

which, together with (3.11) concludes the proof of the lemma. O

LEMMA 3.9 (Change of the length of the curve). Consider a curve v, = (ug, vk, o) =
Ty(ul,s). Fiz any 7 € I(s) and a number s’ € R such that |s'| < |s—7|. Consider the curve
T = (uk,vkak) Ti(uk(7),s') and assume that ~;, is defined on 7+ I(s"). Then it holds

98 = Tkl i aeey < 2([o6D]+ fen+ ) ).

[ ukHLC’O(T-',-I(’) o — UkHLooTJrl(

PROOF. We assume that 0 < 7 < 7+ s < s. All the other cases can be treated similarly.
We have
u(7) = up(7) + [ 7 (v(<)) ds
vk(T) = fk(T) — COHV[O’S} fk(T)
Uk(’l') = DCOHV[OVS] fk(’i')
where fi(7) = [7 Ai(7(¢))ds. is the reduced flux associated to 7. We have to compute
D('ykl[ﬂl(sl)] , *y]’c) . By Contraction Mapping Theorem,

D (Wlr1(sn) ) < 2D <7k|[’?+l(s’)]a T('Yk:’[v’-—i—l(s’)]))-

Set Ak := (g, Ok, 0%) := T (Vklfr1 (s’)]) Then
Uy (T) = )+ ST 7 (e ( ))dc
(7—) ( ) — CONV[z T+s’] fk( )
G4(T) = D convir 7y ¢ f(7),

where fi(7) := fx(7) + I Ak (ve(s))ds = fi(7) is the reduced flux computed on the curve
Yilz41(s1) (recall that we can always add a constant to the reduced flux). Hence uy(7) = ug(7)
for any 7 € [7,7 + §]. For the v-component we have

iu(r) = ()| < |(1utr) = gomg () = (ulr) — con ()

[7,7+5]

= | conv fi(7) — conv fk(T)‘

[7,7+5] [0,s]
= | conv fk( ) — cony fk(T)‘ + ‘ conyv f(7) — conv fk(’i')‘
[7,7+5] [7,s] [7,s] [0,s]
(by Proposition 1.6) < ’fk — c[(anv fe(T ’ + }fk — c[%)n]v fk(s’)‘
— )] + o)

Similarly, using again Proposition 1.6,

6k(T) — on(T)| < | (7 *CBISI}ka(fMJr\fk(S *C[gnvfk )| = |ok(®)] + |vk(s")]-

Hence

D (elpr41(s) 1) < 2D (7k|[’?+1(s’)]a T(’Yk|[7‘—+1(s’)])> < 2(!%(?)! + |ok (7 + 8')!) O
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COROLLARY 3.10. In the same hypothesis as in the previous lemma,

‘Gk - U;CHLl(F—i-I(s/)) < 0(1)(’7" +ls—(7+ 3/)’>-

Huk o u;fHLOO(T-i-I(S/))’ ‘vk o U;CHLOO(T—&-I(S’))’

PROOF. The proof is an immediate consequence of the fact that vy is Lipschitz with
Lipschitz constant depending only on the flux F' and vi(0) = vi(s) = 0. O

The following lemma is a generalization of the previous one.

LEMMA 3.11 (Creation of waves). Let s,s" € R. Assume that they have the same sign and
|s'| < |s|. Let © : I(s') — I(s) be a piecewise afﬁne map with slope equal to 1. Let k be a
fized family. Let v = (ug, vg, ox) = x(u”, s) and Ve = (U, vy, 07) == Tr(u L s"). Then

D(’y,lq,’yk o @) <O()|s -4
PRrROOF. By the Contraction Mapping Principle,
DV, 11 0 ©) < 2D(T (74 0 ©), 74 0 ©).

We have
up(t) = ul + [T 7 (<)) ds uj (1) = ul + [ 7 (v(<))ds
vk(7) = fr(7) — convio g fr(T) vy, (1) = fi(7) = convig g fr.(7)
or(7) = D convyg g fr(7), 01,(7) = D convig o fr.(T),
where fi(1) = [; M (7%(5))ds is the reduced flux associated to 7 and i) = [y A ( Y (<)) ds

is the reduced flux associated to 7. Set 4y = (g, Uk, 0%) := T (k. © ©) and denote by

Ailr)i= [ Ao ©0)ds
0
the associated reduced flux. We have

() = ub + [5 7 ( 0 O(c))ds
ﬁk(T) = fk(T) — CODVN[O,S’} fk(T)
5’k(T) =D COHV[07S/] fk(T)
Denote by ©~! the pseudo-inverse of © which turns out to be a Lipschitz map. Observe that
if @007 !(r) # 7, then DO!(7) = 0. (3.12)

We can thus perform the following computation:

T (1)
ﬂk(T)—uk(@(T)) :/0 Fk(’yk(@(v)))dv—/o fk(’yk(g))dg

(making the change of variable v = ©7*(¢) and using (3.12))

e(r) e(7)
= [ R © ds [ wisas

0
e(r)

IN

G- @76 fas

<O0()|s -4
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Similarly
IDf = floaey = /OS IDfi(r) — ful(r)|dr
= [ [uu@) = utrutr|ar -
<o) [ 16~ rlar
<O)|s'l[s = |
and thus
I1f = Fllzseaesy < OQ)]s]|s — 5. (3.14)
Therefore, for 7 € I(s’), we have
wu7>—v«x7»|=\(ﬁ@»—%ggfurw-—(m«xT»—«%gffX@ovol
< [u(r) = fu(©()| + | comy () — (conv F)(©(r))]
<|fe(r) = fu(D)| + | fu(7) — fu(©(7))| + | C[(?E,]V fu(r) — (Eglsl,‘]f Sr(7)]

— — S
+ | cony Ji(7) cony Su(™)|+ | cony Ji(7) cony fr((©(1))]
<O(1)]s —§'],

where in the last inequality we have used (3.14), Corollary 1.10, Proposition 1.11 and the fact
that [O(7) — 7] < |s — §'|. A similar computation shows that

|6k — k0B, < O1)]s — &,

thus concluding the proof of the Lemma. [l

LEMMA 3.12 (Transversal interaction). Let uM = TF (ub), uft = T! (uM). Set aM :=
Ts};(UL)’ aft = Tfk (aM) and

Vo = (uk, v, %) 1= Ti(u”, sp.), Y = (up, vp, o) = Tp(u™, sp),
A = (tup, o, 61) == Tp(ul, sp), Ve = (g, O, 61) == T (@™, s).

Denote by f, fk, fh,fh the reduced fluzes associated to the curves Yg, i, Yh, Y respectively.
Then it holds

. = nlloe < O(1)]5, s elloo < Ol (3.150)
lon = onlloe < O()sillsn, lvg = Belloo < OW)lsillsnl, — (315b)
lon = nl < O sillsn. low = oelh < OWlsellsnl.  (315¢)
@l Py N

-5 <00 —r 2 <o
& - , = OWlswllsn) |- <Ol

and
uft — %) < O(1)|s]snl- (3.16)
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PROOF. Inequalities (3.15) are direct consequence of Lemma 3.7 and the fact that

™ —ut| < O)]skl,

ﬁM — uL| < 0(1)’8h|.

Let us now prove inequality (3.16). We have
Sk Sh
ult = oL +/ Tr(Vk($))ds +/ Th(vn(s))ds,
0 0
R L Sh R Sk N
o = +/ 7 (A (s))ds +/ k(Y (S))ds.
0 0

Hence
|uR——aR|st[fkvkm%«>>—v%fm \d<+1/ﬁ (1 ()) — 7a(Tn(s))|ds
<o) [* (169 = (O] + (6) = 54(6)] + low(s) ~ au(6) )
+ /OSh <|Uh(§) — Gy ()| + [vr(s) — n(s)| + |on(s) — 5h(§)|>d<]

< O(1) | Iswlllwn = @xlloo + IsillJor = trlloc + llor — ol

sulllun — Gnlloo + [shlllvn — Onllco + llon — (3hH1]
< O(1)]|skllsnl,

where, in the last inequality, we have used (3.15a)-(3.15¢). O

In the previous lemma we considered a transversal interaction between only two curves.
The following situation describes a more general transversal interaction, when many curves of
many families are present. Let 7£ ,p=1,...,P, k=1,...,N be a collection of NP exact
curves, with P € N'\ {0}. Denote by ~f = (uk,vk,ak) the components of 4% and by ff the
associated reduced fluxes. Assume that

(1) for any p, 7y is an exact curve of the k-th family with length s%;
(2) the starting point of the first curves ~; is ul;
(3) the curves {v;}, are consecutive w.r.t. the order

(p, k) precedes (p', k') < p<p orp=1p and k < k.

Consider now another collection of NP curves {37}7, p=1,...,P, k=1,...,N. Denote
b}}lf Ar = (4,0}, 67) the components of 47 and by f; the associated reduced fluxes. Assume
that

(1) for any p, 44 is an exact curve of the k-th family with length s%;
(2) the starting point of the first curves 7; is u’;

(3) the curves {¥;}; are consecutive w.r.t. the order
(p, k) precedes (p',k') <= k <k ork=Fk and p <p.

Observe that the curves {7} }¢ are obtained from the curves {7}}} after all the transversal

interactions took place. For any k and p assume also that fyk, fk, yk, fk are defined on the
same interval I(s}). Then the following corollary holds.
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COROLLARY 3.13 (Many transversal interactions). It holds

ZZ [y — iy

k=1 p=1

Sup ~ sup H“k‘“k”
k=1,..N p=1,...,P

N P = 1)22’5%5%
> llor =%l PP

N P 3
ZZ HDQf,f B D2f,€’H1

k=1p=1 Y,

‘ui(si) — U ( << o1 Z Z ‘shHsh,

q<q’ h>h'

and

(3.17)

where q,q' € {1,..., P} and h,h' € {1,...,N}.
Notice that we estimate the L' distance of the u-components and not their L> distance.

PROOF. The proof can be obtained applying several times Lemma 3.12 and using Lemma
3.7. O

We conclude this section with the following lemma, which analyzes the interaction between
many exact curves of the same family and same sign.

LEMMA 3.14 (Same family interactions). Let k be a fized family. Let {v1}p,, p=1,..., P,
be a family of P consecutive curves of the k-th family. Denote by ~, = (u},vy,o%) the
components of 'YZ and let f,f be the associated reduced flux. Assume that the length of ’yi is
sP and set s = Zp sP. Assume that all the sP have the same sing. Suppose also that ()
is satisfied. Let v, = (ug, v, o) := Tk (ul(O),s) and let fi be its associated reduced fluz.
Then, if all the sP are positive,

P
D<’7k, U ’Y£>,

p=1

P P
< O(l)HD conv U fe—D U conv fy
s )= pm1 1) llLxs))

P
Hszk - D? U fifHLl(I(s))

p=1

P
D<% U 7£>,
p=1

P
1D fie = D £ 11 aoy)
p=1

If all the sP are negative, a completely similar result holds, with the concave envelope, instead
of the convex one.

and

< O(l)HDC?(H)ka -D U conv fi,
° p
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ProoOF. We assume that s? >0 forany p=1,...,
similar. Let us first prove that

P P P
V> > HD conv | | ff —D| |conv ff
( L:J 1(s) pgl ’ pgl 1) "l gy
We have
() =t + [ AR,
i(r) = £7() = cony f{(7).
sp
() = D eony (7).
A AN P p\.
Set A = (U, O, %) := T(Up:1 ’7k> :
- P
uk(T) = uL +/ fk( U fyz(g))dg
P P
ix(m) = | J fE(7) = conv | f2(7),
p=1 [0,5] 1
P
or(T) = D conv U fr
0] ;23
Therefore
P P
Uuz—ﬂk =0, Uvz—{)k HDconvfk—DUconpvfk .
pm1 %0 po1 00 16s) 16l )
and
P
ol — 6y HD conv fr, — D | | conv fi .
pL:Jl ’ 1 U 1) L ags))
Hence, by the Contraction Mapping Theorem,
(U7k>7k> <2D<Ufyk, > <4HDconvfk—DUconV & .
)l ags)
The inequality
P P
2 2
|D*fx — D U flfHLl(I(s)) < O(DHDCﬁg" LJlfk D U COST;‘)’fk )
p= s

p=1

is a consequence of Lemma 3.6, Proposition 1.11 and (3.18).

43

P, the negative case being completely

(3.18)

(3.19)
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To prove the second part of the statement, notice that

P
D conv conv p
H 1(s) pL:Jlf’“ U T

P P
+ || D conv - D conv
1 H 1) Ulf ¢ H o

P P
+1||D| Jconv fr, — D | | conv fF
H pL_J 1) " L_J 1) R,

P
(by Proposition 1.11) < 2HD U7 - ka
p=1

HDconv U fe—D U convfk

< 2|5

Dﬂjﬁ Wﬁ

p=1

HDconv U fu—D U convfk

I(sp

Therefore, using (3.19), we get

P
‘Pﬂjﬁ—wn
p=1

D%J@ D*fi| +
p=1 1

HDconv U fe—D U conv fk.

and thus, if |s| < 1/2,

) < (2‘S|HDCOHV L:J fx—D UCOSI;‘)If

which together with (3.18) and (3.19) concludes the proof of the lemma. O

P
WﬂUﬁ—wn
p=1

We conclude this section with the following lemma which shows that the exact curves are
stable under sequential convergence.

LEMMA 3.15. Let u’} € RN, n €N be a sequence of points such that u'l — up as n — oo.
Let s™, n € N, be a sequence of numbers such that s™ — s as n — co. Then
Tr(uf, sy) = (ug, v, 0p) = Tk(ur, s) = (ug, vg, ok) as n — oo

in the sense that

lug — ukllpoe (zsmynacs)) = 05 vk — villzoe(smynas)) = 05 ok — owll Lt (xsmynasy) — 0

as n — oo.

PrOOF. The proof follows easily from Lemma 3.7 and Corollary 3.10. O

3.2. Estimates for two merging Riemann problems

This section is devoted to prove the local part of the proof of Theorem A, as explained
in the introduction of this chapter. In particular we will consider two contiguous Riemann
problems (ul,uM), (uM,u®) which are merging, producing the Riemann problem (u’,uf)
and we will introduce a global amount of interaction A, which bounds

(1) the L!-distance between the speed of the wavefronts before and after the interaction,
i.e. the o-component of the elementary curves;

(2) the L!-distance between the second derivatives of the reduced fluxes, before and after
the interaction.
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This is done in Theorem 3.18.

3.2.1. Description of the reference situation. We first describe the reference situa-
tion we are going to study now and we introduce some notations. Consider two contiguous
Riemann problem

WM =TV o 0 Thub, T// o- OT//U (3.20)
N 1
and the Riemann problem obtained joining them,
:Tsjyvo...oTslluL

In particular the incoming curves are

vy = (uf, 0], 01) ==T1(ub,s)), = (), v}, 0%) =Tk (u)_1(s_1).8) fork=2,... n,
= (o) = Do, ), A = (vl o) = T (uy () sf) for k=2,....m,
(3.21)

while the outcoming ones are

Y1 = (u1,v1,01) =Ty (u®, s1),

(3.22)
Ve = (uk, Vs 0k) = T (up—1(sp—1),8%) fork=2,....n
We will denote by f;, fr, fi the reduced fluxes associated to 7,7}, 7 respectively; we assume
also that for each k =1,..., N, the two curves 7,7, satisfies the assumption ().
Fix now an index k € {1,...n} and consider the points (Figure 1)
ulL::uL, ué::Tk},_loTk}_lo~--oT1,,oT1,uL, k>2
Sk—1 Sk—1 $1 51
u%::Tf;uﬁ, uk. Tk,,uk, k=1,....n

By definition, the Riemann problem between u,% and uﬂ/f is solved by a wavefront of the
k-th family with strength s, and the Riemann problem between ué/[ and ufj is solved by a
wavefront of the k-th family with strength s]. Denote by 4 = (@), 0},,6},) the curve which
solves the Riemann problem [uk , M and by fk the associated reduced flux.

Similarly, let 5 = (i}, ¥y, 5} ) be the curve solving the Riemann problem [u}?, ukR] and let f)!
be the associated reduced flux. We assume that, for each k, the pair of curves 7,4} satisfies
the assumption (*).

3.2.2. Statement of the theorem. We have already introduced in Section 2.2 the
notions of transversal amount of interaction, amount of creation, amount of cancellation and
cubic amount of interaction. We now define a new quantity, namely the quadratic amount
of interaction, which will be used to bound the L!'-norm of the difference of speed between
incoming and outgoing wavefronts.

DEFINITION 3.16. If s}s) > 0, we define the quadratic amount of interaction of the k-
family associated to the two Riemann problems (3.20) by

Azuadr (uL, M R)

HDCOHVI(s ey o — (DconvI fk U D convyer fk H if s. >0, s{ >0,
HD concy(s 457 fr — (D concy(gy fr, U D concygn) f’/“/)H1 if s. <0, s{ <0,

0 if 7.7 <O0.
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R

uy L

~ I = uj

u{w T

FIGURE 1. Elementary curves of two interacting Riemann problems before and
after transversal interactions.

DEFINITION 3.17. We define the global amount of interaction associated to the two Rie-
mann problems (3.20) as

A( L M R) Atrans(uL’ UM, uR)

N
X Z (Azuadr(uL7uM7uR) n A?Lanc(uLyuM,uR) i A;:Lubic(uL7uM7uR)>'
h=1

The main result of this section, which proves the local part of Theorem A, is the following.

THEOREM 3.18. Forany k=1,...,N,
o if si.si >0, then

H o Uoy) — O'kHLl(I(s;C—i—sg)ﬁI(sk))

|52 3R -2

< O(1)A(E, uM, ul);

dr?

LY(I(s) 45 )N1(s))

o if sis) <0, then
H(Uk A ‘72’) - o-kHLl(I(s;c+s;c’)ﬁI(sk))

deI/c A d2 l/c/ B d2fk

dr? dr? dr?

See Section 1.1 for the definition of A.

< O(1)A(u®, uM uf).

LY (I(s) +s))NI(s))

3.2.3. Proof of Theorem 3.18. To prove Theorem 3.18, we piece together all the esti-
mates of the previous section, as follows. First of all we split the operation of “merging the
two Riemann problems” into three steps:
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F1GURE 2. Elementary curves of two interacting Riemann problems before
the interaction (black ones), after transversal interaction (red ones), after in-
teraction/cancellation (collision) among wavefronts of the same family (green
ones), after creation/cancellation (perturbation of the total variation) due to
non-linearity (blue ones).

(1) first we pass from the collection of curves (3.21), i.e. the black ones in Figure 2, to
the collection of curves
?i = (ﬂllvf)iv 63) = ’Vl(uLv 5/1)’ '%, = (alllvf)ilv 5-3/) = Vl(ull(sll)v 5/1,)7
:Yl/c = (ﬂ;w 17;676.2) =Yk (a/k/fl(slklfl)a 82)7 :Yl/g/ = ('INLZ, ﬁg, &Z) =Yk (ﬂ;i)(s;f)7 S%)? k=2,.. (37?73)
i.e. the red curves in Figure 2; this first step will be called transversal interactions
and it will be studied in Lemma 3.19;
(2) as a second step, we let the curves of the same family interact, passing from the
collection of red curves (3.23) to the collection of curves (green in Figure 2)

A1 = (i, 01, 61) == 7 (ul, sy + sY),

Y = (Un, O, %) 7= Yo (Ur—1(5)—1 + S5_1), 8% + 8%), k=2,...,m; (324)
this operation will be called collision among waves of the same family and it will be
studied in Lemma 3.20;

(3) finally we pass from the collection of green curves (3.24) to the outcoming collection
of curves (3.22), blue in Figure 2; this operation will be called perturbation of the total
variation due to nonlinearity, and it will be studied in Lemma 3.21 and its Corollary
3.22.

Let us begin with the analysis of transversal interactions.
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LEMMA 3.19. For any k=1,...,N, it holds

\

lor, — Gl L1 as) )

ok — Gkl L (s + 1))

' Ci;TJ;k - C§TJZ¢ < O)ATS (L M ).
L1(I(sy,))

d2fl/c/ d2f]’€’

' dr?dr? || g g

PRrROOF. The proof is an immediate application of Corollary 3.13 and Definition 2.5 of
Atrans(uL UM ’LLR). O

Let us now analyze the collision among waves of the same family.
LEMMA 3.20. For any k=1,...,N,
o if sis) >0, then

15k Uar) = anll sy +s0y)

k
H (de,’c g d? ~,2,’> B a2 f, <0O(1) [ZA%uadr(uL,uM,uR) + Aflanc(uL,uM,uR)].

dr? — dr? A7 || 1 (g(sp 457)) h=t
o if sis) <0, then
1(G% 2 6%) = OkllLr (xsp +1)) N
(deN']/C d? N]I€/> B dek < O(l)[ZA%Uadr(uL7uM’uR)+Azan0(uL’uM7uR):|.
dT2 dT2 dT2 L1(I(s;€+s§c’)) h=1

PROOF. Step 1. First we prove that for each £k =1,..., N, it holds

k
[ (51, + ) — (s 5] < O(1) D0 (A8 (b, ) gl M uP)] . (3.26)
h=

—_

Recalling that @ is defined on s} + I(s}), set

Ve (T, (0), sf, + s7) if sjs) >0 or (S;CSZ < 0 and |s}| > |s} ),
Ve (@(0), sf, + s7) if sis) < 0 and |s}] > |s}].

k= (g, O, Ok) := {

In order to prove (3.25), distinguish three cases:
e first assume that s) s} > 0; the following computation holds:

|ty (s, + sp) — Ug(sy + si)| < |ag(sy + sp) — aw(sy, + sg)| + |ak(sy, + s§) — @r(sy + sp)|
(by Lemma 3.14 and Definition 3.16) < O(1) [A%uadr( EoaM ) + |ag(s), + sf) — k(s + s%)‘]

(by Lemma 3.7) < O(1) [Aguadf(uL,uM, uf) + | (0) — ak(O)ﬂ;
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e now assume that sggs% < 0 and |Sk|

|s 2] in this case it holds, applying again
Lemma 3.7 and using the fact that ) ( ) =

ZACHE

‘uk sy + s) — g (sh, + s, ‘ < ‘uk sy + s%) — ap(s), }—i— ‘uk s1.) + Wy (sh —i—s’k’)‘
+ ‘“k Sy + sp) — (s + s ‘ + |Uk; (s} + s) — Ur(s), + SZ)}
< O()||sf] + [if.(0) — @ (0)]
/AN /4

— O(1) [ A (M, u) + [i4,(0) ~ @ (0)
e finally assume that s} s} < 0 and |s;| < |s}| and perform the following computation:

‘uk () + sp) — Ug(s) + sp)| < ‘ﬂ’é(sz + s7) — Qg (s + sg)‘ + ‘ﬁk(sk + 7)) — g (s), + s’kf)|

|
(by Corollary 3.10 and Lemma 3.7 ) < O(1)|]s| + |@k(0) — @z (0)]
(since i (0) = @f(0)) < O(1) Isi] + (0) - @ (0)]
(since @ (s1) = @ (s4)) < O [|st] + [af.(0) = (s3] + k(%) — @ (0)] + |1(0) — @ (0)]
(since i}, ), are Lipschitz) < O(1) |s;\ + |3, (0) — @k (0))
< O() [Age(ut, u, uf) + [4,(0) — @ 0) ]

Summarizing the three previous cases, we obtain

(5, + 1) — p (s + )| < O(1) [ AL (b, ) 4 A, u, w) + 1 (0) — ik (0)] .

(3.26)
If k=1, @(0) = 1(0) = u”, and thus (3.26) yields (3.25). If k > 2, one observes that

1, (0) — g (0) = a1 (81 + Sp_1) — Uk—1(Sp_1 + Sh_1)

and argues by induction to obtain (3.25).

Step 2. Using Step 1 we can now conclude the proof of the lemma. We will prove only
the inequalities related to the o-component, the proof of the other one being completely
analogous. We again study the three cases separately:

o if 5,5/ >0, it holds

(o Uax) - 5’“HL°°(I(S;C+SZ)) <|l(Gruer) —¢

k ‘Loo(l(sﬁsg)) + Hak - 5kHLoo(I(s;C+sg))
(by Lemmas 3.14 and 3.7) < O(1) [A%uadr(uL,uM,uR) + |’L~L§€(O) - ﬂk(())u;

o if sjs7 <0 and |s;| > |s}|, it holds

(5% & 67) - &kHLOO(I(s;C—i-sg)) < [|(6% & 5%) - OA’kHL(’Q(I(s;C—&—sg)) G 5-kHL°°(I(s;C+s;€’))

Ik

(by Corollary 3.10 and Lemma 3.7) < O(1) [Aianc(uL, u ult) + }ﬂ;ﬁ(O) — u(0)
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e if sjs) <0 and |s}] < |s}|, it holds

(I(s),+s7)) + Hé—k B 67““L°°(I(s§g+s§g’))

(5% 2 6%) = x|l pooaoprspyy < 105% 2 5%) =
(by Corollary 3.10 and Lemma 3.7) < O(1) [Aﬁanc( oM uf) + ‘u — ak(o)}}
(since i (sf) = (1)) < O(1) [AP"(uk, u, uf) + [af(0) — i (5]

o+ [ (sk) = @(0)] + [i4,(0) — @ (0)

< O(1) A u, u) + [a4,(0) - @ (0)] .
Summarizing,

U =gl s
H(j Nlc”) i HL (I(sh+sy)) < 0(1) Azuadr(uL,uM,uR)—l—AianC(uL,uM,uR)—l—‘fL;C(O)—ﬁk(O)u.
(& & %) — Uk“Loo(I(s;Jrsg )

(3.27)
If k=1, (3.27) together with the fact that @} (0) = @1(0) = u” yields the thesis. If k > 2,
one observes that @) (0) = u_, (s}, + s{) and ax(0) = Up_1(s), + s{); hence, using (3.27) and
(3.25) of Step 1, one gets the statement. O

Finally, let us analyze the perturbation of the total variation due to nonlinearity.

LEMMA 3.21. For any k=1,...,N it holds

0% = okl L1 (x(s) +s7)n 1) N
’ Pfy Py So(l)Z‘Sh—(SZJFS%)"
dr® A7 || L1 (g s)nI(s)) h=1
Proor. We divide the proof in two steps.
Step 1. We prove first that for any k=1,..., N,
k
[ — gl oo (1(s, +51)NI(s1)) < Z |sn — (sh, + sh)|. (3.28)

The proof is by induction on k. If (s} + s})s; < 0, there is nothing to prove. Hence, let us
assume (s} + s})sp > 0. Set J, = (U, Uk, %) := W (@k(0), sx) . It holds

e — k| Lo (s NI (sy)) = < ik — k]| oo (I(s)4s))NI(si)) T [ — ukHLN(I(s;+sg)ﬁ](sk))

(by Corollary 3.10 and Lemma 3.7) < O(1 U|5k| sk + sil| + |uR(0) — uk(O)’]
(3.29)
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If k=1, (3.29) yields (3.28). If k > 2, observe that
[k (0) — ui(0)] = [k (0) — uk(0)]
|tk—1(s),_1 + sp_1) — up—1(sp—1)]

1
|1 (8h—1 + s§_1) — Tr—1(s8-1)] e "

~ if |s + s > |sp_1],
{ -1 (sk-1) = up—1(sx-1)] |81 F Skl 2[5k
o
k

IN

|1 (sh—1 + 85_1) — up—1(s_1 + s5_1)

‘ f / /i < 3
+up—1(sh g + $f_1) = up—1(sp-1)| |81+ Skl < Isk-1l;

Dsk R SV T [ sk_1+s%_1)ﬁf(sk_1))j|

(by induction) < Z ‘sh — (s}, + s1)|-

Hence, using (3.29), we get

il s oy < O[3 (st )] 1(0) e (0)]] < © Zm (st ).

Step 2. We conclude now the proof of the Lemma. In particular, we prove only the
inequality related to the ¢ component, the other one being completely similar. It holds

6% — UkHLoo(z(sﬁsg)m(sk)) < ||low - EkHLoo(I(s;ﬁsg)m(sk)) + |7 — UkHLOQ(I(s;C—Q—s;C’)ﬂI(sk))
(by Corollary 3.10 and Lemma 3.7)
< O()[[st] = I + 1] + [ (0) = w(0)]

:wnWm—bpmm+mmm—w@ﬂ
(by (3.28)) < 0O(1 Z\s,ﬁ (sh + s)|- O

Applying Theorem 2.9, we immediately obtain the following corollary.
COROLLARY 3.22. For any k=1,...,N it holds

0% = okl L1 (x(s) +s7)n 1) N
‘ d2fk B d2fk < O(l) |:Atran5(uL7uM7uR) "‘ZAZUbiC(UL,UM,UR) .
dr? A7 || g1 (s 4 sn(sy)) h=1

It is easy to see now that Theorem 3.18 follows from Lemmas 3.19, 3.20 and Corollary 3.22.

3.3. A wave tracing algorithm for the Glimm approximations u°

Let € > 0 be a fixed positive number and let u® be the associated Glimm approximate
solution. In this section we introduce an algorithm which splits the elementary wavefronts
present in u® into infinitesimal waves and traces the position and the strength of each wave
when time goes on. This sections is divided in four parts. First in Section 3.3.1 we give the
definition of wave tracing for the Glimm approximate solution u® up to a fixed time T > 0
and we introduce some related notions, in particular the notion of interval of waves which will
be fundamental in the following. Then, in Section 3.3.2, we prove that for any € and for any
T it is possible to construct a wave tracing for u® up to time 7'. Finally in Sections 3.3.3 and
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3.3.4 we introduce, respectively, the projection maps ®x(t), £k = 1,..., N and the effective
fluxes £§T(¢) which will be widely used in this chapter in order to define the functional £ and
to prove its properties.

Some of the results of this section, in particular the existence of a wave tracing for any
€ and any T satisfying some suitable properties, will be used also in Chapter 5, where we
will pass to the limit, as ¢ — 0, the family of wave tracing, in order to get a Lagrangian
representation of the exact solution of the Cauchy problem (3.1).

All the objects we will define in this section depend on the Glimm approximation u® (and
thus on €) and on the fixed time 7'. However, since we are working at ¢ and T fixed, to avoid
heavy notations we will omit to explicitly denote this dependence.

3.3.1. Definition of wave tracing. Given a Glimm approximate solution u® (see Sec-
tion 2.3), a wave tracing for u® up to a fized time T > 0 is a (N + 3)-tuple

&= (L07"'7LN7X7P)
(we do not explicitly denote the dependence of the objects in £ on e and T') where

Ly <--- <Ly and (Lg_1, L] is called the set of k-th waves,
x:[0,7] x (Lo, Ln] — R is the position function
p:[0,T] x (Lo, Ly] — {—1,0,1}, is the density function

such that, denoting by ¢ the time variable in [0,7] and by w the “wave” variable in (Lo, Ly],
the following properties (1)-(5) holds:
(1) (regularity properties of x in w): for any fixed time ¢ € [0,7], the map w — x(¢t,w)
is piecewise constant and left continuous; when restricted to each (Lg_1, L], k =
1,..., N, it is increasing; moreover at times je € [0,7], j € N, it takes values in the
set Ze,
(2) (regularity properties of x in t): for any fixed wave w € (Lo, Ly], the map ¢t —
x(t,w) is piecewise linear and on each time interval [je,(j + 1)e] N [0,7T], 7 € N, its
slope is either 0 or 1;
(3) (regularity properties of p in w): for any fixed time ¢ € [0,T], for any fixed point
x € R, and for any fixed family k € {1,..., N}, if the interval

x(t) " (z) N (Li—1, Lg) == {w € (Lo, Ln] ‘ x(t,w) =z} # O,

then the restriction of p to the set x(¢)~!(z) N (Ly_1, Lx] is piecewise constant, left
continuous and takes values either in {0,1} or in {—1,0}; moreover, if the Riemann
problem (u(t,z—),u(t,z+)) is solved by u(t,z+) = TN o---o T} u(t,z—), then

/ p(t, w)dw = sg;
x(t) " (@) (Lg—1,Lk]

(4) (regularity properties of p in t): for any fixed wave w € (Lo, Ly] there exist two
times t1,ty € Ne (depending on w), such that

either p(t, w) = X[t to)n[0,77(t) o p(t, W) = =Xt t2n(0,17) ()
If Properties (1)-(4) hold, it is possible to define three maps

7 {(t, w) € [0,T) % (Lo, Ln] | plt, w) # o} L R",
7 {(t,w) € [0,7] x (Lo, L] ) plt, w) £ 0} S R",
g :[0,T) x (Lo, Ln] — [0,1]
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as follows. Fix (t,w) € [0,T] x (Lo,Ln]|. Assume that w € (Ly—1,Lg] and x(t,w) = =.
Assume also that the Riemann problem (u(t,z—),u(t,z+)) is solved by u(t,z+) = T2 o---0
T} u(t,z—) and denote by

Vet I(sg) > R" xR xR, v = (ug,vp,0%), k=1,...,n

the exact curves which solve the Riemann problem (u(t,z—),u(t,z+)). If p(t,w) # 0 we can

now define
u(t, w) := Uk(/ P(tvy)dy>7
inf x(¢) = ()N (Lk—1,Lk)

o(t,w) == vk(/ P(tvy)dy>7
inf x(¢) = ()N (Lk—1,Lk]

and, for any w € (Lg_1, Lg], regardless of p(t,w),

0k</ ) p(t’y)dy) if / ) p(t,y)dy # 0,
a(t,w) = infx(t) = (@) (Lg—1, L] x(t) (@) (Li—1,Lk]

(3.30)

1 otherwise.
(3.31)
The definitions are well posed thanks to the regularity properties of p in w (Point (3) above).
Notice also that we do not need to write an index %k in u, v, &, since for any given w € W
there exists a unique k such that w € (Lg_1, Lg].
The further property we require on £ in order to have a wave tracing is that

(5) (relation between x and o) For any w € (Lo, Ly]| and for any j € N such that
je € [e,T), if p((j — 1)e,w) # 0, then

X (je, w) — x((j — 1)e,w) if o((j — 1)e,w) <9,
’ x((j —De,w) +e if6((j — 1)e,w) > ;.

REMARK 3.23. What we have in mind is the following. For any k£ = 1,..., N, the set
(Lg—1, Lg] is the set of (infinitesimal) waves of the k-th family. The map x(t,w) describes
the position of a given wave w at a fixed time ¢ € [0,ie]. The map p(t,w) is the density of a
given wave w at a fixed time t € [0,i¢]. For fixed w, the times ¢1,%2 given by Property (4)
(which depend on w) are respectively the time at which the wave w is created and the time
at which w is canceled. Moreover, the value of p(¢,w) in the time interval [t1,t5) is the sign
of w: +1 if the infinitesimal wave w belongs to a positive wavefront, —1 if the infinitesimal
wave w belongs to a negative wavefront.

Moreover, for any (¢,z) € [0,00) x R, if

/ p(t,y)dy # 0,
x(t) = (@)N(Li—1, L]
then the 3-tuple (u,v,5), restricted on the set of k-waves whose density is not zero, coincides
(up to the fact that the set k-waves whose density is not zero is a finite union of intervals
and not one single interval) with the curve v used in the solution of the Riemann problem
(u(t,xz—),u(t,z+)). The map & is then extended by continuity on the set of all k-waves
located at x. On the other side, if fx(t),l(z)m(Lk_th} p(t,y)dy = 0, the maps u,v are not
defined, while the map & is set identically equal to 1.
It is not hard to see that:
e (regularity properties of & in w) the map w +— &(¢t,w) is Lipschitz and increasing
on each x(t)1(x) N (Li_1, Ly);
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e (regularity properties of u,v,0 in t) the maps ¢ — u(t,w),v(t,w),a(t,w) are piece-
wise constant with jumps at nodal times je,j € N.

Given a wave tracing £ as above, we introduce the following notation:
W .= (LU,LN} the set of waves,
Wy, = (Lk,l, Lk] the set of waves of the k-th family
Define also the creation time and cancellation time of a wave w € W as
£ (w) := min {t € [0,i¢] | p(t,w) # 0} £ (w) == sup {t € [0,i€] | p(t,w) # 0},

(the definition is well posed thanks to Property (4) in the definition of wave tracing). Define
also the sign of a wave w as

S(w) := sign (p(tcr(w), w))

Observe that p(t,w) = S(w)X[ger (w),teanc(w)) - For any time ¢ € [0,7] and any point = € R,
define also, for the sake of convenience,

Wit) = {w € Wy | £ (w) < ¢ < £ (w)),
Wi (t) = {w € Wi(t) | S(w) = +1}, (3.32)
Wk(tx —{wEWk }xtw—w}
and for any i € N and m € Z such that ((i + 1)e,me) € [0,T] x R:
W’go) (ie,me) := Wy (ie, me) Nx((i + 1)5)71(m5),
W,gl)(is, me) := Wi(ie, me) Nx((i + 1)6)71 ((m+ 1)e).
Observe that
Wi (ie, me) "Wy ((i + 1)e) = W,go) (ie,me) U W,il)(is, me).
Finally, we introduce one of the most important definition of this chapter.

DEFINITION 3.24. Let ¢ € [0,T] be a fixed time. Let Z C Wy, be a set of k-waves. We
say that Z is an interval of waves (i.0.w.) at time t if Z C Wi( t) and Z is an interval in the
order (WE(t), <), ie. for any w,w' € T and for any y € Wi( t),

if w<y<w,then yeZ.

3.3.2. Explicit construction of a wave tracing. We now explicitly construct a wave
tracing for a given Glimm approximate solution u® up to a fixed time T'. In particular we
will prove the following theorem.

THEOREM 3.25. Given a Glimm approzimate solution u® and a time T > 0, there exists
a wave tracing € = (Lo, ..., Ln,x,p), which moreover satisfies the additional conditions:

(a) (bound on the number of waves): Ly—Ly < C(F)Tot.Var.(u), where C is a constant
which depends only on F and not on €;

(b) (the waves are created on the on the extrema) for each j € N, m € Z, (je, me) €
[e,T] xR, the set

Wi(je, me) N Wi ((j — 1)e)

is an interval of waves both at time je and at time (j — 1)e.

As an immediate consequence of Property (b) above, we get the following corollary.

COROLLARY 3.26. The following hold.
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(1) Let i e N, me€ Z, T C ngl)((z' —1e,(m—1)e) U W,(CO)((Z‘ — 1)e, me) be an i.o.w.
at time (i — 1)e. Then either Z N Wk(ie) is empty or it is an i.o.w. both at time
(i — 1)e and at time ic.
(2) Let T C Wy(ie, me) be an i.o.w. at time ic. Then either TN Wy ((i — 1)e) is empty
or it is an i.0.w. both at time (i — 1)e and at time ic.
PrOOF OF THEOREM 3.25. The proof is divided in three steps:
(i) First we construct by recursion on i € N a (N + 3)-tuple £ := (L{, ..., L%, %', p'),
where
Lé <...< Lk 7
x: [0,4¢] x (L, Ly] — R,
p'+ [0,de] x (L, Liy] = {~1,0,1},
such that Property (3) in the definition of wave tracing (page 52) is satisfied (this
property is needed for the recursive step); '
(ii) then we prove by induction that, for any i € N, &' is a wave tracing for u® up to
time ie.
(iii) finally we prove that, for any i, Properties (a), (b) above hold.
The conclusion will follow immediately choosing &£ := £, where i := min {j eN|je>T}.
Step (1). We explicitly construct, by recursion on i € N, the (/N 4 3)-tuple £ which satisfies
Property (3) in the definition of wave tracing (page 52).

Base case of the recursion. For i = 0, set
LY:=0, LY=L} + > |sg™|, fork=1,...,N.
MEZL
We define x°(0,w) setting
x%(0,w) = me for any w € Z sz’r +1I( 82’m|).
r<m
and p° setting

€,0,m

. 0,m
(0, w) = +1 ?f XZ(O,w) =me and s, >0,
-1 if x’(0,w) = me and s, < 0.

Property (3) is straightforward.

Recursion step. Assume now that we have defined €71, i > 1, satisfying Property (3) and
let us define £ with the same property. Let 6°~! be the map defined in (3.31) for £~!. The
definition of '~! is well posed because £~! satisfies Property (3).

We can now define

Li=0, b=Lhoo+ (L = L) + ) A (ie,me).
meZ
Define also, for any w such that x~! ((z —1)e, w) = me, the auxiliary map
(w— LY + X ez A5 (ie,re)  if 671 ((i — 1)e,w) < 95,
¢'(w) := - = . (3.33)
(w—Li~ %) + Z:E,%L A (ig,re) if &((i — 1)e,w) > Uy,
which relates waves in £~! to waves in £'. Observe that the restriction of ¢’
o - (Lf;_ll,Lifl] — ( i;_l,LZ] forany k=1,...,N
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is a strictly increasing map, piecewise affine, with slope equal to 1. Moreover, if w €
(Lt |, Lt] \gi)i((Lg*l, L"]\?l]), then there exists a unique a € [Li_|, L}] and a unique m € Z
such that
weEa+ I(A%r (ie, me)) (3.34)
We define now the position map x* at times je, 7 =0,1,...,i — 1,7 as follows:
a) for w = ¢'(y) and for any j =0,1,...,i — 1, set xi(je,w) =x'~1 (ja,y);
b) for w = ¢'(y) and for j =i, set

, =G -1 if 6~ 1((i—1 <
X (ig, w) = X;l((l, )e.y) ! ‘f.fl((z, Je.y) < (3.35)
(i —De,y)+e if (i —1e,y) > i
c) for we (Li_,, Li] \qbi((Lf)*l, Liﬁl]) and for j = ¢, assuming that w satisfies (3.34),
set x'(ie, w) = me;
d) for we (Li_ |, L\ ¢ ((Ly ' L") and for j =0,1,...,i— 1, set

x'(je, w) := max {Xi(i&‘,’w) — (ifs —ja),
x! (js,max {y € qﬁi(LZ_,ll, LZ_I]) |y < w}) }a

where we assume xi<j5,max{y € ¢1(L§;11,L§c_1]) |y < w}) = —oo if the set

{ye ¢ (L5 L) | y < w} is empty.
Finally, we extend the definition of x’ to all times [0,i¢] as the linear interpolation in each
time interval [(j — 1)e, je].
We define now the map p' at times je, j =0,1,...,7 — 1,7 as follows:
a) for j=0,1,...,i—1 and w = ¢'(y) set p'(je,w) = p1(je,y);
b) for j=0,1,...,i—1 and w e (L% _,, L]\ ¢* (L5 L) set pi(je, w) = 0;
c) for j =i and w = ¢'(y) € (Li_,, L], assuming x’(ie,w) = me and

u®((i — e, (m —1)e) = Ts],jv 0---0 TSI,1 u® (ie, (m — 1)e),

(3.36)
u® (ie, me) = TS% 0-:-0 Tsl/l, u ((i — 1), (m — 1)e),
set
pz((z — e, w) if / p’((z —1)e,y)dy € I(s;;’m) NI(sy + sy),
pi (iz—:,w) — inf x*(ie) —1(me)

0 otherwise;
d) for j = i and w € (Lt LE)\ (;Si((Lé*l,Li]\?l]), assuming x'(ie,w) = me, set
p'(ie,w) = sign(sy™).
Finally, we extend the definition of p° to all times [0,ig] as
p'(t,w) = p'(je, w) if t € [je, (j + 1)e).
Using the definition of °~! (which is exactly the speed given by the Riemann problem solved
at each grid point ((i — 1), me), extended also to waves w which have density p"~!((i —

1)e,w) = 0), it is not difficult to prove that Property (3) (regularity properties of p* in w)
holds.
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Observe also that, for any (t,w) € [0, (i — 1)e] x (L§ ', L1,

X' (t,¢'(w)) =x""(t,w),  p'(t ¢ (w)) = p" (¢, w). (3.37)

REMARK 3.27. Roughly speaking to pass from £~! to £, we cut the set of waves
(Lé_l,Liﬁl] in some “good” points and we insert in those points the waves which are cre-
ated at time ie. Then we extend the definition of the position map x* on the time interval
[0,i¢) also for the waves created at time ic. Finally we compute the new density of the waves
in gbi((Lg*l, L};\?l]) taking into account the possible cancellations which take place at time ie.

Step (ii). We prove now, by induction on i € N, that £ is a wave tracing for u® up to time
ie Recall that we have already proved Property (3) for any ¢ € N.
For i = 0, Property (1) is direct consequence of the definition of x°(0, -), while Properties (2),
(4), (5) do not apply.
Let us assume now that £7! is a wave tracing up to time (i — 1)e and let us prove that &°
is a wave tracing up to time ie.

Properties (1) (regularity properties of x* in w), (2) (regularity properties of x* in t), (4)
(regularity properties of p in t) are not difficult to prove. Before proving Property (5), we
need the following two lemmas.

LEMMA 3.28. For any i € N, for any (t,x) € [0,(i — 1)e] xR, for any k=1,...,N and
for any w € (LI, LI,

w | ¢ (w) |
/ | N pz‘l(t,y)dyz/ | Pt ydy.
inf(x?=1(t)) = (x)N(Ly,_5,Ly 7)) inf(x?(t)) =1 (z)N(LE _,LL])

k-1

PROOF. Define, for the sake of convenience, the domains of integrations
D= (@ THO) @) N (LT w], D= (x(0)) 7)) N (L, ¢ ()]

Since ¢’ : (L;;lp[{z_ll — (LY, L] is pie§ewi§e aﬂ“me with slope equal to 1 and since, by
the definition of p*, p*(t,w) =0 for g ¢ D"\ ¢'(D*1) | we can make the change of variable
7= ¢'(y). We thus have

[ o = [ @) @)
Di—1

¢H(Di~)

—[ i
¢* (D)

~ [ i w
D’L—l

LEMMA 3.29 (Compatibility between different indices for u',v',5'). For any i € N, for
any t € [0, (i — 1)g] and for any w € (Ly, Lly],

and, if p*(t, ¢'(w)) = p"~(t,w) # 0,
@i(t,qbi(w)) ="t w), v (t, (;Sz(w)) =7t w).

PROOF. The proof is an easy consequence of previous lemma and the definition of @‘, v%, 5°.
O
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Using the two previous lemmas, we can now prove Property (5) in the definition of wave
tracing. First of all notice that if w does not belong to the image of ¢*, then p? ((j—l)e, w) =0
and thus there is nothing to prove.

We can thus assume that w = ¢*(y) for some y € (Léfl, LEI]. If j < 4, then, by inductive
assumption,

X'L—l . o Xl 1((.] - 1)€ y) if 5—i71((j - 1)879) S 19'7
(J&y) - { i— 1((] — 1, y) +e if 5i—1((j _ 1)5,y) > 19;‘

The conclusion follows from (3.37) and Lemma 3.29. If j = ¢, then the conclusion follows the
definition of x’(ie,w) in (3.35) and again from (3.37).

Step (iii). We finally prove, by induction on i € N, that Properties (a) and (b) hold.

Let us first prove Property (a). For i = 0, by Prop051t10n 2.14, LY~ LY < C(F)Tot.Var.(u).

Assume now that Property (a) is satisfied for £~!. By Theorem 2.15,
N

( 3\[ _Lé) _ (L§V1 Lz 1 Z Z Acr ’L€ me) < O( ) anown((i_ 1)8) _anown(ig)
k=1m€eZ
and thus, since ¢ — Q¥"°""(¢) is decreasing in time, Property (a) holds also for &£°.

Let us prove now, by induction on i € N, Property (b). To avoid confusion, let us denote
by Wi, Wi(t), Wi(t,x) the objects defined in (3.32) related to the wave tracing £°. For i =0
there is nothing to prove.

Assume now that Property (b) holds for £~! and let us prove it for £. Let w,w’ €
Wi (je,me) "N Wi((5 — 1)e) and let y € Wi, w < y < w'. It is enough to prove that
p'(ey) = p (G = Dey). , . ‘

Notice first that since p'(je, w) = p'(je,w') = p"((j —1)e,w) = p*((j —1)e,w’), then there
exists @, W € Wj! such that w = ¢'() and w’ = ¢*(@').

Now, if j =1,...,i—1 and y = ¢'(¢) for some y € W,’;l, we can use inductive assumption
and (3.37) to conclude. If j = 1,...,i — 1 and y does not belong to the image of ¢’, by
definition p'(je,y) = p*((j — 1)e,y) = 0. If j = 4, define § := @ + (y — w). By (3.33) and
(3.35) it holds

&) = (y %—Z:ACr ie,re) = (0 + (y — w) LZ 11 ZA“ ie,re) =y,
reZ reZ
r<m r<m

and thus y belongs to the image of ¢‘. Moreover, since p'(ic,w), p*(ic,w’) # 0, using the
same notations as in (3.36),

/ pl((z — 1)5,y)dy € I(szm) NI(s) + s7)

inf x¢(ie) 1 (me)

and similarly

w'’ )
/ p'((i = De,y)dy € I(sp™) N I(s), + ).
inf x? (i) 1 (me)
By the regularity properties of p* in w, p'((i — 1)e,-) on the set x'(ie)~!(me) changes its
sign at most once; therefore we have that

Y . )
/ p'((i = 1)e,y)dy € I(sy™) NI(s), + s5)
inf x% (i) 1 (me)

and thus, by definition of p*, pi(ic,y) = p’((z —1)e,y), which concludes the proof of Property
(b). O
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I(LE (1)

F1cURE 3. The Lagrangian representation: at each t the sum of the length
of the red/green regions gives the set L, , LZ, and x follows the trajectory
of each wave w. The map ®(t) is order reversing on W, (t) (red) and order
preserving on W (t) (green).

3.3.3. The projection map P (t). Let u® be a Glimm approximate solution with grid
size € and let T" > 0 be a fixed time. Let & := (Log,...,Ln,%,p) be the wave tracing for
u® up to time T provided by Theorem 3.25. In this and the next section we define further
objects and properties related to £, which will be widely used in the rest of this chapter.

We observe that each of the sets W,;t (t) is in general a disjoint union of many intervals
of the form (a,b]. It is thus convenient to introduce the following map ®x(¢) (see Figure 3)
which will be a measure-preserving and order-preserving bijection from W,;t (t) into I(Vki(t)) .
Define thus ®x(t) : Wi (t) — I(V, (t)) UL(V,'(t)) as

/Ow [p(t,w)]+dw if S(w) = +1,
B =1
/0 —[p(t,w)] " dw if S(w) = —1.

LEMMA 3.30. If A C WiE(t) is an interval as a subset of R, then the restriction ®g|4 :
A = R is an affine map with slope +1.

PROOF. Assume A C W,: (t), the other case being completely similar. Let w,w’ € A.
Since A is an interval as a subset of R, for any y € W, if w <y < w’, then y € A. Moreover
since A C Wi (t), then p(t,y) = 1. Therefore, for any y € W, w < y < w’, it holds
p(t,y) = 1. Hence

w

B~ vuw) = [ [ple)] dy= [ 1dy=u' v,

w w

w/ /

which proves that the restriction ®|4 is an affine map with slope equal to 1. The negative
case is completely similar. O
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As a consequence, we get the following proposition.

PROPOSITION 3.31 (Properties of ®x(t)). The restrictions of ®x(t) to the sets WiE(t)
share the following properties:

(1) q)k(t)yw,j(t) W) = I(ViF (1)) and (I)k(t)‘w,;(t) Wi (t) = I(V,(t)) are bijection;
(2) (I)k(mw,f(t) is measure-preserving, i.e.

(@k|w+ . )n51|w+ = El!;(v,j(t))v ((I)k|Wk_(t)>ﬁ£1’W,;(t) — £1|I(Vk_(t));

(3) Pp(t )|W+ (resp. Dyt )|Wk‘(t)) is order-preserving (resp. reversing), i.e.
if w,w' € WE(t) (resp. w,w' € W, (t)), then ®p(w) < p(w') (resp. @p(w) > p(w’)).

PRrROOF. The proof is an immediate consequence of the previous lemma and of the fact
that VV,;IE (t) is an union of a finite number of intervals. O

We state now two propositions which describes the behavior of ®(¢) when restricted to
an interval of waves.

PROPOSITION 3.32. Let Z C Wh. Then
Z is an i.0.w. at time t <= ®p(t)(Z) is an interval as a subset of R.
Moreover, in this case, L}(Z) = L} (Px(t)(Z)) .
The proof is an easy consequence of Proposition 3.31 and thus it is omitted.

PROPOSITION 3.33. Let t,t' € [0,T]. Assume that T C WiE(t) NWEY') is an interval of
waves both at time t and at time t'. Then

D4 (') 0 ©4(t) Moy 1)z : Prl(t)(Z) = Ri(t')(T)

is an affine map with slope equal to 1.

PROOF. We assume that Z C Wi (¢t)NW;F ('), the negative case being completely similar.
Let 7,7 € ®x(t)(Z), 7 < 7. Let w := ®(t)"1(7), w' := ®4(t)"1(7'). We first prove that
for any y € [w,w], [p(t,g)]" = [p(t,y)]*. Assume that [p(t,y)]* = p(t,y) = 1. Hence
y € W (t) and thus y € T, since T is an i.o.w. at time ¢. Moreover, since Z C Wy (t'), then
p(t',y) =1 and thus [p(t,y)]t = 1. In a similar way if [p(t’,y)]" =1 then [p(t,y)]" =1 and
thus

ot " =1 <= [p(t',y)]" = 1. (3.38)
This, together with the fact that [p(¢,y)]™ [ (t',y)]* € {0,1} implies that for any y € [w, w'],
ot )] = [p(t',y)]* . Therefore

o(¥) (@) 7)) = Bkt (@1()7H(T)) = Dp(t) () — BR(t)) ()

= [ [o,p)] dy
(by 3.38) = | [p(t.y)] "dy
=7 -7
and thus @5 (t') o @ (t) g, 1)) is an affine map with slope equal to 1. O

We conclude this section by introducing some useful notions that we will frequently use
hereinafter.
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DEFINITION 3.34. Fix t € [0,T]. Let Z C Wj(t) be an interval of waves at time ¢. Set

I := ®4(¢)(Z). By Proposition 3.32, I is an interval in R (possibly made by a single point).
Let us define:

e the Rankine-Hugoniot speed given to the interval of waves T by a function g : R — R

as
g(sup I)—g(inf I)

O_rh(g’z) = ) sup [ —inf I . . .
g'(I) if I is a singleton;

if I is not a singleton,

e for any w € Z, the entropic speed given to the wave w by the Riemann problem T
and the flux function g as

( ) % colnvg<<l>k(f)(w)> if Sp(w) = +1,
o (g, T, w) =
%co}ncg(@k(f)(w)) if Sg(w) = —1.

If 0™(g,7) = 0°™(g,Z,w) for any w € T, we will say that Z is entropic w.r.t. the function
g.

We will also say that the Riemann problem I with fluz function g divides w,w’ if
O’ent(g,I, w) 7& O.ent (g,I, w/) )

We recall that by definition an interval of waves is made of waves with the same sign.

REMARK 3.35. Notice that o® is always increasing on Z, whatever the sign of Z is, by
the monotonicity properties of the derivatives of the convex/concave envelopes.

REMARK 3.36. Given a function g and an interval of waves Z, we can always partition Z
through the equivalence relation

z~z2 <= 2,7 arenot divided by the Riemann problem Z with flux function g.

As a consequence of Remark 3.35, we have that each element of this partition is an entropic
interval of waves and the relation induced by the order < on the partition (see Section 1.1)
is still a total order.

3.3.4. The effective flux. We conclude this section by introducing the notion of effective
fluzx fzﬁ(t) of the k-th family at time t.

DEFINITION 3.37. For each family & = 1,...n and for any fixed time ¢ € [0, 7] define the
effective flux of the k-th family at time t
510 [V (0, VF ()] = R
as follows. We distinguish two cases.
e Assume first that ¢ € [ie, (i +1/2)e). Notice that, by the property of ®(t),

Vi@, Vi 01\ {0} = [ @x(t) (Wiliz, me) ).
meZ

We can thus define £§7(¢) separately on each ®(t)(Wy(ic,me)). Notice that for
any m € 7, there exists a unique a € R such that

Py (t) (Wi(ie, me)) = a + I(szm).

Now, assuming that f;"™ is defined on a+1I(sy™) instead of I(s;™), we define £ (t)
as any function whose second derivative satisfies the relation

D258 ()(r) = D2 [ (7).
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e Assume now that ¢ € [(i +1/2)e, (i 4+ 1)e). As before, observe that, by the property
of CDk(t)v

_ . 0) /.
Vi (0, Vi O\ {0} = | ®x(t) (W,g” (ie, (m — 1)5)) U () (w,g )(za,me)).
meZ
We can thus define £$(¢) separately on each @ (t) (W,gl) (ie, (m—1)e) ) UPy(t) (W,go) (ie,me)),
for any fixed m € Z. Assume that the interaction taking place at point ((z’+1)5, me)
is described by

ut (ie,(m —1)e) =T o0 Tsl,l u®((i + 1)e, (m — 1)e),

SN

€ ) — N PN 1 (s —
u ((i + 1)e, me) = Ty o---0Tgyu (ie, (m — 1)e).
Observe that there exist unique a,b € R such that
By (t) (Wk{”(ig, (m — 1)5)) =a+1(sp), ®x(t) (w,i“) (ia,ms)) = b+ 1(s).

Denote by f,’w f,;’ the reduced fluxes associated to the two interacting Riemann
problem after the transversal interactions (see Section 3.2). Now, assuming that f‘,’f,
fi'are defined on a + I(s}) and b+ I(s) respectively (instead of I(s}) and I(s})
respectively), we define £$7(¢) as any function whose second derivative satisfies the
relation

D*fl(t) for T € a+1(s}),

2 ceff —
Dt (t)(r) = {D2f}/€'(7—) for 7 € b+ 1(s]).

REMARK 3.38. Let us observe the following:
(1) £$%(¢,-) is defined up to affine function;
(2) since the second derivative of £(¢,-) is an L -function, it turns out that £$7(¢, )
is a C'M!-function;
(3) £51(¢,-) = £ (ie, ) for any t € [ie, (i + 1/2)) and £55(¢,-) = £57((i + 1/2)e, ) for
any t € [(i+2)e, (i + 1)e);

REMARK 3.39. For times t € [ig, (i + 1/2)), the effective flux £{7(ic) coincides, up to
affine function, with the k-th reduced flux associated to the various Riemann problems solved
at points (ie, me);

For times ¢ € [(i+1/2)e, (i+1)e), the effective flux £ (ic) coincides, up to affine function,
with the k-th reduced flux associated to the various Riemann problems which collide at
((z +1)e, ms) , after the transversal interaction, but before all the non-transversal interaction;

By definition of Glimm scheme, all the interactions (transversal and non-transversal) take
place at times ie, i € N; the choice of splitting the intervals [ig, (i41)e) in the two subintervals
lig, (i + 1/2)e) and [(i +1/2)e, (i + 1)e) is due to the fact that we will need to analyze the
transversal interaction separately from all the other non-transversal interactions; therefore,
roughly speaking, we define the effective flux, as if all the transversal interactions take place
at times (i + 1/2)e, i € N and all the non-transversal interactions take place at times ie,
t € N.

3.4. Analysis of wave collision

Starting with this section we enter in the heart of our construction. We introduce in fact
the notion of pair of waves (w,w’) which have already interacted and pair of waves (w,w’)
which have never interacted at time t. For any pair of waves (w,w’) and for any fixed times
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t1 < to, we define an interval of waves Z(t1,t2, w,w’) and a partition P(¢1,ts, w,w’) of this
interval: these objects in some sense summarize the past “common” history of the two waves,
from the time of last splitting before ¢; (or from the last time in which one of them is created)
up to the time ts.

The interval Z(t1,t2, w,w’) and its partition P(t1,t2, w,w’) will play a crucial role in the
definition of the functional Q in Section 3.5 and to prove that it satisfies the inequality (3.5).

3.4.1. Wave packets. We start by defining an equivalence relation between waves, which
will be useful to pass from the uncountable sets of waves W(t) at time ¢ to the finite quotient
set, whose elements will be called wave packets.

For any ¢ > 0 and w € Wi(t), t € [ie, (i+ 1)), define the wave packet to which w belongs
as the set

E(t,w) == {w/ € Wi (%) ‘ £t (w) = t%(w'), x(t,w) = x(t,w’) for all t € [t (w), (i + 1)e) }

(3.39)
In Section 3.5.5 we will denote this equivalence relation as .

REMARK 3.40. Notice that is it natural to require that the condition in (3.39) holds on
the time interval [t (w), (i 4+ 1)e) instead of [t (w),i€] since it could happen that x(ic,w) =
x(ie,w’), but x(t,w) # x(t,w’) for t > ie, while we want to give definitions which are “left-
continuous in time”.

LEMMA 3.41. The collection {E(t,w) | w € W(I)} is a finite partition of W(t) and the
order induced by the < is a total order both on the set {S(f, w) ‘ w e W,j(f)} and on the set
{EGw) |weW, (B}, k=1,...,n.

PrOOF. Clearly {£(f,w) | w € W(I)} is a partition of W(Z). To see that it is finite, just
observe that the curve x(t,-) is uniquely determined by assigning the points me = x(ig, ),
and for all fixed time ¢ the set of nodal points supporting D,u®(t), t < t, is finite. Finally,
the monotonicity of x(¢,-) implies the statement about the order. O

3.4.2. Characteristic interval. We now define the notion of pairs of waves which have
never interacted before a fized time t and pairs of waves which have already interacted at a
fized time t and to any pair of waves (w,w’) and any pair of times ¢; < ty we will associate
an interval of waves Z(ty, to, w,w').

DEFINITION 3.42. Let ¢ be a fixed time and let w,w’ € Wy (t). We say that

o w,w interact at time t if x(t,w) = x(t,w’);

e w,w' have already interacted at time t if there is ¢t < ¢ such that w,w’ interact at
time t;

e w,w' have never interacted at time t if for any t < ¢, they do not interact at time ¢.

o w,w' will interact after time t if there is ¢ > t such that w,w’ interact at time ¢.

e w,w' are joined in the real solution at time t if there is a right neighborhood of ¢,
say [t,t+ ¢), such that they interact at any time t € [, + ();

e w,w are divided in the real solution at time t if they are not joined at time ¢.

LEMMA 3.43. Assume that the waves w,w’ have already interacted at time t. Then they
have the same sign.

PROOF. If w,w’ have already interacted at time ¢, then there exists a point (¢,2) such
that w,w’ € W(t) and x(t,w) = x(¢t,w’) = x. Since w,w’ € Wk(t), then, by definition of
Wi(t), p(t,w),p(t,w") # 0. Moreover, since at time ¢ they have the same position, by the
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reqularity property of p (see page 52), it must be p(t,w) = p(t,w’) # 0 and thus w,w’ have
the same sign. ([l
REMARK 3.44. It t # ie for each i € N, then two waves are divided in the real solution

if and only if they have different position. If ¢ = ie, they are divided if there exists a time
t > t, arbitrarily close to ¢, such that w,w’ have different positions at time ¢.

DEFINITION 3.45. Fix a time ¢ and two k-waves w,w’ € Wi(t), w < w'. Assume that
w,w' are divided in the real solution at time . Define the time of last splitting %P (£, w, w’)
(if w,w’ have already interacted at time ) and the time of next interaction t™ (£, w,w’) (if
w,w’ will interact after time ¢) by the formulas

P (F w, w') == max {t <t | x(t,w) = x(t,w)},
£, w,w') == min {t > | x(t,w) = x(t,w')}.
(In the case one of sets is empty we assume the corresponding time to be +o0.)
Observe that t5PU(Z, w, w'), t™ (£, w, w') € Ne.
Given two k-waves w,w’ € W and given a time ¢t € [0,+00), we define the property
p(tlv w, U}/) :

“w,w’ have the same sign and moreover
p(t,w,w’) : either w,w’ € Wj(t) and they are divided at time ¢ in the real solution

or at least one between w,w’ does not belong to Wi(t)”.

DEFINITION 3.46. Let t1 < g, be two times. Let w,w’ € Wi (t2) be two k-waves. Assume
that they satisfy p(t1, w,w’). We define the characteristic interval Z(t1,t2, w,w’) of w,w’ at
time to starting from time t1 as follows. Assume first that to = ie for some i € N.

(1) If at least one between w,w’ does not belong to Wy(t1) or w,w’ € Wy(t1), but they
have never interacted at time t¢;, then

I(tl,tg,w,w’)
{z € Wi(t2) | S(2) = S(w) and z < E(ta,w') } UE(t2,w') if £7(w) < £ (w'),
E(ta,w) U {z € Wi(ta) ’ S(z) =S(w) and z > E(ty,w)}  if 7 (w) > £ (w');
(3.41)

(2) If w,w" € Wy(t1) and they have already interacted at time t1, we have to distinguish
two cases: .
(a) if t; = t*Pli*(¢1,w,w’), then argue by recursion:
o if ty =t; = P (¢, w, w'), set
I(tla t2, w, w/) = W(tla X(tlv ’LU)) = W(tb X(tla w/));
oif to = ic > (i — 1)e > t; = tPit(¢, w,w'), define Z(t1,ts, w,w') as
the smallest interval in (W;t(tg), <) which contains Z(t1, (i — 1), w,w’) N
Wi (t2), i.e.

Tt to,w,w') == {z € Wi(ts) ] S(2) = S(w) = S(w')

and Jy,y" € Z(t1, (i — 1)e,w,w") N Wi(t2) such that y < z < y’}.



3.4. ANALYSIS OF WAVE COLLISION 65

(b) if t; > 5Pt (¢, w, w'), set
I(ty, to,w,w') = I(tSpht(tl,w,w’),tg,w,w').

Finally set
I(ty, to, w,w') := L(t1,ie, w,w’) for to € [ig, (i + 1)e).

REMARK 3.47. It is immediate from the definition that Z(¢1,t2, w,w’) is an interval of
waves at time to.

LEMMA 3.48. Let t1 < tg, be two times. Let w,w' € Wy(ta) be two k-waves. Assume
that they have the same sign, they have already interacted and they are divided at time t1 (and
thus they satisfy p(t1,w,w’) ). Then for any ic > (i — 1)e > t1,

I(ty,ie, w,w' ) N Wg((i — 1)e) = Z(t1, (i — 1), w,w’) N Wy (ig);

Proor. W.l.o.g. we can assume t; = tsPht(tl,w,w’). The inclusion "2D" is straightfor-
ward. To prove the inclusion "C", take z € Z(t1,ie, w,w’) N Wk((i — 1)e). By definition of
Z(ty,ie,w,w'), there are y,y' € Z(t1, (i — 1)e,w,w’) N Wy(ie) such that y < z < ¢/. Since
2z € Wi((i — 1)e) and, by Remark (3.47), Z(¢1, (¢ — 1)e,w,w’) is an interval of waves at time
(i —1)e, it must be z € Z((i — 1)e, w,w’).

O

3.4.3. Partition of the characteristic interval. Let w,w’ € Wi(t2) be two k-waves.
Assume that they satisfy p(t1,w,w’). We define a partition P(t1,t2,w,w’) of the interval of
waves Z(t1,to, w,w’), with the properties that each element of P(t1,t2, w,w’) is an interval
of waves at time ¢y, entropic w.r.t. the flux £$¥(¢5) of Definition 3.37, as follows.

Assume first that ¢ = j5,j € N.

(1) If at least one between w,w’ does not belong to Wy(t1) or w,w’ € Wi(t1), but
they have never interacted at time ¢1, then the equivalence classes of the partition
P(t1,t2, w,w") are singletons.
(2) Assume now that w,w’ have already interacted at time ¢;; we distinguish two cases:
(a) if t; = t%Plit(¢;, w,w’), argue by recursion:
o if ty = t1 = tPl(t1, w, w'), then P(t1,ts,,w,w') is given by the equiva-
lence relation
2,z are not divided by the Riemann problem

/
e { Wi(t1, %(t1, w)) with flux function £§T (¢, -);
o if ty = 78 > (j—1)§ > t1 = tPit(ty, w,w'), then P(ty,t2, w,w’) is given
by the equivalence relation
z, 2’ belong to the same
equivalence class J € P(t1, (j — 1)5, w,w')
and the Riemann problem J N W(t2)

sy = with flux fzﬁ (t2) does not divide them

or

t(z) = t9(2)) =ty and z = 2/|.

(b) if t; > 5Pt (¢, w, w'), set

P(t1,to, w,w') = P(tSpht(tl,w,w’), to, w,w’)
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Finally extend the definition of P(t1,t2, w,w’) for any time ty € [%, (J+ 1)%) , j € N, setting
/ . / i €
Pty to, w,w') = P(t1,ie, w,w") for any t € [2, (7 + 1)2>.

Observe that the previous definition is well posed, provided that J N W(ie) is an interval
of waves at time ie. This will be an easy consequence of Proposition 3.52 and Corollary
3.26, Point (1). Observe also that, while the intervals Z(t¢1,t2, w,w’) are constant for to €
lie, (i 4+ 1)e), the partitions P(t1,t2, w,w') are constant on the intervals [j5, (j + 1)£), but
they can change at times j5, j € N.

REMARK 3.49. As a consequence of Remark 3.36 we immediately see that each element
of the partition P(t1,te, w,w’) is an entropic interval of waves w.r.t. the flux function
£¢%(t5,+) and the relation induced on P(t,t2,w,w’) by the order < is still a total order
on P(t1,ta, w,w').

Let us prove now some properties of the partition P(ty,ta, w,w'’).

LEMMA 3.50. Let w,w’, z, 2" € Wy(t2) be two k-waves. Assume that they satisfy p(t1, w,w’)
and p(t1,z,2"). If z € E(ta,w), 2’ € E(te,w'), then

I(ty,to,w,w') = I(ty,t2,2,2") and  P(ty,ta, w,w") = P(ty,ta, 2, 2').
PROOF. The proof is an easy consequence of the previous definitions. O

LEMMA 3.51. Let ty,to,th € [0,T], 0 < t1 <ty < th. Let w,w' € Wi(te) N Wy(th) and
assume that they satisfy p(t1,w,w’). Let J € P(t1,th,w,w'). Then either J N Wy(t2) = O
or T NWy(ta) =T and J is an interval of waves at time to.

PROOF. If at least one between w,w’ does not belong to Wy(t1) or w,w’ € W(t1), but
they have never interacted at time t¢1, then the proof is trivial.

We can thus assume that w,w’ have already interacted at time t; and, w.l.o.g., we can
also assume that t; = t5Pt (¢, w, w'). It is sufficient to prove the lemma for to, th € N5. We
prove the lemma by induction on times t5 € N5, t) =tg,t0+ 5,....

If ¢}, = t3 the proof is trivial. Hence assume that the lemma is proved for time t5,—5 and let
us prove it for time ty € N5, with t; <to <ty + 5 <ty. Let J € P(t1,ty, w,w’) and assume
that J NWg(t2) # 0. Let z € TNWi(ta), 2’ € J. Since z ~ 2 at time t§ and z € Wy (t2),
with ¢ < t5, by definition of equivalence classes, there must be K € P(t1,t5 — §,w,w’) such
that 2,2’ € K and £ 2 J. By inductive assumption, K N Wy(t2) = K and thus

ijk(tQ):jﬂlcka(tQ):jmlc:j,

thus proving the first part of the statement.

Let now 2,2 € J C K, y € Wi(t2), 2 < y < z/. By inductive assumption y € K; since
K 0 Wy(th) with flux function £$T(#)) does not divide z,z’ and z < y < 2/, we have that
KN Wy (th) does not divide z,2’,y and thus y € J, thus proving also the second part of the
lemma. (Il

PROPOSITION 3.52. Let t1,ta € [0,T], t1 < to. Let w,w' € Wi(ta) be two k-waves.
Assume that they satisfy p(t1,w,w’). Let J € P(t1,t2, w,w’). Then x(t2,-) is constant on
J.

PROOF. If at least one between w,w’ does not belong to Wy(t1) or w,w’ € Wg(t1), but
they have never interacted at time t;, then the proof is trivial.

We can thus assume that w,w’ have already interacted at time ¢; and, w.l.o.g., we can
also assume that t; = t5Pit(¢y,w,w’). Clearly it is sufficient to prove the proposition for
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times to = %,j € N, since, if the proposition is proved at time %5, then it holds also for
times ¢ € [4, (j +1)5). Hence let ¢t = % for some j € N. Let J € P(t1,t2, w,w’) and let
2,2 € J. We want to prove that

x(tg, 2) = x(t2,2). (3.42)
We argue by induction on 3.

(1) If ty = % = t; = tPt(¢), w,w'), then (3.42) is an immediate consequence of the
definition of P(t1,te, w, w').
(2) If to = % > (j—1)5 > t1 = tP1(¢y, w,w'), two cases arise:
(a) t(z) = t(2') = t2 and z = 2’; in this case the conclusion is trivial;
(b) thereis K € P(t1,(j —1)5, w,w") such that z, 2" € K and the Riemann problem
K N Wi (t2) with flux function £ (¢5) does not divide 2,2z’ (Point (2a) above);
distinguish two more situations:

(i) j is even: in this case, the conclusion is an immediate consequence of the
inductive assumption;

(ii) j is odd: by inductive assumption, all the waves in I have the same
position (say me) at time (j — 1)5 and, by Remark 3.49, K is en-
tropic w.r.t. the flux fzﬁ((j — 1)%); hence the Riemann problem K =
KN Wk((j —1)5, ma) does not divide z, 2" and thus, by Proposition 1.7,
also the Riemann problem Wk(( Jj—1)5, ma) does not divide z, 2, which
implies that x(tg, 2) = x(t2,2). O

DEFINITION 3.53. Let A, B two sets, A C B. Let P be a partition of B. We say that P
can be restricted to A if for any C' € P, either C C A or C C B\ A. We also write

Pla:={CeP|CCA}
Clearly P can be restricted to A if and only if it can be restricted to B\ A.

PROPOSITION 3.54. Let t1 < ta, be two times. Let w,w', z,2" € Wy(t2) be two k-waves,
z<w<w <z Assume that they have the same sign and that they satisfy both p(t1,w,w’)
and p(t1,2,2"). Then P(t1,t2,z,2") can be restricted both to Z(t1,ts,z,2") N I(t1,te, w,w")
and to I(t1,t2,2,2") \ Z(t1,t2, w,w’).

PROOF. As before, it is sufficient to prove the proposition for times to = j5,5 € N. If
either at least one between z,z’ does not belong to Wy(t1) or z,z" € Wy(t1) but they have
never interacted at time ¢y, the proof is immediate being the equivalent classes singletons.
Hence, assume that z, 2’ € Wi(t1) and they have already interacted at time ¢;. We can assume
w.lo.g. that t; = tPt(t, 2, 2'). Let J € P(ty,t2,2,2') such that J NI(t1,te, w,w') # @.
We want to prove that J C Z(t1,te, w,w’).

Assume first that either at least one between w,w’ does not belong to Wy (t1) or w,w’ €
Wi (t1) but they have never interacted at time ¢;. Suppose w.l.o.g. that t(w) < £ (w'),
the case t“(w) > t*(w’') being analogous. Since w,w’ does not exist at time ¢; or they
have never interacted at time ¢, while z, 2’ have already interacted at time ¢;, it must hold
£t (w') >t = tPU(ty, 2, 2/). Tt holds

O # JOL(t, to, w,w') = <jm{y € Wil(ta) | S(y) = S(w) and y < E(tg,w’)}>u<jﬂ5(t2,w’)>.

Distinguish two cases:
(1) if JNE(t2,w') # D, since t*(w') > t; = tPt(t1, 2,2'), T is a singleton by Point
(2a), page 65, and thus J C E(ta, w') C Z(t1,ta, w,w');
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(2) otherwise, if J NE&(tz,w') = @ and T N {y € Wi(t2) | S(y) = S(w) and y <
E(ta,w')} # O, since J is an interval of waves and &(t2,w’) # @, it must hold
T C{y € Wi(t2) | y < E(t2,w')} C I(t1, b2, w,w').
Assume now w,w’ € Wg(t1) and they have already interacted at time ¢;. Since t; =
5Pt (4, 2,2/) and z < w < w' < 2/, by the monotonicity of the position function, it must
hold x(t1,2) = x(t1,w) = x(t1,w") = x(t1,2"). Moreover, since p(t1,w,w’) holds, w,w’ are
divided at time t; and thus tsPit (t1,w,w") = t1. Recall that two waves are divided at a time
t if they have different position in a right open neighborhood (t,t 4+ n) of t. We argue now
by induction on j.
(1) If ty = % = t; = tPUt (¢ w,w'), then Z(ty,to, w,w') = Wy(t1,x(t1,w)) and thus
J N Wy (t1,x(t1,w)) # @. By Proposition 3.52, it must hold J C Wy (t1,x(t1,w)) =
I(tl, t2, w, ’LU/) .
(2) If to =% > (j —1)§ >ty = t°Pit(¢y, w,w’), assume that the proposition is proved
for time (j —1)5. Distinguish two more cases:
(a) at least one wave in J is created at time j5; in this case, J is a singleton and
thus J C Z(ty,te, w,w');
(b) all the waves in J already exist at time (j — 1)5; in this case by the definition
of P(tl,%,z,z’), there is K € P(t1,(j — 1)§,2,2') such that J C K. Now
observe that

@#jﬂl'(tl,‘%g,w,w')

=nz(n, %,wvw'> wi(G-13)

(by Lemma 3.48 and the definition of characteristic interval)

= jﬂI(tl, (Jj— l)g,w,w/) N Wk<§)

crnz(h, (- 1)§7w»w') n W’f(%)

C KﬂI(tl, (j— 1)§,w,w’>.

Hence, by inductive assumption, K C I(tl, (j — 1)%,w,w’) and thus we can
conclude, noticing that

J C ICﬂWk(]%)
gI(tl,(j - 1)%,1071”/)' mW’f(jg)

_ I(tl, IE ww') N Wk((j - 1)§>

2 2
g I(tly %a w, ’LU/>,
where we have again used Lemma 3.48 and the definition of characteristic inter-
val. O

PROPOSITION 3.55. Let t1 < to, be two times. Let w,w’, z, 2" € W(ta) be two k-waves,
z<w<w <2 Assume that they have the same sign and that they satisfy both p(t1,w,w")
and p(ti,z,2').
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(1) If w,w' € W (t1) and they have already interacted at time t1, if z,2" € Z(t1,t2,, w,w’)
and if t(2),t(2") < P (¢ w, w'), then T(ty,to,,2,2") = I(t1,to,, w,w') and

P(tl,tQ,Z,Z/) == ’P(tl,tg,w,w') .
(2) If w,w' € Wi(t1) and they have already interacted at time ti, but at least one
wave between z,72' is created after P (ty, w,w'), then P(t1,ts,2,2") is made by

singletons.
(3) If either w,w' € Wy(t1) and they have never interacted at time t1, or if at least one

between w,w’ does not belong to Wi(t1), then P(t1,ts, z,2") is made by singletons.

ProOOF. We prove each point separately. ‘
Proof of Point (1). As before it is sufficient to prove the proposition for times %, jeN.

We can assume w.lo.g. that t; = P (¢, w,w’). If ¢ty = j§ = t; = tP1(¢1,w,w’), then the
proof is obvious. Let thus tp = j5 > (j — 1)5 > t; = t*Pli%(¢;, w,w’) and assume that the
proposition holds at time (j —1)§. If j is odd, then, by inductive assumption,

If j =2iiseven (i € N), , then, by Point (2a) of Definition 3.46

I<t17jng7wl) :I(tlaigawaw/>
— {y e Wilie) | S(v)
and 37,7 € Z(t1, (i — 1)e,w,w’) N Wj(ic) such that § <y < gj’}

S(w) = S(w')

S(w) = S(w')

= {y e Wilie) | S(v)

and 37,7 € Z(t1, (j — 1)%,w,w’) N Wi (i€) such that § < y < g’}

/N

(recursion) = {y € Wi(ie) | S(y) = S(z) = S(z')
and 37,7 € I<t1, (4 — 1)%,2,2') N Wy(i€) such that § <y < g’}
= {yeitie) | S) = S(w) = s(w')
and 37,7 € I(t1, (i — 1)e, 2, 2") N Wy(ie) such that § < y < g'}
= I(tl,is, 2,2')

:I(tl,jg,z,z/)
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Now assume that y,7’ € I(tl, %,w,w’) = I(tl, %5, z, z’). Then it holds

v,y belong to the same equivalence
class J € P(tl, (5 — 1)%,w,w’) at time (j —1)5
and the Riemann problem [J N W(%)

e
y~y wrt. P(tl, j—,w,w') — 4
with flux fiﬂ (%) does not divide them

2

or
[ [t7(y) =t () and y = ¢/ |
(by P(tl, (j— 1)g,w,w’) = P(tl, (7 — 1)%,2,2')
[ 4,9 belong to the same equivalence
class J € P(tl, (j — 1)%,2,%) at time (j —1)5
and the Riemann problem J N W(%)

with flux function fiﬂ (%) does not divide them

or
[ [t (y) =t (y) and y = ¢/ |

B
<= gy~ wur.t. the partition P(tl, ‘%, z,z’).

Hence P(tl, %,w,w’) = P(tl, %,z,%) .

Proof of Point (2). Let us now prove the second point, assuming w.l.o.g. that t“(z) >
%Pt (¢, w,w'). Assume by contradiction that P(ti,ts,2,2’) contains at least one element
which is not a singleton. Then z,2" € Wy (t1) and they have already interacted at time ¢y .
This means that there exists a time # < ¢; such that x(f,2) = x(£,2'). Clearly t > t“(z) >

%P7, w,w’). Therefore, at time £, w,w’, 2,2 € Wy () and thus, by the monotonicity of

x, it should happen z(%,z) = x(t,w) = x(t,w’) = x(£,2'), a contradiction, since t; > >
£ (2) > £5PUY(E w, w').

Proof of Point (3). Let us now prove the third part of the proposition. We consider only
the case t%(w) < t“(w'), the case t“(w) > t“(w’) being completely similar. Assume by
contradiction that P(t1,ts, 2, 2") contains at least one element which is not a singleton. Then
z,z" € Wi(t1) and they have already interacted at time ¢;. This means that there is a time
t < t; such that x(f,2) = x(¢,2'). Since 2’ € E(t2,w’), it must hold to > t; > > t%(2) =
£t (w') > t%(w). Hence w,w’ € Wi(t1), w,w', z,2" € Wi(t) and by the monotonicity of x,
we have x(z) = x(w) = x(w') = x(2’), a contradiction. O

3.5. The quadratic interaction potential

Now we have all the tools we need to define the functional Qj (for every k = 1,...,n)
and to prove that it satisfies the inequality (3.5), thus obtaining the global part of the proof
of Theorem A.

In Section 3.5.1 we give the definition of Q, using the intervals Z(t1,t2, w,w’) and their
partitions P(t1,t2, w,w’). In Section 3.5.2 we state the main theorem of this last part of the
paper, i.e. inequality (3.5) and we give a sketch of its proof, which will be written down in
details in Sections 3.5.3, 3.5.4, 3.5.5.
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3.5.1. Definition of the functional . We define now for each family &k =1,...,n,
the functional Qj = Qg (), which bounds the change in speed of the waves in the approximate
solution u®, or more precisely, which satisfies (3.5).

We first define the weight qp (¢, w,w’) of a pair of waves (w,w’) at time ¢ as follows.
First of all, fix three times ¢t; < to < t3. Assume that w,w’ € Wi(t2) N Wi(t3) and that
p(t1,w,w’) holds. We define the weight of (w,w’) at time to, starting from time t; and
ending at time t3 as
Wk(tl, tg, t3, w, w’)

t1,to,t )= 3.43
Clk( 1,02, 3,’UJ,’UJ) dk(tl,tQ,tg,’w,’w,)7 ( )

where 7 (t1,to, t3, w,w'), di(t1,ta,t3, w,w’) are defined as follows. Let
J,J € P(ty,ta, w,w’), such that w € J,w' € J, (3.44)

K,K" e P(t1,t3,w,w), such that w € K,w’ € K’

be the elements of the partition of Z(t1,ts, w,w’) and Z(t1,t3, w,w’) containing w,w’ respec-
tively. Set
g::lCU{ZEJ’z>IC}, g’::IC'U{zej"z<lC’}, (3.45)
and
B:=KU {z € Wilta) | S(2) = S(w) = S(w') and K < 2 < /c’} UK.

By Lemma 3.51 G,G’ are i.0.w.s at time t5. We can thus define

+
m(t ot w,w) 1= o (& (12), G) — o (2 (12). G)| (3.46)
and
dk(tl,tg,tg,w,wl) = [,1 (B) (3.47)
REMARK 3.56. It is easy to see that qx(t1,t2,t3, w,w’) is uniformly bounded: in fact,

i (t1, t2, t3, w, w') 2 ceff
0 < qu(t1,ta,t " = < |D*£$" (¢t < O(1).
>~ Clk( 1,02, 3,71),10) dk(tl,tg,tg,w,wl) = || k ( 2)HOO = ( )

Moreover, by the definition of the characteristic intervals and their partitions, if w, w’ € Wy (t1)
are divided and have already interacted, then

qk(tl) t27 t37 w, ’U)/) = qk (tsplit(tlv w, w/)7 t?) t37 w, U)/).

Fix now two times ¢; < t5 such that w,w’ € Wi(t2) and p(t;, w,w’) holds. Define the

weight of (w,w') at time to starting from time t; as
qk(tlat%w’w,) = Sl>1p qk(t17t2at3awvw/)' (348)
t3>t
w,w%Wi(tg)

Observe that the above sup is actually a max, since it is the supremum of a finite set (we
are working in the time interval [0,77).

Finally, for any fixed time ¢ and for any w,w’ € Wg(t), define the weight of (w,w') at
time t as

qr(t, w,w') == {

qr(t, t,w,w’), if w,w" are divided in the real solution at time ¢, (3.49)
0, otherwise. ’

We can finally define the functional Qg (¢) as
u(0) = 9 (1) + 9 (1),
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where

Q1) ::/ ar (¢, w, w")dwdw’
{(ww)eW; ) xWi(t) | w<w'}

and

Q. () ::/ qr (¢, w, w')dwdw'
{(waw)ew, ) xW, (t) | w<w'}

Jje (G+1e
2 b

3 ) and it changes

REMARK 3.57. Clearly Q(t) is constant on the time intervals |

its value only at times %, jeN.

3.5.2. Statement of the main theorem and sketch of the proof. We now state the
main theorem of this last part of the paper and give a sketch of its proof: with this theorem,
the proof of the Theorem A is completed.

THEOREM 3.58. For any i € N, ¢ > 1, it holds
Qp(ie) — Qu((i — 1)) < = > A (ie, me) + O(1)Tot. Var. (u(0); R) Y Aie, me). (3.50)
meZ MEZ

As an immediate consequence of the previous theorem and Theorem 2.15, we get the
following corollary.

COROLLARY 3.59. There exists a constant M = M(f) > 0, depending only on f such
that the functional

ts T(t) := Q) + MQ™"n(t)
s uniformly bounded at t = 0:
T(0) < O(1)Tot.Var.(u),

it is decreasing and at each time step i€, 1 € N, it decreases at least of

;E;MMmdsTW—D@—Tm» (3.51)
AS a consequence,
Z A(ie, me) < O(1)Tot.Var.(u). (3.52)
MmEeZ

SKETCH OF THE PROOF OF THEOREM 3.58. First of all observe that it is sufficient to
prove inequality (3.50) separately for Qg and Q, . In particular, we will prove only that

QF(e) - (-1 <~ S A (i, me) + O(1)Tot. Var.(u(0);R) 3 Aie, me),
S(sz?ae,gze)):l meZ

since the proof of the same inequality for Q, is completely similar.
For any m € Z, set

TE =W (i = e, (m — 1)) nW (= 1e),

TR = WO ((i = 1)e,me) "W ((i — 1)e),

T = TEUTE (3.53)
K 1= We(ie,me) N W (ie),

T 1= Wy(ie,me) N WiF ((i — 1)e).
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The sets JL and J are the sets of positive waves interacting at point (ie, me), coming
from the left and from the right respectively. The set I, is the set of positive waves located
at Wy (ie, me) (thus either it coincide with Wy(ie, me) or it is empty) and finally 7y, is the
set of all positive waves in W (ie, me) which already exists at time (i — 1)e.

Observe that if w,w’ € JE (or w,w’ € JF), then w,w’ are not divided in the real
solution at time (i — 1)e and thus qx((i — 1), w,w’) = 0.

Similarly, if w,w’ € K,,, w < w’, then either w,w’ are not divided at time e, and thus
qr(ie,w,w') = 0, or they are divided at time ie, i.e. they have different positions at times
t € (i, (i + 1)e). In this second case, by definition t*P1*(ie, w,w’) = ic; for any fixed time
ts > ie, with w,w’ € Wg(t3), with notations similar to (3.44)-(3.45), denote by

J,J' € Plie,ic,w,w’), such that w € J,w' € J,

K,K' € P(ie, t3, w,w'), such that w € K,w" € K'.
the element of the partition containing w,w’ at time ic and at time t3 respectively, and set

g::lCU{zej‘z>lC}, g'::lC'U{zej"z<lC’}.

Using the monotonicity properties of the derivative of the convex envelope and the fact that
the element of the partition P(ie,ic, w,w’) are entropic w.r.t. the function fiﬂr (i), we obtain

0> o™ (£5 (i), 7) — o™ (£5 (ic), T') > o™ (£5 (i€), G) — o™ (£5 (i€), G').

Thus 7 (ig, ie, ts, w,w') = 0 = qg(ic, ie, t3, w,w’), for any t3 > ic such that w,w’ € Wy(t3).
Hence, by (3.48) and (3.49),

. / . . / . . /
qr(ie, w,w") = qg(ie,ie, w,w') = sup  qg(ie,ie, ts,w,w’) = 0.
t3>ie
w,w’ EWY (je)

We can thus perform the following computation:

O (i) — QF (i - De { / /K e Al
+ / / . [aw(ie) — ax (i - 1>e)]dwdw’}
+T§z//y,wnfs [qk«z - 98) ~a((i Ua)]dwdwl
_ n%//j?ﬁxjgg qk(<z — %)5)dwdw.

(1) in Section 3.5.3, the integral over pairs of waves such that at least one of them is
created at time ic:

// qx (ie)dwdw’ < O(1)Tot.Var.(u(0)) Z A(ie, me). (3.54)
(K XKy )\ (T X Tp1)

mEZ

We will now separately study:

(2) in Section 3.5.4, the variation of the integral over pairs of waves which exist both at
time (i — 1)e cmd at time i€

{// - Clk(l&‘) —qi((i — 1)e )}dwdw < O(1)Tot.Var.( ZA (te,re).  (3.55)

m<m/
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and the variation of the integral between time (i —1)e and time (z - %)s of the pairs
of waves interacting at time ic:

W%:Z / /Jm - [qk( (Z - %)6) - qk((z‘ - 1)5)] dwdw' < O(1)Tot. Var.(u(0)) > A(ie, re).

reL
(3.56)
(3) in Section 3.5.5, the (negative) term, related to pairs of waves which are divided at
time (i — 1)e and are interacting at time ic:

_mzejz//jrnggg qk<<z — %)et)dwdw

<— > a"™¥(ie,me) + O(1)Tot.Var.(u(0)) > A(ie, me).

meZ meZ
S(W (ie,me))=1 ( )
3.57

It is easy to see that inequality (3.50) in the statement of Theorem 3.58 follows from
(3.54), (3.55), (3.56), (3.57). O

3.5.3. Analysis of pairs with at least one created wave. The integral over pair
of waves such that at least one of them is created at time ic is estimated in the following
proposition.

PROPOSITION 3.60. It holds
3 / / akie, w, w)dwdu! < O(1)Tot.Var.(u(0)) 3 Alie, me).
m<m/’ ( mX’Cm/)\(TmXTm/) meZ

ProOF. In fact,

KQ(UCm X K )\ (T % Towr)) < Ez((lcm \ Trn) X Konr) + £ (K X (Ko \ Towr))

< LYK LY K \ Ton) 4+ LK) L (K \ T

~— —

Hence

Z // qx(ie, 7, 7")drdr’
m<m/ (’Cm chm/)\(Tm XTm/)
<O1) > L2((Km X K) \ (Ton X To))

m<m/

<O(1) > LYEKm)L (K \ Ton) + LK) L1 (K \ Tor)

m<m/

<OM) Y LY Kw) Y LK\ Tn)

m/€ZL MEZ
< OV (ie) Y A (ie, me)
meEZ

(by (2.18), (2.19) and Corollary 2.10) < O(1)Tot.Var.(u(0)) Y _ A(ie, me).
meZ
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3.5.4. Analysis of pairs of waves which exist both at time (i—1)c and at time ic
and pairs of interacting waves after transversal interactions. The aim of this section
is to estimate the variation of the integral over pair of waves which exist both at time (i —1)e
and at time ic and the variation of the integral over pairs of interacting waves between time
(1 — 1)e and time (z — %)5 More precisely we prove the following theorems.

THEOREM 3.61. For the integral over pairs of waves which exist both at time (i —1)e and
at time ie and which do not interact at time ic, it holds

{// - qk(w) —qi((i — 1)e )}dwdw < O(1)Tot. Var.(u(0)) > _ A(ie,r¢). (3.58)

m<m/’ reZ

THEOREM 3.62. For pair of waves which are interacting at time ic, the variation of the

integral between time (i — 1)e and time (z — %)5 is estimated by the following inequality:

n%/[z%xm {qk«z N %>€) N q’“<(i - 1)5)}dwd“’/ < O(1)Tot. Var.( TG%A ie, re)

We first need a preliminary result, namely the following lemma, which estimates the
change of the numerator 7, and the denominator dj in the definition of qi, formulas (3.46)
and (3.47).

LEMMA 3.63. Let ty < to — 5 <ty < t3. Let w,w' € Wi(ta — 5) N Wi(t2) N Wi(ts),
w < w'. Assume that p(t1,w,w") holds. Let i := mln{j e N | je >ta}. Set

me := x(ie, w), m'e := x(ie, w").
Setting, for simplicity,

5
Adk(w7w,) = dk(t17t27t37w7w/) - dk (tlatQ - 77t37w7w/>7

2
/ € /
pk(t17t27t37w7w) _pk(tlatQ - §7t37w7w )7

Arg(w,w')

g
Agi(w,w') = q(t1, t2, t3, w, w') — qi (tlﬂfz - 5,7537107%0/)7

the following inequalities hold:

| Ady(w,w')| < O(1) Y Aie, re), (3.59a)
Arp(w,w") < O(1) A(ie, re), (3.59Db)
m A(ie rs)
Agp(w,w') < O(1 Zr m . 3.59¢
PROOF. Let

J,J’ep(tl,tg—g,w,w’), weJw €T,

j,j/EP(tl,tQ,w,w'), we J,w €T,

K,K' € P(ty,t3, w,w'), weK,w eK.

Set also

A= Ku{zewk (2-3) ‘IC<z<IC’}UIC’, Bi=KU{zeWi(t)]|K<z<K}UK.
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It is easy to see that

’ /

Ac {w € Wk <t2 - g) x(ig, w) = rs}, BC {w € Wi(t2) | x(ie, w) = rs},
o o (3.60)
Observe also that
ANB=AN Wk-(tQ) =W, (tQ — g) NnB. (3.61)

Moreover, the bijection
o <I>k<t2 - 7) (Am B) = <I>k(t2)<Aﬂ B)
defined as

O = By(L2) o By (tz - g)

satisfies, by Proposition 3.31,

Oy <El\<1>k(t25/2)(ms)) = L9, (12)(ANB)- (3.62)

We will use the map © to compare the effective fluxes at times 2 — 5§ and 5.
We now prove separately the two inequalities of the statement.

Proof of (3.59a). We have
|Adk(w,w/)‘ = ‘d(tl,tg,tg,w,w’) — d(tl,tz — ;,tg,w,w’)‘
~|er®) - ()
= L1(B\ A) +ﬁl(v‘\\ﬁ’)

(by (3.61)) =L} <B \ Wk to — 2)) + LA\ Wi(t2))

3

(by (3.60)) <

(]

A7 (e, re) + AP (g, re)

i
3

4

(by Cor. 2.10) < A(ig,re).

m

Proof of (3.59b). The proof of (3.59b) is more involved. Define

€ ! / ! € /
F=ku(gn{zewi(t—=5)[2>K}), F =K U(j N{zemi(ta—3) | 2 <K}).
g::ICU<jﬁ{z€Wk(t2)‘z>lC}), g .= (jﬂ{zeWk |z<IC'})

F,F' are io.w.s at time tp — 5, while G,G" are i.o.w.s at time t3. Moreover, since 7

ﬁ
Il

£5%(¢)(7) is defined up to affine function, we can assume that

o off(, e
dfk;@(inf D4(t2)(K) ) = df’“(;j2> (inf ot —5) (IC)> —0.  (3.63)

We divide now the proof of the second inequality in several steps.
Step 1. Define

H:=KU{zeTNWi(t2) | z>K}, H =K' U{zeT NWi(t)|z<K'}.
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FIGURE 4. The various set used in the proof of (3.59b): in Step 2 pass from the
waves in F,F’ to the waves H,H’ which survives at ¢t = t9; in Step 3 change

the flux fiff (tg — %) to fzﬁ(tg) for the intervals H,H’; in Step 4 observe that
G,G’ are shorter that H,H’ because of a splitting has occurred.

We now show that the sets H,H' are i.o.w.s both at time ¢y and at time to — 5 and

HC T NWy(ta), H C T NWy(ta).

Moreover also the sets

Hiyoppi= Otz = 5 ) (H), Hy, i= B(t2)(H),
9
e = B2 = 5) 0, H, = @ (12) (M),

are intervals in R.
Proof of Step 1. We prove only the statements related to #H, those related to H’' being
completely analogous. Clearly H C J N Wy(t2). Moreover the set

M:={zeW(t2) | z€Kor 2> K}

is clearly an i.0.w. at time ¢9. Since we can write H as intersection of two i.0.w.s at time t9
as

H=Mn (T NWi(t2)),
it follows that also H is an i.o.w. at time t5. Moreover, since H = H N W, (tg — %), by

Proposition 3.52 and Corollary 3.26, Point (2), #H is an i.o.w. also at time o — 5. As an

immediate consequence Hy, .o and Hy, are intervals in R.

Step 2. We have

oth <sz (tz - ;)H> _ o (fsz (t2 - ;)JE>
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and

< O(1)A™ (ie, m'e).

<f (t2- Q)H) s (f (12 ;),p)

Proof of Step 2. We prove only the first part of the statement, the second one being completely
similar. Clearly H C F. Moreover, by Proposition 3.52, it follows that

F\HC {w € W, (tz . %) \ Wi(t) | x(ie, w) = me}

and thus
LYF) = LY (Hyy—eps) = LY(F) = L1 (H)
= LY(F\H)
<r! ({w € Wy (752 - %) \ Wi(t2) | tli_% x(t,w) = mf})
< A (je, me).

Moreover, by Proposition 1.14,

S M) — o (£ (1 —

O_rh(fsz (tg _ 5 ,

o F)| < LUF) = L (Hyycpo) < O(DAZ™ (i, me).

Step 3. It holds

/

m
£
Urh(fzﬂ:(tg),’l-[) — o™ <fzff (tz - 5) ) <O A(ie, re)
r=m
m/
£
o™ (f,eff(tg),?-l/) — o™ <f2ff (tg - 5), > A(ie, re)
r=m

Proof of Step 3. In this step, we prove only the second inequality and assume that £!(H) =
LY(Hy,) = LY(Hy,_./9) > 0, since the first inequality and the other cases can be treated
similarly (and actually the computations are simpler).

We have
T e r e 5
g h(fkﬁ(tQ),H/) — 0 h<fkﬁ(t2 - 2>,Hl>|

e eff _ €
_ ’Ll(lﬂé)// dfkff(t2)(g)d§_ 1)// lek(t22)(7-)d7-

ds CYH], ), Lo dr
d? £ (¢
(by (3.63)) ’ / / 2(2)(§)d£d<
’ inf @ (t2)(K) dg§

.
e —————2(n)dndr|,
LYNH, ) Ly i B (t2/2)(K) dn?




3.5. THE QUADRATIC INTERACTION POTENTIAL 79

and, remembering that £'(H})) = £*(H]

t2—8/2) and integrating by parts,

; / el 5 (t) , -
~TUH) — (&) sup H, — max |, inf H d¢
L1(Hy,) inf @ (t2)(K) de? ( )< t2 { t2}>
B Y
inf &y, (t2—e/2)(K) dn?
. (sup H£27€/2 — max {77, inf H£2€/2}>d77’
1 m / d2fzﬂ(t2) , . /
~CU(H)) — (&) sup H;, — max (&, inf H d¢
El(Ht/2> r—m [infq)k(t2)(lc)vsupH£2]mK7- d§2 ( to { t2}>

-3 / reflng),

2
S linf B (t2—e/2)(K) sup H, __ ,]J0 s dn

. (sup Htlz—a/Z — max {777 inf Ht/2—6/2}>dn

)

where K, J, are defined in (3.53); using now that £!(K,\T,) = A{ (e, re), while £L1(J;\S,) =
AfA"(4e,re) we can proceed as

> 0L (Hy,) (A (i, ve) + A5 ie, 7<)

1
©L(H)

m d2feff(t2)
*Z/ ——k_—=2(¢)( sup Hj, — max {&,inf H, } )d¢
[inf @ (t2)(K),sup Hy, NT dg? ( t2 { to })

r=m
’

m 2 ceff
_ Z/ d°f}, <t2)(77)

2
S it @ (t2-</2) () sup H__,INS: dn

. (sup HtIQ—E/Q — max {777 inf Ht,2—8/2}>d77

I
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and thus, using (3.62),

/

Z O(1)LY(Hy,) (Af(i&?, me) + AP (ie, m&?))
N 1 m’ / |:d2fzﬂ(t2) @( ) desz (tg — %) ( ):|
- n
LY(Hy,) | = Jiint @y (ta—e/2) (K) sup HY NS, dg? dn?
) (sup Ht’27€/2 — max {7, inf HLfTE/Z})dn
! eff €
m or Canc d?feff t2 d2fk <t2 — 5)
<0 2 (Ak (ie,re) + AP (ie, rs Z /T a2 (e(n) - dnz(n)‘dn
’ 2 ceff €
m d2feﬂ(t2) d-£, (tz — 5)
<01 AY (e, re) + AP (e, re) + ’ k 0O — ,
( );( k (ie,re) + A (ie, re) e e s

and finally by Theorem 3.18 and Corollary 2.10

o (1) 1) — o (5 (12 - 5) H)

/

m d2feff t d2fzﬁ t2 - £
<om ) (Ag(z's,m) + A (e re) + } &1 (1) g M

dg? °e dn?

Ll(S,«)>

Step 4. It holds

o557 (12),6) — oM (157 (12), 6] [ (157 (02), H) — o™ (5 (1), )] < 0.

Proof of Step 4. We want to use Proposition 1.15 with
g=1i1(t2), [a,0] = @x(t2)(T NWi(t2)), @ =sup Pk(t2)(J), u = inf @y(t2)(K).
Indeed, by definition of the partition P(t1,t2, w,w’) (Point (2a) at page 65), it holds

o () (up @(12)()) = £ (1) (sup B (12) ()

ie. c[org]vg(ﬂ) =g(a).

We thus have
o (£51(t2), G)

o (£ (t2), [inf @4 (12)(C), 5up Dy (t2) ()] )
< o™ (£5(12), [inf @4 (t2)(KC), 5up Dy (£2)(T N Wi(t2)]) (3.64)
= o™ (£7 (t2), H).
In a similar way one can prove that
oM (£58 (t2,G') = o™ (£ (12, H'). (3.65)
Using (3.64) and (3.65), one gets the conclusion.
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Step 5. We can finally conclude the proof of (3.59b), showing that

/

m
AT Z A(ie, me)
r—m

Proof of Step 5. We can perform the following computation:

€ /
- 577—)7—

it o]

R
(oo ) - - )|
- :grh <feff (12 - ;),f) o™ <f?ff (to=3)F ) +

< [0 (65 (12), 0) — o858 (12), 0] — [ 6 (12), 1)

T € I € E
+ oM (55 (1), 1) — o h(fkﬁ(tz — 2)7—[)‘

+ |o™ <sz <t2 — g) , H’) — o™ (fsz (tg - ;),J-“’>

(by Steps 2, 3, 4 above)
m
Z A 15 ms
r=—m

This concludes the proof of (3.59b).
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Proof of (3.59¢). The proof of (3.59¢) is an immediate consequence of (3.59a) and (3.59b).
First of all observe that, by definition of dj (tl, ty — 5,13, w, w’) , it holds

dg <t1,t2 — %,tg,w,wl) > Py (t2 — %)(wl) — O (t2 — E)(7U)~

5 (3.66)

We thus have

Agi(t,7') = qi(t1, t2, t3, w, ') — Clk(tlth - %,t?nﬂhw’)

_ T (t1, b2, t3, w,w') Tk (t17t2 - %,Q,w,w’)

2 -
di(t1, t2, t3, w, w') dk(tl,tQ—%,tg,w,w/>

:ﬂk(tl to,t3, w w’) 1 — 1
R dk(tl,tg,tg,w,w/) dk<t17t2 - %7t37w7wl)
1

dg (tlatQ - %at37w7w/)

’ € /
: (Wk(tlat%t:iawaw) _ﬂk(t17t2_27t37w7w))
1 Tk t1,t2,t3,w,wl
< ~ ( /) ‘Adk(T,T/)‘
dk<t1,t2—%,t3,’u),’u)’) k(tlat%t?)awaw)

1
dy (tlatQ - %7t37w7w/)

+

+

Aﬂ'k (7—7 T/)

<0(1) 1 (!Adk(T, T’)‘ + Amp(T, T'))
dk<t1,t2 — %7t37w7wl)

1
(by (3.66)) < 0(1)¢k(t2 — ) (w') — Byt — §) (w) (

(by (3.59a)-(3.59h)) < 0(1)@k(t2 — 5@ 1_ (6= 7)) > A(ie, re).
2 2

r=m

|Ady(r, 7)| + Ami(r, 7))

/

We can now prove Theorem 3.61 and Theorem 3.62.

PROOF OF THEOREM 3.61. Fix m < m/, w € T, w' € T,. Observe first that, since
x(ie, w) = me < m'e = x(ie,w’), it must holds

P (G2, w') = P (4 — 1)e, w, w'). (3.67)
Let now t be the time such that

qr(ie,ie, w,w') :=  sup  q(ic,ic, t3, w,w') = qi(ic, ie, t,w,w’).
t3>ie

w,w €Wy (t3)
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We have

qr(ie, w,w") — q((i — 1)e, w, w’)
= qi (i, ie,w,w’) — q((i — 1)e, (i — 1)e, w, ')
< qi(ie, ie, t,w,w') — q((i — 1)e, (i — 1)e, t,w,w')
(by Remark 3.56 and (3.67))
= qks((l — Ve, ie, t,w ) ((Z e, (i — 1)e, t,w, w/)
= qk(( 1)e,ie, t,w w) ((z 1)e, (z — 1/2)5,f,w,w’> (3.68)

+ q((i —1)e, (i — 1/2)g,f,w,w’>
—a((i = De, (i — e, t,w, )
(by (3.59¢) and using the fact that ®4((i — 1)e) = @4 ((i — 1/2)¢))

Z;Zm A(iE’ T'E)
<0(1) <I>k((z — 1)5)(10’) - q)k((l - 1)5)(10)

To conclude the proof of Theorem 3.61, we can now use the change of variable
O ((i — 1)) : Wi((i — 1)) — 1(vk+((z' - 1)5)),

whose properties are described in Proposition 3.31, as follows. Set, for simplicity, for any
m € 7

T = 4 ((i = 1)2) (Ton)-

We thus have

{//MT, aklie,w,w') = k(i = e, w,w') | dwdw’

S Alie, 7e) ,
(by (3.68)) < O(1 Z //mw (= 1)) () — e ((i = 1)8)(w)dwdw

m<m/
m/
(changing variables) Z / / Z A(ig, re)drdr’
m<m/ wx Ty T T (S
T +o00
DS aGers) Y // drdr’
— I XT,,r -7
r€Z m=—00 m/=r+1
drdr’
+r€% 1€,T€ mzoo//mxw —dr 7']

sup Ty
[ZA (ie,re / / deT
el 1nfTr+1
supTr—1
+ZA ie, e / / deT/],
inf T, T -7

rez
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and since supT,_1 < inf T, <supT, < inf R,;; after an elementary integration by parts,

LS OM)Vi((i—1)e ZAzsrs

rEZ
(by (2.18)) < O(1)Tot.Var.( ZA i€, re)
reZ
thus concluding the proof of Theorem 3.61. ([

PROOF OF THEOREM 3.62. The proof of Theorem 3.62 is very similar to the proof of

Theorem 3.61.
Fix m, w € JE W e JR Observe first that

m
tSpht((z’ — %)5,w,w'> = tSpht((i - 1)5,w,w’). (3.69)
Let now ¢ be the time such that
i—=)e, (1 — =)e,w,w' ) = su i—=)e, (1 — =)e, t3, w,w
ar((i = 5) (= 3) Lo (i g)e i 5)et
w,w EWg (t3)

1

L (G BN L E A
We have
qk<(z — %)E w w’) — q((z — 1)8 w w’)

qk< z—f z—%)a,w,u/)—q((i—l)s,(i—l)s,w,w')
qk< ;)gtww)—q((i—l)e,(i—l)s,f,w,w')
(by Remark 3.56 and (3.69)) qk( )5 t,w w) —q((i = 1)e, (i — Ve, t,w,w')
A(ie, me)

(by (3.59¢)) < O(l)CDk((i —1)e) (w') — O ((i — 1)) (w)
(3.70)

As before, To conclude the proof of Theorem 3.62, we can now use the change of variable
(i = 1)e) : Wi((6 = D) > (Vi (G = 1e)).

whose properties are described in Proposition 3.31, as follows.
Set, for simplicity, for any m € Z

= 0((i-1)) (), Th=0((i-1e) (T5), IR =a((i-1)e)(7E), 3.71)

We thus have
5 S (= 2)e) (6= 1))

A(ie, me) ,
(by (3.70)) = 011 Z//LXJR @k (= D)) — & ((i = Do) (w) ™™

meZ

changing variables) / / A(ie, me)drdr’
( sz:Z JL ><JR -7 )
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and since sup J < inf JI after an elementary integration by parts,

LS OMV((E—1)e) > Alie, me)

meZ
(by (2.18)) < O(1)Tot.Var.(u(0)) > A(ic, me),
meZ
thus concluding the proof of Theorem 3.62. 0

3.5.5. Analysis of interacting waves. This section is devoted to conclude the proof
of Theorem 3.58; showing that inequality (3.57) holds, i.e. estimating the (negative) term
related to pairs of waves which are divided at time (i — 1)e and are interacting at time ic. In
particular we will prove the following theorem:

THEOREM 3.64. The following estimate holds:
-y / / (i — D)e)drdr’ < — Y AT (ie, me) (3.72)
meZ T X IR meZ

We first separately prove the following proposition, which will be used also in Chapter 4,
where the functional £ is used to prove an estimate on the convergence rate of the Glimm
scheme.

PROPOSITION 3.65. Let t1 < tg be two fized times. Let J = TJENTE be an i.o.w. at
time to which can be written as the union of two disjoint i.0o.w. JY, J®, at time ty, with
JL < JE . Assume also that for any (w,w') € JLx gR

(a) p(t1,w,w’) holds;
(b) P(t1,ta,w,w') can be restricted both to J* and to J¥.

Then, setting
J = 0p(t)(T), TV i=0p(ta)(TF), TR = () (T,
it holds

//L Rclk(tl,t2,752,w,w’)dwdw'
T¥xT

HD conv £ (1) — (D cony £ (1) U chgv fiﬂ(tg))’

oy ST =41,

>
HD cone £ () — (D conc £ (t,) U D cone fiﬁ(tg))’

Ll

PROOF. We prove the proposition only in the case S(J) = +1, the negative case being
completely similar. Set

Tar :=sup J¥ = inf JE,

and

7L := max {T eJt ’ cony £ (ty) (1) = conv fzﬁ(tg)(T)},
J
— ms R eff _ eff
TR := min {T e J"| conv £y (t2)(1) = co;wfk (tg)(T)}.
J

W.lo.g. we assume that 77, < 7py < 7y, otherwise there is nothing to prove.
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It is not difficult to see that

D 7 (ty) — (D () U D £ (¢ ‘
| D conv £ (t2) — (D conv £§(t2) U D conv £ (12))

LY(J)

= i - [O'rh (fzﬁ(tg), (10, 7m]) — o't (fzﬂ(tg), (TM,TR])}KQ((TL,TM] X (Tr, TR))-

We thus have to prove that

| (€55 (t2), (i 7aa]) = o™ (857 (t2), (s, 7a]) | £2 (7 maa) > (ar, 7))

™ TR
= / / q(t1, t2, to, w, w')dwdw'.
TL ™

TRTTL (3.73)

Let
L= (I)k(tQ)_l((TL,TM]), R = q)k(tg)_l((TM,TR]).
Observe that, by the assumption (b) in the statement of the proposition and by Remark 3.49,

for any (w,w’) € J¥ x J%, the partition P(t1,t2,w,w’) can be restricted to both £ and R.
We can thus assume w.l.o.g. that Z(t, ty, w,w’) C LUR for any (w,w’) € L x R. Therefore,

d(t1,t2, ta, w,w') < TR — 7.
Hence (3.73) will follow if we prove that

[0 (5 (t2), (7. ma]) — o™ (€55 (82), (7o, 7)) | £2 (7] X (s, 7))

(3.74)
<

/ / 7(t1, to, to, w, w')dwdw'.
@y (t2) "L ((rr,7m]) J @i (t2) 1 ((7ar,7R])

We will identify waves through the equivalence relation < introduced in (3.39): for any
couple of waves w,w’ € LUR, set w1 w if and only if

t"(w) = t"(w') and x(t,w) = x(t,w’) for any t € [tcr(w), ie).
As observed in Lemma 3.41, the sets
E:zﬁ/m, ﬁ::R/M
are finite and totally ordered by the order < on W,j (t2). Moreover for any £ € L, ¢ e R,
let we&, w e and set
I(tla t2a 57 5,) = I(tla t27 w, w/)> P(tlv t2> ga 5/) = P(tla t?a w, wl)v
and
I(tla l2, ga 5/) = I(tb ta, 57 fl) / >
The above definitions are well posed thanks to Lemma 3.50.

Now we partition the rectangle L xR in sub-rectangles, as follows. For any rectangle
C:=LcxRe CLXR, define (see Figure 5)

~ 0, C=0.

H C = -~ ~ ~ ~ Y N . N s
0(C) { [ﬁc ﬁf(t17tz7maxﬁc,min7€c)] X [Rc ﬂI(tl,tQ,maxﬁc,minRC)}, C # 0,
I, (C 2, C=0,
1(C) == [Zc ﬂf(thtz,maxzc,minﬁc)} X [ﬁc\f(tl,tg,maxzc,minﬁc)], CA;A 0,
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ILC)  IL(C)
i R
~ | ~ R
[I5(C) 1 Io(C)
Le
c

FIGURE 5. Partition of C := Ec X ﬁc.

C=0,

C ~ o~ ~ ~ I
{{ Le \I tl,tg,maxﬁc,mch)} X [RC \I(tl,tg,maxﬁc,mich)}, C # O,
(6 @, C =0,
YO [\ E(ta, oo max Le.minRe)] x [Re N7 (01, to,max Le,minRe)], € # 0,

Clearly {Ho((?),Hl(CA), II,(C), Hg(CA)} is a disjoint partition of C.

For any set A, denote by A<N the set of all finite sequences taking values in A. We
assume that @ € A<N_ called the empty sequence. There is a natural ordering < on A<N:
given a, f € A<N,

adp <= [ is obtained from « by adding a finite sequence.

A subset D C A<N is called a tree if for any «, 3 € AN o <p,if B€ D, then a € D.
Define a map W : {0,1,2,3}<N — QLXR by setting

(I\l . EXR, 1fa:®7
Mg, 0-- 0l (L xR), ifa=(a,...,a) € {0,1,2,3}<N\ {@}.

For a € {0,1,2,3}<N let Lo, Rea be defined by the relation U, = Lo X Ry. Define a tree D
in {0,1,2,3}<N setting

D = {@}U{a:(al,...,an) €{0,1,2,3}N | n e N, I, # 9, ak;«éOfork:I,...,n—l}.

See Figure 6.
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F>
)

FIGURE 6. Partition of £ x R using the tree D.

Since ITy(IT(C)) = Iy(C) for any C C L x R, this implies, together with the fact that £ x R
is a finite set, that D is a finite tree.
For any o € D, set

Lo:=J ¢ Rai= |J ¢,

¢€La €€Ra
Ly := ®p(t2)(La), Ry = Op(t2)(Ra)-
The idea of the proof is to show that, for each a € D, on the rectangle L, x R, it holds
[Urh(fsz(t?)v Lo) — Urh(fzﬁ(tQ)v Ra)}£2(La X Ra)

§ (3.75)

/ m(t1,ta, te, w,w')dwdw'.
P (t2) 71 (La) X Py (t2) 1 (Ra)

The conclusion will follow just considering that @ € D and Lg = (71, 7m], Rg = (Tar, TR
We now need the following two lemmas.
LEMMA 3.66. For any 8 € D, the partition P(t1,to, max Zﬁ, min 7%5) of the characteristic
interval Z(t1,t2, max Lg, minRg) can be restricted to

Lg NZI(t1,tz, max 2/3, min 7/@5)
and to R
RsN Z(t1,t2, max ,Cﬂ, min Rﬁ).
PROOF. Let us prove only the first part of the statement, the second one being completely
similar. We will show by induction the following stronger claim:
for each y<f3, the partition P(¢1, t2, max Eg, min 7%5) of the interval Z(t1, to, max Eﬁ, min 7?,/3)
can be restricted to £, NZ(t,t2, max Lg, minRg).
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For v = @, by definition L£» = £ and thus the proof follows from assumption (b) in the
statement of the proposition and Remark 3.49. Thus assume the claim is true for some v <1 8
and let us prove it for va, with a € {0,1,2,3}.

If a =0,1, by definition it holds

Lyq = Ly NI(t,to, maxﬁi,, minﬁ,y).
Hence
Lya NI(t1,t2, max EB, min ﬁg) =L, NZI(ty, 12, maXEAA,, min ﬁ’y) NZ(ty,t2, max Eg, min 7/@5)
By inductive assumption, the partitionf(tl, tg,Amax Eg, min 7%5) of Z(t1,t2, max Eﬁ, min ﬁg)
can be restricted to £y NZ(t1,ts, max Lg, minRg), while, since v <1 3,

max/jﬂ < maXZ < min7/?\, < minﬁﬂ

and therefore, by Prop051t10n 3.54, the partltlon P(t1, tg, max L’g, min Rﬁ) can be restricted

also to Z(ty, tg,maxﬁv,mmR ) N Z(t1,t, max Eﬂ,mm RB) and thus we are done.
If a = 2,3, by definition it holds

Lo =L, \I(tl,tg,maxfw,minﬁfy).
Hence
ﬁfya NZ(ty,to, maxfg, minﬁg)
= <£7 \Z(tl,tg,maxffy,minﬁv)) ﬂI(tl,tg,maxﬁAﬂ,minﬁg)
= (E7 ﬂI(tl,tQ,mang,minﬁ5)> N (Z(tl,tg,maxfﬁ,minﬁg) \Z(tl,tg,mava,minﬁ,y)).

As in the case a = 0,1, by inductive assumption, the partition P(t1,t2, max ,Clg, min RB) of the
interval Z(t1,t2, max Eg,mln Rg) can be restricted to £,NZ(t1,t2, max L’g,mln Rg) while, as
before, by Proposition 3.54 using v <13, it can be restricted also to Z(¢1, t2, max Eg, min 7%5)\
Z(ty1,te, max Em min ﬁg), and thus we are done also in this case. O

LEMMA 3.67. For each o = (ai,...an) € D, if a, =0, then it holds
[0 (£37 (£2), La) — 0™ (25 (t2), Ra)] £3(La % Ra)

< // 7 (t1, to, to, w, w')dwdw'.
Py (t2) 7 (La) X g (t2) 7 (Ra)

PROOF. Set := (ai,...,an—1). Since a, = 0, then

~

U, = Ho(\/l}g) = (25 ﬂf(tl,tg,maxzﬁ,minﬁg)) X (7/?\,/3 ﬁf(tl,tg,maxzﬁ,minﬁ5)>,
and thus
Lo =LgNI(ty, tQ,maXZB,minﬁ[g), Ra = RgNZI(t, tg,maxzﬁ,minﬁ,ﬁ).

Observe first that if one between max Eg, min ﬁg does not belong to Wj(t1) or they both
belong to Wy (t1) but they have never interacted at time t;, then by Proposition 3.55, Point
(3), either one between w,w’ does not belong to Wy(t1) or w,w’ € Wy(t1) but they have
never interacted at time ¢;. In particular
gty dsif(e) )

dr dr

(by (3.46) and the fact that K, K’ in (3.76) are singletons) and thus the conclusion is trivial.

7Tk‘(tlyt27t2a w, UJ/) =
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Assume then that max [,A,g, min 7%5 € Wk (t1), are divided at time ¢; and have already inter-

acted at time t1. Consider the partition P(t1, t2, max Z/g, min 7/?\,3) of the interval Z(t1, t2, max Eﬁ, min ﬁﬁ)
and set

P = {‘Pk(tz)(J) ‘ J e P(tl,tg,maxzﬁ,minﬁg)}.

By definition of the partition in Section 3.4.3, the elements of P are intervals in R, possibly
singletons. Clearly the non—singleﬁon interAvals in P are at most countable; moreover by Lemma
3.66, the partition P(t1,t2, max Lg, minRg) can be restricted both to £, and to R ; hence,
denoting by {U,},en the non-singleton elements of P contained in L, and by {V,+},en the
non-singleton elements of P contained in R, , we can write L, R, as

Lo = ®4(t2)(Lo) = < U UT> U <La\ U UT>,

e (U)o )

set also, for shortness:

v=u., Vv=_W.

reN r’'eN

Now observe that for (7,7') € Ly X Rq, setting

if C,K' € P(t1,t2, w,w’) are the elements of the partition containing w,w’ respectively, then,
by definition of 7y,

+
(b, o, to, w,w') = [ (£ (£2), K) — o™ (£55 (£2), K)| . (3.76)
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Moreover it holds:
(o™ (£55(22), La) — 0™ (£ (t2), Ra)] L% (La % Ra)

. [dfj;% I (1] i
-5 [ [ - e [

o’ €N
d£st(t deef(t
+Z// [ (2>(7')— k <2)(7'/):|de7'/
e Juxgavy L AT dr
d£$t (t5) d£s (t5)
+ // [ k ) — —k 7' ]deT’
1% (Loa\U)XV,.s dr % dr )

deoft (¢ deoft (¢ (3.77)
+// |: k (2)(7_)_ k (2)(7_1):|de7_/
(La\U)x(Ra\V) L dT dr

= 30 LU x Vo) [o (55 (02), U) — o (55 (12), Vi)
ror’ €N
dfeﬁ(tg)

e [ |, v - S e e

reN

eff
e 0w [ [FE ) - ot v e

r’'eN

d£ef (¢ d£ef (¢
+ // [k ( 2)(7') — k= ( 2)(7'/)] drdr’.
(La\U)x(Ra\V) L dT dr

Now, if max Zg, min 7%5 have never interacted at time (i —1)e, then, by definition of the
partition, U = @ and V = O. Therefore Proposition 3.55, Point (3), also P(t1,t2,w, w') is
made by singletons for any w,w’ € Z(t1,t2, max ﬁg, min Rg), and thus

[0 (£7 (t2), La) — 0™ (£} (t2), Ra)] £*(La % Ra)

fef'f feff
<] o [ ) - )
«@ >< {67

= // i (t1, t2, te, w, w')dwdw'.
(La) % (Ra)

On the other hand, if if max EAB, min ﬁg have already interacted at time (i — 1)e, then
(1) It holds:

LU, % Vi) [0 (85 (12), Uy) = o™ (857 (12), Vi) |

< // 7 (t, to, to, w, w)dwdw’.
P (t2) 7 (Ur) x P (t2) =1 (V)

Indeed, if (w,w’) € ®(t2)~1(U,) x D (t2)” (V ), then, by the definition of the
partition, t<(w), t<(w') < t*P1(¢, max Eg, min Rg) and thus by Proposition 3.55,
Point (1), w,w’ and have already interacted at time ¢; and

(3.78)

I(tl,tg,maXZﬁ,minﬁg) = I(tl,tg,w,w’), P(tl,tg,maxljg,minﬁg) = P(tl,tQ,w,wl).
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Therefore
(1, ta, to, w,w') = [o™ (£ (t2), U,) — Urh(fzﬁ(h),‘/}')r,

which implies (3.78)
(2) It holds

eff
LYU,) /R . [arh(fzﬂ”(tg),m)—df‘fdfz)(ﬁ) dr’

// wk(tl,tQ,tQ,w,w’)dwdw’.
P (t2) " H(Ur) X Pp(t2) ~H (Ra\V)

Indeed, if for any (w,w’) € U, X Ry \ V', we have £ (w) < t*Pl(¢;, max EB’ min ﬁﬁ)

Now, if also £ (w') < £Pl(¢;, max L, min ﬁg), then, as before, by Proposition 3.55,
Point (1),

(3.79)

IN

dfeﬂ t =+
(1t oy w0, ) — [afh<fsz<t2>, U,) - M(f)] ,

dr
which implies (3.79). On the other side, if t<(w') >t (¢, max Eg,min ﬁﬁ), then
by Proposition 3.55, Point (2), we have
d£sfi (¢ d£sf (¢ *
k (2)(7_)_ k (2)(7_/) ’
dr dt

e (t1, t2, to, w,w') = [

which implies (3.79).
(3) Similarly to the previous point,

desit (¢
cw [ ) - o). v or
Lawl dr (3.80)
< // wk(tl,tg,tg,w,w’)dwdw'.
D (t2) "1 (La\U) X P (t2) =1 (V,r)
(4) Finally, again with a similar analysis,
desi(t destt(¢
// [16(2)(7) _ 16(2)(7/)} drdr’
Du(t2) " (La\U)xbe(t) H(Ra\V) L 0T dr (3.81)

< // ﬂk(tl,tg,tg,w,w')dwdw’.
(La\U)x(Ra\V)

It is now clear that (3.77) together with (3.78), (3.79), (3.80), (3.81) implies the thesis. O

Conclusion of the proof of Proposition 3.65. In the previous lemma we proved inequality
(3.75) for the elements « € D of the tree whose last component is equal to 0. Now we use
this fact to prove (3.75) for any o € D. We proceed by (inverse) induction on the tree.

If « is a leaf of the tree, then, by definition, the last component of « is equal to zero, and
thus Lemma 3.67 applies.

If « is not a leaf, then

\Ija = \Ilao U \Ijal ) \Ija2 U \Ija3
and thus

Lo X Ry = (Lao x Rao) U (La1 X Ral) U <La2 x Ra2> U (Lag X Ra3>.
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The estimate (3.75) holds on Lag X Rao by Lemma 3.67, while it holds on Laq X Raq,
a=1,2,3, by inductive assumption. Hence we can write

(o™ (£65(22), La) — 0™ (£ (t2), Ra)] £L%(La % Ra)

//QXRQ [ fe:lth?) (1) — dfz:;@(y)} drds’

= Z / /L . [ a5 ( t2)(7) _ dficf;(m(w)] drdr’

= Z £ (15), Laa) — 0™ (£57 (2), Raa)| £2(Laa X Raa)

< Z// 7(t1, to, to, w, w')dwdw’
q)k t2) 1 Laa Xq)k(tQ) 1(R0¢a)

= // 7(t1,ta, to, w, w')dwdw'.
P (t2) 71 (La) x P (t2) "1 (Ra)

As already observed, for a = @, we get inequality (3.74), thus concluding the proof of the
proposition. [l

We can finally use Proposition 3.65 to prove Theorem 3.64, thus concluding the proof of
Theorem 3.58 and, therefore, also the proof of Theorem A.

PROOF OF THEOREM 3.64. Fix m € Z. Let J,,JE JE asin (3.71). By definition
the effective flux £§7((i — 3)e) on JE U JI coincides (up to affine functions) with the flux
fk U f of the two interacting Riemann problems at (ic, me), after the transversal interactions.

Therefore, by definition of the quadratic amount of interactions (see Definition 3.16), we have
that

d
Azua r<

m

ie, me) = ‘ D conv feff((z - %) ) - (D cony fiﬁ((i - %)5) U chgv fsz((i - ;)€)> H .

Notice now that, by Proposition 3.52, we can apply Proposition 3.65 with t; =ty = (z — %)5,
T =Tm, TE=TE, T8 = FE. Therefore

AL (e me) //jLXJR qk< %) ( 3 %)5, (z - ;)aw,w’)dwdw’
//JLXJR qk<< ;> (Z B ;)6’w’wl>dw‘iwl
/R
mXIm

Summing over all m € Z, we get the conclusion. O

IN






CHAPTER 4

Convergence and rate of convergence of the Glimm scheme

In this chapter we prove the second result of this thesis, namely Theorem B in the Intro-
duction. We recall here the statement for the sake of convenience.

THEOREM B. Consider the Cauchy problem

i e al

and assume that the system is strictly hyperbolic. Let u® be a Glimm approximate solution
with mesh size € > 0 and sampling sequence satisfying
card{i € N | j; <i < jo and ¥; € [0, A
Sup )\ _ { ’ .71 — ]2 3 [ ]}

i< <. L log(j2 —j1)
Ae0,1] J2 = J1

- J2— 1

. (4.2)

Denote by t — Syu the semigroup of vanishing viscosity solutions, provided by Theorem 1 in
the Introduction. Then for every fized time T € [0,+00) the following limit holds:
- _
g 2200 = Sraly (4.3)
e—0 Vel logel
We widely discussed in the Introduction the history of estimate (4.3) and we also provided

there some bibliographical references. Here we just recall that estimate (4.3) was proved
by Bressan and Marson in | | in the case of a GNL/LD system. At the best of our
knowledge, the proof we present here is the first complete proof of estimate (4.3) in the case of
general strictly hyperbolic system, without GNL/LD assumptions. The result of this chapter
is contained in paper |

Structure of the chapter. The chapter is organized as follows.

In Section 4.1 we recall the main points in the proof of estimate (4.3) in the GNL/LD
setting, provided by Bressan and Marson in | |. We especially wish to highlight which is
the point in Bressan’s and Marson’s technique which can not be easily extended to the general
strictly hyperbolic setting.

In Section 4.2, in the same spirit as | |, we construct a wavefront auxiliary map v,
which will be used to minimize the error in the Glimm scheme due to the restarting procedure
on a sufficiently large time interval [t1,t3]. Our definition of v is slightly different from the
one in | |, because our v is constructed backward in time, starting from t5 and going
back towards time t1. We then construct a wave tracing algorithm for the waves in . Finally
we discuss the main properties of ¢, which can be used to prove Theorem B. Such properties
are stated in Theorem 4.3, where it is shown that the functional T introduced in Chapter 3
bounds the variation in time of the speed of the waves in .

Sections 4.3 and 4.4 are devoted to prove Theorem 4.3. We will follow the same line as
in the proof of Theorem A in Chapter 3. In particular Section 4.3 is devoted to prove some
local interaction estimate, in the same spirit of the analysis performed in Section 3.2. Section

95
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4.4, on the other hand, is devoted to prove the global part of Theorem 4.3, which is strongly
based on the properties of the potential T introduced in Chapter 3.

4.1. Bressan’s and Marson’s technique

We have already recalled in the Introduction (see page XIV) the technique used by Bressan
and Marson in | | to prove Theorem B in the GNL/LD case. We wish now to highlight
which is the point in Bressan’s and Marson’s proof which can not be easily extended to
the general case, where no assumption of f is made except its strict hyperbolicity, and whose
detailed proof is given in this chapter, using the interaction functional Y introduced in Chapter
3.

Bressan’s and Marson’s technique is as follows. Thanks to the Lipschitz property of the
semigroup S

|Siu — Ssvl|y < Llju — o1 + L't — s|, for any w,v € D, t,s>0. (4.4)
(see also Theorem 1 in the Introduction), in order to estimate the distance
o2, - el
we can partition the time interval [0, 7] in subintervals J, := [tq,tq+1] and estimate the error
[t (tas1) = Stops—t,u" (ta) || 11 (4.5)

on each interval J,. We have already pointed out in the Introduction that the error (4.5) on
J, comes from two different sources:

(1) first of all there is an error due to the algorithm itself: indeed, in a Glimm approx-
imate solution, roughly speaking, we give each wavefron either speed 0 or speed 1
(according to the sampling sequence {9;};), while in the exact solution it would have
a speed in [0, 1], but not necessarily equal to 0 or 1;

(2) secondly, there is an error due to the fact that some wavefronts can be created at
times ¢ > t,, some wavefronts can be canceled at times ¢t < t,41 and, above all, some
wavefronts, which are present both at time ¢, and at time t,41, can change their
speeds, when they interact with other wavefronts.

The first error source is estimated by choosing the intervals J, sufficiently large in order to
use estimate (2.15) with jo — j3 > 1.

The second error source can be estimated (choosing the intervals J, not too large) if we are
able to (uniformly) bound the change in speed of the wavefronts present in the approximate
solution. In the GNL/LD case, this was achieved by Liu in | |, where he provided a
wave tracing algorithm which splits each wavefront in the approximate solution into a finite
number of discrete waves, whose trajectories can be traced and whose changes in speed at
any interaction time are bounded by the corresponding decrease of the functional Q™™ In
particular, using Liu’s wave tracing, Bressan and Marson prove that for any i1,i2 € N, on the
time interval [t1,ta], t1 = i1e, to = ige, it holds

Hus(h) - Strtlue(tl)Hl <0(1) [(QGlimm(t2) _ QGlimm(tl)> n 1 +log(iz — 1)

19 — 11

+é (tg — tl).

(4.6)
Here Q™™ is the interaction potential introduced by Glimm in | .
As ¢ — 0, it is convenient to choose the asymptotic size of the intervals J, in such a way
that the errors in (1) and (2) above have approximately the same order of magnitude. In
particular, the estimate (4.3) is obtained by choosing |J,| =~ /e log|loge]|.
Estimate (4.6) is precisely the point in Bressan’s and Marson’s proof which can not be
easily extended to the general case, because the functional QC™™ is not of help in this case.
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In this Chapter we will show that the potential T constructed in Chapter 3 has the property

that for any 41,79 € N, i1 < ig, setting t; := i1€, to := ige, it holds
1+ log(ia —1
[ (t2) = Stp—eu(81)]], < O(1) [(T(tQ) ~T()) + Z,zgi“‘ill) (t2—t1). (47

In order to prove (4.7), one could be tempted to use the well know semigroup inequality
(see for instance | )]

t2 us(t +h) — Spus(t
|u(t2) — Sty—t,u(t1)|1 < L/ lim sup H ( ) e )Hldt.
t1 h—0 h

However, for a Glimm solution u® this estimate can not be directly applied, because it does
not take into account the error due to the restarting procedure. To go beyond this difficulty,
in the same spirit as in | |, we will introduce in Section 4.2 a “wavefront” map

Ib : [tl,tg] xR — RN
with the following properties:

Y(ta, x) = u(t2, ), (4.8a)
|Sta—t,t0(t1) = (t2) ||, < O(1) [(T(tl) - T(t2)> s Zgiiz_ il)] (ta —t1),  (4.8b)
[ (t1) = w ()|, < 0)(T(t) = T(t2) ) (t2 — ). (4.8¢)

Clearly (4.7) is an immediate consequence of (4.8) and the Lipschitz continuity of the semi-
group S;.

REMARK 4.1. We stress once again that all the functionals QE™™ Qcubic T are defined
on the approximate solution u®, or, in other words, they depend on ¢, even if we do not write
this dependence explicitly. Moreover, the functional T introduced in Chapter 3 is defined on
an arbitrary finite time I C [0,+00) and not on the whole half line. This is clearly not a
problem, since we can choose I sufficiently large in order to contain the interval [0,7]. What
is important, is that all the functional we are working with are decreasing and uniformly (i.e.
without any reference to ) bounded at ¢t = 0.

We conclude this section proving Theorem B in the general case, assuming that estimate
(4.7) holds and using Bressan’s and Marson’s techniques.

PROOF OF THEOREM B, ASSUMING (4.7). Fix T,e > 0, say T = ic + ¢’ for some integer
7 and some & € [0,¢). In connection with a constant § > ¢ (whose precise value will be
specified later), we construct a partition of the interval [0,ig] into finitely many subintervals
Jo = [ta, tat1], inserting the points ¢, = i,e inductively as follows. Set ig := 0. If the integers
ig < i1 < --- < i, < i have already been defined, then

(i) if T%(iqe) — Y°((ia + 1)) < 8, let iq41 be the largest integer < ¢ such that (ig41 —
ig)e < 0 and Y(ige) — Y (igy16) < 9;
(ii) if Ye(iqe) — Y((iq + 1)g) > &, define iqqq :=iq + 1.

Clearly i4 = i for some integer A <. Call A’, A" respectively the set of indices a for which
the alternative (i), (ii) holds. Observe that the cardinalities of these sets can be bounded by

)2
Tot.V;r.(u) <O(1)z

card A’ < 0(1)%, card A" < O(1) 5

(4.9)
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for 6 < 1. On each subinterval J,, a € A" we can apply (4.7), thus obtaining
E(s E(s
o ias16) ~ S raer i,

1 1 .a - .a . .
<0(1) [(Ts(iaﬂéf) - Te(ias)) + + zogff jlz fa) +e|(lg41 — ia)E-

(4.10)

On the other hand, on each interval J, with a € A”, the 1-Lipschitz continuity of u® :
[0,00) — LY(R;RY) implies that

|6 (fa418) = Sis1—ia)et (1a8) ||, < (iag1 —ia)e = €. (4.11)
Using the Lipschitz property (4.4) of the semigroup we get
Hua(fe) — S;EUE(O)H
A-1
< ZO HS(E—iaH)au(iwﬁ) - 5(z—¢a)su(ia€)H1

A-1
< LY [ulios12) = S s-seutiod)],
a=0

(by (4.10)-(21.11))

< 0(1){ 3 [(Tf(zmg) S T(iae)) + log(lat1 —ia) | s} (fas1 — ia)e

1 —1
ac A’ a+1 a

+ Z 5}
ac A"
(by Points (i), (ii) above)

50(1){ > (52+€+€logi+€5)+ > 5}

ac A’ ac A"

(by (4.9)) < 0(1)T<5 + % + glogg + g>

Hence
HuE(T) — STﬂH < HuE(T) — ug(k)H + Hus(k) — SgguE(O)H
+ HSEEUS(O) — SgsﬁH + HSggﬂ — STQZH (4'12)

)
< O(1) max{1,T} <5 +545 log — + 8).
0 0 "¢
Since (4.12) holds for any ¢ > €, choosing () := y/clog|loge|, we finally obtain (4.3). O
We have just proved Theorem B, assuming (4.7). The remaining part of this chapter is
thus devoted to prove that estimate (4.7) actually holds.
4.2. The wavefront map ¥

We have seen in Section 4.1 that a key point to prove Theorem B on the rate of convergence
of the Glimm scheme is to construct, for any 1,72 € N, a map

¥ [ire,ize] x R = RY
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ty = i9e

!

A (z)

t—1=1i¢

FIGURE 7. The wavefronts of the function v : the pink region A“(zx) is used
in the proof of Proposition 4.7.

which satisfies the Properties in (4.8a). In this section we first explicitly define the map 1,
which trivially satisfies (4.8a) and we construct a wave tracing algorithm for the map v ; then
we state the fundamental Theorem 4.3, on the variation in time of the speed of the waves
in v, whose proof will be the subject of Sections 4.3 and 4.4; finally, using Theorem 4.3, we
prove that v satisfies also Properties (4.8b) and (4.8c).

4.2.1. Definition of . We start with the explicit definition of ¢, see Figure 7. This
map v is constructed more or less as in | |, with some slight modification. Set for
simplicity ¢; := 41 and to := i9e. The definition of v is given backward in time, starting
from time to and going backward to time ¢1. First of all we set 9 (t2, x) := u®(t2,x) for any
x € R, so that Property (4.8a) is trivially satisfied. Then we define two Riemann solvers,
a starting RS and a transversal RS: both act backward in time and produce a self-similar
wavefront solution, with a finite number of wavefronts. The starting RS is used at time
to = ise to define v on a left neighborhood [t,¢s] of t5. Then, anytime two wavefronts collide
at some time ¢ € (t1,%2), assuming that 1 is defined on the time interval [t,t2], we use the
transversal RS to prolong v on a left neighborhood of ¢.

The starting Riemann Solver. This is the Riemann Solver used at time ¢t = 9. It is
defined as follows. For any m,r € Z, m € [r — (ia — i1),7], set

sm~->Tr
S

k = p(t,w)dw, for t € [t1, o] (4.13)

/Wk(ila,ma)ﬂwk(iga,ra)
and the definition is independent of ¢ € [t1, ta] by the regularity properties of p in time, Point

(4) at page 52. Notice that, by the monotonicity of the map w — x(t,w), if 5", 527“’”", 20
and r <1’ then k < k’. Fix now r € Z and for any m € [r — (ia — i1),7] set
wr—(iz—il)vr = Tg*('ith)vr 0---0 Télrf(izfil)wn- (uiz,r—l)’
N 1
,¢m«»7‘ — TgNnMT 0---0 T;TMT (@Dm—lvr')
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The (backward) solution to the Riemann problem (u®7"~1 u?2") is now defined as follows: for

any m =1 — (ig —1i1),...,7 there is a physical wavefront traveling with speed
. re —me
AT = ———— (4.14)
19€ — 11€

which connects the left state /™17 with the right state """ moreover, there is one more
non-physical wavefront, traveling with speed equal to A := —1 connecting ¥ to u'2".

The transversal Riemann solver. This RS is used every time two (or more) wavefronts
collide at a time in (t1,t2). We assume w.l.o.g. that every collision involves exactly two
wavefronts: the rules can be easily extended to the case of several simultaneous collisions,
because the outcome does not depend on the order of the collisions. Assume thus that at
point (¢,Z), t € (t1,t2) two wavefronts collide. We have to distinguish two cases.

Case 1: both the colliding wavefronts are physical. Assume that before the collision the
first wavefront is traveling with speed ) and it is connecting the states

M N L
0 :Ts;vo"'oTslflw 7
while the second wavefront is traveling with speed X' < A\’ and it is connecting the states
N M
%DR:TSQ’VO"'OTsI’{¢ .

Notice that, by the monotonicity of the map w + x(t,w), there exists k € {1,...,N} such

that s7,...,s7 =0 and S;EH’ ..., 8y = 0. Hence the interaction at (¢, Z) is purely transversal.

The (backward) Riemann problem (¢, 1®) at point (£,Z) is now solved as follows. Define
the intermediate states

™ N 1L R N 1, M
/l/} ::TSIJQO‘.'OTS%+1’(/} ) /(/} ::TS;;O."OTsll/l/] b

The solution for times ¢ < ¢ around the point (¢, %) is made by a physical wavefront traveling
with speed \” connecting ¥ and M ; a physical wavefront traveling with speed A" connecting
M and ®; a non-physical wavefront traveling with speed A = —1 connecting 9 and .

Case 2: one of the two colliding wavefronts is non-physical. Assume that the non-physical
wavefront is connecting % with ™ | while the physical wavefront is traveling with speed A
and it is connecting

N 1. M
PR =TN o 0T} M.

Define the intermediate state
oM .=TN o---oTsle.

1
The solution around (¢,Z) for times ¢ < t is now made by a physical wavefront traveling
with speed A connecting ¥* with @M and by a non-physical wavefront traveling with speed
A = —1 and connecting ™ with %,

It is not difficult to see that the definition of v is well posed.

4.2.2. Wave tracing algorithm for . In the same spirit as in Section 3.3 we introduce
now a wave tracing algorithm for the wavefront solution 1. However, contrary to the situation
discussed in Section 3.3, we are not interested here in defining a general notion of wave tracing
algorithm, since the map 1 is a map ad hoc constructed to get estimate (4.6).

First of all, let us analyze the physical waves. For any kK = 1,..., N the set of the physical
waves of the k-th family in v is the set Wy (t1) N Wi(t2).
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Define the position map for the physical waves in 1 as follows:
N

y o [t1, L] x U (Wk(tl) N Wk;(t2)) SR, y(t,w) = x(te, w) — x(to, w) — x(t1,w)
k=1

to — 11

(tg —t).

Notice that y is defined only for waves in Wy(t1) N Wy(t2), i.e. only for waves which have
already been created at time ¢; and not yet canceled at time to. Moreover, y takes values in
the discontinuity points of 1, it is increasing in w and affine in ¢.

We define also the maps ¥(t,-) := (u(t,-),0(t,-),d(t,-)) at any time t € [t1,t2] as follows.
Fix a time ¢; assume first that no wavefront collision takes place at time ¢. Fix any wave
w € Wy(t1) N1 Wg(t2) and set = := y(t,w). Assume that

u(t,x+) = Tgv 0---0 Tsllu(t,x—);

and denote by {vc}x, Y = (ug, vk, 0k) : I(sg) — R™*2 the collection of curves which solve
the Riemann problem (u(t,z—),u(t,z+)) From the definition of v it is not hard to see that

sk = / p(t,y)dy.
y()~(x)

Similarly to what we did in (3.30)-(3.31) we can thus define
¥(t)  y®)7H@) = Dp SR At w) = (a(t w), v(t w), 6 (1, w))

as

w

F(t,w) 1 = 7k</ p(t,y)dy) for w € y(t) "' (z) N Wh.
inf((y(t) =) (z)MWi (1))

Notice that we do not need to write an index k in % (and u, 0, ), since for any given w € W

there exists a unique k such that w € Wj.

Using the fact that, for fixed time ¢, the position map y takes values in the discontinuity

points of v, ¥(¢t,w) is defined for any wave w € Wi (t1) N Wi(t2), k=1,...,N.

Now, if t =ty or if t is a time when a collision between two wavefronts takes place, we extend

the definitions of %(¢) in order to have left-continuous in time maps, while if ¢t = ¢;, we extend

the definitions of () by right-continuity.

REMARK 4.2. We usually want our maps to be right-continuous in time. In this case,
however, we are using backward-in-time Riemann solvers, and thus it is quite natural to
require that t +— 75 (t) is left-continuous in time (except at time ¢; when left continuity for
the map 1 does not make sense sense).

Finally, we define the wavefront speed of a wave w € Wy(t1) N Wi(t2) as

Aw) == x(ige, w) — x(i1g,w) _ y(izg, w) — y(i1e, w)
o 19 — 11€ N i9€ — i1€ ’

which coincides with (4.14).

Let us now analyze the non-physical waves. The set of non-physical wavefront is defined
as

Wo = {(t,z) | in (t,x) a non-physical wavefront is generated}.

We are labeling each non-physical wavefront with the point in the (¢,2) plane in which it is
generated. Since the speed of the non-physical wavefronts is strictly less than the speed of
any physical wave, we will refer to the set of non-physical wavefronts also as the set of waves
of the 0-th family.

Clearly W is a finite set. For any non-physical wavefronts « = (¢,Z) € Wy, we define its
creation time t°(«) := t and its position y(¢t,a) = Z — (t — t). Moreover, if ¢ is any time
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when no collision between wavefronts takes place, we define the strength of the non-physical
wavefront a as

s(t @) = [(ty(t,0) +) = 0t y(t,a) - )]

then, as usual, we extend the definition to all times in (¢1,¢2] is order to have a left-continuous
in time map. Finally define

Wo(t) == {a € Wy | t%(a) > t}.

We will call Wy(t2) the set of primary non-physical wavefronts and Wy \ Wy(t2) the set of
secondary non-physical wavefronts.

4.2.3. The main theorem on . In this section we state the main theorem about
physical and non-physical waves in 1, which will be proved in Sections 4.3 and 4.4, and, using
this theorem, we prove estimates (4.8b) and (4.8¢c).

THEOREM 4.3. With the same notations as before,
(1) the following bounds on physical waves hold:

/W o) {Tot.Var.(ﬂ(-,w); (tl,t2)> + ‘(ﬂ(tg,w) — u(tg,fw))’}dw

{Tot.\/ar. (T) (-, w); (t1, tg)) +

/Wk(tl)ﬂwk(tg) (0(t2, w) — E(tz,w))’}dw < O(1) [T(tl)—T(tg) ,

{Tot.Var.(é(‘,w); (tl,t2)> + (6 (t2, w) — a(tg,w))’}dw

/Wk(h)ﬂwk (tz)

where (u(ta,-),0(te,-),d(te,-)) is the curve solving the exact Riemann problems at
time to (i.e. with all waves in Wy(ige,me), m € 7Z) in the Glimm approzimate
solution u®, see (3.30)-(3.31);

(2) the following bound on non-physical waves holds:

3 [Tot.Var.(s(-,a); (tl,t“(a))) + S(tcr(a),a)} <0(1) [T(tl) - T(tg)]

aEWy

As an immediate consequence, we get the following corollary. For any k£ =1,..., N, for any
physical wave w € Wy (t1) N W (t2) and for any t € (¢1,12], set

f(ta U)) =Tk <ﬁ(t7 U}), T)(ta U)), 6<t7 w)) ) f(t7 'U}) =Tk (a(t7 'U}), T)(ta UJ), 5’(t, ’U)))
As before, also here the index k on 7 and 7 is not necessary.

COROLLARY 4.4. It holds

{Tot.Var. (f(, w); (1, t2)> T+

/ (f(tg,w)—rk(tg,w))’}dr < 0(1) [T(tl)—r(tg)]
Wi (t1)NWy (t2)

As we have already said, the proof of Theorem 4.3 is the subject of Sections 4.3 and 4.4.
We now use Theorem 4.3 and Corollary 4.4 to prove estimates (4.8b)-(4.8¢c) and thus complete
the proof of Theorem B.

We need first the following lemma, which estimate the distance between the position
x(t,w) of a wave w € Wy(t1) N Wi (t2) and the integral of its speed o (¢, w) on a time interval
[t1,t2] in term of the sampling sequence {1J;};. Recall that t; = i1e and ty = iqe.
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LEMMA 4.5. Let w € Wy(t1) N Wi(t2). Then

x(ige,w) — x(i1e,w) — & Z o(ie, w)‘

=11

1+ IOg(iQ — il)

< 20(ig —i1)e [( max o(ie,w)— min 5(i€,w)> + is — i1

i=i1,...,ia—1 i=i1,...,ia—1

PROOF. We use the same technique as in | |. Define the map w : [0,1] x [0,1] — R

(0,9) —0 ifo<4d
wl\o =
' l1—0 ifo>9.

Using Point (5) in the definition of wave tracing in Section 3.3.1, we can write

x(ige, w) — (x(ils, w) + ehz_l a(ie, w))

i=i
i2—1
=c Z o (ie, w), ;) (4.15)
=11
i2—1 ig—1
—52[ & (ie, w), ;) — w(o(ire, w), }—i—az o (ire, w), 9;).
=11 =1
Set
o™= min  &(ie, w), oM =  max &(ie,w), (4.16)
1=11,...,52—1 1=01502
and
J = {i € [ir,ip — 1] | o™ < 0; < o™"}, K= {i€[ir,ig—1] | ¥; < o(ire,w)}.

We can continue the computation in (4.15) as follows (here a; is a number in {—1,0,1}):

. —5[2( (i1e, w)—a(zaw)—i—Z( e, w) — (i, w)—l—aZ)

it7 €7
+3 ( - 5(i15,w)> +> <1 — o (i, w))]
ik i€k
— [Z (5(@'15, w) — & (ie, w)) +) (a—(ils, w) — o (ie, w) + ai)
% eJ

— (i1, w) (iQ — 141 — card IC) + (1 — o (ie, w)) card £

—¢ [Z (5(@'15,10) — 6(i€,w)> + Z (5(i157w) — o(ie,w) £ ai)

i¢J ieJ

—a(ire,w) (ig — i1) 4+ card K |.
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Hence

x(ige, w) — (x(ile, w) + ¢ i o (ie, w)) '

=11

<e

3 ‘6(1’15, w) — a(ie, w)‘ +3 ‘6(1‘15, w) — &(ie, w) + a;

Ny icJ

+ ’ card K — 7 (i1e, w) (ig — 2'1) ’

<e [”2_1 ‘6(@'15,11)) - 6(i5,w)‘ +card J + ‘ card  — 7 (i1e, w) (ig — il) ‘]

=11

<eg <JmaX — Jmin) (ig — i1> +card J + ‘ card K — g (i1e, w) (ig — i1> ’]

I
™
/N

19 — 11 19 — 11

. i1> [(Umax B Umin> N card J n ‘cardlC B 6(@.16,11])‘]

card K
19 — 11

+ card J o <Jmax _Jmin) +

19 — 11

- 5(i15,w)u

e len(in
<20k (@ _ il) [(amax _ amm) n Jﬂ)g(zw] :
19 — 11

(4.17)

which concludes the proof of the lemma. (I

Let us now prove estimates (4.8b) and (4.8¢).

PROPOSITION 4.6 (Estimate (4.8b)). It holds

i 1 +log(i2 — il) (

- - to —11).
19 — 11

|Se-nw(t) - v(t2)], < O(1) [(T(m) - T(t2))
PROOF. We make use the semigroup estimate

o)~ Sttt [, < [t 2SO
! t1 h—0 h

Since the map 1 is piecewise constant at any fixed time ¢, it is not hard to see that the
integrand on the r.h.s. can be estimated as

t+h) — Sp(t N ;
lim sup HT/}( ) — Sl )Hl < / |Mw) = &(t, w)|dw + 2 Z s(t, a).
h—0 h o1 Wi (1) Wi (t2) aeWs (t)
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For the term concerning the non-physical waves, we easily obtain

Z s(t,a) < Z ‘s(t,a)—s(tcr(a),aﬂ—i—s(tcr(a),a)

aEWp(t) a€EWp (1)

< Z [Tot.Var.(sC,a); (tl,tcr(a))) + s(tcr(a),a)}
aeWy
(by Theorem 4.3) < O(1) {T(tl) — T(tg)].

For the term concerning the physical waves, we argue as follows. Fix any w € Wy (t1)NWk(t2).
We have

[Aw) = (¢ w)]
< 'X(w) I 1‘22_31 U(ie,w)‘ + L Zf o(ie,w) — a(igg,w)‘ + | (ige, w) — & (¢, w)
2 2 — 11 =
< ’X(W) R léz_:l & (ie w)' + Tot. Var. (5—(- w); (t1 ty + 5))
- 2 =i ’ AN 2

+ |5 (t2, w) — & (t2, w)| + Tot.Var.(é(., w); (tl,tg)).
(4.19)

The first term can now be estimated using Lemma 4.5, with ™8 o™ defined as in (4.16).
We thus have

AMw) —

> (ie, w)

=11

1 2—1 ’

19 — 11

< <20‘0max _ gmin| 4 1+log(22—11)> (4.20)

19 — 11

<
- O(l) 2 19 — 11

1+ lo(in — i
Tot.Var. <U(-,w); (tl,tz + 6)) 4 +og(1221)] ‘

Using (4.19), (4.20), Corollary 3.59 and Theorem 4.3 we thus get

Aw) = o (t,w)|dr

/Wk (tl YNWy (tz)

< (9(1)/ m + Tot.Var. (5(-, w); <t1,t2 + €>>
Wi (81)NWi(t2) 2~ 2

+ ‘5’(t2,w) — o (ta, w)) + Tot.Var.(c}(-, w); (tl,t2)> }dT

< (9(1){1 Hlogiz =i1) |y T(tz)}

g — i1
Therefore, using (4.18), integrating over all times ¢ € [i1e, ise] we get the conclusion. O
PROPOSITION 4.7 (Estimate (4.8¢)). It holds
[¥(t) — w(t1)||, < O)(T(tr) = Y(t2)) (t2 — t).
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PROOF. Fix any = € R. Consider the segment on the (t,x)-plane joining (¢1,x) and
(t2,x — (t2 — t1)). Assume that = ¢ Ze and that no non-physical wavefront travels on this
segment (this holds for all but finitely many x € R). Define the set of k-waves which cross
this segment in u® and in Y respectively:

WS (uf, x) = {w € Wi, | there exists t =: £ (u®, 2, w) € (t1,t2)

such that x(t,w) =z — (t — tl)}

WIS (¢, x) == {w € Wi (t1) N We(t2) | there exists t =: £ (¢h, z,w) € (t1, t2)

such that w € Wi(t) and y(t,w) =z — (t — tl)}.
Since, for any wave w € Wy(t1) N Wk (t2), x(t1,w) = y(t1,w) and x(t, w) = y(t2, w),
WS (v, ) = WEFS (uf, ) N Wi(t1) N Wi (t2).
Moreover, if a k-wave w € Wi (¢, x), then its position at time ¢; must be
x(t1,w) = y(ti,w) € [z —2(t2 — t1), z],

while if w € W (u®, x) \ Wi (¢, x), then either it is created at some grid point in the
triangle

Acr(:ﬂ) = [(tl, Tr — 2(t2 — tl)), (tg,&? — (tg — tl)), (tl,l'):|
or it is canceled at some grid point in the triangle

AT (1) = [(tg,x —(ts— 1)), (tr,2), (b, 2 + (2 — tl))}

(see Figure 7).
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Since 1(t2) = u®(t2), we can now write
W(tl,x) - ua(tl,:p)‘
_ ‘ [w(tl,x) — (ta, w — (t — tl))} - [ug(tl,x) —u (tg,  — (ty — tl))} ‘

N

3= e {00 0) (5010
+ (’)(1){ Z A (ig,me) + Z A e mg)}

(i,m)eENXZ (i,m)eNXZ
(ie,me)€ A (x) (ie,me)€ A ()
N
< / T tcross(wa'rvw)’w _f‘(t%w)‘
; ngross(w’x) { ( )

+

f(tg, w) — T(tg,w)‘ +

T(to, w) — F(tcross (us, x, w),w) ’ }dw

+(9(1){ > A%(ie,me) + > Acanc(is,ms)}

(3,m)ENXZ (i,m)ENXZ
(ie,me)EA°* (z) (ie,me)€ AR (1)
N
< Z/ Tot.Var. (f(',w); (tl,tg))
k=1 x H([z—2(ta—t1),2])

+

f(tg, ’LU) — f(tz,’w)‘ +

Tot.Var. (F(-, w); (1, tg)) ' }dw
+ (’)(1){ Z A% (ie, me) + Z A% (je, me) }

(i,m)eNXZ (i,m)eENXZ
(ie,me) €A (x) (ie,me) €A ()

Hence, integrating over all x € R, we get

+oo
/ (1, z) —us(tl,x)|d:n

+oo N
.2
—0o0 ; x~1([z—2(t2—t1),x]) {

f‘(tg, w) — ’f(tg, w)‘ =+

Tot.Var. (7‘(-, w); (t1, t2))

+

Tot.Var. (F(-, w); (t1, tg)) ‘ }dw dx

+Oo . .
+0(1) / { Z A% (ie,me) + Z AR (e, ms)}dz

- (i,m)ENXZ (4,m)ENXZ
(ie,me) €A (z) (ie,me) € A" (x)

(using Fubini’s Theorem and Corollaries 3.59 and 4.4 )
<oMm|[r(t) - 1(t2)|(t2 — 1),
which is what we wanted to get. O

In order to complete the proof of Theorem B, we have thus still to prove Theorem 4.3.
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4.3. Analysis of the interactions in v

In this and next section we prove Theorem 4.3. We will follow the same technique we used
in Chapter 3 to prove Theorem A. In particular this section is devoted to study the local part
of the theorem: we introduce a suitable notion of amount of interaction and we prove that at
any interaction the variation of #,,& is bounded by such amount of interaction.

In the next section, we will prove the global part of the theorem, i.e. that the sum of all
the amounts of interactions is bounded by the decrease of T in the time interval [ty t2].

4.3.1. Interactions at the final time ¢;. We define now some suitable amounts of
interaction which bounds the change of @, 0,5 at time ty. Fix r € R. Define first the
transversal amount of interaction at (ize,re) as

Btrans Z €, 7“8 Z Z lgzz«»rvavr‘

m<m’ k>k'

Define the amount of creation at (ize, me) as
B (ige, 7€) := L1 (Wk(igs, re) \Wk(tl)).

Now, for any m € Z, m € [r — (ia — i1), 7] set

T = {w € Wi(ta) | x(t1,w) = me, x(ta, w) = T&‘}-

Since x(t, -) is increasing (Property (1) in the definition of wave tracing, Section 3.3.1), J;">"
is an interval of waves at time t3 (see Definition 3.24). Recall that x(¢,w) is defined even
if p(t,w) = 0. Therefore, by Proposition 3.32, J"™" := ®y(t2)(J"™") is an interval in R.
Notice also that

,
Wi (ige, re) = U T
m=r—(ig—i1)
and set J} = @y (ta) Wi (iae, re)). Define the quadratic amount of interaction B (ige, re)
at (ige,re) as

4 HD COHVJI: fzﬂ(tg) — U:n:rf(igf’il) DCOHVJITMT fiﬁ(tg)Hl if s 12’ > 0
B (ige, 7€) =
HD conc,r £51 () — Unzr—(ip—iy) D concgmr fzﬁ(tg)Hl if 3’2’ < 0.
(4.21)
PROPOSITION 4.8. It holds
u(to—) — u(ta+
H (27) =82 D] L gy, oy
U(ta—) — U(t
Hv( 9—) — 0(ta+) PR, ;ZB iog, T€)
G(ta—) — o (to+
H (b2=) = (t2+) L (W (61)N Wi (£2))

where u(ta+,w), v(ta+,w), a(ta+,w) are defined in (3.30) and (3.31).

Since, at time to, @, ¥, & are, by definition, left continuous in time, while @, v, & are right
continuous in time, we could have written ||@(t2) — @(t2)||1: the sign + are thus just to make
the statement clearer.
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PRrROOF. It is sufficient to prove that the proposition holds on each (ige,re), r € Z, i.e.
that for any r € R

)U(h—) — u(te+) LY (Wi (t1) MWy (i2e 7))

O(ta—) — v(ta+) L (W (00) Wi (i22.72) < O(1)B(ige, r€).

F(ta—) — o (ta+)

LYWy (t1)NWi (i2g,7¢))

Fix thus » € R. Notice that either all the 5" for m = r — (iy —i1),...,r are greater or
equal than zero or they are all less or equal than zero. Assume that they are all > 0. The
negative case is completely similar. Define the auxiliary map

w
Uyt Wy (ige, re) N Wi(t1) — R, U(w) := / p(t1,y)p(te, y)dy.
inf Wy, (i2e,r¢)

Using the monotonicity of x, it is not difficult to prove that, for any m = r — (ia —i1),...,r,
U (Wi (i1e, me) N Wi (ig,7€)) is an interval in R and, moreover,

£ (\I/k (Wi (ire, me) N Wy(iz, re))) =, (Wk(ils, me) N Wi (iz, rs)). (4.22)
Now let us consider the collection of N(ig — i1 + 1) curves

{WL””T] =1,...,N, m:r—(ig—il),...,r}

which are interacting at (ise, re), defined by the following three properties:

r—(ig—i1 )~r

(1) the starting point of the first curves v, is w21,

(2) for any m, +">" is an exact curve of the k-th family with length ™"

(3) the curves {7/}, k=1,...,N, m =r—(ia—141),...,r are consecutive w.r.t. the
order

(m, k) precedes (m', k') <= m<m' orm=m'and k < ¥'.

" by T = (u™T o™ o). Since 5T >0

A~

Let us denote the components of ~;"
for any k and m, we have that

"= ct (Wk(ilef, me) N Wi (izge, 7"5)).

and thus, by (4.22), we can assume that each curve 7"~ is defined on W;(Wy (i1, me) N
Wi (i2,7¢€)). In this way, by the definitions of @, v, &, we have that, for any w € Wy (i1e, me) N
Wi (ige, re),

U(ty, w) = u™"(T(w)), o(ta,w) =" (P(w)), &(t2,w) =" (¥(w)).

Similarly, the Riemann problem (u®2" =1, 4%7) in u® at (ize, re) is solved by the curves {’)/,?’T},
with 7>" defined on s;>". Since

s?’r =Ll (Wk(igs, rf-:)) =Lt (@k(tz)(Wk(hE, 7“5))a

we can assume that fy,iz’r is defined on the interval ®y(t2)( Wy (i2e, 7e)) and thus, by definition
of u(ty,w),v(te, w),d(t2, w), it holds, for any £k =1,..., N and for any w € Wj(ize, ),
(ta, w) = u" (Pp(tz)(w)),
O(t2, w) = uZ" (Pp(t2)(w)),
G(tz, w) = " (Pp(t2)(w)).
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Define now the map
O : ¥, (Wk(iQE,Té‘) N Wk(tl)) — Dy (Wk(i2€,7“€)), O = q)k-(t2) o \Iflzl.

It is not hard to see that O is a piecewise affine map with slope equal to 1. The proof is
concluded if we prove the next Lemma. O

LEMMA 4.9. For any k=1,..., N, the following inequalities hold

\

m=r—(ig—i1) Ll(\Ifk(Wk(iQE,TE)ﬂWk(tl)))
U o —v2 o6y < O(1)B(ise, re).
m=r—(i2—i1) Ll(‘I/k(Wk(iQE,TE)ﬂWk(tl)))

U o -0 o6y
m=r—(i2—i1) LY (W (Wi (i2e,re) Wi (t1)))

‘ r
PROOF. Set, for simplicity,

o=y (Wk(ilg, me) N Wi (ize, 7”8)). (4.23)

Following the same technique as in Theorem 3.18, the proof is achieved in three steps,
using the basic estimates of Section 3.1. We just sketch the proof of each step.

(1) First we perform all the transversal interactions, passing from the collection of N (ig—
i1+1) curves {7;""} to the collection of N(ig—i1+1) curves {3""}, k=1,...,N,
m=r — (ig —41),...,7, such that

(a) the starting point of the first curves 'ﬁnf(l%ll)v?

(b) for any m, 4" is an exact curve of the k-th family with length T

(c) the curves {¥;">""} are consecutive w.r.t. the order

~oris w2

(m, k) precedes (m’, k:/) < k<kork=kK andm<m' (4.24)
As usual, we denote by """ = (ap"™", 0", 6,;””T) the components of 4;"~". We

assume that, for fixed k, the collection of curves {, (2=ivtlyor T} satisfies

the assumption (x). Usmg Corollary 3.13, we get

Z Z [Jui™" — QZNTHU(IWW)
k

k=1 p=1

ZZ H,Umwr _ ~m’\’>7’HL1 Im'\/)’r) Z Z ’Sm«»r m«»'r‘ — O( Btr‘amS(,L26 7’6)

k=1p=1
p<p’ k>k'

ZZ ok = k" |y gy

k=1p=1

(2) Then we modify the length of each 77" from ™" = LY(I"™T) to LY(J™T),
thus getting a new collection of N (iy —i1+ 1) consecutive (w.r.t. the order in (4.24))

curves {9""} such that the starting point of ’/ln_(m_il)vr is ©*2"~! and the length
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of AT is L1(JT). Again, the components are 477 = (A7, 5T 5T,
By Lemmas 3.11 and 3.8, we get
3\
~MM~->7 AT
3 = = 0O

SMAST  AAST @ mesr T 3
Dok =07 Onlp s < O) Y LHJFIET) = O(1) B (iae. 7).

k,p
S llaT - 67 o Ol

Lt (Ign'\/vr)

(3) Finally we perform all the non transversal interactions passing from the collection of
curves {97"""} to {v}. By the second part of Lemma 3.14 and using the fact that
the reduced flux f,ff’r associated to the curve ’y,?’r coincides, up to affine functions,
with £57(¢5), we have

ZH@ZV\»T _ ukHLl(J,g”w“)’ Z T kaLl(,];;”’\”r Z H AT UkHLl(J;nM»«)
k,m k,m
P
H—conv - U —— conv fj H
dT I Sk dT JmVT
a=0

0w

P
d
convfk (t2) — U I L(]:%ngfk (tg)H1
a=0

=0(1 )Bquadr(225 re),

thus concluding the proof of the lemma and, therefore, also the proof of Proposition
4.8. 0

4.3.2. Amounts of interaction at times t € (¢1,t2). Let ¢t € (t1,t2) and let (¢,z) be
a point where two wavefronts collide. As in Section 4.2.1, we have to distinguish to two cases.

Case 1: both the colliding wavefronts are physical. Assume that before the collision the
first wavefront is traveling with speed X and it is connecting the states

M N 1L
" :Ts;;O"’OTs;@bv
while the second wavefront is traveling with speed N’ < \” and it is connecting the states
M
w T // ©---0 Tsli/rl[)

We have already observed that the interaction at (Z,Z) is purely transversal, i.e. there exists
ke {1,...,N} such that sf,... ’—’ =0 and Sk:+1’ ..., 8% = 0. Define thus the (transversal)
amount of interaction at (t,l‘) as

k N
B () =3 D Il
k=1 h=k+1

Case 2: one of the two colliding wavefronts is non-physical. Assume that the non-physical
wavefront « is connecting 1 with ™ | while the physical wavefront is traveling with speed
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A and it is connecting
PR =TN o 0T} M.

Also in this case the interaction is purely transversal. Define thus the amount of interaction
at (t,x) as

N N

B(t,z) := B"™(t,x) := s(t+,a) ) |si| = [o™ = "D sk
k=1 k=1
The following proposition covers both the case of a collision between physical wavefronts

and the case of a collision between a physical and a non-physical wavefront.

PROPOSITION 4.10. The following hold.

(1) For any k = 1,..., N, for the k-physical waves y(t)~(z) N Wy, located at (t,z) in
the wavefront map ¢, we have

u(t+) — u(t—
’ (t+) =) LY (y() =1 (z)NWe)
O(t — O(t— trans
Hv( +) —o(t—) (6 W) < O(1)BY™™(t, x).
o(t+) —o(t—
() =) LY (y() = (z)NWg)

(2) If both wavefronts interacting at (t,x) are physical, denoting by « the non-physical
wavefront generated at (t,x), its initial strength can be estimated by

|5(t (), )| < O(1)B™™*(t, z).

(3) If one of the two wavefronts interacting at (t,x) is a non-physical wavefront o, the
variation of the strength of o can be estimated by

Is(t+, a) — s(t—, )| < O(1)BT™(¢, ).

Proor. If both colliding wavefronts are physical, the conclusion is an immediate con-
sequence of Lemma 3.12. If one of the two wavefronts is non-physical, then the conclusion
follows from Lemma 3.7. O

4.4. Estimates on the amounts of interaction in

In this section we prove the following theorem, which is the global part of the proof of
Theorem 4.3. The proof of this theorem is the last step in order to complete the proof of the
convergence rate of the Glimm scheme stated in Theorem B.

THEOREM 4.11. The sum of all amounts of interaction in the time interval (ti,to] is
bounded by the decrease of the functional T in the same time interval, i.e.

D Blisg,re) + Y BTS(La) < O(1)(Y(h) — T(t2)).
r€Z (t,x) int. pt.
te(t17t2)

The proof is a direct consequence of the following three propositions.
PROPOSITION 4.12 (Transversal amounts of interactions). It holds
D BT (ige,re) + Y BT(t,a) < O(1)(Y(t1) — Y(t2)).

reZ (t,x) int. pt.
te(ti,t2)
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PROOF. Since for any wave w € Wj(t1) N Wi (t2),
X(tlaw) = Y(tbw)v X(t2>w) = Y(t27w)a
and thus the waves which have to cross in 1 also cross in u®, it is not difficult to see that

2

ZBtrams(’iQEf,TE)-i- Z Btrans(t,x) < Z ZAtranS(i€,m€)

reZ (t,x) int. pt. i=i1+1meZ
te(t1 ,tz)

(by (3.51)) < O(1)(T(ize) — T(11)),
which is what we wanted to prove. Il

PROPOSITION 4.13 (Amounts of creation). It holds
D B (iag, re) < O(1)(Y(t1) — Y(t2)).
rez

PROOF. It is fairly easy to see that

12

ZB?(@'QE,TE) < Z ZAcr(iga,mE),

reZ 1=11+1meZ

and thus, again using (3.51), we get the conclusion. O

PROPOSITION 4.14 (Quadratic amounts of interaction). It holds

> B (ige, re) < O(1) (T (1) — Y(t2)). (4.25)
reZ

The proof of this proposition requires more work than the previous two.
PROOF. For m,m/,r € Z, m < m/, set

Emm/ r 1= {(w7 w')

Bm,m’,r = {('LU,'LU/) € gm,m’,r | 'LU,’LU/ S Wk‘(tl)}

w,w € Wy(ige,re), x(t1,w) = me, x(t,w') =m'e}

Cm,m’,r = Cm,m/r \Bm,m/,T'
Set also
57" = U gm,m’,ra B?" = U Bm,m’,m C?" = U Cm,m’,r
m<m/’ m<m/ m<m/
and
e=&, B=JB, c=JcC.
reZ rel TEL

Finally define also
B = {(w,w') eB ) 08 (¢, w, ') = is}, 1=11+1,...,140.

The proof is now divided in four steps.
Step 1. For any r € Z,

Bzuadr<i2577'5) < O(l) // qk(t17t27t2,w,w’)dwdw’.
Er
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Proof of Step 1. We assume for the sake of simplicity that the k-waves interacting at (ige, r¢)
are positive, the negative case being completely similar. By definition (see (4.21))

r

B%uadr(igg, re) 1= ”D conv £ (£5) — U D conv £$7 (t5)
Tk m=r—(ia—ir) ¥ 1
=r—(iz—i1)
By triangular inequality, it is enough to prove that for any m =r — (ia —i1) +1,...,7,
HD . conv. 58 (t) — (D L, conv £ (25) U D conv fzﬁ(t2)>
Um:r*(i2*i1) IE Um:r—(iQ—il) Jger i 1
< // i ] Ak (tlytmtz,ww/)dwdw/-
Un iy Ti T
(4.26)
Now observe that inequality (4.26) is a consequence of Proposition 3.65 if, for any m =
r— (ig —i1),...,m — 1 and (w,w’) € J"" x J"", the following two conditions are
satisfied:

a) p(t1,w,w’) holds;
b) P(ti,t2, w,w') can be restricted both to J™" and to J™™".

Condition a) is an immediate consequence of the definition of the sets J;">". To prove
condition b) argue as follows. If at least one between w,w’ does not belong to Wi(¢1), then
each element of P(t1,t2, w,w’) is a singleton and thus the proof is trivial. Assume now that
w,w € Wy(t1). Take K € P(t1,t2,w,w') with KNT"™" # 0, z € KNJ™". We want to
prove that IC C J7"™". If z ¢ Wy(t1), then K = {z} and thus we are done. On the other
side, if z € Wy(t1), pick 2’ € K. Proving that 2z’ € 7" means proving that x(t1,2’) = me
and x(tq, 2') = re. Since z, 2’ belong to the same equivalence class in P(t1,t2, w,w’), then by
Proposition 3.52 they must have the same position at time to and thus x(tg, 2’) = re. Now
notice that, by definition of the partition, z, 2’ must belong to the same equivalence class also
in the partition P(t1,t1,w,w’) and thus, again by Proposition 3.52, they must have the same
position also at time ¢, i.e. x(t1,2’) = me, thus proving that 2’ € J/">" and K C J"™".
Since both a) and b) hold, we can apply Proposition 3.65 to get (4.26).

Step 2. The integral over pair of waves such that at least one of the two waves is created after
time t; is estimated by:

12
// qr(t1, t2, te, w, w')dwdw’ < O(1) Z Z AS (ie,me).
C

i=t1+1meZ

Proof of Step 2 The proof is an easy consequence of the definition of the set C and the fact
that the weights qi are uniformly bounded, Remark 3.56.

Step 3. It holds

12
// [qk(tl,tg,tg,w,w') — qk (tint (tl,w,w') — 5,w,w’)]dwdw’ <0(Q1) Z Z A(ie, me).
B

i=t1+1 meZ
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Proof of Step 3. Define for any pair of waves w,w’ € Wi(t1) N Wi(t2) having the same sign
the quantity

/

/ U ot et y)] Ty i S(w) = S(w') = 1,

w

U(w,w') =

/

/ )t )] dy i S(w) = S(w') = —1,

w

describing the mass of waves in Wy (t1) N Wk (t2) which stay between w and w’. Observe that
for any j =i1,...,12,
@4 (o)) — @p(je) ()| = Wr(w, ). (4.27)

Now notice that

q( mt(tlﬂw w ) - €,U],U}/)

q (tmt (tla w, w,) — &, tint (tla w, w/) —&w, w/)

q<t1,tint(t1,w,w') — 8,w,w'>
> q<t1, 0 (4w, w') — €, ta, w, w').
Hence
Aqi(w, w') = q(tl,tg,tg,w,w'> — q(tim(tl,fw,fw’) — e,fw,w’)

< Q<t1,t27t27w»w/) - q(tlatint(tlawaw/) - Eat%waw,)
2

Z |:q (tla ’iE, 2, w, w/) —q (tlv (Z - 1)67 o, w, ’UJI):|

i=tint (¢1,w,0') /e

(by Lemma 3.63)

i 1
SO 2 (e Dew) - (G- Dae] 2 M)

i=tint (¢1,w,w') /e meZ

IN

(by (4.27))
<0(1) Z Z (ie,me)
i=i1+1meZ
Therefore
// [%(t1,t2,t2,w,w’) - qk;(ti]rlt (t1,w,w') — 6,w,w')]dwdw’
B
Z Z 25 me // deT
i=t1+1meZ ‘Ijk w, w

<01 )El(Wk(tl W t2> Z 3 A(ie, me)

1=11+1 meZ

1) Z ZA(ie,ms),

i=t1+1meZ
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where the inequality

/ / drdr’__ (Whlt2) 1 Wi(12))

Uy (w, w')
is obtained splitting the integral over B as a sum of integrals over each single interaction
point, changing variable as in the proof of Theorem 3.61 and integrating by parts.

Step 4. It holds

//B dk <tint (tl,w,’w/> — 5,w,w’> drdr’ < O(1)(Y(t1) — Y(t2)).

It holds

// qk(tmt(tl,w,w') — 5,w,w')dwdw’

B

iz

Z // qk Z—le w)dwdw

i=i1+1
(see (3.53))

5T,

i=11+1 meZ
(using (3.54)-(3.55) and the fact that for waves w, w’ interacting at time ie, q(ie,w,w’) = 0)
12
< Z (Q((z —1)e) —Q(is)) + O(1)Tot.Var.( Z Z ie, me)
1=i1+1 1=i1+1 mEZ

anown

(since is decreasing in time)

=S (2 = 1)2) = (ie) ) + C(Q™((i — 1)) — Qi)

1=11+1

+ O(1)Tot.Var.( Z Z ie, me)

i=i1+1 meZ
(by the definition of T and Corollary 3.59)

1) i (T((z’— 1)e) —T(z’a))
i=i1+1
= 0()(T(t) - T(t2)).

The conclusion of the proof of the Proposition is now an immediate consequence of the previous
four steps, Corollary 3.59 and Proposition 4.13. (I



CHAPTER 5

Lagrangian representation for conservation laws

In this chapter we present the third and last result of this thesis, namely the existence of

a Lagrangian representation for the solution of the Cauchy problem
{ut + F(u), =0, 51)

u(t =0) = a.

Here the system is strictly hyperbolic and no GNL/LD assumption is made on the characteris-

tic fields. In particular we will define the notion of Lagrangian representation for conservation

laws (see Definition 5.21) and we will prove that for any weak admissible solution of (5.1),

with sufficiently small total variation, there exists a Lagrangian representation (see Theorem

C in the Introduction, which will be stated again, for completeness, in Section 5.2).

We have already explained in the Introduction what we mean by Lagrangian representation
of the solution of the Cauchy problem (5.1); why we use the term “Lagrangian representation”
and what is its relation with the theory of the linear transport and of the gas dynamics; why
it is interesting to construct such a representation. Therefore, we refer to the Introduction for
an extensive discussion about these topics.

What we wish to stress here once again is that this chapter is, in some sense, a work in
progress. Indeed, many further results and corollaries about the Lagrangian representation
and the structure of the solution u could be obtained with little effort using the tools we
develop in the next sections. However, due to time constraints, we do not insert such results
in this thesis. An extensive discussion of the matter will appear in | |.

Structure of the chapter. The chapter is organized as follows.

For a scalar equation, N = 1, the notion of Lagrangian representation can be introduced
with little effort, as we did in Definition 3 in the Introduction. On the contrary, this is not
any more the case in the vector setting. Indeed, if N > 1, then the density function p(¢,w)
(see again Definition 3 in the Introduction or Definition 5.21 below) should take values in RY
being, in some sense, the derivative D,u(t,-) of the solution u. In Section 5.1 we introduce a
tool, the enumeration of waves, which allows to recover a vector density p(t,w)r(t,w) starting
from a scalar density p(t,w). Here r(t,w) is a unitary vector, defined, for waves of the k-
th family, as the k-th generalized eigenvector 7y (see Section 2.1.1) evaluated on the point
A(t,w) of a curve w — (¢, w), uniquely determined by the position function x and the scalar
density function p.

Using the notion of enumeration of waves introduced in Section 5.1 we give in Section 5.2
the precise definition of Lagrangian representation for a solution to the IN-dimensional system
(5.1), we state the main theorem of this Chapter, namely Theorem C and we give a sketch of
its proof.

All the other sections of this chapter are devoted to prove Theorem C. In particular, in
Section 5.3 we prove some local interaction estimate, in the same spirit as what we did in
Section 3.2 for two merging Riemann problems and in Section 4.3 for the interactions among
many colliding Riemann problem (with all the interacting wavefronts of the same family having
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the same sign). Here, on the contrary, we will consider the situation where there are many
interacting Riemann problems, with wavefronts having different signs, but we are interested
only in estimating how far the outgoing Riemann problem is from a contact discontinuity, in
terms of the distance of the incoming Riemann problems from a contact discontinuity.

In Section 5.4 we continue the analysis started in Chapter 3 on an approximate solution
u® constructed by means of the Glimm scheme. In particular we will focus on those result,
namely the existence of an approximate position map x°(¢,w), an approximate density func-
tion p®(t,w) and an interaction measure p®, which will be used in the following sections to
conclude the proof of Theorem C.

Sections 5.6 and 5.7 are the heart of the proof of Theorem C. In Section 5.6 we first
construct the position map x(t,w) and the density p(t,w), our candidate Lagrangian rep-
resentation for the solution u of (5.1). Then we study the convergence of the curves 4¢
constructed through the techniques of Section 5.1 starting from the approximate position x®
and approximate density p® to the curve 4 constructed starting from x(t,w) and p(t,w).
This is probably the most important section of this chapter, where it is basically proved that
the notion of Lagrangian representation is stable w.r.t. the L' convergence of the solutions.

Finally in Section 5.7 we conclude the proof of Theorem C, proving the our candidate
Lagrangian representation x(t,w), p(t,w) is actually a Lagrangian representation in the sense
of Definition 5.21.

5.1. Enumeration of waves and related objects

In this section we define the notions of enumeration of waves and we construct some
related objects. Roughly speaking, an enumeration of waves is a pair of functions x, p defined
on a set W C R called the set of waves, which describe, respectively, the position x(w) of a
wave w and the density p(w) of a wave w. Given an enumeration of waves, we will show how
we can construct many objects, and in particular in Section 5.1.5 a curve 4 in R3V | which will
be the main tool to relate the notion of enumeration of waves to the solution of the Cauchy
problem (5.1). What is fundamental to stress here is that given any x and p (without any
relation with the solution of the Cauchy problem (5.1)) we describe an algorithm to construct
the curve 4, which is uniquely determined by x and p. As we pointed out at the beginning
of the Chapter, what we have in mind is to give a procedure which allows to reconstruct the
solution u(t,-) = Siu to the Cauchy problem (5.1) starting from the position map x and the
density map p.

5.1.1. Definition of enumeration of waves. Our analysis starts with the definition of
the notion of enumeration of waves and the construction of some auxiliary objects which are
needed to prove the existence and uniqueness of the curve v in the next section.

DEFINITION 5.1. An enumeration of waves is a (N + 4)-tuple (Lo,...,Ln,x,p,p) satis-
fying the following conditions:

1. Ly < --- < Ly; the set (Lo, L] is called the set of waves, while, for every k =
1,...,N, the set (Lg_1,Lg] is called the set of k-th waves;

. x: (Lo, Ln] — R is called the position function and it is an increasing left-continuous
map on each subinterval (Ly_1, Lg], for k=1,...,N;

. p: (Lo, Ly] — [—1,1] is a measurable map called the density function;

. p: (Lo, Ly] — [0,1] is a measurable map called the absolute density function;

. it holds |p| < p.

[\)

Ot = W

REMARK 5.2. It will be shown in the following that the presence of two different functions
p, p is due to the lower semi-continuity of the weak convergence.
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We define now some additional objects, related to the notion of enumeration of waves,
which will be frequently used in the paper. Assume that an enumeration of waves
(L07'~7LN7X>/775)
is given. -
First of all denote by k(w) the family of a wave w € (Lo, Ln], i.e. k(w) =k if w € (Lj_4, Lz].
For every x € R, define the k-sign of the point x as

Sk(z) := sign </ p(w)dw), (5.2)
x (@) (Lk—1,Lk]

where, by convention, sign(0) = 0.

5.1.2. The order relation R. In this section we define an order relation R on the set
of waves (Lo, Ly]| and we prove some of its properties. The relation R allows to compare
waves which belong to different families, according to their relative position.

For every w,w’ € (0, Ly], set

either x(w) < x(w'),
wRw' <> < or x(w) = x(w') and k(w) < k(w'), (5.3)
or x(w) = x(w') and k(w) = k(w') and w < w'.
It is fairly easy to see that  is a total order on the set of waves (Lo, Ln]. Being x|z, | r,]
increasing, the relation R coincide with < for the waves belonging to the same family.

We first prove a regularity property of the set i, namely that it is a set of finite perimeter.

LEMMA 5.3. For every k,h € {1,...,N}, h <k, RN ((Lp-1,Lp) X (Lg—1,Lg]) is the
epigraph of an increasing map (Lp_1, Ly) — (Li_1, Ly], up to L?-negligible sets.

PROOF. It is easy to see that, up to £2-negligible sets,

wRy <= y>inf{y € (Lp_1,Lp) |w Ry}
and the map
w > inf {y' € (Lp—1, L) ‘ w R y'}
is increasing. O
Since for h # k
RN ((Li-1, L) ¥ (Lph—1, Lp)) = ((Lh—1, L] x (Lk—1, Lg]) \ R,
we deduce the following result.

COROLLARY 5.4. The map xx is BV on the open set (Lo, Ly)? and its total variation
is bounded by 4N (Ly — Ly).

In fact, from the monotonicity
Ht (3% N ((Lk—l, L) x (Lh—th))) <Ly—Lg_1+Lp—Lp_;.

The next lemma substitutes the existence of the sup and the inf of sets w.r.t. the order
R and it will be a useful technical tool later. It basically follows form the fact that the order
R is in some sense a lexicographic product of the standard order on R.

LEMMA 5.5. Let E C (0,L]. Then there exist two countable sequences (w..),, (w)!), in E
such that (w!.) is decreasing w.r.t. the order ®, (w!') is increasing w.r.t. the order ® and for

every w € E, there is 7 such that for every r > 7

/ "
w, R w R w,.



120 5. LAGRANGIAN REPRESENTATION FOR CONSERVATION LAWS

We will call (w).), a minimizing sequence for E and (w!'), a mazimizing sequence for E.

1

") can be

PROOF. We prove only the existence of the sequence (w!.); the existence of (w
proved in an analogous way. Consider the set
x(E) = {x(w) | w € E}.
Distinguish two cases:
(1) if minx(E) does not exist, take a decreasing minimizing sequence (z..).en in x(E)
and for each r € N, define w/. as any element of x~!(x);
(2) if Z:= minx(F) exists, then distinguish two more cases:
(a) if minx~!(Z) does not exists, then define (w.) as any decreasing minimizing
sequence in x~(Z);
(b) if minx~!(z) exists, then define w, := minx~!(z) for every r € N.
') satisfies the property in the statement of the lemma. The con-
) is analogous. O

It is easily shown that (w

struction of (w/

5.1.3. The functions V', Vi, wi. In the e.o.w. the quantity p(w) represents the abso-
lute density of the wave w. In this section we introduce a map V' (resp. a map V) which set
a correspondence between the given set of waves (Lo, Ly]| (resp. (Lg—1,Lg], k=1,...,N)
and an artificial set of waves (0, M] (resp. (0, Mg], k =1,...,N) where all the waves have
absolute density equal to 1. This set would be the natural parameterization of the e.o.w.
in the time independent case, i.e. if we were not considering also the time evolution of the
solution. We introduce also a map wy which relates the elements of (0, M| with the elements
of (0, M], according to the order .

First of all set

Ly, N Ly
My, = / p(w)dw, M = ZMk = / plw)dw. (5.4)
L1 =1 Lo
Define now the following maps: for k=1,..., N, let
Ly w
Vit (Lo Ll > 00, @)= [ xntoptdy = [ pdy. (55)
Lk—l Lk—l
and
Ly
Vil = 0, V)= [ () (5.5b)
0
Clearly Vj and V\( Li_1,L,] are increasing for every k=1,..., N, and in the sense of measure
0 < DyVy = ﬁﬁll_(Lk_th]S DyVi(p,_ L4 (5.6)
The numbers M, My, k=1,..., N express the global amount of waves, each one summed

with its own absolute density.
The following lemma is a technical tool which will be used later.

LEMMA 5.6. For every z € [0, M] it holds

/ plw)dw = z.
V=1((0,2])

PROOF. Set F := V_l((O,zD. By previous lemma, there exist a maximizing sequence
w)), for E. It is easy to see tha
(w!), for E. It i vt that
E=|]JE!

reN
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where E] ;= {w € E | w R w]/}. Since (w]) is increasing w.r.t. the order %, the sequence

(E)), is increasing w.r.t. the set inclusion. Thus it holds

/ p(w)dw = lim p(w)dw = lim V(w]) < z,
E

r—00 E! T—00
T

because for every r € N, w, € E=V"1((0,2]).
Similarly, let (w!.), be a minimizing sequence for (0, L]\ E. One can easily prove that

E=()E
reN

where E]. := {w € E | w R w].}. Since (w]) is decreasing w.r.t. the order R, the sequence

(El), is decreasing w.r.t. the set inclusion. Thus we have

/ p(w)dw = lim p(w)dw = lim V (w).) > 2,
E T

T—00 E!
T

because for every r, w! ¢ E=V~1((0,L]). Hence

z < / plw)dw < z,
E
thus concluding the proof of the lemma. O

COROLLARY 5.7. For every k=1,...,N,
(Vis (DL (L 1,24)) = LM 0,01,

and

V&(ﬁﬁl’(Lo,LN]) = El’(ovM]'

PROOF. The proof of the first equality is trivial. The second equality follows from Lemma
5.6. O

The following proposition states some properties of the maps V', Vi, k=1,..., N.

PROPOSITION 5.8. The following properties hold.

(1) Vi is 1-Lipschitz, increasing and surjective.

(2) V s increasing w.r.t. the order R and for every k = 1,...,N, the restriction
V|(Lk_1,Lk] is increasing w.r.t. the standard order < on R.

(3) V is surjective.

PROOF. Point (1) and (2) are straightforward. Let us prove Point (3). Let z € (0, M].
Assume by contradiction that there is no w € (Lo, Ly]| such that V(w) = z. Since each
restriction V|(z, | r,) is increasing, there must be ¢ > 0 such that

Vi ((z=d,2+4)) = 0.

Hence

0 = / p(w)dw
V—1((2—6,2+4])

:/ ﬁ(w)dw—/ p(w)dw
V=1((0,244]) V=1((0,2—9])

(by Lemma 5.6) = (z+9) — (2 — 9)
= 24,

a contradiction. O
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Define now for every £ =1,..., N, the map
w : (0, My] — (0, M]
as the unique left-continuous map such that
wi(z) = V(V,71(2)) for every z € (0, My] such that V, '(2) is single-valued. (5.7)
The following proposition collects some properties of wy.

PRrROPOSITION 5.9. For every k=1,...,N,
(1) The definition of wy is well posed.
(2) The map wy is strictly increasing (and thus injective).
(3) For every w € (Ly_1, Ly] such that V,/ ' (Vi(w)) is single-valued (and thus for pL*-
a.e. w€ (Lg—1,Lg]), it holds V(w) = wi(Vi(w)).

PrOOF. We prove separately each point.

(1) Since Vj is increasing, there exists at most countable many z € (0, My] such that
Vk_l(z) is not single-valued, and thus the definition of wy is well posed.

(2) The map wy, is increasing, since it is a composition of two increasing maps. Assume
now by contradiction that wy is not strictly increasing. Then there are z, 2" € (0, My],
z < 2’ such that wg(z) = wi(2’) = (. Since we already know that wy is increasing,
there exists an open interval (a,b) C w; '(¢) and thus we can find 2,2 € (a,b) C
wy'(¢), # < #, such that V, '(2), V, !(2) are single valued. We can thus set
w =V, }2), w =V, () and it holds w < w’. Hence

we(2) = V(V71(2) = V(w) = (= wi(2) = V(V71(2) = V(w).

Therefore
o | sy = [ oty
{ye(Lo,Lyn] | wRy and yRw'} w
and thus 2z = Vi (w) = Vi (w') = 2/, a contradiction.
(3) The proof follows easily from the definition of wy. O

5.1.4. The position functions %, %x;. In this section we extend the definition of the
position function to the set of artificial waves (0, M], (0, My], k =1,..., N introduced in the
previous section, and we prove some properties of these new position functions.

Define

xk : (0, My] — R,
as the unique left-continuous maps such that
x(z) = x(kal(z)) for every z € (0, M) such that V,'(z) is single valued. (5.8)
To define a similar map x : (0, M] — R, we need the following lemma.
LEMMA 5.10. The multi-valued map
Z X(V_l(z))
18 1NCreasing.

See Section 1.5 for the definition and the properties of monotone multi-valued functions.
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PROOF. Since for every k, V|, , r,] is increasing, we have that for a.e. ¢ € (0, M],
cardV=1(¢) < N. Let z,2' € (0, M], z < 2’ such that

V_l(z):{wl,...,wN}, V_l(z’):{wll,...,wgv}
(we assume for simplicity that there are exactly N elements in Vfl(z) and V~1(2")). Hence
X(V_l(z)) = {x(wl),...,x(wN)} x( ) {X wN)}

We want to prove that for every k,h € {1,..., N}, x(wk ) < x(w ) Assume by contradiction
that x(wy) > x(wj}). This implies that wh%wk and thus 2/ = V(w}) < V(vg) = 2, a
contradiction. O

As an immediate consequence of previous lemma and Lemma 1.41 we can now define
x: (0, M] — R,
as the unique left-continuous maps such that
x(z) = X(V_l(Z)) up to countable set of z € (0, M].

The following proposition collects some properties of the maps x, X . Its proof is analog
to the proof of Proposition 5.9 and thus it is omitted.

PROPOSITION 5.11. The following hold.

(1) The definitions of xx,%x are well posed.

(2) The maps X, X are increasing.

(3) For L'-a.e. w € (Lg_1,Lg| such that V' (Vix(w)) is single-valued (and thus for
pLY-a.e. w € (Lg_1,Ly]), it holds

x(w) = & (Vi(w)).

(4) For pL-a.e. w € (Lo, L], it holds
x(w) = x(V(w)).

(5) For every k=1,...,N and for a.e. z € (0, My], it holds
%(wi(2)) = %k (2).

We now explain more in details the relations between the position functions %, %, defined
respectively on (0, M], (0, My], and the position x and the absolute density p defined on

(Lo, Ln].
LEMMA 5.12. For every k=1,..., N,

£ (% (@) :/ A(w)duw.
Xﬁl(l‘)m(Lk_l,Lk}

ProOOF. Using Corollary 5.7 and Proposition 5.11, we get

ct (fclzl(x)) :/ p(w)dw :/ plw)dw. O
Vi Gy (@) x 1 (@)N(Lk—1,Li]

k

COROLLARY 5.13. For every x € R, it holds

N
x (2)) = LYz (2)) = o(w)dw.
)= )= [ o
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ProoOF. Using Corollary 5.7 and Proposition 5.11, we get

£ @) = [

N
p(w)dw = / pw)dw =Y L%} (2)). O
VolE () x~1(z) hz::l

The following two lemmas describe the behavior of the map wy, which relates the z-waves
of a fixed k-family to the global z-waves.

LEMMA 5.14. For every x € R and for every k=1,..., N, if
(%' (2)) >0, (5.9)
then the map

is affine with slope equal to 1.
PROOF. Clearly it is enough to prove that for £2-a.e. (z,2') € (fclzl(ac))Q7 it holds
w (') —wp(z) = 2" — 2.

Take thus z,z' € (0, M), z < 2, such that V, '(z) and V,'(2/) are single-valued. Set w :=
Vi '(2) and w' := V7 1(2'). Since %(2) = %x(2') = @, then by definition x(w) = x(v') = .
Therefore

{y € (Lo, Ln] | wRy and y?Rw'} = [w,w’]

and thus
wi(2') —wir(z) =V(w') = V(w)
= p(y)dy
{ye(Lo,Ln] | wRy and yRw’)}

= p(y)dy

= Vi(w') = Vi(w)

=z —z,
proving that wk|5{1:1(x) is affine with slope 1. O

LEMMA 5.15. For every x € R, let k,, p=1,..., P be the indices such that
LY (%} () >0,
labeled according k, < ky for p <p'. Then
inf {wkl (fc,;ll (x))} = infx 1(z), sup {wkp (5{,; (:r))} =supx ()
and for every p=1,...,P —1
sup {wkp (fclzpl (z)) } = inf {kaH (f{,;;rl (z)) }

PROOF. We first prove that for every p < p’ and

for a.e. z € X,;pl(az),z/ € }Ac,;l,(x), it holds wy, (2) < wkp,(z/). (5.10)
D



5.1. ENUMERATION OF WAVES AND RELATED OBJECTS 125

We can assume that Vk;l(z) and ka,l(z’ ) are single-valued, because this condition is verified
D
for a.e. z,2'. Set w := szl(z) and w' := Vk;,l(z’). In this case wy,(2) = V(w), wy,(2') =
V(w’). Moreover, using Proposition 5.11, we have that
x(w) = Xk, (V;Cp (w)) = fckp(z) =z = f{kp, (z/) = fckp, (Vkp, (w/)) = X(w/).

Therefore w,w’ have the same position and thus, by the definition of %, w¥Rw’. Hence
wi, (2) = V(w) < V(w') = wy , ().
Observe now that the condition (5.10) holds for every z,z’ (not just for a.e. z,z"), since,

by Lemma 5.14 the maps wj, are continuous. The conclusion is now an immediate consequence
of Corollary 5.13. O

We conclude this section with two technical lemma which will be used in the proof of
Lemma 5.68. Introduce first the following sets:

S = {ze(O,M]

L (%(2) = {2},

Sy 1= {z € (0, My] | 57" (3 (2)) = {z}}, for k=1,...,N.
LEMMA 5.16. The following holds.
(1) For every z € (0, M], setting x := x(
z2€8 = / = 0.
(2) For every z € (0, My], setting x := xk(z),

z2€S; <= p(w)dw = 0.
Xﬁl(x)ﬂ(Lk_l,Lk]
(8) For every k=1,...,N, and for every z € (0, M| up to a countable set, if z € Sk,
then wi(z) € S.

ProoF. We prove each point separately.
(1) Let z € (0,M]. Set z := %(z). By Corollary 5.13,

LYz =) = o(w)dw = o(w)dw,
&)= | 71(i71(w))p< w= [ o

and thus z € S if and only if [ _,  p(w)dw = 0.

(2) The proof is completely similar to Pomt (1).
(3) Fix a family k. For every h # k, define

By i={z e R | £ (5, (@) > 0}.

Clearly, E} is countable and thus also E := |J,, 2k E; is countable. Since xj is

injective on Sy, also i,;l(E) is countable. It is thus enough to prove that for every
z € S \ %, '(E) such that %(wy(2)) = %x(2), it holds wy(z) € S. Take thus any
z € S, \ %, (B) such that %(wk(2)) = %x(2). Define x := %4(2). By Corollary 5.13

N
LHE @) =) L%, (2) =0,

T
I
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because z € Sj \ %, (E). Hence

0= <§c_1(§ck(z))) -y (fc_l(fc(wk(z)))),
and thus wg(z) € S. O

LEMMA 5.17. For every k = 1,...,N and for every z € (0, My] up to a countable set,
setting x := xx(2), if
/ p(w)dw = 0, (5.11)
x~1(z)
then the set
V0, w(2)]) & 27 (=00, 7))
is pLY -negligible.

PROOF. Fix a family k and take any z € (0,Mj] such that V, '(z) is single-valued
and V~!(wy(z)) is single-valued. Clearly this happens for every z up to countable set, by
Proposition 5.9, Point (2). In this case, by definition, wy(2) = V (Vi *(2)). Set x := &x(2)
and assume that (5.11) holds. We prove first that for pLl-a.e. w € V71((0,wr(2)]) it holds
w € x ((—o0,z]). Take any w € V~1((0,wi(z)]) such that V=1(V(w)) is single valued.
Then

V(w) < wi(z)
and thus

x(w) = 2(V(w)) < 2(wi(2)) = 2(V(V,7(2))) = x(V7(2) = 2(2) = 2.

Viceversa, assume that w € x~'((—o0,z]) and suppose that V(w) > wi(w) = V(V, 1 (w)).

Then
o= [ elwdy= [ 1 F(y)dy > 0.
x~ () {ye(Lo,Ln] | R(V}; " (2),y) and R(y,w)}

a contradiction. O

5.1.5. Fixed point problem associated to an e.o.w. To a given enumeration of waves
(Lo, ...,Ln,x,p,p) and related objects R, M, My, V, Vi, wk, X, X, defined for k =1,..., N as
in Sections 5.1.2, 5.1.3, 5.1.4, we now associate a fixed point problem, whose solution is a
curve v = (u,v1,...,UN,01,...,0n5) € R which will be the fundamental tool to relate the
given e.o.w. to a solution u(t,z) of the Cauchy problem (5.1).

Consider the Banach space

N N
X o= L([0, MJ;RY) x [T L((0, My]) x [ ' ([0, M) (5.12)
k=1 k=1
and a generic element
v =(u,v1,...,UN,01,...,0n) € X.
The norm on X will be denoted as

N N
Il = Nulloe + D loklloe + > llowllr.
k=1 k=1

For v € X, set

r7 (Lo,LN] — Rn, r”’(w) =T (u(V(w)),vk(Vk(w)),ak(Vk(w))>, ifw e (kal,Lk],
(5.13a)
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X' i (Lo, Ly] — R™, X (w) == Xy (u(V(w)),vk(Vk(w)),ak(Vk(w))>, if w e (Lp_1, L),
(5.13b)
whenever defined. Notice that 7, Ay are defined on a neighborhood of the point (0,0, Ax(0)) €
RY xR x R, and thus 77, A7 are defined only for the curves v € X which remain sufficiently
close to

P :=(0,0,...,0,A1(0),...,An(0)).
Set also, for every k=1,..., N,

flz [0, M) — R, f;Z(Z) = /(0 } (Vk)ﬁ(ﬁ)‘7£1|(Lk_1,Lk]>(dC)' (5.14)
The following lemma provides some properties of the maps f,, k=1,...,N.

LEMMA 5.18. Assume that v € X is a curve which remains close enough to P, in order
to guarantee that A7 and thus flz are well defined. Then it holds:

(1) for every z € [0, My],

R = [ Re(ulr(0). (0. n(0)) dc (5.15)

(2) f is Lipschitz,
Lip(f})) < | Aklloo;
and, for a.e. z € [0, My], it holds

ﬂ(Z) = Xk(u(wk(z)),vk (2),0k(2)) for L'-a.e. z € [0, My]; (5.16)

dz
Y
(8) if u,vi are Lipschitz and oy is BV, then g—; is BV and

df,
. . =1 <
e.Tot.Var ( o ) <0(1)

o

(Lip(u) + Lip(vk)>M + ' o,

o

e.Tot.Var.(vk.)] .

ProOOF. We prove each point separately.
(1) It holds

7E) = [ 00, (P02 ) @)

:/ p(w)N (w)dw
Vi H((0,2])

Oy G13) = [ ) (w(V (). (Vi) o (Vi) )
Vi '((02])
(using Proposition 5.9, Point (3))
:/ ﬁ(w)j\k(u(wk(Vk(w))),vk(Vk(w)),ak(Vk(w))>dw
Vi H(0,2])
(making the change of variable { = Vi (w) and using that Vj is surjective)

= [ (o). w0 onl0)) e

thus getting (5.15).
(2) Since ¢ — Mg (u(wk(g)),vk (C),Uk (C)) isin L, then f, is Lipschitz with Lip(f]) <
| Ak|loo - Thus, it is a.e. differentiable and (5.16) holds.
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(3) Assume now that w, vy are Lipschitz for every k= 1,..., N and oy is BV for every
k=1,...,N. For every z1, 2 € [0, Mg], 21 < 22, it holds

[ (1w (22)), 00 (22), 0 (22)) = S\k(u(wk(zl)),vk(zl),ak(zl))‘

Ha)\k ‘O'k(ZQ) —Uk(21)‘

i w(wn(z2)) — w(wn(z1) ‘ n H ‘Uk(ZQ) — Uk(Zl)‘ + H

O3
Ovy,
Hence using Proposition 5.9, Point (2), and Corollary 1.38, we get

d A A
eTotVar<;k>§’M O

. 5 Lip(u)M + ‘ Dor. _

H O\e

‘wLip(vk)}ZQ —n|+ Hgi]’:"m‘o—k(@) . ak(z1)|.

Llp(U)\wk(@) — wi(z1)] + H

e.Tot.Var.(oy)

. O\
Lip(vg) M + Hfhk

o0

A
<0O(1) [(Lip(u) + Lip(vk)>M + Hgk e.Tot.Var.(ak)],
Tk |l oo
thus concluding the proof of the lemma. (Il
Our aim is now to find a (unique) curve ¥ = (4, 01,...,0N,01,...,0n) € X, with 4, 0,

Lipschitz and 63 in BV, for k= 1,..., N, which solves the fixed point problem
)= [ VAo ) )

0k (2) = Sk (2k(2)) (fZ(Z) - INE )) k=1,...,N, (5.17)

d 2l
or(z) = onv z =1,...,N.
\ k( ) dzx C(x (z))fk( )7 " 7 ’

More precisely, we prove the following proposition.

PROPOSITION 5.19. There exists M > 0 (depending only on f) such that for every enu-

meration of waves (Lo, ..., Ln,x%,p,p) (and related objects My, M, Vi, V, wi, Xk, % defined
as in (5.4), (5.5), (5.7), (0.8) above), if 0 < M < M, then:

(1) the fized point problem (5.17) admits a solution (G,01,...,0N,01,...0N), with the
maps i, 01,...,0N5 Lipschitz continuous and &1,...,6N in BV,

(2) such solution is unique in the class of Lipschitz-Lipschitz-BV functions in the sense
that if 4 = (4,01,...,9n,01,...,0N) and ¥ = (¢, 0],...,0y,61,...,0%) are so-
lutions of the fized point problem (5.17), @,u',01,01,...,0n,0) are Lipschitz and
G1,04,...,0N,0 are BV, then ¥ =4;

(3) if (G,01,...,0N,01,...0N) is the unique solution of (5.17) given by Points (1)-(2)
above, then Lip(a), Lip(01),...,Lip(0y) and e.Tot.Var.(61),...,e. Tot.Var.(6) are
bounded by some constant C' which depends only on f and not on x,p,p.

PROOF. The proof is divided in several steps. In Step 1, 2, 3 we prove the existence of
a regular solution to the system (5.17). In particular, in Step 1 we define a closed subset
(and thus complete metric space) I' € X and a map 7 : I' — X such that any fixed point
of T is a solution of the system (5.17) satisfying the regularity properties of Point (1) in the
statement. In Step 2 we prove that 7 : I' — I'. In Step 3 we prove that 7T is a contraction
with contractive constant less or equal than 1/2. In Step 4 we prove the uniqueness property,
Point (2). In Step 5 we prove that the Lipschitz constant (resp. Total Variation) of @, vy
(resp. 6} ) are uniformly bounded, Point (3).
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Step 1. First we define the metric space I' and the contraction 7. Consider the Banach space
X defined in (5.12) and its subset

I:= {'y: (u,v1,...,UN,01,...,0n) € X such that

u,v1,...,vyN are Lipschitz and o1,...,0n are BV,
Lip(u), Lip(vg), e.Tot.Var.(or) < C for all k =1,... N,
u(0) =v1(0) =--- =vn(0) =0,

Vv

0 if Sp(fu(2)) = +1,
for every k € {1,..., N} and for every z € [0, My], vg(z) ¢ =0 if Sk(xx(2)) =0,

S 0 if Sk(fck(z)) = —1,
lu(z)| < 6 for every z € [0, M]
|vg(2)] < 8 for every k € {1,...,N} and for every z € [0, My],
lok(2) — Ag(0)] < 6 for every k € {1,..., N} and for L'-a.e. z € [O,Mk]},
(5.18)

where C,§ > 0 will be chosen later. Clearly I' is a closed subset of the Banach space X and
thus it is a complete metric space. Denote by D the distance induced on T’ by the norm |- 1l+
of X. Notice that if § < 1, then 77, A7 are well defined for every ~ € T'.

Consider now the transformation

T:T = X, v= (u,vl,...,UN,Ul,...,JN)i—)T(’y) =7= (11,171,...,17]\;,&1,...,61\/),
(5.19)
defined by the formula

u(z) = f((),Z} Vﬁ(PME”(LO,LN])(dC)a
fi(z) — CONVy 15 () fl(z), if Sk(xk(2)) >0,

ﬁk(z) =<0 if Sk(fck(z)) :0, k= 1,...,N,
CONVE 15 (o) f;(z) — fg(z), if Sk(zx(2)) <0,

or(z) == d% CONVy 14 (1)) fl(z), k=1,...,N,

where 77, f are defined in (5.13), (5.14) respectively. Notice that, by Proposition 5.11, for
every z € (0, My], fc,;l(fck(z)) is an interval in R, while, by Lemma 5.18, the map f, is
Lipschitz; therefore, by the property of the convex functions, &3 is well defined as a map
in L'. Recall also that if I = {2} is made by a single point, then conv;g(z) = g(z) and
dconvy g(z)/dz = dg(z)/dz.
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Step 2. We prove now that if 6, M < 1 and C > 1, then, T(I') CT'. Let us start with the
Lipschitz continuity of @. For 21 < 29, 21,29 € [0, Mj], it holds

/( | \Z (PT7£1|(LO,LN]) (dC)'
21,22

= ‘ / p(w)r”(w)dw’
V=1((21,22])
< sup 7. | plw)dw
k V=1((21,22])

<swlil, [ pwide
14 ((2172«’2])

(by Lemma 5.6) < sup kaHOO(ZQ — 1)
k

a(z2) — u(z1)| =

< 0‘22 _Zl‘a

for C' sufficiently large.
We prove now the Lipschitz continuity of o, k=1,...,N. Take z1 < zo. Assume first that
xk(21) = xp(22) = . If Si(x) = 0 there is nothing to prove. If Si(x) # 0, then

‘6k(22) — T)k(zl)‘ = ’(f,z(zg) — }i_ollg) fg(22)> - (f,j(zq) — conv fk (z1)>‘

(@)

< | fl(z2) = fl(z1)| + COI}V) fi(z2) — COI%V) [l (=)

(5.20)

(by Lemma (5.18)) < 2H5\k”oo‘22 - 21{

if C > 1. Assume now that %xi(z1) < %i(22). In this case for every n > 0 one can always
find 2’ € %;, " (%k(21)) close enough to sup%; '(%x(z1)) and 2” € %' (%x(22)) close enough to
inf %, (%1 (22))) such that

and
[ok(z")] <m0 Joe(2")| <
We have
|0k (22) — Op(21)| < |O(22) — Oe(2")| + |00 (") — ‘ + |0k (2") — Di(21)|
< "5]{;(22) o (2")| + |oe(2")| + !vk )| + |ok(2') — Tk (21))|
(by (5.20)) < C(z2 —2") + |e(2")] + |0k(z)| + C (2" — 21)
< C(z—21) + 20,

and thus, by the arbitrarity of 7,

‘f)k(ZQ) - f)k(zl)‘ S C|22 — Zl‘.
Let us prove now that for every £k = 1,...,N, &, is BV and e.Tot.Var.(6;) < C. Fix
k=1,...,N. By Lemma 5.18, we already know that

e.Tot. Var. ( Al ) < 0(1) [(Lip(u) + Lip(vk))M + e.Tot. Var. (o) |
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: ; ot e ; _ d
Let gy : [0, My] — R be a good representative for the total variation of 2%, ie. gy = & for
Ll-ae. z €[0,My] and

d Y
e.Tot.Var. <§§; (O,Mk)> = e.Tot.Var. (gk; (0, My)) = p.Tot.Var.(gi; (0, My)). (5.21)
Let

Ey = {Z S [O, Mk}

Cfg does not exist} U {z € [0, My] | gr(z) # dflz(z)} (5.22)

dz

Clearly £}(E) = 0. Let us now prove that

dfY
p.Tot.Var.(6%; (0, M) \ E) < p.Tot.Var. <C{k, (0, My) \ E)
z

Take any 21 < --- < zp, zp, € (0, M)\ E for every p=1,..., P and define Z := {zl,...,zp}.
Since:

e we want to estimate p.Tot.Var.(5y; (0, My) \ E)

e on each fixed z, &k\ﬁ?(@ is computed as the convex envelope of f,z on 5{,;1(33),

for computing the total variation we can assume w.l.o.g. that for every x € R and for every
oc*eR,

card (Z Nx; '(z) N 6,;1(0*)) <1, card (Z N i,;l(z)> < 2. (5.23)
Now observe that for every p = 1,..., P, it is possible to find two points z, < 2z, < 2z, in
(0, M) \ E such that
21<2 <z <2< <z2p <z (5.24)
and . "
df - df
(7)) 2 ar(zp) = —E (). (5.25)
Indeed, if

e cither %, *(%x(2p)) contains only z,,
e or fc,;l(f{k(zp)) is an interval with Lebesgue measure greater than zero, but z, is a
. . ’7 . . . . . ’7
rarefaction point for CONVE1 (g, (2,)) J ie. the convex envelope coincides with f,/,
then set z, = z, := z,. Otherwise, if %, (%k(2p)) is an interval with Lebesgue measure greater
than zero and z, is a shock point for CONV—1 (g (2,)) f,;y , then the existence of the points 21’3, zz’,’
is given by Proposition 1.12 and the assumption (5.23) implies (5.24).
Therefore R N
af, af,
fk (Z/) _ fk (Z/,—l)
dz > dz P

)

mw%mnq

ok (2p—1) — Tk (2p)

< Cf(z,’,_l) - ddi’z%’)
<[y By | o[ B - B o[ Fgy - By
d th
- \;:(Zp) —ozm-0l ) ) ) .
< |y - g | g ) - L) 4 [ Sy - ey
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Hence we conclude
P

dfy
pz; |6k (2p) — Gr(2p—1)| < 3 - p.Tot.Var. (6{;“, (0, My,) \E)

and thus taking the supremum over all finite sequences (z,), in (0, M) \ E we get

d Y
p.Tot. Var. (5k; (0, M) \ E) < 3. p.Tot.Var. (;k (0, M) \ E)

Z )
To prove that 6 is BV and to estimate its total variation, let us observe that, by Corollary
1.38,

e.Tot.Var.(6; (0, My)) < p.Tot.Var.(ox; (0, M) \ E)

df?
250,000\ 1)
g; (0, M) \E)

9: (0, My))

df;
e (0. M) \ E)

< 3 - p.Tot.Var.

7 N\

= 3. p.Tot.Var.

< 3-p.Tot.Var.

(by (5.21)) = 3-e.Tot.Var.

doy,

~ TN

(by Lemma 5.18) < O(1 (Lip(u

~—
T

—i—Lip(vk))M + H

e.Tot.Var.(ak)]

o0

<0(1) (Ljp(u) 4 Lip(vk))M + 5e.Tot.Var.(ak)]

o) |20M + 05]

for M <1, 0 <1.
We thus get that 4, 9, k=1,..., N, are Lipschitz, o, k=1,...,N, are BV and

Lip(a), Lip(og), e.Tot.Var.(6;) < C for all k =1,..., N.

Clearly 4(0) = 0. Now notice that ¥ is not defined in z = 0 by formula (5.19), since
the domain of the map % is (0, My] and thus it does not contain z = 0. We already know
that oy is Lipschitz continuous and thus it is enough to prove that lim,_,o ox(z) = 0. This is
achieved as follows. Assume first that there exists some Z € R such that inf%,'(z) = 0. In
this case for every z sufficiently close to 0 we have, by definition,

ok (2)| < [ (2) = A_grOAnV))f;Z(Z)}

X (X z

and thus |vk(z)| — 0 as z — 0. Now assume that such a  does not exist. Hence, for every
sequence (2p)pen such that z, — 0, it holds

c (}fk_l(f{k(zp))) — 0 as p — oo.
Observing that
()| < [l o (5 er(2))

we get U5(2p) = 0 as p — oo and thus lim, o 9(2) = 0.
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The fact that for every k € {1,..., N} and for every z € [0, M],
>0 if Sp(xe(2)) = +1,

ﬁk(z) =0 if Sk(fck(z)) = 0,
<0 if Sp(xi(2)) = -1,

is an easy consequence of the definition of vy.
Let us now prove that @ remains uniformly close to zero and for every k, ¥y, 5} remains
uniformly close to 0 and A;(0) respectively, whenever M < 1. We have

a(2)] = li(z) — a(0)| < CJz| < CM <6,
if M < 1. Similarly, for every k,
54(2)] = [i(2) — 54(0)] < Clz| < OMy, < CM <6,

if M < 1. Now observe that for every k and for L'-a.e. z € [0, M] it holds

‘ng( )= A (0>‘ M (w(wi(2)), ve(2), 0k (2)) —Xk(u(o),o,ak(z))’
<O(1 < u(O)’ + }vk(z) — Uk(o)}>
<O(1) ( k(2) + z)
<O0(1)CM
<9

if M < 1. Now use a Proposition 1.11 to get for Ll-a.e. z € [0, My]

ok — Ak (0)[|oo <

-] =

o0

if M < 1. We have thus proved that if 6, M < 1 and C > 1, then 7(I') C T
Step 8. We prove now that 7 : ' = I' is a contraction, if M, < 1. Let

v = (u,v1,...,0n,01,...,05) €T, ~ = (U, v],..., v, 00, ...,0%) €T.
Define
y:=T(y) = (a,v1,...,0N,61,...,65) €T
and

v =T0H)= (@, 0,...,0,01,...,0x5) €.
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It holds
|a(z) — @' (z)| =

/(O’Z] Vi <prml) (d¢) — /(O’Z] Vi (pr“/ﬁl) (dg)'
= / |p(w)]|r” (w) —r”l(w)|dw
1((0,2])

N
>/ () |7 (u(V (), (Vi) o1 (Vi ()

k=1 L((0,2)N (L —1,Ly]

T Slow (Vi(w)) — o;<vk<w>>r)

N
<o) (MHu oo+ 3 My — v
k=1
+5Z I LRI

(making the change of Varlable ¢ = Vi(w))

N
_ o<1>(M||u—u'||oo MY ok — v

k=1
i,
+Z (Li—1,L4]

< O(1) max{M, 5}D(’Y )
1

ok(C) - a;<<>|dc)

< = D
<3 a0
if M, < 1.
For every kK =1,..., N, arguing as in the previous computation, we get
afy  dfy My - S0 S
E - g = 0 )\k (u(wk(C))v ’Uk((), Uk(C)) - )\k (U (wk(c>)7 vk(C)a Jk<C>) ‘dC
1

N N
_ <1>(Muu—u'uoo MY g — e £83 o — azul)

k=1 k=1
(1) max{M, 6} D(y,')
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and thus

| A

77 =5

Hence for every z € [0, M] we have

4(2) — 54(2)] <’(f,j(z) conv f1(2)) = (f(2) = conv f7'(z ))'

| W@—%

-D(7,7). (5.26)

&, (21 (2)) %1 (21 (2))
(by Proposition 1.11) < 2||f7 — f7'||.
1 1 ~
by (5.26)) < = - D(~,v").
(by (5:26)) < 5 57D )
Similarly, using again Proposition 1.11, we have
ary  df) 11 -
~ ) ~ k k /
o=ty = [l —aolis < |- T <5 tgpe)
Hence
1~
D(F,7) = lla — @l + Z 15 — Vg lloo + Z 165 = o3l < 5 D),

k=1 k=1

thus proving that 7 is a contraction with contractive constant equal to % We have thus

proved Point (1) in the statement of the proposition, i.e. the existence of a curve
"3/ = (ﬁ,@l,...,@N,é'l,.. . ,&N),

with @, 0y Lipschitz and o in BV, k=1,..., N, which solves the system (5.17).
Step 4. If 4 and 4’ are as in Point (2) in the statement of the proposition, then we can always
find C large enough in the definition (5.18) of " such that

Lip(a), Lip(a'), Lip(vg), Lip(vy,), Tot.Var.(oy), Tot.Var.(a},) < C.

If both 4 and 4’ solves the fixed point problem (5.17), then they are fixed points of the
contraction 7 and thus they must coincide.

Step 5. Finally observe that, by the computations in Steps 1,2,3, we can always choose C' in
the definition (5.18) of I' depending only of f, thus getting Point (3) in the statement of the
proposition. [l

5.2. Definition of Lagrangian representation and statement of the main theorem

Using the tools we introduced in the previous section, we can now go the the heart of
this chapter, with the definition of Lagrangian representation of the solution of the Cauchy
problem (5.1) and the main theorem of this chapter, namely the existence of a Lagrangian
representation.

We first introduce the notion of k-th characteristic speed of a point (¢,z) € [0,00) x R.

DEFINITION 5.20. For every family k = 1,..., N, the k-th characteristic speed on the
(t,x) -plane is the function

L[ dr if 0
Mo [0,00) xRS R, Aplta) i 4 56 Jo OR(T)dT il 720, (5.27)
Ok (0) if Sk = 0,
where we are assuming that the Riemann problem (u(¢,z—),u(t,x+)) is solved by the collec-
tion of curves {yx, k=1,...,N}, v = (ug, v, on) : I(sp) — D € RVF2,
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We have already used the notation A\; to denote the k-th eigenvalue of the matrix A(u) =
DF(u). In that case, Ay was a function of u, A\ = Ag(u), while in this case \j is a function
of (t,x). Therefore, no confusion should occur in the following.

Notice that, as pointed out in Section 2.1, we assume that, if s = 0, then ; is made by one
single point, 7(0) = (ux(0), 0, Ak(ux(0))), where

Up—1(Sp— ifk>2
u(t,x—) if k=1.
We can now give the most important definition of this paper, the definition of Lagrangian
representation.

DEFINITION 5.21. Let u : [0,400) x R — R¥ be a solution of the Cauchy problem
(5.1). A Lagrangian representation for u up to a fixed time T° > 0 is a (N + 4)-tuple
(Lo,...,Ln,x,p,p), where

Ly <--- <Ly, and (Lg_1, Lg] is called the set of k-waves,
x:[0,T] x (Lo, Ln] — R is the position function,

p:10,T] x (Lo, Ln] — [—1,1] is the density function,
p:10,T] x (Lo, Ln] — [—1,1] is the absolute density function,

and, for every time ¢ € [0, 7] up to a countable set, the following properties hold:

(a) the (N + 4)-tuple &(t) := (Lo, ..., Ln,x(t), p(t),p(t)) is an enumeration of waves;
(b) the distributional derivative of u(t,-) w.r.t. z satisfies

Dault) = x(t); (p(t) 7V L) 1 1))

where 4(t) is the solution of the fixed point problem (5.17) given by Proposition 5.19
associated to the enumeration of waves £(t) and 77 is defined in (5.13);
(c) for every x € R, there exists at most one family k& € {1,..., N} such that

/ lt,w) £ 0
x~HZ)N(Lg—1,L4]

and for every wave w € x~(t)(x) N (Lyx_1, Lx],
&k(ta Vk(tv ’LU)) = )‘k(ta .T)
In addition,

(d) extending on the whole R? the maps p, p to zero outside the set [0,7] x (Lo, Ly],
the distributions D;p, Dp are finite Radon measure on R?;
(e) for every fixed w € (Lo, Ly] the map t — x(¢,w) is 1-Lipschitz and moreover

gj:(t,w) = M(t, x(t,w)), for p(-,w)L -a.e. time ¢ € [0,T). (5.28)

Let us add some remarks about the definition of Lagrangian representation. First of
all observe that Points (a)-(c) of Definition 5.21 describe static properties of the objects
(Lo,...,Ln,x,p,p), i.e. properties at a fixed time ¢ € [0,T], while Points (d)-(e) describe
dynamic properties, i.e. they describe the behavior of the objects (Lo, ..., Ly,x,p,p) when
time goes on. In particular

e Point (a) guarantees that at a.e. time t € [0,7] we can use Proposition 5.19 to
construct the fixed point curve

A(t) = (a(t),01(t),...,0n(t),61(t),...,0n (1))
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and thus also r7®) XY, fg(t);

e Point (b)-(c) says that, given the maps x(t), p(t), p(t), we can use 4(t) to recover the
solution u(t); moreover the maps 6%(t), k = 1,..., N, give the characteristic speed of
u(t,z) at any continuity point of u(¢) and the speed of the shock (u(t,z—),u(t,z+))
at any jump point of u(t);

e Point (d) guarantees that the mass of a.e. waves w € (Lo, Ly] is a BV function in
time, i.e. almost no wave can be created and canceled too many times;

e Point (e) says that for a.e. wave w € (Lo, Ly] and a.e. time ¢ € [0,T] (when the wave
has non-zero density) the trajectory of the wave w is, in some sense, a characteristic
curve, because its derivative at a.e. time coincides with the characteristic speed.

In the next section we will prove the existence of a Lagrangian representation for the solu-
tion u(t,x) to the Cauchy problem (5.1). In particular, we will prove the following theorem.

THEOREM C. Let u(t) := Siu be the vanishing viscosity solution of the Cauchy problem
(5.1) with initial datum w. Let T > 0 be a fized time. Then there exists a Lagrangian
representation of u up to the time T, which moreover satisfies the following condition: up to
countable many times, for every x € R

x s a continuity point for u(t,-) <= / p(t,w)dw = 0. (5.29)
x(t) =1 ()

We give now a sketch of the proof of Theorem C, which will be the topic of all the next
sections.

SKETCH OF THE PROOF. Fix T > 0. Let u(t,-) = S:u be the solution of the Cauchy
problem (5.1). We already know, by Theorem B proved in Chapter 4, that u can be obtained
as limit of the Glimm approximations u®. Let us now divide the proof in several steps.

Step 1. In Section 3.3, Theorem 3.25, we have shown that for every Glimm approximate
solution u® it is possible to construct a wave tracing

58:( 0y -y L, x5, %)

for u® up to time 7" and the related map °(¢,w) defined on [0,7] x (Lo, Ln] as in (3.31).
Set also

p(t,w) = [p°(t, w)l.
Notice that in Section 3.3 the dependence of £° on & was not explicitly noted. Here, however,
we write this dependence explicitly because we are now interested in passing to the limit as
e — 0.
It is not difficult to see that the numbers L§,..., L5 can be chosen in such a way that they
do not depend on . Indeed, since u® is identically zero out of a compact set in [0,7] x R,
we can always add some “artificial wave” to (L;_,, L] located, at time t = 0, out of this
compact set, moving with constant speed equal to 1 and with density equal to zero for every
time ¢t € [0,T]. Define thus the set of k-waves (independent of ¢)

Wk = (Lk—17 Lk]

Step 2. Passing to the limit (in some appropriate topology) the maps x°, p®, p°, we will
show in Section 5.5, Propositions 5.38 and 5.39, that it is possible to construct three maps

x:[0,T] x (Lo, Ly] — R is the position function,
p:[0,T] x (Lo, Ln] — [—1,1] is the density function,
p:[0,T] x (Lo, Ln] — [—1,1] is the absolute density function,
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which, together with the numbers Ly < --- Ly, will be the candidate Lagrangian represen-
tation. We have thus to prove that they satisfy Properties (a)-(e) above and the additional
property (5.29).

Step 3. Property (a) and (d), which depend only on x, p, p and not on the related objects
whose construction we presented in Section 5.1, will be an easy consequence of the correspon-
dent properties in the approximations x°, p*, p°. This will be shown again in Propositions
5.38 and 5.39

Step 4. Finally the proof of the properties (b), (c), (e) and the additional property (5.29),
which involve also all the objects whose construction is presented in Section 5.1, will be
performed in Section 5.7. ([l

Let us now make a summary of the work we are going to do in the next sections. As we
pointed out in the sketch of the proof of Theorem C, the proofs of Properties (b), (c), (¢) and
of the additional property (5.29) involve also the objects whose construction is presented in
Section 5.1. More precisely, observe that, for every fixed time ¢ € [0,7], the (N + 4)-tuple

((L07 oo LN,X (t> ')7p8(t7 ')?ﬁg(ta ))7

is an enumeration of waves in the sense of Definition 5.1. Therefore, according to the analysis
in Section 5.1, we can construct,

the sign Sj(t) of points z € R (see (5.2));
the order relation R°(¢) on (LO,LN] (see (5.3));
the numbers M (), M®(t) € R (see (5. 4))
the maps Vi (1), VE(t), wi(£) (see (5.5) and (5.7));
the maps x7(t),%°(t) (see (5.8));
the curve 4°(t) := (4°(t), 05(¢), ..., 05 (t),05(t),...,0%(t)), (see Proposition 5.19).
Notice that the construction of all the above objects is done at every fixed time ¢ € [0,T] and
thus they all depend on ¢.

By Propositions 5.38 and 5.39, also the (N + 4)-tuple of the limit objects, at every fixed
time t € [0, 77,

((LOa .., LN, X(t? ')7 ,O(t, ')7 ﬁ(t7 ))

is an enumeration of waves in the sense of Definition 5.1. Therefore, similarly to what we have
just done for the approximations, we can contruct, as in Section 5.1:
the sign Si(t) of points z € R (see (5.2));
the order relation ®(t) on (Lo, Ly] (see (5.3));
the numbers My (t), M(t) € R (see (5.4));
the maps Vi(t), V{t),wi(t) (see (5.5) and (5.7));
the maps % (t),x(t) (see (5.8));
the curve 4(t) := (a(t),01(t),...,0n(t),01(t),...,on(t)), (see Proposition 5.19).
As before, notice that the construction of all the above objects is done at every fixed time
t € [0,7] and thus they all depend on t.

The technique we will follow to prove Properties (b), (¢), (e) and the additional property
(5.29) in Section 5.7 will be based on the fact that the objects

R, M, M, V},, V, X, X, 0, O, O

constructed with the techniques of Section 5.1 starting from x, p, p are the limits of the cor-
responding objects

£ € € € E o€ SE€ AL ~E AE
%7Mk7M7Vk7V7Xk7X7u7vk7o-k
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53 83

52 52

51 S1

cancellation between s; and so cancellation between ss and s3

FIGURE 8. Non uniqueness of the Lagrangian representation. The wavefronts
$1, 82, 83 in the exact solution collide in the same point (¢,Z). In the approx-
imations (where only binary collisions take place) two situations can occur: if
the first interaction is between s; and sy, then the canceled waves (in red in
the left picture) belong to s; and sy; on the other side, if the first interaction
is between sy and ss, then the canceled waves (in red in the right picture)
belong to so and s3.

constructed with the techniques of Section 5.1 starting from x°, p°, 5° (up to subsequence and
in the appropriate topologies). This will be the aim of Section 5.5, where we will use a careful
analysis of some estimates which allow to control the interactions among many Riemann
problems (Section 5.3) and a careful analysis of each Glimm approximate solution u® (Section
5.4).

We conclude this section with the following two observations. A detailed analysis about
the topics of these two remarks will appear in | |.

REMARK 5.22. Theorem C provides the existence of at least one Lagrangian representa-
tion. In general, however, many Lagrangian representations are possible for the same solution
of the Cauchy problem (5.1). This is the case, for instance, when three wavefronts (one posi-
tive wavefront sp, one negative wavefront s, and another one positive wavefront s3) collide in
the same point (¢, Z); in this situation, indeed, different approximations (in which only binary
collisions take place) can lead to different Lagrangian representation, according to the portion
of waves which are canceled in the collision. See Figure 8.

However, a sort of stability of the Lagrangian representation can be recovered, in the sense
that it is possible to prove what follows, using exactly the same computations as the ones
developed in the next sections. Assume that (u") is a sequence of eract (not approximate)
solutions to the Cauchy problem (5.1) and u is another solution to the same Cauchy problem
(with different initial data). If £" = (Lo, ..., Ln,x", p", p") is a Lagrangian representation for
u" up to time T', then " converges to a Lagrangian representation & = (Lo, ..., Ly,%,p,p)
of u, in the sense that x"(t) — x(t) in L', p"(t) — p(t) weakly* in L>®, p*(t) — p(t)
weakly* in L* and all the objects

R, My, M, Vi, V, %, X, U, O, O}
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constructed with the techniques of Section 5.1 starting from x, p,p can be recovered as the
limits of the corresponding objects

R, My, Me, Vg, Ve, %5, %%, 4%, 05, Of
constructed with the techniques of Section 5.1 starting from x°, p°, p° (up to subsequence and
in the appropriate topologies).

REMARK 5.23. The presence of two maps p, p in the definition of Lagrangian representa-
tion is due to the lower semi-continuity of the weak* convergence, as we will see in Proposition
5.39. In general, in fact, passing to the limit p* and p° we will get maps p, p such that |p|
is strictly less than p in a set of positive Lebesgue measure.

However, we think that it is possible to construct a Lagrangian representation in which
p(t) = |p(t)| for a.e. time t € [0,7]. The idea of the proof of this fact is as follows. First
we can force the condition p(t) = |p(t)| at a fixed given time ¢. Now, for fixed n and
for any ¢ = 0,1,...,n — 1 we construct a Lagrangian representation on the time interval
[iT/n, (i + 1)T/n] with the property that, at time ¢7/n, p and |p| coincide. Then the
Lagrangian representations on each time interval [iT/n, (i + 1)T'/n] can be concatenated,
thus obtaining a Lagrangian representation on the time interval [0, 7] with the property that,
at each time iT/n, p and |p| coincide. Passing to the limit as n — oo we get the conclusion.

5.3. Local interaction estimates among many Riemann problems

Before starting the proof of Theorem C, we need first to prove some “local” interaction
estimate, in the same spirit of the analysis in Sections 3.2 and 4.4.
In particular the situation we have in mind to study is the following. Fix ¢ > 0, ¢t € [0,T],
x,2’ € R such that u®(¢,-) is continuous at z,2’. The state u®(¢,x) is connected to the state
uf(t,z) through a sequence of NP exact curves {74}V, k=1,...,N, p=1,..., P, where
P is the number of the discontinuity points z1 < ---xp of u°(t,-) between x and z’. For
any p, the curves {7} }; connect u®(t,aP—) with u®(t,zP+).
The results we are going to prove now state, roughly speaking, that if the speeds ai are close
to a constant o*, then the solution of the Riemann problem (u®(t,z),u®(t,z")) is close to a
shock or contact discontinuity traveling with speed o*. This is fairly easy to see in the scalar
case where the reduced flux coincides with the flux F' of the Cauchy problem (5.1). In the
system case the analysis requires more effort and it is more technical.

We now forget about this motivating example and we start studying a more abstract
situation. We first consider a situation when all the curves belong to the same family. Let
thus k be a fixed family. Let us consider a collection of P exact curves of the k-th family,
vE,.oooyb, with length s},..., st respectively. The components of 4¥ are 47 = (u}, o7, o%)
and the reduced flux associated to ’yi is f,f . We assume that they are consecutive and they
satisfy the assumption () (see page 35). Set also

P
ay = Z Sp-
q=1
and
-1
ID =al " +I(sh).
Let vy, = (ug,vg,0k) be the exact curve of the k-th family with length af starting in

ui(()) and let f; be the associated reduced flux. Assume that ~; and fi are defined on
I, :=1(al).
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All the next results are obtained always assuming that the total variation is small enough,
le. >, |sk| < 1 (depending only on F'). The first lemma we prove estimates the distance

between the first and the last curve, 7% and 7,5 respectively, restricted to the part of their
domain which belong to I ,i ay) ,f but has empty intersection with I ,’: forp=2,...,P—1.

LEMMA 5.24. Let o* € R be any constant. Assume that s,1€ . skP < 0. Then for every T in
the closure of (I} NIF)\ UP ! I}, it holds

‘Uk T)—Uk( )}
|Uii(7 ZH% g HL1 vy

’Uk )|

PROOF. Set s := 3 |s}|. The set (I} nIPy\ UP ! I? is not empty only if one of the
following four cases occurs:

(1) ak <a) < mln{ak,...jaffl};
(2) a) < af <min{a},...,al"'};
(3) max{a},...,ar '} <a <al;
(4) max{a},....a; '} <af <af.

We prove the lemma only in the case (1). All the other cases can be treated similarly. Let us
thus assume that

ap, <ay <min{a},...,a;, " (5.30)
and in this case the closure of (I} N IF)\ UP llp is [al, min{at,.. akP 1. Let us also
assume, for simplicity, that sf # 0 for every p. Deﬁne first the followmg sets of indices:

It ={p=1,...,P|sh >0}, I :={p=1,....,P|s<0}.
For every p € ZT and for every 7 € I} set
a(p,7):=min{qeZ |¢>pandTell}
and for every ¢ € Z~ and for every 7 € [ Z set
B(g,7):=max{peI’ |p<qand7ell}.
Observe that, thanks to (5.30),

(a) the definition is well posed;
(b) for every p€ ZT and q € I~

{rell|alpr)=q}={rell] Bla,7) =p}; (5.31)

(c) for fixed p € ZT and for fixed 7 € I?, setting q := a(p,7), we have that for every
peIt, p<p <gq,

a0y = |J {celf |a@,)=d}nlr+), (5.32a)

q€T
p<q'<q

with p < ¢’ < ¢, and conversely for every ¢ € T, p< ¢ <q,
I nir+o0)= |J {celf | B(¢.¢) =9} N7, +0), (5.32b)

p'ezt
p<p'<q
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with p <p' <q.
Fix now any p € Z* and take any 7 € Ij,. Let ¢ := a(p,T). It holds
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T az
ul(r) —uf(r) = / k(v ds + Z / dC +/ 71 (vy)ds

at™! p=pr1’ " (5.33)

= Z / L fyk Yds — Z / g,)dg.
peTH Ip N[r,+00) JeT- a' N[r,+00)
p<p <q p<q <q
Now observe that, by (5.32)

> - > | AOf s
q 617 I ﬂ['r -‘rOO q EI P €I+ Ce[k | ﬁ =D }ﬂ[T +OO)

p<q'<qp<p’'<q

D

qde€I~ pert
p<q'<qp<p’'<q

D

pert ¢ eI
p<p'<qp<q’'<q

-y

p'ert
p<p <q

p<q'<q

(by (5.31)) =

(cel?’ | a(p'5)=¢'}n[r,+00)

/{<€I;’§' | a(p’s)=¢'}N[r,+00)

Oé(p <)

k(% )ds.

ﬁ[T -l—oo)

Therefore we can continue the chain of equalities in (5.33) as follows:

i) - = 3 [ SLEDIP
JeTt I ﬂ[T+oo JeT- ﬂ[*r—l—oo
p<p’<q p<q’<q
_ /, dp—z:/ ;
peTt Ir ﬂ[T,+oo) peTt 5 T+oo)
p<p'<q p<p’<q
_ // [fk(’Yz ) — fk(,ys(p ’g))]dG.
pleI+ Iﬁ m[T7+OO)
p<p’<q
Hence
=l < X [ ) = a6 as
peTt I ﬁ[T+oo)
p<p'<q
<O)sl{ sup [uf () — up® ()] + sup v} ()
p€Z+ p'eTt
cEI,f sel?
/ _ Oé(p/,g) d
Sy MECEE
pezt+ 1k

7, (,y;:(p’,c)) de

7 (%f:(p’,c)) de
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and thus
Squ+ ‘ug(p’T)(T) —ui(T)‘ < (’)(1)|8|{ SI;:p+ ‘ui( uk(pT) )‘ + SHIB ‘Uz(T) —vg(p’T)(T)’
c c €
N i Nemw
F Y [l
peL+
(5.34)
A completely similar argument, with M\i instead of 7y, shows that
squJ a(pT (1) — f,f(T)} <O(1)]s] squ+ |ui(7) —ug(w)(TH X SHIH ‘%)(T) _vg(p,f)(T)‘
€ € e
r N ey
-3 [ - jar).
pelt
(5.35)

Now fix any p € Z* and any 7 € I?, using the same argument as before, we can write

)| = ) ~ copv(r)
k
= (@ = H07@) + (£77) - cone 177 ()
pi7)
+ (Igc()glg) 27 () — cou f} () (5.36)
<sup }fka fk “i‘Z/ Uk —O'ka ‘d§
p'el p' ezt
celp
and similarly for every ¢ € 7~ and any 7 € I}
i) < sup |27 () £7(6)] + Z/ o7 () |ds. (5.37)
p eIt plETT
celg
Hence for any p € Z* and for any 7 € I?,
sup [0P(7) —v*P7| < sup [oP(7)|+  sup (7]
pELT peLT q€L™
TelP TeIP T€I9N[0,00)
<24 sup ‘fa(p’ — ()| + Z / |oP(T) ) — o) )}dT}
=
(5.38)

Now, using (5.34), (5.35), (5.38), we get that, if |s] < 1 (depending only on F'), then

sup [107)7) )]+ sup [1£07e) 0] < 0) Y [ Jette) — f i
p€Z+ GIJr

pELT
Tel? TEIP
(5.39)
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Observing that if a) < 7 < min{a,... ,af‘l}, then «a(1,7) = P, from (5.39) we get

P
[ufl (1) = up ()] < OW) Y _ [0} = o™ 11
p=1

for every T € [ag,min{a}c, e ,af_l} )
Finally, from (5.36), (5.37), (5.35) and (5.39), it follows
P P
[ok(m)] < 0(1) Zl lof = 0"l agpy: o ()] < O(1) Zl o = o[l 2 ary
p= p=
for every T € [ag, min{ag, ... ,af‘l}] . O

LEMMA 5.25. Assume that all the si have the same sign. Then for every constant c* € R

P P
D(’yk, U vﬁ) <O ok = o* [l
p=1

p=1
where D 1is the distance among curves introduced in Section 2.1.2.

PROOF. Set for simplicity

We know by Lemma 3.14 that

P o
k
(v Unt) <om [ "ot~ (Uot)mar
p=1 g p=1
(by Proposition 1.8) < O(1 Z ot
thus concluding the proof of the lemma. ([l

The following Proposition related the curves {7}, }, with the 7, in terms of the distance
of the speeds Jf; from a fixed constant o* € R.

PROPOSITION 5.26. For every constant o* € R, the following estimates hold:

’uk ak) — U ak, Z Ho—k o HLl 1y’ (5.40a)
P
HviHqug A Uy, 17) <O(1 Z ’og — U*HLl(I;j) for everyp=1,...,P; (5.40b)
P
oo 0 1) < O [ + 3~ o~ | or cveryp =100, P: a0
qg=1

P
o — U*HLl(I(akP)) < 0(1) Z o — U*HLl(fg)- (5.40d)
q=1
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PRrROOF. Let ¢* € R be any constant. We assume that af > 0, the case akP < O being
analogous. Let us prove first (5.40b). Fix p € {1,..., P} and take 7 € I} N U, I}, - Then
either {p'<p|T€I,fl}7é@or {p'>p|T€I,f/}7£®. Assume that {p <p\T€I£}7é@,
the other case being completely similar. Let ¢ := max{p’ < p | el ,f/}. It is not difficult to

see that we can apply Lemma 5.24 to the family of curves 7k7 'yZH, e ,'yz to obtain

p
‘vz(’]—)‘ S 0(1) Z HUk g HLl IP )

p'=q
Therefore

HUzHL“’(Ig n Up,#p]i)') < O(l) Z HUZ B O'*HLl(Ig)’
which is what we wanted to prove.

Let us prove now the other inequalities. Consider first the map 8 : (al,al] — {1,..., P}
defined as

B(T) :min{pe {1,...,P} ‘ 7‘6]5}.
Assume that

8((afaf1) = {p1,- -2},

with p; < -+ < p;y and set K’ := B71(p;). It not hard to see that 3 is increasing and thus
each K7 is an interval of the form K7 = (/=1 b/]. Set also pg := 0.

For every fixed j = 1,...,J, observe that the family of curves 'yp i1t ..,fygj satisfies the
hypothesis of Lemma, 5. 24 Therefore we can apply that lemma to obtain

P;
P @ hH <o) Y ol - (5.41)
p=pi~1+1
and
jup? () —w (@ <0) > |loh - o). (5.42)
p=p’ ' +1
Observe also that for j=1,...,J—1,

() =0, (5.43)
while a (iterated) application of Lemma 5.24 to the family of curves 71", ... . together with
the triangular inequality yields

6] <0 S o o) 54
p=pJ
and
[ub? (b7) — uf (ak) Z b — |- (5.45)
p=pJ
Let us now define, for every j =1,...,J, the curves 4/ = (@, 9/,57) as

7 1= Ty (wf? (071,07 = 7).
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We compute now the distance between the curve 47/ and the restriction ’ygj |pi—1,09] » for every
j. By Lemma 3.9,if j=1,...,J — 1, then
D(W 1w 7)< 2|l @]+ o ()])
Py (5.46)
(by (5.41), (5.43)) <O(1) > |ob—o*|,

p=pi—1+1

while for j = J,

D lwr10:77) < 2(1f7 677D+ 1 7))

P (5.47)
(by (5.41), (5:44) O(W) Y [of =0
p=p7~1+1
As a consequence, we have that for every j =2,...,J,
A e R e | I A i I e (e | e L (e B A (]
S upj(bj—l) up] 1 + Pj—1 b] 1)—11j_1(bj_1)
07 = 0 SO
J
(by (5.42) and (5.46)) <O(1) > |[lo} — 0"
p=pi~1+1

Define, by recursion, the curves 47 = (4/,97,67) as
Al = Fk<uL,b1 . bO) R ¥ Fk(aj_l(bj_l),bj - bj_l) for j=2,...,J.

To compute the distance between 47 and 77, we can apply Lemma 3.8 and (5.48), obtaining

bj
D(#,47) <0(1)> |lo} — 0¥ (5.49)
p=1
Finally
J J ' J ' J ' J ]
D(% Uk lwan) <0(nU)+ (U UF) + (U UW )
j=1 Jj=1 =1 j=1 =1 j=1
= (1 UH) + X DEA) + 30 DA 1)
j=1 j=1 j=1

(by Lemma 5.25, (5.46), (5.47) and (5.49))

(5.50)

Let us prove now (5.40c). If 7 € I} NI and there exists p’ # p such that 7 € I’ we can
use (5.40b). If 7 € I} NI}, and there is no p’ # p such that 7 € I,Z:, then p = p; for some j.
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Therefore by (5.50), we have

)
< ‘U'Zj(T) — (T ! + ‘v(7)|

D{ L llek = + 1ot}

1){ o} — o H—f—ak}
P

where the last inequality is a consequence of the fact that the length of the curve v is aj. .
Let us prove now (5.40a). We have

Ju (a) — ur(ay)| < [ug(a

4] = b

Mw

=
Il
MR

Djw

p:

P)—uk (ai)] + ug (ar)) — ui(af))|

(by (5.45) and (5.50)) g0(1>zuag—a*u.

Finally let us prove (5.40d). We have

C&

J
low =0l < o= U], + 2 llok =1,
7j=1 7j=1
P
(by (5.50)) <O1)>_||oh
p=1
thus concluding the proof of the proposition. O

Let us consider now, as at the beginning of this section, the situation where there is more
than one family. Let ’yﬁ, p=1,...,P, k=1,..., N be a collection of NP exact curves, with
P € N\ {0}. Denote by ~; = (uﬁ,vz,ai) the components of 4} and by fi the associated
reduced fluxes. Assume that

(1) for every p, 74 is an exact curve of the k-th family with length s?;
(2) the starting point of the first curves ~; is a fixed state ul;
(3) the curves {v;}, are consecutive w.r.t. the order

(p, k) precedes (p', k') <= p<p orp=1p and k < K.

Consider now another collection of NP curves {34 },, p=1,...,P, k=1,...,N. Denote

by A} = (af,v%,6%) the components of 4, and by fi the associated reduced fluxes. Assume
that

(1) for every p, 44 is an exact curve of the k—thL family with length s%;

(2) the starting point of the first curves 7 is ul;
(3) the curves {47} are consecutive w.r.t. the order
(p, k) precedes (p',k') <= k< k or k=Fk and p <p.

Observe that the curves {7} }7 are obtained from the curves {7}}} after all the transversal
interactions took place. As before, set

D

D ._ D p._ p—1 D

ay, = g Sps I =a, ~ +1(s,).
=1
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We assume that for every fixed k, the collections of curves {vi,...~7} and {7},...,5 '}
satisfy the assumption (x).

Finally, for every k, define also the curve ~y; = (ug, vk, o) as the exact curve of the k-th
family with length ak , starting in uk(O) To explicitly stress the fact that the curve ~; has

been obtained starting from the collection of Np curves {’yk} N, we will write

=G (RN (5.51)

The following proposition holds.
PROPOSITION 5.27. For every constant o* € R, the following estimates hold:

.
|ut (0) = ur(0)] <O()Y D " |sh]; (5.52a)

p=1 h#k

P _ -
|ui (an) — w(af)| < OM)D | Ish| + ||oh - a*HLl(Iz) (5.52b)

p=1 - h#k

(5.52¢)

P
HUﬁHL‘”(Iz N Uy s 1) <o), Z il + ok ="l ()|
p=1 - h#k

HkaLoo rnn) <00 {ak +Z [Z |sh|+ ||lok — o HLl Ip):|} (5.52d)

h#k

P
o= 0" sy < OW) 3| Z 16kl + 102 = 0”1 | (5.52)
p=1

h#k

PROOF. First of all one passes from the curves {7/} to the curve {37} using Corollary
3.13. Then, for every fixed family k& € {1,..., N}, one uses Proposition 5.26. O

COROLLARY 5.28. There exists a constant C' > 0 depending only on f such that:

o if akP > 0 then for every p and for every z € I},
P
w(z) > —CZ [Z |sh] + [|oh — U*HLl(Ig)]S
p=1 “h#k
o if akP < 0 then for every p and for every z € IV
P
1) < [ Ikl + ot = o g |
p=1 - h#k

PROOF. The proof follows easily from (5.52c) and from the fact that if 2z € I\, vop Tk s
then sign(s}) = sign(al). D
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5.4. Analysis of the approximate solutions

In this section we continue the analysis started in Chapter 3 on an approximate solution
u® constructed by means of the Glimm scheme. In particular we will focus on those result
which will be used in the next sections to conclude the proof of Theorem C. Let thus € > 0
be fixed and let u® be the Glimm approximate solution with grid size €.

5.4.1. Fixed point problem in the approximations. We show now that, for every
time ¢ € [0, 7], the curve 4°(t), constructed with the technique of Section 5.1 starting from x°
and p°, describes exactly all the discontinuities present in the Glimm approximation u®(t, -)
as a function of z, at time ¢.

We have already observed at the end of Section 5.2 that, given the wave tracing

& = (L07"'aLNaX67pE)

for u® (up to time 7T') and the related map &°(¢,w) defined on [0,7] x (Lo, Ly] as in (3.31),
for every fixed time ¢ € [0,77], the (INV + 4)-tuple

((LOv o L, x5(¢,0), p° (L), 1 (1, ))7

with p°(t,w) := |p®(¢,w)| is an enumeration of waves in the sense of Definition 5.1. Therefore,
according to the analysis in Section 5.1, we can construct,

e the sign S (t) of points € R (see (5.2));

e the order relation R°(¢) on (Lo, L] (see (5.3));
e the numbers M (t), M*(t) € R (see (5.4));

e the maps V(t), Vs( ), wi(t) (see (5.5) and (5.7));
e the maps X (t),x°(t) (see (5.8));

e the curve

A2 (t) == (a°(t), 05 (¢), ..., 05 (1), 01 (1), ..., o8 (1)),

and the functions fg(t) = fZE(t), k=1,...,N,
O 0MEO) B 70 = [ (VEO), (70X L g )00,

such that 4°, o7 are uniformly Lipschitz, 6f has uniformly bounded Total Variation
for all k=1,..., N and they satisfy the fixed point system

W () (2) = Jig. VE@ (07 (0 O LY (s 121) (dO),
05(0)(2) 1= sign (SHOEEN () () — comviggwy 155000 i), k=10 N,
&k(z) = di Onv(xk(t)) 1 Xk )(2)) fk( ), k= 1, ce ,N.

(see Proposition 5.19);

The following theorem explains the relation between 4°(t,-), 05 (t,-), 5 (t,-) and the exact
curves which solve the Riemann problem at each discontinuity point of x — u®(t,x). Let us
first introduce the following notation. Let ¢ € [0,7] be a fixed time.

Let z,, p = 1,..., P, be the discontinuity points of = +— u®(t,x). They are finite since we
u®(t,x) is equal to zero out of a compact set. Assume that, for all p, the Riemann problem
(u(t, zp—),u(t,xp+)) is solved by

u(t, zp+) = TS Tp u(t, zp—)

N



150 5. LAGRANGIAN REPRESENTATION FOR CONSERVATION LAWS

and let 7} = (u}, vy, 0%), k=1,..., N, be the exact curves which solve (u(t, zp—), u(t, 2p+)).
Define also

uf = u(t,xp—), uf = Tf};; o Tsljlu u(t, xp—).
Set
Iy = 25,(1) " H(wp), Jp = wi(t)(1})

(Jg is defined only if I 113 # 0). We already now, by the general properties of an enumeration
of waves (see Lemma 5.14) that

wkilgﬁjfs

is an affine map with slope equal to 1. Moreover, by Property (3) in the definition of wave
tracing (Section 3.3) and by Lemma 5.12, for every p=1,..., P,

|sk| = ‘/ pa(t,w)dw‘ —/ P (t,w)dw = L' (17).
x=(t) = (zp) x= (1)~ (zp)

Therefore, we can assume that ~}, is defined on I} if s} >0 or on —I} if s} < 0, instead of
I(sh).

THEOREM 5.29. Forall p=1,...,P and for all k=1,...,N and for all z € I,f #£0, it
holds

(ff(t,w;(t, 2)), (1 2), 65(t, z)) if s> 0,
(up(2), v (2), 07(2)) =
(° (1w, —2), 05t —2), 65(t,—2)) i sf <0,

ProOOF. Fix p € {1,...,P} and k € {1,...N}. Since we are working at fixed time ¢,
we omit the explicit dependence of the objects under consideration on t. Consider the curve
Ay = (af, 0%, 6,), whose domain is Ij if s >0 or —I} if s} <0, defined as

(af(w;(z)), 2 (2), &;(z)) if s? > 0,

(ﬂ’i(z)v Isz(z), 5’Z(2)) =
(°(@i(=2)), #(=2), 67(~2)) it sh <0,

and denote by f,f the reduced flux associated to 47 :

oz = / RGO (5.53)

0

It is enough to prove that the curve z — (@} (z), 0} (2), % (2)) solves the Riemann problem
of lenght s} and starting point u}_,.

We first prove that the curve z — (@}, 0%, d}) solves a Riemann problem of length s} and
starting point

£ £ :ye 1
/(O,ian,f}Vﬁ (p r L |(L0,LN]>(dZ)‘



5.4. ANALYSIS OF THE APPROXIMATE SOLUTIONS 151

As in the proof of Lemma 5.18 we have

P LY (1oL n] —i—/( - )] p LY L] )(dC)
inf Jp w§ (2

<
( ) 0
- /(Oinfm V?f(r” LY LOLN]) )+ / N <Vk>( 1LY (g 1) ()
(077 £ 200 (€
(077 £ 200 ) (€

)t /(mf[P p L LO’LN]>(dO

—i—/(v o P (w)r7 (w)dw.

Notice now that, by definition of I¥, [p°|L! ae. wave in (V)™ !((inf I?, 2]) belongs to
(Li—1,Ly] and has position z,. Therefore, by the regularity properties of p° in w (Point
(3) at page 52) we have that, on (V)~!((inf I7,2]), p°(w) > 0 if s¥ > 0 or p(w) < 0 if
st < 0. Hence we can continue the chain of equality as follows:

— e e A pl
. /(o,iang}V;j <p rL |(L0’LN]>(dC)
+/ sign(sy) Tk (ﬂa(VE(w))’{’fi(vlf(w))»f?i(‘/,f(w)))dw
(VE)~1((inf I7,2])

_ ef e A pl
—/(O,ian;:]v11 (pr L |(LO,LN]>(dC)

+/<vs> o gy D) (8 ROV () 91V (0)), 67 (VE () )

(making the change of variable z = V5 (w))

z

= /(O’inf ' (P77 LM 20,00 (40) + /m“lf sign(s) 7 (@ (wi(€)), 97(), 670) ) d=.

Now, if s} >0,

= Vi (P ri Lt \ LO,LN] (d¢) —l—/ sign( sk (ue(w;(g)),@;(g),(;;(g))@

(0,inf J?] inf I?
= [ T L) 00+ [ (0. 70, A€
0,inf J7] mpr
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while, if sg <0,
i(z) =i (wi(=2)
= /(Omf M (P77 LM (20,200 (4C) + /n_“ 7 (1 (@ (0)), 55(0), 67(C) ) dc

- /(O,inf (1 i) (00 + | 7 ( G 0) 3000 )ac

— /(0 e Vi <psﬁ€£1l(Lo,LN]> (d¢) + / 1 (@0 (), 7€), 55(¢)) d¢.

finff,f

We already know, by Lemma 5.18, that, for some constant a € R,

@ =ar [ R (5 030,910,650 d.

’nfli)

Hence. if sg >0,

while, if si <0,

||
5
=
o
Eals]
A
|
I
S~—
~—
>
M
|
I
S—
Q»
M
—
|
I
~
N——
QU
Y

(by (5.53)) = —ff(=
Recall that the reduced flux fk is defined up to an additive constant. Now, since

AE ANE ~E A& A&
(U/ 7U17"'7UN70—17"'70—N)

is the solution of the fixed point problem (5.17), if s} > 0 and thus S§(zp) > 0,

W(z) = i}(2) = f) (2) — L fe 0)=) = fi(z) - conv fi(2),
(5.55a)

ne d ~
=P\ A g _ P
oy(2) = 0k(2) = S, fi (2)=— cogv i (2).

Similarly, if s <0 and thus S(zp) <0,

S €

e = 0i2) = [ = _eomy ST O] = o)~ eone (),
. d 5e d
R =aul-2) = g ooy () = eone o)
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Hence, by (5.54) and (5.55), the curve 4% solves a Riemann problem of length s} and starting

point
€ e :ya 1
10&an£] Vﬁ ('0 L ’(LO,LNO(CZZ)_

To conclude the proof of the theorem, we need now to prove that
/ . Vﬁa <p57ﬁ5£1 ’(L07LN]) (dz) = uzfl' (5.56)
(0,inf J7]

To avoid heavy notations, we assume that for all p =1,...,P and k =1,...,N, I} # 0.
The general case can be treated similarly. The proof of (5.56) is by induction of the set
{(p,k) |p=1,...,P, k=1,...,N} with the order

(p,k) < (p', k') if and only if [p < p/] or [p=p' and k < ¥'].
For p = k =1, (5.56) the Lh.s. of (5.56) is zero since the domain of integration is empty,
while the r.h.s. is zero because u®(t,-) is identically zero out of a compact set. Assume now
that (5.56) is proved for some (p, k). This implies that (a},o},d%) is the exact curve solving
the Riemann problem with length s} and connecting u} | with . Therefore, if £ < N, by
Lemma 5.15,

/(o,inf JP

Vf(parﬁeﬁlkLO’LN])(dz) :/ %‘E(P‘EﬂsﬁlkLo,LN])(dz)
(0,sup J?]

= ﬂg(sup J,f)

— P
= Up-

1

Similarly, if k = N and p < P,

Vi (0 ) (0 = [ V(0 0y ) (02)
/<o,mf iy F (Lot Osup 2] (o]
=4 ( sup Jﬁ,)
+1
_= U’g s
thus proving the inductive step and hence concluding the proof of the theorem. Il
COROLLARY 5.30. For every fized time t € [0,T],
(1) Dows(t,-) = == () (0" (Or " D LY (1 L) 5
(2) for p°L'-a.e. w e (Lo, Ln], 6°(t,w) = 6°(¢, VE(t,w)).

PROOF. Since u®(t,-) is piecewise constant and identically zero out of a compact set,
its distributional derivative D,u®(t,-) is a finite sum of Dirac’s delta with size u(t,zp+) —
u(t,zp—), p=1,..., P, where {z,}, are the discontinuity points of z — u°(t,z). Now, using
the previous theorem, Lemma 5.15 and Proposition 5.11, we get (we do not explicitly write
the dependence of the objects on time)

u(t, apt) = u(t,zp—) = a(sup(x) () — a(inf(x) ()
~ Jao( )WE(pET%EEH(LO’LN])(dO
= %5 VE (017 L 11 ) @)

—x; <pams£1‘(L07LN]> (zp),
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thus proving the first part of the corollary.
The second part is an immediate consequence of the previous theorem, the definition of
7% in (3.31) and the definition of V7 in (5.5). O

5.4.2. The interaction measure p°. For every Glimm approximate solution u®, we
introduce now the interaction measure u°, defined as the sum of the amounts of interaction
A(ie,me) (see Definition 3.17) and we show that p® can be used to bound

(1) the variation in time of the density function;

(2) the variation in time of the speed of the waves;

(3) the number of waves of different families which cross in a given area of the (¢,x)-
plane.

We heavily rely on the interaction estimate (3.52) proved in Chapter 3, without which it would
be impossible to use u® to bound such quantities.

Let us first show how the transversal amount of interaction, A"*™S(ig,me) at any grid
point (ie,me), i € N, m € Z (see Definition 2.5), the amount of creation A (ic, me) and the
amount of cancellation A“"“(ic,me) (see Definition 2.8) can be rewritten using the density
function p°(t,w). We have

AtranS(i€7m6) _ Z // ﬁa((l — 1/2)6,11)),5‘5((1' — 1/2)€,w’)dwdw/
o (ie,me)

k>h
where

Wiy (ig, me) 1= {(mw/) € (Lg—1, Lg] x (Lp—1, Lp) such that

x*((i — 1/2)e,w) = (m — 1/2)e and x°((i — 1/2)e,w') = m&“}

and
+
K (=, me) = [ (7 (i w) — (i~ Dew)]
(x2)~1(ie,me)NWg

ASHRC (e me) = 7 (ie, w) — 5 ((i — 1)z, w)
/ | |

(x8)~1(ie,me)NWy,
As a consequence

AS (ie,me) + AP (ie, me) = /
(x8)~ L (ie,me)NWy,

7o (ie, w) — 7 ((i — 1)e, w)). (5.57)

Set also
WTS(ie, me) = | | W™ (ie, me).
k#h
Notice that W% depends on the approximate solution u® under consideration.
Observe now that the change of speed of the waves located at grid point (i, me) can be
written as

N
Z Aoy (i, me) = / 17°((i — Ve, w)p® (ie, w)||a°((i — 1)e,w) — 5°(ie, w) |dw
k=1 (=)~

ie,me)

and thus, by Theorem 3.18,

/( - 15°((i — 1)e, w)p™ (ie, w) |[5°((i — 1)e, w) — 6 (ie, w) |dw < O(1)A(ic, me).
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DEFINITION 5.31. The interaction measure related to the approximate solution u® is the
finite positive Radon measure p° on [0,7] x R defined as

= Z A(is, me)é(is,ms)a
,m
where A(ie, me) is the global amount of interaction at point (i, me) introduced in Definition
3.17 and d(;,) denotes the Dirac’s delta at point (¢,z).

Notice that, by Corollary 3.59, we know that the measure u€ is uniformly bounded, i.e.
,f([o,T] x ]R) < O(1)Tot.Var.(@). (5.58)

REMARK 5.32. The support of each measure u° is included in a compact set which does
not depend on &, since the Glimm approximations u® are identically zero out of the set
[0,T] x [-M — T, M + T], where [—M, M] is the compact set such that @(z) = 0 for a.e.
x ¢ [—M,M].

As we said at the beginning of this section, the interaction measure p® can be used to
bound the variation of the density function, the variation of the speed of the waves and the
density of waves of different families which cross in a given area of the (¢, x)-plane. This is
done in the next three propositions. The first one concerns the variation of the density of the
waves in a given time interval.

PROPOSITION 5.33. Let t1,ta,t € [0,T], t1 <t <ta. Then it holds
Ly
/ p.Tot. Var. (ﬁa(-,w); [tl,tg])dw < ,ue([tl, ta] X ]R).
L

0

PROOF. The proof is an easy consequence of (5.57) and the definition of pu°. O
The second proposition concerns the variation of the speed function in a given time interval.

PROPOSITION 5.34. Let t1,ta,t € [0,T], t; <t <ty. Then it holds

/LLN ( max o°(7,w) — min 6€(T,w)>ﬁ€(t,w)dw < O(l)us([tl,tg] X ]R).

o TE[t1,t2] TE[t1,t2]
PROOF. Set
A= {w € (Lo, Ly] | |p°(t1, w)| = [p*(t2,w)| = 1},
By = {w € (Lo, Lx] | |p°(t,w)| = 1, p°(t1,w) = 0},
By = {w € (Lo, Ln] | [p°(t,w)| = 1, p°(t2,w) = 0}.

Observe that
{we (Lo, Ln] | |p°(t,w)| =1} = AU By U Bs.
We have

/Bl< max o°(t,w)— min 55(taw)>ﬁ5(t,w)dw S/ (8, w)dw

tE[tl,tz} te[tl,tz] B:

:/ p(t,w) — p°(t1, w)dw
By

o
§/B p.Tot.Var. ( (-, w);[tl,t2]>dw

(by the first part of the proposition) < u° <[t1, ta] X ]R)
(5.59)
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Similarly,
/ ( max ¢°(t,w) — min &°(t, w))ﬁa(t, w)dw < ME([t17t2] X R). (5.60)
B1 te[tlth] tE[tl,tQ]
Set now
1= {Z eN ’ 1€ € [t1,t2]}.
It holds
/ ( max 6°(f,w) — min 55(t,w))ﬁa(t,w)dw
A te[tlytﬂ te[tl,tg]

= t,w) — min 6°(t,w))d
[ (o o*(e) = im0, ) )

g/p.Tot.Var.(&s(-,w);[tl,tg])dw
—Z/‘O’ ((i —1)e,w) —a° Zaw’dw

< (5.61)

< Z/ (i — Ve, w) (ie, w)||7° (i — D)e, w) — 5°(ie, w)|dw

i€l

=> > / p°((i — 1)e, w)p° (ie, w) ||6°((i — 1)e,w) — 6° (i, w)|dw

i€ meZ € (ig))~ 1(ma
Z Z A(ie, me)
i€ meZ
- 0(1)M€([t1,t2] X R).
Therefore
Ly
/ ( max o°(t,w) — min &°(¢, )),5( w)dw
Lo t€(t1,t2] tE(t1,t2]

(/ /B " Bg> o bw) = in 7))t )i
(by (5.59), (5.60), (5.61)) < O(1)u° ([tl,tg] x R),

which is what we wanted to prove. O

Before stating the third and last proposition of this section which concerns the number of
waves of different families which cross in a given area of the (¢, x)-plane, we state and prove
the following two lemmas. The first lemma estimate the distance between the position map
x° and the integral over a time interval of the speed map.

LEMMA 5.35. Let T be a fized time. For every n > 0, there is € > 0 such that for every
0 <e<é, for every w € (Lo, Ln] and for every ti,ta € [0,T], if p°(t1,w) = p°(t2,w) = 1
and if to —t1 > n, then

% (tg, w) — <X€(t17w) + /t 52 a°(t, w)dt)‘ (5.62)

< 2C(to —tl)[n+ max ¢°(t,w) — min o°(t,w)|.
tE[tl,tz] te[thtz]
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ProOOF. Fix T'> 0 and n > 0. There exists n such that for every n > n,
141
+ logn <7

n =2
Define ,
_ : n_Cn
£:= mln{m,4}. (5.63)
We have now to prove that for every 0 < ¢ < & and for every w € W and for every t;,ts €
[0,T], if ta —t; > n, estimate (5.62) holds. Hence fix 0 < e < &, fix w € W, fix t1,t3 € [0,T]
such that p°(t1,w) = p°(t2, w) =1 and t3 —t; > 7. Define

i1 :=min{i € N | ie¢ > t1}, ig :=max{i € N | ie < ta}.
Notice that (i2 —i1)e > 1 — 2e and thus, by our choice of &, i — i1 > 7; hence

1+10g(i2 —il) < Q
19 — 11 -2

(5.64)

We can now use Lemma 4.5 to conclude the proof as follows:

x° (tg, w) — (xg(tl,w) + /t2 af(t,w)dt>

t1

< x5 (tg, w) — x(ige, w)| +

x° (ine, w) — (Xs(ile, w)+e 22: o (i, w)) |

=11

i9€ to
+ |x°(i1e,w) — x°(t1, w)| + / a°(t,w)dt — / a°(t,w)dt
1€ t1
<d4de+2C(ts — tl)[ max o°(t,w) — min &°(t,w) + 77]
te[ty ta] te(t1,ta) 2
(by (5.63)) <2C(ta —t1) [ max ¢°(t,w) — min o°(t,w) + 77} O
te(t,ta] te(t,ta]

This second lemma shows that the time at which two waves of different families cross is
proportional to their distance at a given time ¢.

LEMMA 5.36. Let k < k' be two families. For every

0<n<  min ‘
h=1,..,N—1

goeey

min max
i — AR

there is € > 0 such that for every 0 < e < &, for every w € Wy, w' € Wy, with p*(t,w) =
pe(t,w) #0, pf(t,w') = p*(t,w') # 0, for every t,t € [0,T]:
a) if x°(t,w') < x°(t,w) and

_ a{ _ af /
- S Xl
At = AP —n

, (5.65)

x*(tw') —x*(t,w) + 1
)\zx}in _ )\I]glax - ’

then x°(t,w') < x°(t,w).
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PROOF. We prove just Point a), the proof of Point b) being similar. Set for simplicity
Ax® = x5 (t,w) — x°(t,w'), At :=t—t, AN = \In . \mnax,
Fix n > 0. There is 7 € N such that for every n > n,
1+ logn

n
where C' is the constant which appear in (2.15). Define

B ,{77 1 At+77}
£ = min .

C <77

— )

6" n+2 Ax— n
Take any 0 < ¢ < & and consider the Glimm approximate solution u®. Define also
i1 :=min{i € N | ie > t}, io := max{i € N | ie < t}.
Notice that
At +n
—€
Ax —n
and thus, by our choice of &, it holds i3 —i; > n. Since w belongs to the k-th family, w’
belongs to the k’-th family and both have non-zero density in the interval [¢,¢], whenever the

value ¥; € (A® \IM) by Point (5) in the definition of wave tracing in Section 3.3.1, we
have that

(ig—iﬂ&Zt—f—Q&Z

(1 + De,w) = x°(ie, w), x*((i + e, w') = x°(ie,w’) + ¢
and thus
(i) — (i ') < (i) — (e ) — eb{i € i, — 1] | 05 € O™ AF™)]
Therefore
x5 (t,w) — x5 (t,w') = 2e + x°(ise, w) — x°(i2e, w')
< 26+ x°(ire, w) — x°(i1e, w') — ef{i € [ir,i2 — 1] | 95 € (A\P™, Ap™) }
1>ﬁ{z’ € lir,ip — 1] | 95 € (A=, Appim)
Q9 — i1
8{i € [i1,i2 — 1] | ¥; € (A2, Amin)}
i9 — 11
(since the sequence {¥;}; satisfies (2.15))
< (n+ Ax%) — AL(AX — )
(by (5.65)) <0,

<de+ Ax® —e(ig —i

< 6e + Ax® — At -

which is what we wanted to get. The proof of Point b) is similar. U

We can now state the third and last proposition of this section, which estimate the number
of pairs of waves of different families which at a given time ¢ have distance less than § > 0 in
terms of the interaction measure u°.

PROPOSITION 5.37. For every

0<n< min Apin_ ymax
=, _ N—l‘ h+1 = Ak

=1,...,

there exists € > 0 such that for every 0 < e < &, the following holds. Fiz § >0 and t € [0,T].
Define the set

E5 = {(w,w") € Wi x Wy, | k # h and |x*(t,w) — x*(t,w’)| < §}.
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S (F 0\ AE(F . +0 - n+6
£(F,w) 5 (F, w')dwdw' < O(1)pf {t— N0 T4 ]><R ,
//gp( )p°(tw') ()M( Ly

where, as before, A := miny ‘)\I,;lax — )\Iﬁ“n‘ .

PrOOF. Fix n > 0. Let € be give by Lemma 5.36. Take any 0 < e <& and § > 0. Set,
for simplicity,

Then

Define
5—{(w w)GEé‘p —ps(f)foreverytel}, B§ = E5 \ A5.

By Lemma 5.36, we know that if (w,w’) € A5 and p°(t,w) = 1 for every time t € I, then
w,w’ must cross in the time interval I and thus

A5 € | weres(is, me),

€L
meZ
where
. _ 0+ d+n
7 := N|lt—— <1 t4+ ———
{z S ‘ A=y e<t+ A—n
Therefore

/ / sﬁe(f’w)ﬁs(ﬁ w')dwduw!

= Z // 0 (t,w)p° (¢, w")dwdw'
E Wcross(ie7ma)

1€L
meZ

= Z // [ﬁa(ﬂ w) — p° ((i — 1)6,11})]55(5, w')dwdw'

icT Emwcross(la ma)
meEZ

hs

A [ T

1€T
meEZ
+ Z // P ((i = 1)e,w)p* ((i — Ve, w') dwduw’
,LEI 5 Wcrobb ZE me
mEZ
< Z // p.Tot.Var.(ﬁs(-,w);I)dwdw/
iel SNWETOss (g, me)
meZ
+ Z // p.Tot.Var. (p° (-, w'); I) dwdw' + Z AT (e me)
icT SNWETOss (g me) ieT
mEZ mez
< // p.Tot.Var.(p° (-, w); I ) dwdw' + Z AT (e me)
5 i€
meZ

< 2uf(I xR),
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where in the last inequality we have used the Proposition 5.33 and the definition of p*. The
conclusion follows easily observing that, by Proposition 5.33, £2(B§) < 2u°(I x R). O

5.5. Convergence of the position and the density
In this section we start the proof of Theorem C, proving Step 2 and Step 3 in the sketch
of its proof provided in Section 5.2. In particular we will show that there exist three maps
x:[0,7T] x (Lo, Ln] = R the position function,
p:10,T] x (Lo, Ln] — [—1,1] the density function,
p:10,T] x (Lo, Lny] — [—1,1] the absolute density function,
which, together with the numbers Ly < --- Ly already introduced in Step 1 in the sketch of
the proof of Theorem C in Section 5.2, will be the candidate Lagrangian representation. Mo-
roever, we will prove that Property (a) and (d) in the definition of Lagrangian representation
(Definition 5.21) hold.

We know by Theorem B that for all time ¢ € [0,7] the Glimm approximate solution
uf(t,-) — Syu in L' as € — 0. Since we prefer to work with sequences, rather than with
the whole family of approximations {u®}., take a sequence ¢, — 0 as n — oo and set for
simplicity u" := u®". We relabel now

wi=1Li, fork=1,...,N,
and
x" = x, Pl = ptr, o= p, o" =g
and the same for all related objects
SI?? §Rn7 Ml?7 Mna ana Vna iZ7 )A(nv ’Ayna ’&‘n7 @gv é—gv

constructed with the techniques introduced in Section 5.1 and for the interaction measure
n

u" := pf introduced in Section 5.4. We prove first the convergence of the position functions.
PROPOSITION 5.38. There exists a subsequence of (x™)y,, still denoted by (x™),, and a map
x:[0,T] x (Lo, Ln]
such that

(1) for every time t € [0, T
=" (¢, ) — =(¢, ')HLl((Lo,LN]) =0

(2) for every time t € [0,T] the map w — x(t,w) is increasing on each (Li_1,Ly];
(3) for L'-a.e. wave w € (Lo, Ly], the map t — x(t,w) is 1-Lipschitz.

As an immediate consequence of the previous proposition, we get that Property (a) in the
definition of Lagrangian representation, Definition 5.21, holds.

PROOF. Let D be a dense subset of [0,7]. For every t € D, the family of maps

{w — x"(t, w)}nGN

is compact in L' by Proposition 1.42 and the fact that any x"(¢) is increasing when restricted
to each (Lg_1,Lg]. Hence, by a diagonal argument, we can extract a subsequence (still
denoted by x™) and for every t € D a map w +— x(t,w), increasing when restricted to each
(Lg—1, Lx], such that

|=™(t,-) — x(t, ')HLl((LoLN]) — 0 for every t € D. (5.66)
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We thus have a set E C (Lo, Ly] such that £!(F) =0 and
|x"(t, w) — x(t,w)| — 0 as n — oo for every w ¢ E and for every t € D.
The 1-Lipschitz continuity of the maps ¢ — x™ (¢, w) implies that for every w ¢ E the map
D>t x(t,w)

is Lipschitz and thus it can be extended to a 1-Lipschitz map [0,7] > t — x(¢t,w). We have
thus defined a map x : [0,7] x ((Lo, Ln] \ E) — R. We prove now that Properties (1), (2),
(3) in the statement hold.

(1) Fix any time ¢ € [0,T]. Since D is dense in [0, T], for every 1 > 0 there exists t € D
such that [t —#| < 7. We thus have

[t ) ==t ) < () = x(E )+ (157 E ) = = E )+ (=) = x ()
<2t —t| +||x"(E, ) — x(E, ) ||,
<n+ Hxn(f, )= x(f, )Hl
Taking the limit as n — oo, using (5.66) and by the arbitrary of n we get Point (1).

(2) As before, fix t € [0,T], fix n > 0 and take t € D such that |t —¢| < n. Take any
subset S C (Lj_1, Li)?. We have

J [ (xtt) = xtt.0) (w0 = 'y dwan’
_ / /S (x(t, w) — x(F, w)) (w — w')dwdw' + / /S (x(F, w) — x(F, w")) (w — w')dwdw’
+ [ ) = x(t.u) w = w!)wda!

< 2(Ly — L1t —t| + //S (x(t, w) — x(t,w")) (w — w')dwdw'

(since the map w ~ x(f,w) is increasing on (Lg_1, L])
2(Ly, — L—1)*n.
By the arbitrary of n > 0 we get Point (2).

(3) Finally, for every w ¢ E, the fact that ¢ — x(¢,w) is 1-Lipschitz is an easy conse-
quence of its definition. O

We prove now the convergence of the density functions.

PROPOSITION 5.39. There exists a subsequence of (p™)y, still denoted by (p™), and two
maps
P [OaT} X (LOaLN] - [*1’ 1]a p: [OaT] X (LOvLN] - [Oa 1]7

such that, up to a countable set Z1 of times:

(1) p"(t,-) converges to p(t,-) weakly* in L*>°((Lo, Ln]);

(2) p™(t,-) converges to p(t,-) weakly* in L>°((Lo, Ly]);

(3) |p(t,w)| < p(t,w) for a.e. wave w € (Lo, Ln];

(4) extending on the whole R? the maps p(t,w), p(t,w) to zero outside the set [0,T] x

(Lo, Ly], the distributions Dyp and Dyp are finite Radon measure on R2.

As an immediate consequence of the previous proposition, we get that Property (d) in the
definition of Lagrangian representation, Definition 5.21, holds.
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PROOF. We start with the proof of Point (1). Fix a small parameter 7 > 0 and assume
that each p" is defined on the open set € := (—n,T+n) x (Lo—n, Ly +n), setting p" (¢, w) = 0
if (t,w) ¢ [0,T] x (Lo, Ly]|. Define now, for every fixed n € N and for every fixed w €
(Lo — n, Ly + n), the finite Radon measure on (—n,T + n)

VZ:::[%pnC,uﬂ,

where D;p"(-,w) denotes the distributional derivative of the map (—n,T +n) 3t — p"(t,w)
for every fixed w. Since, for every fixed wave w, the map p"(t,w) as a function of time takes
values in the set {—1,0} (if w is negative) or in the set {0,1} (if w is positive) (see Point
(4) in the definition of wave tracing at page 52), it is easy to see that

sl ((=n.T+m) <2

Ly+n
vhi= (/ l/gdw>
Lo—n

(see Definition 1.31) and observe that

Set

V"|(Q) < 2(Ly - Lo). (5.67)

Therefore, by Theorem 1.27, we can find two measures v, 7 on 0 and a subsequence (still
denoted by (™), ) such that (™) converges weakly* to v and (|v™|) converges weakly™ to v.
We want to disintegrate the measure v on € w.r.t. the Lebesgue measure on (Lo—n, Ly +7).
We thus have to prove first that

(Prw)ﬁ‘l/‘ < ﬁll(LO*nyLN+77)

(where Pr,(t,w) = w is the standard projection). This follows quite easily from the fact
that supp(|v"]) € [7/2,T 4+ n/2] x [Lo —n/2, Ly + n/2] and the from the fact that, for the
approximations, the density functions d™(w) defined by

(Prw)ﬁ|7/n’ = dn(w)£1|(Lo—n,LN+77)’

are uniformly bounded by 2 and then using Lemmas 1.20, 1.28 and 1.29. Hence we can apply
the Disintegration Theorem (see Theorem 1.32) to find a family {14, }, of Radon measure on

(—n,T},) such that
Ly+n
v :/ Vpdw.
Lo—n

For a.e. w € (Lo, Ly], we can thus define
plt,w) = v ((=n.1)).

We want now to prove that, up to a countable set Z of times, for every fixed time ¢ € 0,77,
the maps p"(t,-) converge weak™ to the map p(t,-). First, define

2 = {t e, T+n) ’ (Pro).o({t}) > 0}. (5.68)
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Clearly Z; is countable. Fix now any £ ¢ Z;. Let ¢ € L'((Lo, Ly]). Using the properties of
the generalized product of measures (see Definition 1.31), we have

o d(w)p"™ (t, w)dw :/LN+H¢(w)Vg<(n,f))dw

-/ L“ sw)( [ 7:" X (OW3(a) ) o

[ s

We want to apply Proposition 1.30 to pass to the limit the r.h.s. of the last equation. Notice
that the set of discontinuity point of the map (t,w) — ¢(w)x (7 (t) is contained in {t} x
(Lo —n, Ly +n) and, since t ¢ 2y, v{t} x (Lo —n, Ly + 1) = 0 Therefore by Proposition

Lo

1.30
LN T LN T
/ +77/ " B (V" (dtdw) — +77/ " .0 (D) (dtdw).
Lo Lo—n
Noti that
o HOYN-&-; T+n Ln+n T+n
/L / woOviaas) = [ <z><w>( / X(n@(t)lfw(dt)>dw
0=" -n
Ln+n
— w - ) d
/L ot ((-n.5)du
Ly

= ¢(w)p(t, w)dw,

Lo
which proves that p"(,-) — p(t,-) weak* in L™ as n — co.

The proof of Point (2) in completely similar to the proof of Point (1) and thus it is omitted.
Point (3) follows from the general properties of weak convergence. Finally observe that,
passing to the limit (5.67), we get |v[(©2) < 2(Lny — Lo). Point (4) is now a consequence of
this last inequality. O

5.6. Convergence of the curves 4°

In the previous section we proved the existence of a (N + 4)-tuple
E:=(Loy...,Ln,%,p,p)
where
Lo <--- < Ly, x:[0,T] x (Lo, Ln] — R, p,p:[0,T] x (Lo, Ly] — [-1,1],
such that
a) for every time ¢ € [0,77], the collection

E(t) = (Lo, Lnx(t,1), plt, ). 4t )

is an €.0.w.
b) the distributions Dyp, D;p are finite Radon measure on [0,7] x R.
Therefore, for every fixed time ¢t € [0,7], with the techniques introduced in Section 5.1, we
can construct:
e the sign Si(t) of points z € R (see (5.2));
e the order relation $(t) on (Lo, L] (see (5.3));
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the numbers My(t), M(t) € R (see (5.4));

the maps Vi (t), V), wr(t) (see (5.5) and (5.7));
tlﬁe maps X (t),%(t) (see (5.8));

the curve

@(t) = (ﬂ(t) @1(75) ... ,’LA)N(t),O'l(t), RN O‘N(t)),
and the functions fi,(t) := V(t) yk=1,...,N,

Je®) [0, My(8)] > R, fi(t)(2) = /( ., (o), (POXNOLY g, 1)),
such that the fixed point system

()(2) = fig V0 (o0 O LY 1y, 1)) (dC).
04(0)(2) 1= sign (Su(D (1)) (=) = convis, )10 Se(O(E)). k=1, N,
6k(2) = 2 conviz, i) -1e ) o (2), k=1,...,N,

(5.69)
is satisfied (see Proposition 5.19).

As already pointed out at the end of Section 5.2, the main difficulty in proving that & is
a Lagrangian representation consists in showing that the objects
R, Mg, M, Vi, V, %, X, 4, O, Oy
constructed with the techniques of Section 5.1 starting from x, p, p are the limits of the cor-
responding objects
R, My, M, Vg, V&, %5, %%, 4, 05, of
(see Section 5.4) constructed with the techniques of Section 5.1 starting from %%, p*, p° (up to
subsequence and in the appropriate topologies). This is the aim of this section. In particular

we will show that this convergence holds for every time up to a countable set Z := Z; U 2o,
where Z; was defined in (5.68) and Z2 will be defined in (5.70).

5.6.1. Convergence of the interaction measure. We start our analysis with the con-
vergence of the interaction measures pu".

PROPOSITION 5.40. There exists a positive, finite Radon measure p on [0,T] x R and a
subsequence of (u™), still denoted by (u'), such that (u™) converges weakly* to p as n — 0o.

PRrROOF. The proof is an immediate consequence of (5.58) and Theorem 1.27. O

Let us define also the set of times when a strong interaction occurs as

2y = {t € [0, 7] ‘ ,u({t} x R) £ 0}. (5.70)
Clearly Zs is at most countable. Set Z := Zy U Zs.

5.6.2. Convergence of R™. In this section we study the convergence of the relations
7. In particular we will show that for every time t ¢ Z, xgn — H in L' where H is a
function which is p(t,-)p(t,-)L2-a.e. equal to Y.

We need first the following lemma, which says that not too many waves of different families
can have the same position.
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LEMMA 5.41. Let t ¢ Z. Set
E = {(w,w) € W x W, | k # h and x(f,w) = x(f,w") }. (5.71)
Then it holds
//E p(t, w)p(t, w')dwdw' = 0.

In particular, the previous proposition implies that for every £ € R, p-almost all the
waves located in the point (¢, Z) belong to the same family.

PROOF. Set
A= n’gtlhn | A — ,\gﬁ“\.
Fix any d,n7 > 0, with n < A. As in Proposition 5.37 set, for every n € N,
E} = {(w,w') € Wi x Wy, | k # h and [x"({,w) — x"(,w)] < 6}.
We already know, by Proposition 5.37 that

o _ +0 - n+9
n n / < 1™ _ n .
//gp(t,w)p (t,w")dwdw" < O(1)p <[t AA—n’t—'—AA—n}XR)

Now we want to pass to the limit as n — oco. Define

Es == {(w,w') € Wy x Wy, | k # h and |x(t, w) — x(f,w")| < 6}.

Observe that for every § > 0 (up to a countable set), the set
{(w,w’) € (LO,LN]2 | |x(t,w) — x(t,w)| = 5}
is £2-negliglible and thus we can apply Lemma 1.21 to get
E} — Es in L'((Lo, Ln]?).

Taking now the limsup as n — co and using Proposition 1.30 and Remark 5.32, we get

N = +d _  n4+d
£ w)p(E, w')dwdw' < p [F— -2 7 R .
//Eépuw)p(,w)ww_nq s +AA_n]>< )
As n— 0 and § — 0, we finally get
[ st wpewdwa’ < u((0) < ®) =0,
E

since t ¢ Z. O

COROLLARY 5.42. For every time t ¢ Z and for every x € R, there exists at most one
family k such that

/X(f)l(a:)mw p(t,w)dw = £ (507 () # 0

PROPOSITION 5.43. Let t ¢ Z. Then there exists a subsequence of (Xwn(s))n (which we
still denote by (Xwn(t))n which converges in L' to a BV function H(t,w,w') such that

//(L L ]2 }H(t) w) w/) - X%(t) (w’ w,)’ﬁ(t’ w)ﬁ(t’ w/)dwdw/ _ O‘
0N
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PROOF. Since we are working at fixed time ¢ ¢ Z, we will omit to explicitly indicate the
dependence on time of the objects under consideration.

First of all observe that, by Corollary 5.4, the functions (xgn), are uniformly BV and
thus, up to subsequences, they converge in L' and a.e. to some map H € L' ((Lo, LN)Z).
Notice also that

for £%-a.e. (w,w’) € (Lo, Ly]?, if xsn(w,w') = xx(w,w’), then (w,w') € E, (5.72)

where F is the set defined in (5.71). Indeed, take any w,w’ € (Lo, Ly]. Since x"(t,-) — x(t, )
a.e., we can assume that x"(t,w) — x(f,w) and x"({,w') — x(f,w’). Now assume that
(w,w’") ¢ E. This means that either w,w’ belong to the same family or they belong to
different families and, say, x(t, w) < x(¢,w’). If w,w’ belong to the same family, then

s (w, w') = xg(w,w') for every n € N.
On the other side, if w,w’ belong to different families and x(¢, w) < x(¢,w’), then
x"(t,w) < x"(t,w') for n > 1
and thus
X (w, W) = xg(w,w’) for n > 1.

As a consequence of (5.72), we have that xge» — x® in L' w.r.t the measure p(-)p(-)L2.
Hence

0 =tim [[ () - xalw, )| pwip(w)dwdu
" (Lo,LN]?

[ ) = a0 |pw)pte!dud
(Lo,Ln1?

and thus (xgn) converges in L' to a function H which is p(-)p(-)L?-a.e. equal to xg. O

5.6.3. Convergence of v, Vk”, x; . We prove now that the three functions
V() Vi (), % (t)

converge respectively to V(t), Vi(t),%(t) for every time ¢t ¢ Z in the appropriate sense, as
n — oo. See (5.5) for the definition of V', V}, and (5.8) for the definition of %j. First of all
observe that, for every t ¢ Z,

LN LN
M"™(t) := / o (t,w)dw — p(t, w)dw =: M(t).
Lo LO
and similarly,
M (t) — M(t).
See (5.4) for the definition of My, M .
The convergence of V;* is proved in the next lemma.

PROPOSITION 5.44. For every t ¢ Z and for every k, V" — Vi, uniformly.

PROOF. Observe that for every w € W,
w Ly
Vet = [ p = [ X )y
Ly_1 Ly

and thus, since p"(t) weakly* converges to p(t), V;*(t,w) — Vi(t,w). The convergence is
uniform, because the (V}(¢,-)), are uniformly Lipschitz. O
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The convergence of V" is stated in the next lemma. Similarly to what we did for the
convergence of the relation R, also in this lemma we prove that (V") converge to a map V
which is p(t,-)L!-a.e. equal to V.

PROPOSITION 5.45. Let t ¢ Z. Up to subsequences, the maps V™(t,-) converges in L'
and a.e. to a map V(t,-) which is pL -a.e. equal to V (t,-).

PROOF. Since we work at fixed time ¢ ¢ Z, we do not explicitly denote the time depen-
dence. Since V™|, , 1, is increasing for every k, the family of maps (V") is precompact
in L' and thus it admits a converging subsequence (still denoted by (V"),) which tends to
some V € LY((Lo, Lyn]). We want to prove that V(w) = V(w) for pLt-a.e. w € (Lo, Ly].
By Proposition 5.43, for pL'-a.e. w,

xwn (-, w) — H(-,w) in L' up to subsequences

and
H(y,w) = xxn(y,w) for pLl-ae. w.
Therefore
Ly Ly Ln
Vi) = [y~ [ By = [ ey = V)
0 0 0
Hence V" — V for pL'-a.e. w and thus V =V for pLl-ae. w. U

We conclude this section with the convergence of the maps xj!.

PROPOSITION 5.46. Let t ¢ Z be a fized time. It holds X7 (t,-) — %x(t,) in L', in the
sense that M (t) — My (t) and

/ St 2) — fult, 2)|dz 0.
(O min{ Mg (5, M (1)

PROOF. As before, since we work at fixed time ¢ ¢ Z, we will omit to denote the explicit
dependence on the time. Our aim is to prove that for every subsequence n; there is a sub-

subsequence nj, such that }Ezj’ (2) — %x(2) in L'. Define first
E .= {z € (0, M}] such that V. 1(z) is not single-valued }

U U {z € (0, M}] such that (V;)"'(2) is not single-valued }
neN
and 3
E :={z € (0, M}] \ E such that x(¢) is not continuos at Vi l(z) }.
Clearly £'(E) = 0. Let us fix a subsequence of 2}, which we will denote still by 7. Our
goal is to find a sub-subsequence converging to % in L!.
Since %} is a family of increasing maps, there exists a subsequence, which we will still
denote by n, and an increasing map yj : (0, My] — R such that
=x"0o(V;")™' = g5 in L' and a.e.
If we prove that §, = % a.e., we are done. More precisely, we will prove that for every § > 0
there is a subset Fs C (0, My] such that £!(Fs) < § and
}Afk = f(k on (O, Mk] \ F(;. (573)
Clearly, this is enough.
Fix thus § > 0. There is a subset Ds C (Lj_1, Ly] such that £!(Ds) < and

x"" — x uniformly on (Ly_1, Lg| \ Ds. (5.74)
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Define
Fs = U ﬂ Vi'(Ds) UE U {z € (0, Mg] ‘ X, not converges to yk}.
JENnNZ=j
We have
LY(Fs) = lim £'((") Vi(Ds)) < limsup £'(V{ (Dy)) < 4,

—00
J n>j Jj—o0

since the maps Vk] are uniformly Lipschitz, with Lipschitz constant less or equal than 1. We
thus have to prove that (5.73) holds. Fix any z € (0, Mj] \ Fs. By definition, there is a
subsequence n; such that z ¢ anj (Ds) for every j, or, in other words, (anj)*l(z) ¢ Ds for
every j. Notice that the subsequence depends both on ¢ and on z.

[95(2) = %k (2)] < 19(2) = %7 (2)] + %7 (2) — % (2))]

< |yn(z )—ﬁZJ(Z)IJrIX”J(( ) ==V ()
< [3n(2) = % ()] + X (V7)) (=) = =((V,7) ) (=)
+|X((ij) N(z) ==V (2)]
K (

< Fe(z) — %7 () +  sup [ — x|+ [x((V7) T )(2) — x(V,, N (2))]-
(Li—1,Lr]\Ds

As j — oo,
e the first term tends to 0 by the hypothesis on §; and the definition of Fj;
e the second term tends to zero by (5.74);
e the third term tends to zero since 2 ¢ E and thus, by Proposition 5.44, (V,7)~1(z) —
Vk_l(z) and Vk_l(z) is a continuity point of x.
We thus get (5.73) on (0, M) \ Fs, which is what we wanted to get. O

5.6.4. Compactness of u",?;,6;'. Up to now we have proved the convergence of the
interaction measures p", the relations ", the functions V;*, V" and %X} at any fixed time
t ¢ Z. It is thus left to show that the components @", 07, 60 of the curve 4™ converge to
the components @, 0, 6 of the limit curve 4 at every fixed time ¢ ¢ Z. This is done in this
section and the next three Sections 5.6.5, 5.6.6, 5.6.7. Since we work at fixed time, we will
assume in this and the next three sections that ¢ ¢ Z is a fixed time and we will not anymore
indicate the explicit time dependence.

The technique we will adopt is the following. First of all we will prove that the se-
quences (u"), (vf), (of) are pre-compact in the appropriate topology and thus, up to
subsequences, 4" — U, Up — U, 0 — 0 (see Proposition 5.47 below) Then we will

prove that (@,o1,...,0n5,01,...,0N) satisfy the system (5.69). Since, by Proposition 5.19,
(@, 01,...,0N,01,...,0N) is the unique solution of (5.69), we get that 4" — @, 0} — v;, and
51— by

We first prove that the sequences (u"), (v}), (of) are pre-compact in the appropriate
topology.
PROPOSITION 5.47. There exist maps
@:[0,M] — R",
ok [0,My] =R, k=1,...,N,
Ge:[0,My] = R",  k=1,...,N,
fr [0, M;] = R, k=1,...,N,
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such that for every k=1,..., N, u, U, fk are Lipschitz, 6y are BV, and as n — oo, up to
subsequences,

o U — U uniformly, i.e.

M™ — M and sup [4"(2) — a(z)] — 0;
2€[0,min{ M, M}]

o Oy — Uy uniformly, i.e.

M;} — My, and sup [4"(2) — (2)| — 0;
z€[0,min{ M}, M} }]

e 67 — o in L' (and a.e.) i.e.
min{ M}, My}
/ |63 (2) — 6k(2)|dz — 0 and for a.e. z € [0, My], o (2) = ox(2);
0
° lA)f,? — Dfy in L (and a.e.) i.e.
min{ M}, My } . 5 5
/ |Dfi(2) — Dfi(z)|dz — 0 and for a.e. z € [0, My], Df!(z) = D fr(2);

0

o fIl — fr uniformly, i.e.

sup /R (2) = fe(2)| = 0,
z€[0,min{ M}, My }]

where we set, for simplicity, f;' = f,;yn

PROOF. The compactness of the families (4")n, (07 )n, (6})n is an easy consequence of
Proposition 5.19 e Lemma 5.18. The compactness of the family (D fg)n is an easy consequence
of Lemma 5.18. The convergence of the family ( f,?)n follows from the convergence of their
derivatives. g

5.6.5. Analysis on @ and fk In this section we prove that the map # obtained as
limit of the sequence (4") in Proposition 5.47 satisfies the first equation in the system (5.69)
and that fk obtained as limit of the sequence (f”) in Proposition 5.47 is exactly the flux
associated to the (2N +1)-tuple (@, 01,...,0N,01,...,0n). We need first the following three
lemmas.

LEMMA 5.48. It holds

Ly
/L (V™ (w)) — a(V(w)) ‘ ’p”(w)‘dw — 0 as n — oo.

PRrROOF. Using Proposition 5.45 and the fact that the maps (4"),, are uniformly Lipschitz,
we have that

/LN
Lo

which is what we wanted to prove. O

Ly

a" (VM (w)) = a(V(w)) ‘ " (w)|dw — a(V(w)) — a(V(w)) ‘ |p(w)|dw = 0,

Lo

LEMMA 5.49. For every k=1,...,N, the map 0} o V;* converges to U o Vi, uniformly.
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ProoOF. We have
|0F (V' (w)) = 0 (Vie(w))
< |og (Vi (w)) = o (Vi (w)| + [06 (Vi (w)) = O (Vie(w))
< sup |07 (2) — Ok (2)| + Lip(v) sup |V (w) — Vi(w)],

 [0,min{ My, M) (Lp—1,L4]
and thus
sup |0 (Vi (w)) — O (Vi(w))]
(Lg—1,L4]
< sup 0k (2) — 0(2)] + Lip(ox) sup |V (w) — Vi(w)].
[Ormln{Mk7M]:;L}] (kalsz}

The first term tends to zero by Proposition 5.47, while the second term tends to zero by
Proposition 5.44. U

LEMMA 5.50. For every k=1,...,N, it holds

/LLk op (Vil(w)) — &k(Vk<’U)))’ p"(w)‘dw — 0 asn — oo.

PROOF. To avoid too heavy notations, we assume for simplicity that M = M}, for every
n € N. In this way, o, and all the 6;;, n € N, have the same domain. The general case
follows from the fact that M]" — M} as n — oo and Corollary 5.7. We prove that for every
subsequence, there exists a sub-subsequence which converges to 0. Let us thus extract any
subsequence, which we still denote with the same index. We have

Ly
/L ) &Q(Vk"(w))—&k(vk(w))) pn(w)‘dw

Ly
< [ Jor(iw) - (v )]
Ly

(making the change of variable z = Vj(w))

_ /OM'“ 167(2) —6k(z)|dz—|—/LLk

k—1

G (Vi (w)) — 64 (Vk(w))\

P (w) ’dw.
The first term tends to zero as n — oo by Proposition 5.47. Now observe that, since V;* and
V. are increasing and 6 is BV, we get

e.Tot.Var. (6k o Vi (Lg-1, Lk)> < e.Tot.Var. (5'k:; (0, Mk)) for every n € N.

Therefore there exists a map J : [Ly_1, L] — R and a subsequence jj,, such that 6oV, — J
as j — oo in L'. Since |p"| = p weakly* in L™, we get that

N
Ly
If we prove that J(w) = &x(Vi(w)) for pLt-a.e. w € (Lg_1,Ly], the proof is concluded.
Define

Ly
J(w) — &5 (Vis(w)) ‘ p(w)dw.

a1 (V]5 () — 65 (Vie(w)) ‘ ‘ P (w) ‘dw =

Ly

F = {z € [0, My] } 0% 1s not continuous in z}
Since &y is BV, LY(F) = 0. Define also
E:=V,Y(F)u{we (Ly_1, L] | Vi (w) does not converge to Vi, (w)}.
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By Corollary 5.7 and Proposition 5.44, pL'(E) = 0. Now notice that if w ¢ E< then

ViH(w) = Vi(w) and Vi(w) is a continuity point of ). Therefore &5 (V)*(w)) — o1 (Vi(w))
and thus J(w) = (Vi (w)), which is what we wanted to get. O

PROPOSITION 5.51 (Convergence of @). For every z € [0, M], it holds
)= [ V(P07 n0,0) (40, (5.75)
PROOF. It is enough to show that
o O i) € [ V(AP ) )00

for a.e. z € [0, M], since both the Lh.s. and the r.h.s. of (5.77) are continuous functions of z
We have

\ / (O )00~ [ (07 1) )|

N

m=1((0.2)) " (&, w)F (0" (V™ (w)), o (Vi (w)), 67 (Vi (w)) ) dw
k= Lk 1,L]

_/vl((o,z}) P(t,w)fk(ﬂ(v(w))af)k(vk(w))a5k(Vk(w)))dw'

N(Ly—1,Lk]

} e (a" (V) o (Vi) 61 (Vi) — fk(ﬂ(V),@k(Vk),a’k(Vk))‘dw

Ly,
+ /L (an(V")*l((O,z]) - anV*l((O,z]))fk (a(V), o (Vi), 5k(Vk))dUJ'

k—1

Ly
+ /L (anV—l((O,z]) - PXV*((O,z}))fk(a(V)a17k(Vk)a5k(Vk))dw"
k—1

We now separately study the three terms in the r.h.s. of the last inequality.
The first term can be estimated as follows.

Ly
L e v, ) = @V, 50 V) o

Ly
<o [ larn vl + a0 - sl

0

k—1

Ly,
+/L loR (VY —5k(Vk)Hpn|dw}

and thus, by Lemmas 5.48, 5.49, 5.50, it tends to zero as n — oco.
The second term

Ly

/L (an(V")—l((O,z]) - P"Xv—l((o,z]))fk: (@(V), o (Vk), 51<:(Vk))dw’ (5.76)
k—1

tends to zero as n — oo for a.e. z € (0, M]. Indeed notice first that since since V is

increasing on each (Ly_1,Lg], then £Y(V71(2)) = 0 for a.e. z € [0, M]. Therefore, since

V" =V a.e. and using Lemma 1.21, we get that x(yn)-1((0,z] — V=1((0,2]) in L*'((Lo, Ln])
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for a.e. z € [0, M]. Using now again the weak™ convergence of p™ to p, we get that for a.e.
z € [0, M], the term in (5.76) tends to zero as n — oco.
The third term

Ly,
‘/L <anV*1((0,z]) - pXV*((O,z]))ﬁc (@(V), 0r(Vi), 6% (Vi) dw
k—1
tends to zero as n — oo since p" weakly* converges to p in L.
We thus have that for a.e. z € [0, M], equality (5.77) holds. Since both the Lh.s. and the
r.h.s. of (5.77) are continuous functions of z, the equality holds for every z € [0, M]. O

PROPOSITION 5.52 (Convergence of fg) For every k = 1,...,N and for every z €
[0, M|, it holds

fe = [ O (ON L s )0 (5.77)

The proof is completely similar to the proof of Proposition 5.51 and thus it is omitted.

5.6.6. Analysis of ;. In this section we prove that the map & obtained as limit of the
sequence (6™) in Proposition 5.47 satisfies the third equation in the system (5.69). Here the
analysis is not so easy as in the previous section. We need first to prove that all the waves
which have the same position have also the same speed. Then, using this fact, we prove that
), satisfies the third equation in the system (5.69).

Let us start with the proof of the fact that all the waves which have the same position
have also the same speed. The proof of this property is based on the fact the the interaction
measures p" bounds the change in speed of the waves (see Proposition 5.34) and thus, in
the limit, if ¢ is a time when a strong change of speed occurs, it must hold p({t} x R) > 0,
ie. t € Z, a contradiction since we are assuming that ¢ ¢ Z. The two next lemmas require
the analysis of the solution u not only at time ¢, but also at time ¢ in a neighborhood of ¢.
Therefore, in the two next lemmas, we will explicitly write the time dependence.

LEMMA 553. Let t #t, t ¢ Z. For every k = 1,...,N and for every x € R, setting
I := [min{¢, t}, max{¢,}], it holds
x(t,w) — x(t, w)
t—t

— 6p(t, Vi(t,w)) | p(t, w)dw < 4Cu(I x R),

/(Lkth}ﬂX@l(fE)
where C' is the constant which appears in (2.15).

PROOF. Let us prove the lemma only in the case ¢t > ¢, the other case being completely
similar. Fix n > 0. Let £ be given by Lemma 5.35. Fix any n > 1 such that ¢, < &. Take
any time ¢ such that ¢ —¢ > n. For every w € (Lk_1, Lx], define the auxiliary map

vy (r,w) = x"(t,w) + " (t,w)(T —1).
Define also the sets
Ep = {w € (Li—1, L] | [p"({,w)| = 1},
A ={w e E} | |p"(r,w)| =1 for every T € [t, 1]},
By = E}; \ AL
Notice that, by Proposition 5.33,
£Y(By) < p"([tt] x R). (5.78)
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where 7 := {Z eN } i€y € I}, while, by Proposition 5.34,

/

( max¢"(7,w) — min &”(T,w))dw

n TEL,t] TE[t,t]
= / ( max 6" (7, w) — min 6"(T,w))ﬁ”(f,w)dw (5.79)
An TE[L,t] TE(Lt]
< " (£, 1] x R).

We thus have, by Lemma 5.35,
" (t, w) — y" (£, w)|

< X"(t,w)—xn(f,w)—/t " (r,w)dr

+

/tt 5" (r, w)dr — &"(E, w)(t — 5)‘

t
<20(t—1t)|n+ ( max ¢ (7, w) — min " (T, w)) —l—/ 6" (7, w) — &"(t, w)|dr
TE[L, 1] TE[L ] i

<40(t —17) [n + ((max 5" (7, w) — min 5"(r, w))].

TE[L] TE[E,]

Integrating over all waves in E}' we get

/ |x" (t,w) — y"(t,w)|dw
E

n
k

<4C(t — 1) [nTot.Var.(a) v /E (max &™(r, w) — min 5”(T,w))dw]

n \relti] reli ]

—4C(t — §) [nTot.Var.(u) 4 /A

.
By

(by (5.78) and (5.79))

( max ¢"(7,w) — min 6"(T,w)>dw
n TE[L,t] TE[L,t]

(Trg[%)i] o (r,w) — Trél[i{g] a"(r, w))dw]

<A4C(t—1t) [nTot.Var.(a) + p([t, 1] % R)] )

By the definition of E}’, we thus get that

Ly,
/ Ix"(t, w) — y"(t, w)||p"(F, w)|dw < 4C(t — T) [nTot.Var.(a) + u"([ﬂ ] x R)]. (5.80)
L

k-1

We want now to pass to the limit the relation (5.80) as m — oco. By Propositions 5.38 and
5.39, Lemma 5.50 and using Proposition 1.30 and Remark 5.32, we get

/LlC
Ly

x(t,w) — (x(E, w) + o (F, w)(t — 1)) ‘ A(E, w)dw
(5.81)
<40(t 1) [nTot.Var.(ﬁ) + u([{, ] x R)}

and (5.81) holds for every n > 0 and for every ¢ such that t —¢ > n. We have set, for
simplicity,

o(t,w) := 6y(t, Vi(t,w))

Q>
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for w € Wy,. Letting n — 0, we get
I
Ly

for every t > t. Hence, for every x € R, we have

x(t,w) — (x(F,w) + o (F, w)(t — ©)) ‘ﬁ(t_, w)dw < 40(t — m([z, 1] x R) (5.82)

/ x(t,w) 2 — o(E,w)(t — D) |p(Ew)dw < 40( ~ D[4 x R)  (5.83)
(Lk—1,Lx]nx(®)~1(2)

and thus
t —x(t. _ _ _
/ x(t,w) —x(t,w) a(t,w)‘p(t,w)dw < 4C,u([t,t] X R),
(L1, L)~ (2) b=t
which is what we wanted to get. ([

LEMMA 5.54. Let t ¢ Z. For every k = 1,...,N and for every for every x € R, there
exists a constant o* such that

/ |6k (2, Vi(t,w)) — o*|p(t, w)dw = 0.
x() 7 H(@)NWy,

PROOF. As before set
O—(ﬂ ’U}) = &k(t_7 Vk(t_a U)))
for w € Wy. By Lemma 5.41, we can assume w.l.o.g. that there is one and only one family k
such that

/ p(w)dw # 0.
(Lie—1, L] x(8) =1 ()

We also know from Lemma 5.53 that for every ¢ > ¢, it holds

x(t,w) —x _

PO U(t,w)‘p(t_,w)dw < 4Cu([f, t] x ]R)

/(Lki,Lk]ﬂx(f)_l(fE)
Since the map w +— (x(t,w) — x)/(t — t) is increasing, we have, by Proposition 1.42,

min{ug_a(a i,

ge Lt <(Lk—17 Lyl N X(Z)*l(x); ﬁﬁl), g monotone increasing}

<

/ xtw) -z o(t, w)‘ p(E, w)dw
(Li—1,Li]Nx(f) =1 (z) t—1

< 4C,u<[f, ] x R).

Notice that the minimum is taken over the set of functions g which are monotone increasing
w.r.t. the measure p(t,-)L!. Letting ¢ — £, since £ ¢ Z, we get

min {Hg —o(t, )Hl

and thus (Lj_1, L] Nx(#) 71 (2) > w — o (¢, w) is monotone increasing w.r.t the measure pL!.
A similar argument for ¢ < ¢ yields o(£,-) monotone decreasing w.r.t the measure p£! and
thus o(f,-) must be constant w.r.t the measure pL!. O

ge L ((Lg-1, L) N X(ﬂ_l(x)), ¢ monotone increasing} =0

COROLLARY 5.55. For every time t ¢ Z, for every k = 1,..., N and for every z € R,
there exists a constant o* such that for every k=1,..., N,

/ |k(t, z) —o*|dz = 0. (5.84)
& (1)~ ()
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We can finally prove that &; obtained as limit of the sequence (6}') in Proposition 5.47
satisfies the third equation in the system (5.69). From now on the analysis is again at fixed
time ¢ ¢ Z and thus we will not write the explicit time dependence.

PROPOSITION 5.56. For a.e. z € [0, My], it holds

Gu(z) =D conv fi(2).

2 (R1,(2))

PROOF. Set z := %(2). Assume first that card % (f)~!(z) = 1. We can always assume
that

d% (z) - d% Fel2), 60(2) = au(2), K(2) - Ra(2), (5.85)

since the set of points where the conditions in (5.85) are not satisfied is £!-negligible. Define
I" = (£})71(%}(2)). By Lemma 1.22, it holds

[,1(]") —0asn— oo.

Notice that, since f,? is C1! on I™ (and thus, by Theorem 1.3 also conv» f,? is 1! on I™),

P CRLTE <ome ),

d rn d n
— | ) - e i)

Passing to the limit as n — oo and using (5.85), we get G5(2) = dfy(2)/dz.
Let us now consider the case card %, (f)~'(z) > 1, i.e. %x(f)"!(x) is an interval. Fix § > 0,
fix n € N, and assume that £!'(%;'({z — 6,7+ 6})) = 0. This happens for a.e. § > 0. Define

=5 ([ -se+0)), 1= (&) ([e—da+0]).
Observe first that for a.e. z € I5, there is i such that for every n > n, z € I and

conv rz) - conv fi(2). (5.86)

1

Indeed we can use Lemma 1.21 and the fact that

| conv f,?(z) — conv fk(z)] < | conv f,?(z) — conv fk(z)| + | conv fk(z) — conv fk(z)|
I Ts 7 I n Ts

by Proposition 1.11) < || f2 — filleo + £ (15 A I7),
k 6

and the latter tends to zero by 5.47 and again Lemma 1.21.
Notice now that I3 can be written as union I§ = A; U---U Ap, of maximal intervals such

that %' is constant on each of these intervals and conva, f,’;(z) = [6}(z) for every z € Ap.
Therefore we have

P z
conv =) < U cony fi(z) = / ar(Q)d¢ < fi!(z), fora.e. ze€lIy.
§ p=1 P 0

Passing to the limit, using (5.86) and Proposition 5.47, we get

conv fi(z) < / 51(Q)d¢ < fr(z)  for ae. z € Is.

5 0

and passing to the limit as § — 0,

conv fi(2) < / Fu(O)dC < Fulz)  for e 2 € %7\ (x). (5.87)
0

i (x)
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We already know by Lemma 5.54 that &y is equal to some constant o* on %X (:C) and thus
from (5.87) we get

conv frlz) <a+o*- (z —infx, ' (z)) < fi(z)  forae. z €% (2),
P (@)

inffc; (z) ~

where a := |, 71 (¢)d¢. By definition of convex envelope we finally obtain
op(z) =0" = conv fu(z), forae. ze 2. (2). O
%, (z)

5.6.7. Analysis on 9. In this section we prove that the o3 obtained by compactness
as limit of 07 in Proposition 5.47 satisfies the second equation in the system (5.69). As a
consequence of this result and of the results obtained in the two previous sections we get that

u" — 1, Oy — Uk, Gy — Ok,
for k =1,..., N, where the convergence of 4" and 9" are in C° and the convergence of oy

is in L'. We need first the following remark, which adapt the results obtained in Section 5.3
to the objects we are now working on.

REMARK 5.57. Let x € R, 6 > 0, n € N. Assume that u"(¢,-) is continuous in x —§ and
x4 0. Denote by z,, p=1,..., P, the discontinuity points of u" between  — 9 and x + 4.
For every p, the Riemann problem (u(f,z,—), u(t,24)) is solved by a collection of N curves

vh o= (uf, v}, 08), k=1,...,N, p=1,..., P,

of length s} respectively. Notice that the collection of curves {vf }i_; L. ’P depends on z, §

and N, even if we do not write this dependence explicitly. Observe also that, for every family
k,

Z s / P (w)dw (5.88)
(=)~ (@—0,24+8))N(Lk—1,Lx]

and

P
St | 7 () (5.50)
pzl (x”)*l((:L‘—(S,:c—&-é))ﬂ(Lk_l,Lk}

We are exactly in the situation considered in Proposition 5.27 and Corollary 5.28. Therefore
we can apply Proposition 5.27 and Corollary 5.28 and, using (5.88) and (5.89), we obtain what
follows.

For every family k and for every z € (2%)7!(z — 6,2 + &), we have that

(1) the following inequality holds:

el <c|| [ LGRS " ()
(xn)—l((g:—é,x+6))ﬂwk htk (z—8,z+68))NWy,
+f \a—g(g)—a*uc].
&R~ H(z—d,249))
Moreover,
(2) If

/ p" (w)dw > 0,
x~(xz—8,24+0) "Wy,
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then
i =-c| Y [ " wldw+ [ 610 - a*\d<] .
htk ! ()7 H(@=d,246))NW, &)~ (z—0,240))
(3) If
/ P (w)dw > 0,
x~ 1 (z—8,z+8)NW
then

" wldw+ [

&)~ 1((x—0,2+9))

() sc*[z

/ }&z(<>——o*\dc].
h?ékl (Xn)_l(($75,$+ls))mWh

We can finally prove that 0 satisfies the second equation in the system (5.69).

PROPOSITION 5.58. For every k=1,..., N, and for every z € (0, M|
() = Sk (%x(2)) [ fu(z) — conv fk(z)]

%, (3k(2))
The proof of the proposition is based on the following two lemmas.

LEMMA 5.59. For every k=1,...,N, and for every z € (0, Mg]
()] = Fuz) — conv fu(2).

% (%e(2))

Proor. Using Proposition 1.13, we get

= ) - e @)= [ (DR -oh0)d.
(&) (&R (=) 0
We can thus pass to the limit as n — oo to get
(o)l = [ (DAO-0(0)de = (O~ _gonv Flc). =
0 2 (Ri(2))
LEMMA 5.60. For every fized family k and for every z ¢ Sk .
o If Sk(%k(2)) = +1, then T(z) > 0.
o If Sp(2x(2)) =0, then vy(z) = 0.
o If Sp(xx(2)) = —1, then T(z) < 0.
PROOF. Since @y, is Lipschitz and z ¢ Sj, we can assume w.l.o.g. that %}(z) — %5(2).
Set x := xx(2z) and fix § > 0, n € N. Suppose that

£ <X_1(33 - 5)) =r! (X_l(.’E + 5)) =0 (5.90)

and

u" is continuous at z — d,z + 9 for every n € N. (5.91)

Assume now first that Si(&x(2)) = 4+1. We want to prove that 7y (z) > 0. Since Sy (%x(2)) =

+1, by definition
/ p(w)dw > 0.
x~H(@)N(Lk—1,Li]

and thus, if § < 1 and n > 1 (depending on §),

/ p" (w)dw > 0
")~ (2 =02 4+8))N(L—1,L]
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and x}(2) € (r — 0,2 + 0). Therefore, by Remark 5.57, Point (2), there exists a constant
C > 0, depending only on f, such that for every constant ¢* € R,

Z/ | ”(w)|dw+/ (&g(g)—a*\dg].
(x—6,2+8))NWy, E)~1((z—0,2+9))

h#k

) > —-C

For fixed § > 0, the previous relation holds for every n > 1. We can thus pass to the limit
as n — oo. Using (5.90) and Lemma 1.21, we get

Z/ (w)dw+/ \&k(g)—a*\dgl. (5.92)
x~1((z—8,2+8))NWy, i;l((x75,1+5))

) > C[
h+k

We have just proved that if (5.90) and (5.91) hold, then (5.92) holds too. Since (5.90) and
(5.91) hold for a.e. § > 0, we can pass to the limit as § — 0 in (5.92) to get

Z/l( W ﬁ(w)dw+/_1( | 161.(€) _U*IdC].

h#k k

o(z) > =C

By Lemma 5.41 the first term in the r.h.s. is zero and by Corollary 5.55 also the second term
in the r.h.s. is zero for a suitable choice of o* and thus vg(z) > 0. The case Si(%x(z)) = —1
is completely similar.

We prove now that if S (%4(2)) = 0 then 4(z) = 0. Using Remark 5.57, Point (1), we have
that there exists a constant C' > 0 depending only on f such that for every ¢ > 0 satisfying
(5.90) and (5.91) and for every n > 1 (depending on §),

o] + 3 [ 7 ()

htk mM)=1((z—8,x+6))NWh

+/ !51?(6)—0*|d§“]~
&)~ ((x—0,2+0))

As before, we can pass to the limit as n — 0o to get

()] <C \ /
(x")*l((ac—&x—‘r(?))ﬂwk

[ox(2)] <C

p(w)dw\ n ()| do

x~ 1 ((z—6,2+8))NWy htk /}<—1((x—57x+5))ﬂwh

+/ 1 |&k(g)—a*}dg].
%, ((z—d,2+9))
and as 6 — 0,

[ox(2)] <C

dw‘—f— / |dw—|—/ o,(¢) —o*|dC|.
/xl(:p)ﬂWk Z I(z) mWh %, ' (2) ‘ ‘

hk

The first term in the r.h.s. is exactly Si(z) and thus it is zero, and, as before, also the second
and the third term are zero. Therefore, if Sg(z) =0, then 7x(z) = 0. O

PROOF OF PROPOSITION 5.58. If z € Si, then

fu(z) = conv  fi(z) =0
%, (%x(2))
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and thus by Lemma 5.59

(2) = [0k(2)] = fe(z) = conv fi(2) =0.
%, (Re(2))
Assume thus that z ¢ Sj.
o If Sk (f{k(z)) = +1, then by Lemma 5.60, 0x(z) > 0. Therefore, using Lemma 5.59,
Uk(2) = |0p(2)| = fr(z) — _conv fk(z) =8 (fck(z)) [fk(z) — _conv fk(z)}
% (Ri(2) % (Ri(2)
o If Si(xx(2)) =0, then by Lemma 5.60
Ug(2) = 0 = Sk(x(2)) [fk(z) — _conv fk(z)]
%y (Ri(2))

o If Si. (f{k(z)) = —1, then one argues as in the case S (fck(z)) = +1. d

5.7. Proof of Properties (b), (c), (e) and (5.29)
In Section 5.5 we proved the existence of a (N + 4)-tuple
E:=(Lo,...,Ln,%,p, D)
where
Ly <--- < Lp, x:[0,T] x (Lo, Ln] — R, p,p:[0,T] x (Lo, Ly] — [-1,1],
such that
a) for every time t € [0,77], the collection

5(t) = (L07 ceey LNa X(tv ')v p(t, ')7 ﬁ(t> ))

is an e.o.w. (Property (a) in the definition of Lagrangian representation, Definition
5.21);

b) the distributions D;p, D;p are finite Radon measure on [0,7] x R (property (d) in
Definition 5.21).

In order to complete the proof of Theorem C, we need still to show that Properties (b), (c),
(e) in Definition 5.21 and the additional property (5.29) holds. This is the aim of this section.

5.7.1. Proof of Property (b). We start proving Property (b) together with two corol-
laries of its, which will be used later.

THEOREM 5.61. For any time t ¢ Z, it holds
Dould) = %, (p(r7OLY).
ProoF. By Corollary 5.30, we already know that, for the approximations,

Dyu™(f) = 2@ (p" @)r 7" DL 1y L)

The conclusion can now be easily obtained, passing to the limit as n — oo as arguing as in
the proof of Proposition 5.51. O

COROLLARY 5.62. For every z € [0, M], setting = := x(z), we have

u(t,z—) = a(t, inf }E_l(x)), u(t, z+) = a(t, sup }Efl(x)).
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ProoF. It holds
u(t,z—) = Dyu((—o0, 7)), u(t, z+) = Dyu((—o0,2]).

Therefore

infx~1(x)
u(f,2—) = Dyu((~o0,)) = / iy D = /0 Dou(O)dc = a(f, inf 5 (2)).

Similarly
u(t, z+) = a(t,supz ' (2)). O

REMARK 5.63. The previous corollary also implies that

e if 2 is a continuity point of u(Z,-), then either x~!(z) contains a single point, or it
is an interval and 4z-1(,) is a closed curve starting and ending at u(, z);

e if  is a jump point of u(f,-), then ~!(z) is an interval and t|g-1(y) 1s a curve
starting at u(f,z—) and ending at u(f, z+).

COROLLARY 5.64. For every x € R,

x 1s a continuity point for u(t, ) <= / p(t, w)r" D (w)dw = 0.

PROOF. It easily follows from the previous corollary, (5.17) and the fact that

V() (finf £(0) (), sup £((H) (@) 2 () @)
is p(t)L!-negligible. O

5.7.2. Proof of Property (c) and proof of (5.29). We continue in this section the
proof of Theorem C, proving that our candidate Lagrangian representation

g = (LO,---;LN7X710?[))

satisfies Property (c) in Definition 5.21 and also the additional property (5.29). We start
our analysis with the following remark which studies the behavior of a Glimm approximate
solution u" at a fixed time ¢ in an interval [z — §,x + 0]. We again omit to write the explicit
time dependence, since we work at fixed time t ¢ Z.

REMARK 5.65. Let x € R, § > 0, n € N. Assume that «"(¢,-) is continuous in x — §
and x + 0. As in Remark 5.57, denote by z,, p = 1,..., P, the discontinuity points of u"
between z — ¢ and z + §. For every p, the Riemann problem (u(f,z,—),u(f,z4)) is solved
by a collection of N curves

vh o= (up,vp,08), k=1,....,N, p=1,..., P.
of length sk respectively. Notice that the collection of curves {,Yk}p LB ~ depends on x, §
and N, even if we do not write this dependence explicitly. Observe also that, for every family

k,

P
Z sh = / P (w)dw (5.93)
= (x") = ((2—b0+8)N(Li—1,L]
and
P
St | 177 () duo. (5.94)
p=1 (")~ ((2=0,240))N(Lk—1,L]
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We are exactly in the situation considered in Proposition 5.27 and Corollary 5.28. Therefore
we can apply Proposition 5.27 and Corollary 5.28 together with (5.93) and (5.94), to construct,
for every family k, a curve

N _ b nd 5
=G (1) = (i vy o)

(see (5.51)) of length

82’6 = Z SZ
p
connecting
nd . no nd . no n6

with the following properties. For every constant ¢* € R

(T2 —8) — o1’ <01) Y 1P (w)|dw, (5.95a)
h£k (™)~ H((xz—68,24+0))NWy,

|u™(t,z +6) — 111:’6|

“n N .95b
<on Z/ | "<w>|dw+/ 67(0) — o*]dc,  >P)
e )L (@ =b.2+8) W, (&)~ ((z—8,+6))
oy o HLl (s7%))
(5.95¢)

<0, | ”(w)\dw+/ |67:(C) — o*|dc.
htk (x)~L((z—d,z+8))NW, &)~ ((zw—0,2+9))

We need now the following two lemmas.

LEMMA 5.66. Let x € R be a fized point. Then

(a) the (possibly trivial) Riemann problem (u(t,z—),u(t,z+)) is solved by the curves
{w}, k=1,...,N, where v, = (uk, vk, 0k) in an exact curve of the k-th family of

lenght
EIES / p(w)dw;
2= 1(z)NWy,

(b) for every T € I(sy) and z € 5{,;1(2) it holds o (1) = o1(2).

REMARK 5.67. If s = 0 for any k, the proposition means that wu(¢,-) is continuous at
x. If sx # 0 for some k, the proposition, together with Corollary 5.42 means that u(¢,-) has
a jump in x and the Rlemann problem located at (¢,z) is solved by a single discontinuity
(made by shocks or contact discontinuities of the k-th family) moving with speed o*.

Proor. Fix § > 0, n € N. Suppose that

! (X_l(w - 5)) -y (X_l(x + 5)) —0, (5.96a)
u" is continuous at x — 0,z + § for every n € N (5.96D)

and
u(t,x —0) = u(t,x —9), u(t, x4+ 6) = u(t,x +9). (5.96¢)

The conditions in (5.96) are satisfied for a.e. & > 0. We already know that there exists a
curve 72’5 with the properties described in Remark 5.65. Using the same notations as in
Remark 5.65, we have that, by compactness, as n — oo, gbZ’(S converges to some qﬁg and 1/12’5
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converges to some w,‘z, up to subsequences (which we do not explicitly denote). Notice also

that 52’5 — sg, where

)

sy = p(w)dw.

/x—l((16,1+6))ﬂwk
Thus, by Lemma 3.15, the collection of curves {'yg’é} converges, as n — 0o, to a curve

72 = (ug,v,‘z,ag) of length si, which connects the left state <Z>g with the right state ng.
Passing to the limit in (5.95), we get the following estimates:

u(f,z — 8) — ¢} < O(1 Z/ p(w)dw, (5.97a)

htk V% L((z—6,z+68))NWp,

lu(t, z + ) —Ibi‘ < O(l)[Z/ p(w)dw—i—/ ‘&k(z)—g*‘dz],
hk Y X (@ =0,2+8))N Wy, %, H(a—08,2+9)
(5.97b)
6 % — d +/ ~ —o*ld :|’
lof = 0" Lot L% [ ORI O Rt
(5.97¢)

for every constant ¢* € R. Therefore, as 6 — 0:

e the r.h.s. of (5.97a) tends to zero, because of Corollary 5.42;
e choosing ¢* equal to the speed given by Corollary 5.55 and using again Corollary

5.42, the r.h.s. of (5.97b) tends to zero;

° Si—>8k.

Hence, the collection of curves {ﬁg} converges to an exact curve 7y, = (ug, vk, o) of length
s which connects u(t,z—) to u(t,z+). Moreover, if s; # 0, passing to the limit (5.97¢), we

get
o= ooy SOW[ X [ o [ o) = o'lae]

hk

The proof now is completed observing that, by Corollary 5.42, for every h # k,

/X B p(w)dw = L (fc,;l(x)) =0,

/fckl(r)

LEMMA 5.68. For a.e. z € S, setting x := xi(2),

while, by Corollary 5.55,

61(2) — o*|dz = 0. O

i(wi(2)) = u(t, z).

PRrROOF. By Lemma 5.16, for a.e. z € (0, My], if z € Sy, then wi(z) € S and thus

/ p(w)dw = 0.
x~ ()
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Therefore, by Corollary 5.64, z is a continuity point for w(¢,-). We thus have

wi(2)
i(w(z) = / D.a(C)d¢

wr(2) .
S RRATITS
:/ p(w)rY (w)dw
V=1((0,wk(2)])
(by Lemma 5.17) :/ p(w)rY (w)dw
x~ 1 ((—o0,2])
:/ Xﬁ(prﬁﬁl)(dx)
(7007$]
(by Theorem 5.61) = u(t,x). O

We can finally state and prove the following theorem, which, together with its corollary,
proves Property (c) in the Definition of Lagrangian representation, Definition 5.21.

THEOREM 5.69. For every k=1,...,N and for a.e. z € (0, My], it holds
&k(t_, Z) = /\k (f, ik(z)) (5.98)

PROOF. As before, since we are working at fixed time ¢ ¢ Z, we will omit to write
explicitly the time dependence. We separately consider the following three cases.

(1) For a.e. z € Sk, (5.98) holds.
(2) For every x € R such that

card%; ' (z) > 1 and / p(w)dw = 0 (5.99)
x~1(z)

(5.98) holds for a.e. z € %} ' ().
3) For every z € R such that
( ¥y

card%; *(z) > 1 and / p(w)dw # 0
x~ ()
(5.98) holds for a.e. z € %, '(2).
Let us thus start with the proof of the first point. For a.e. z € S
o1(2) = Dfi(z)
= Ak (@(wr(2)), 01(2), 61 (2))
(since z € S and thus 9(2) = 0) = A (a(wk(2)))

(by Lemma 5.68) = A (u(t, xx(2)).

>

Let us prove now the second point. Take any xz € R such that (5.99) holds. By Lemma 5.60,
for every z € %, *(x) 0x(z) = 0 and thus fi(2) = CONVy 1, frx(2). Therefore, by Corollary

5.55, for a.e. z € %, (),

Dfi(z) = D conv fi(z) = 64(2) = o*.

% (z)
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On the other side, for a.e. z € %, ' (2),

Therefore, for a.e. z € fc,;l(x),

0" = G1(2) = A (ﬁ(wk(z))>. (5.100)

Notice that by Proposition 5.71, wu(¢,-) is continuous at z. Therefore, by Remark 5.63,
Corollary 5.55 and Lemma 5.14, % o wy is a continuous closed curve starting and ending at
u(f,z). We can thus pass to the limit in (5.100) as z — inf %, '(z) (or z — supx, ' (z)) to
get for a.e. z € %, '(2),

o = 64(2) = Mg (u(f,x)).

The third case is an immediate consequence of Lemma 5.66. U
COROLLARY 5.70. For p(t)L'-a.e. w € Wy,
Ok (f, Vi(t, w)) = e (t, x(£, w)).

Mk(t)
/
0

— Lk — — — — —
(changing variable: z = Vi (t,w)) = /L 63 (6, Vie(t,w)) — Mg (t, 25 (2, (Vi(t, w)))) ‘p(t, w)dw

k—1

Proor. We have

Ly
- [ | i) ~ (B0 2 i) o
L

k-1

Ly
(by Proposition 5.11) = / 63 (8, Vie(t,w)) — A (f,x(f, w)) 'ﬁ(t,w)dw.
L

k—1

The last theorem of this section concludes the proof of (5.29) in the statement of Theorem
C. Its proof is an immediate consequence of Lemma 5.66.

THEOREM b5.71. For every x € R,

x is a continuity point for u(t,-) <= / p(w)dw = 0.
x(8)~1()

5.7.3. Proof of Property (e): the characteristic equation. We finally prove that
also Property (e) in the definition of Lagrangian representation, Definition 5.21 is satisfied.
This concludes the proof of Theorem C.

THEOREM 5.72. For a.e. fized wave w € (Lo, L] the map t — x(t,w) is 1-Lipschitz and
therefore is it differentiable for a.e. time t € [0, T]; moreover

0
8—?(7&,11}) = Mot x(t, w)), for p(w)Lt-a.e. timet € [0,T].
PROOF. We already know from Proposition 5.38 that for a.e. wave w € (Lo, Ly], the map

t — x(t,w) is Lipschitz. Therefore for a.e. time ¢ € [0, 7] and for a.e. wave w € (Lo, Ly], the
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derivative %(t,w) exists. Take thus any time ¢ ¢ Z such that for a.e. wave w € (Lo, Ly],
the derivative %(t, w) exists. Take any other time ¢ > ¢. By Lemma 5.53, it holds

x(t, wl)t - ;_c(t_, w) off, w)‘ﬁ(ﬂ w)dw < 4Cu<[min{t_, t}, max{t,t}] x R),

/(Lk—l,Lk}ﬂX(f)l(w)

where we set, for simplicity,
U(ta ’LU) =0k (ta Vk(t7 w))
for w € Wy. Therefore, taking the limit as ¢t — ¢ and using the fact that ¢t ¢ Z, we get

/ %(ﬂw) — a(t_,w) ﬁ(f,w)d’w =0.
(Li—1,Li)nx(®)~1(z) | O
By Corollary 5.70,
/ 87:1:(5’ w) — )\k(t,x(t,w))‘ﬁ(t,w)dw =0. (5.101)
(Lg—1,Lg]Nx(t)~1(z) ot

Since (5.101) holds for a.e. time, we can integrate over time and switch the integrals to get

/ /T or _
(Li—1, L]nx(f)~1(z) J0

57 (bw) = Aty x(t, w))

Hence for a.e. fixed wave w € (Lg_1, Lg],

%(t,w) = \u(t, x(t,w)), for p(w)L'-a.e. time t € [0,T],

which is what we wanted to obtain. O

p(t, w)dtdw = 0.
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