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Abstract

In this thesis we discuss thoroughly a class of linear and non-linear Schrédinger
equations that arise in various physical contexts of modern relevance.

First we work in the scenario where the main linear part of the equation is a
singular perturbation of a symmetric pseudo-differential operator, which formally
amounts to add to it a potential supported on a finite set of points.

A detailed discussion on the rigorous realisations and the main properties of
such objects is given when the unperturbed pesudo-differential operator is the frac-
tional Laplacian on R?.

We then consider the relevant special case of singular perturbations of the three-
dimensional non-fractional Laplacian: we qualify their smoothing and scattering
properties, and characterise their fractional powers and induced Sobolev norms.

As a consequence, we are able to establish local and global solution theory for
a class of singular Schrédinger equations with convolution-type non-linearity.

As a second main playground, we consider non-linear Schrédinger equations
with time-dependent, rough magnetic fields, and with local and non-local non-
linearities.

We include magnetic fields for which the corresponding Strichartz estimates are
not available. To this aim, we introduce a suitable parabolic regularisation in the
magnetic Laplacian: by exploiting the smoothing properties of the heat-Schrodinger
propagator and the mass/energy bounds, we are able to construct global solutions
for the approximated problem.

Finally, through a compactness argument, we can remove the regularisation
and deduce the existence of global, finite energy, weak solutions to the original
equation.
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Introduction and Overview

This thesis is devoted to the study of a class of Schrédinger equations, which
naturally emerge in various physical contexts, and whose investigation has led to
the development of deep tools in various mathematical fields, such as functional
analysis, spectral theory, and harmonic analysis.

A classical example is the pure-power non-linear Schrédinger equation

(0.1) i0u = —Agu + |u["tu,

in the complex-valued unknown u = u(t, z), where t € R and # € R are interpreted,
respectively, as time and space variables.

In three spatial dimension, (0.1) is the effective evolution equation of an inter-
acting Bose gas, and as such it can be derived in suitable scaling limits of infinitely
many particles [20, 81, 101]: in this context the |u|”~!u term with v = 3 (resp.,
~v = b) arises as the self-interaction term due to a two-body (resp., three-body)
inter-particle interaction of short scale. On the other hand, (0.1) appears also in
the study of small amplitude gravity waves, dynamics of quantum plasmas, non-
linear optical fibers, and planar wave-guides.

From a purely analytical perspective, equation (0.1) has been studied exten-
sively, and nowadays its local and global well-posedness, as well its long-time be-
havior are fully understood [25, 50, 26, 27, 37].

More generally, one can consider an equation of the form

(0.2) i0yu = Lu + N (u),

in the complex-valued unknown u = u(t,z), t € R, z € R? where L is a time-
independent linear L?(R%)-symmetric operator, and A'(u) is a non-linear term.

In applications to quantum mechanics, typically L arises as the Hamilton-
ian associated to the total energy of a quantum particle. A relevant example is
L =—(V—-iA)2 +V, where A : R? = R? and V : R — R are interpreted, re-
spectively, as external magnetic and electric potentials. Another important case
is L = v/—A +m?2, which describes a semi-relativistic quantum particle of mass
m. In order to provide an effective and unambiguous description of the physical
system of interest, a fundamental requirement is to realise L as a bounded below,
self-adjoint operator on L%(R?).

Concerning the non-linear term, it naturally appears in many-body quantum
systems as a self-interaction potential. Typical examples are the pure-power non-
linearity |u|"~'u discussed above, and the so called Hartree non-linearity (wx*|u|?)u,
for some measurable w : R¢ — R, which arises as a two-body interaction of mean
field type. In general, one assumes that the non-linearity satisfies the condition
Jm(N(u)u) = 0, which ensures that the mass M(u) := ||u\|%2(Rd) is formally
conserved in time along the solutions to (0.2).

A fundamental step in the study of equation (0.2) is to have a good control of
the linear problem.

When L is a self-adjoint operator on L2(R?), it is the infinitesimal generator
of the strongly continuous, one-parameter, unitary group {e #};cg on L2(R9). It

vii



viii INTRODUCTION AND OVERVIEW

is natural to investigate the local and global smoothing effect of such unitary flow.
In the case of the free Laplacian, we have the following fundamental result, known
as dispersive estimates:

~ _d(q_z2
e Fllioay < C HITECTD 1l ey, ¢#0,
(0.3) 11
Z;+1? =1, pe€|[2,+oq]
Estimates (0.3) provide, for a fixed time ¢, a non trivial gain of integrability for
a solution of the free Schrédinger equation. Furthermore, the group {e'*®}icr
exhibits a remarkable global-in-time smoothing effect, as shown by the so called

Strichartz estimates:

€2 fll Lame o may) < Cllfllz2e)

(0.4) 5 4 d PE 2,400 d=1
-+ ==, pE2,+o0) d=2
g p 2 2d
In dimension d = 1,2, as well as in the non-endpoint case (q,p) # (2,%) in

dimension d > 3, (0.4) follows by the dispersive estimates (0.3) by means of a
duality argument and fractional integration [49, 110]. The proof of the endpoint
case in dimension d > 3 is more involved, and it was achieved by Keel and Tao [70]
using a suitable atomic decomposition technique. Strichartz estimates are a crucial
tool in the proof of local well-posedness of the non-linear Schrédinger equation
(0.1). Tt is natural to ask whether similar esimates can be proved also for the
unitary group generated by the self-adjoint operator L. There is a vast literature
on this topic, in particular for Schrédinger operators of the form L = —(V—iA4)2+V
67, 111, 96, 52, 41, 94, 64, 51, 87, 113, 31, 32, 39, 40, 47, 104, 116], and
spectral properties of L are known to play an important role.

Aiming at investigating the non-linear equation (0.2), another fundamental
problem is to determine a class of Banach spaces which are invariant by the linear
flow e "I, Indeed, in suitable “perturbative’ regimes, one expects a local well-
posedness result to hold in such spaces also for the non-linear problem. If L is a
bounded below, self-adjoint operator on L2(R?), with bottom m (L), a natural class
of invariant Banach spaces is provided by the following construction. For a given
s € R, and A > m(L), we consider the fractional Sobolev space H3 (RY) adapted to
L:

(0.5) Hi(RY) :=D((L+N"?),  Ifllmg @y = 1L+ X2 f]lr2@ay,

the case s = 0 reproducing L?(R?). When L is the self-adjoint Laplacian on R?, one
recovers the classical Sobolev spaces H*(R?). Tt follows by basic results of spectral
theory that

e fll; gay = 1 fllry may,  t €R, f € Hi(RY).

Particularly relevant is the adapted energy space Hi (R?), in which one defines the
quadratic form L[f] associated to L. Moreover, for typical non-linearities, including
the pure-power and the Hartree (for suitable choices of the parameter v and the
convolution potential w), it is possible to define in H}(R?) the energy functional
associated to the non-linear equation (0.2). More precisely, if N is continuous from
H} (RY) to H;*(RY), and N = P’ for some P : Hj(RY) — R of class C?, then
the energy €(u) := L[u] + P(u) is well defined for u € H} (R?), and it is formally
conserved along the solutions of (0.2). When P(u) > 0 for every u € Hj(R?),
the non-linearity is called defocusing. Conservation of mass and energy is a key
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tool in order to construct global solutions to (0.2) in the adapted energy space.
This is particularly clean in the case of defocusing non-linearities, as the quantity
M (u) + E(u) controls the Hi (R%)-norm of u.

Summarising so far, we have described a general scheme for the study of equa-
tion (0.2), which consists in the following main steps:

1. to realise L as a bounded below, self-adjoint operator on L2(R%);

2. to characterise the adapted Sobolev space Hj (R%);

3. to establish the smoothing properties of the unitary group generated by
L, and to prove local well-posedness in H§ (R?);

4. to exploit the conserved quantities of the equation in order to to extend,
whenever it is possible, the solutions globally-in-time.

In this thesis we discuss in detail the case when L is a singular perturbation
of a pseudo-differential operator. In particular, we study the family of self-adjoint
realisations of the fractional Laplacian (—A)*/? perturbed with a ‘pseudo-potential’
virtually supported on a finite numbers of points in R?. In the physically relevant
case of the three-dimensional Laplacian with point interactions we provide a thor-
ough analysis of the adapted Sobolev spaces and of the smoothing properties of
the associated unitary flow. As an application, we deduce local and global well-
posedness results for a singular Schrodinger equation with Hartree non-linearity,
which represents a fundamental step in order to investigate the effective dynamics
of a many-body quantum system interacting with fixed impurities.

Another case taken into account is when L is a three-dimensional Schrodinger
operator with magnetic potentials, in a regime such that the adapted energy space
is equivalent to H!(R?). In general, we deal with magnetic potentials for which the
corresponding dispersive and Strichartz estimates are not available in the literature.
To overcome this issue, we introduce in equation (0.2) a small regularisation term
and we solve the approximating problem. This is achieved by obtaining suitable
smoothing estimates for the linear dissipative evolution. The total mass and energy
bounds allow one to extend the solutions globally in time. We then infer sufficient
compactness properties in order to produce global-in-time finite energy weak solu-
tions to the original equation. Our approach allows us to also consider the case of
time-dependent magnetic potentials, which is significantly harder as one can not
appeal to typical tools from functional analysis and operator theory.

An interesting research development is to combine the two cases discussed
above, whence to study Schrédinger operators with a magnetic potential perturbed
with a singular interaction.

NLS with with singular potentials

A central topic in analysis and mathematical physics is the study of quantum
systems subject to very short-range interactions, supported around a non-zero codi-
mensional submanifold of the ambient space. A relevant situation occurs when the
singular interaction is supported on a set of points in the Euclidian space R%. This
leds to consider, formally, operators of the form

(0.6) —A + Z My 5y(')”7

yey

where Y is a discrete countable subset of RY, and p,, y € Y, are real coupling
constants.

Heuristically, (0.6) is the Hamiltonian for a quantum particle moving under
the influence of a “contact potentials”, created by “point sources” of strenghts fi,,
located at y.
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The first appearence of such Hamiltonians dates back to the celebrated paper of
Kronig and Penney [75], who considered the case d =1, Y = Z and p; independent
on y as a model for a non-relativistic electron moving in a fixed crystal lattice.
Later, Bethe and Peierls [23] and Thomas [107], considered the case d = 3 and
Y = {0} as a model for a deuteron with idealized zero-range nuclear force between
the nucleons, having introduced the center of mass and relative coordinates. In
general such kind of models has found plenty of applications in nuclear, atomic,
and solid state physic.

Self-adjoint realisations.

Following the general discussion above, one needs to rigorously realise the for-
mal Hamiltonian (0.6) as a bounded below, self-adjoint operator on L?(R¢). Since
the interaction is supported at each point y € Y, a natural approach is to consider
the family of self-adjoint extensions of the restriction of —A to smooth functions
supported away the centres of interactions. In dimension d > 4, the operator
(—A) | C°(RA\Y) is essentially self-adjoint [95], hence (0.6) cannot be realised
as a self-adjoint operator, except for the trivial case py, = 0, y € Y, which cor-
responds to an absence of point interactions, and one recovers the free Laplacian.
In dimension d = 1, 2, 3, instead, there are infinitely many self-adjoint extension of
(—A) | Ce(RA\Y).

These classes of Schrddinger operators with point interactions are nowadays
well known, since the first rigorous attempt [21] by Berezin and Faddeev, the semi-
nal work of Albeverio, Fenstad, and Hgegh-Krohn [6], and subsequent characterisa-
tion by many other authors [6, 117, 56, 57, 29] (see the monograph of Albeverio,
Gesztesy, and Hgegh-Krohn [9] and reference therein for a complete discussion).

The picture is particular clean in the case of one single point interaction, which
can be assumed without loss of generality to be centred at the origin. In dimension
d = 3, the non-negative symmetric operator (—A) | C$°(R3\ {0}) has a one-
parameter family of bounded below, self-adjoint extensions {—A, }aeruco, having
introduced a natural parametrisations for which @ = oo corresponds to the free
Laplacian on L?(R3). For a € R, instead, an actual interaction occurs at the
origin, and —A,, is characterised by (see, e.g. [9, Chapter 1.1])

Fx(0)
o+ 4*\/5
(“Aa+X)g = (FA+ )N Fy,
where A > 0 is an arbitrarily fixed constant and
e~ VAlz|

D(-A,) = {g € L2(R%) ‘g — Pyt Gy with F € H2(R3)}

(0.7)

(08) G)\(l’) = 47‘_'3:‘
is the Green function for the free Laplacian, that is, the distributional solution to
(=A 4+ )\)Gy = § in D'(R?). The decomposition in (0.7) is unique and is valid for
every chosen A > 0; it shows that a generic g € D(—A,) is the sum of a regular
function and a more singular term, which is the signature of the singular interaction.
Moreover, the two components are related by a boundary condition involving the
evalution at zero of the regular part.

In dimension d = 2 the picture is completely analogous (see, e.g. [9, Chapter
1.5]). There is a one-parameter family {—A, }acruco Of self-adjoint realisations of
the Hamiltonian of point interaction, among which —A is the free Laplacian. All
others extensions are non-trivial, and a generic g € D(—A,,) decomposes as the sum
of an H?(R?)-function and a singular term which exhibits a logarithmic divergence
at the origin, according to the behavior of the two dimensional Green function of
the Laplacian.
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In dimension d = 1 the structure is more involved, for the symmetric operator
(=A) | C§°(R\{0}) has a four-parameters family of self-adjoint extensions. Among
these one finds the sub-family {—A,}aecruco, the analogous to those discussed in
two and three dimensions. The other extensions are still such that a generic element
of their domain decomposes as the sum of a regular and a singular term, however
profound differences emerge:

e the singular term may diverge at the origin, even though the Green func-
tion of the one dimensional Laplacian is continuous;

e the boundary condition between the two components may also involve the
evaluation at zero of the first derivative of the regular part, compatibly
with the Sobolev embedding H?(R) — C(R).

In my recent work [85], in collaboration with A. Michelangeli and A. Ottolini,
we consider the more general setting of fractional Schrédinger operators with a
point interaction, that it, self-adjoint realisations on L?(R?) of the formal operator
(—=A)*/2 + 6, as well of its inhomogeneus variant (1 — A)*/? + 6. Among other
findings, our analysis allows us to give a rigorous interpretation to the Hamilton-
ian for a semi-relativistic quantum particle subject to a point-like impurity. We
provided a detailed discussion on the existence and the properties of non-trivial
self-adjoint extensions of the symmetric operator (—A)%/2 | C§°(R\{0}), in terms
of the dimension d and of the fractional power s. In particular, we proved that
the larger the number of classical derivatives allowed by Sobolev’s embedding for
H*(R%)-functions, the richer and more complicated the structure of the class of
self-adjoint extensions.

In the setting of a finite number N of centres of interactions, the realisations
of (0.6) exhibit additional features. In dimension d = 2,3, the symmetric operator
(—A) | C°(RA\Y) admits a N2-parameter family of self-adjoint extensions, among
which one distinguishes the N-parameter sub-family

{-Auy ’ a=(ag,...,ay) € (RU {oo})N}

of local extensions. In dimension d = 1, in addition to the analogous sub-family
{=A4,y }acru{oo}, there are a plethora of complicated self-adjoint extensions, which
can mix a non-local behavior with a more involved structure of the singularities at
the centres of interactions and of the boundary conditions relating them to the
regular component.

Alternative approaches are possible in order to realise the formal Hamiltonian
(0.6) as a self-adjoint operator on L?(R%), including local Dirichlet forms and non-
standard analysis techniques (see [9]). One of particular interest is to obtain (0.6)
as the limit of Schrodinger operators of the form

A+ Y V(@ —y),

yeYy

where each potential s(y), as € — 0, spikes up to create a delta-like profile, the

support shrinking to the point y. This construction is nowadays well known and
fully understoood in dimension d = 1,2, 3, that is, all the dimensions in which non-
trivial self-adjoint realisations exist (see [9, 11] for a comprehensive discussion).
In my recent work [86], in collaboration with A. Michelangeli, we prove an analo-
gous results in the more general setting of singular perturbations of the fractional
Laplacian, in arbitrary dimension.

A relevant feature of Schrodinger operators with point interactions is that their
resolvents have quite explicit and simple expressions. In particular, if |[Y| = N, then
the resolvent of —A, y is a rank-N perturbation of the free resolvent. In a sense,
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Schrédinger operators with point interactions provide “solvable models” which ap-
proximate more realistic and complicated phenomena, governed by very short range
interactions and whose study typically requires deep tools from perturbation theory.

Adapted Sobolev spaces.

Aiming at investigating non-linear problems of type (0.2), where the linear
term L is a singular perturbation of the Laplacian, one needs to extend the general
scheme outlined above. Despite the solvable nature of Schrodinger operators with
point interactions, the study of the corresponding adapted Sobolev spaces and of
the smoothing properties of the associated unitary groups can be quite difficult,
particularly in dimension three, even in the simplest case of a single point interaction
centred at the origin.

As already commented, in three dimensions the domain of —A, exhibits a
fairly complicated structure, which reflects on the behavior of the singular Sobolev
spaces H3(R3) := H®, (R?), that is, the Sobolev space adapted to —A,. In
my recent work [46], in collaboration with V. Georgiev and A. Michelangeli, we
provide an explicit characterisations of HS(R?), where we restricted for the sake of
concreteness to the case o > 0 and s € [0,2]. A considerably rich scenario emerges
from our analysis, depending on the number s of fractional derivatives.

e When s € (2,2), H3(R?) has the same structure of the operator domain
(corresponding to the case s = 2), where now the regular part F belongs
to H*(R3). The boundary value F)(0) still make sense, owing to the
Sobolev embedding H*(R3) < C(R3).

e When s € (1,2), a generic function in HS(R?) still decomposes as the
sum of a regular H*(R3)-function and a singular part proportional to
the Green function, but the link between the two components completely
disappears.

e When s € [0, 3), the Green function itself belongs to H*(R?), which turns
out to be equivalent to the singular Sobolev space H2(R3).

e When s = % ors = %, which are critical cases for the Sobolev embeddings,
a characterisation is still available but is somewhat implicit.

Smoothing and scattering properties.

Concerning the global smoothing properties of the unitary group {e'*2= };cg on
L?(R3), the analogous of dispersive and Strichartz estimates (0.3)-(0.4) cannot hold
for the full range of exponents, as suggested by the typical local singularity of order
|#z|~1 exhibited by a generic element in the domain of —A,. In this respect, the
reference work in the literature was the paper by D’Ancona, Pierfelice, and Teta
[33], where the authors proved weighted L' — L estimates, for a weight suitably
chosen in order to compensate the local singularity. In my recent work [61], in
collaboration with F. Iandoli, we proved that in the smaller regime p € [2,3),
namely the range of p’s for which Gy € LP(R?), L¥" — LP estimates hold without
weights. As a consequence, we deduced also a class of Strichartz estimates for
the dynamics generated by —A,. Our proof is based on an explicit expression for
the propagator el*2= available in the case of a single centre of interaction [100],
combined with a generalised Hausdorff-Young inequality.

A more general framework for the investigation of the dynamics generated by
—A, through the Schrédinger equation i0,u = —A,u is provided by the study of
the wave operators relative to the pair (—A,, —A), which are defined as the strong
limits

itA

Wai = g-lim e tRagltA
t—+oo
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Since the resolvent of —A, is a finite-rank perturbation of the free resolvent, stan-
dard arguments from scattering theory [97] guarantee that the wave operators W
exist in L?(R3) and are complete, meaning that

(0.9) ranWE = L2 (H,) = Pac(—A4)L*(R?),

where L2.(—A,) denotes the absolutely continuous spectral subspace of L?(IR?) for
—A4, and P,.(—A,) denotes the orthogonal projection onto L2.(—A,).

Wave operators are a fundamental tool for the study of the scattering governed
by a “perturbed” Hamiltonian in comparison with a free “unperturbed” Hamilton-
ian [76, 97]. Owing to their completeness, W and W, are unitary from L?(R?)
onto L2.(—A4); moreover, they intertwine —AqPac(—A4) and —A, viz., for any
Borel function f on R one has the identity

(0.10) F(=AL) Pac(—A0) = WE f(=A) (WF)*.

Through such intertwining, the smoothing properties of f(—A) (which, upon Fourier
transform, is the multiplication by f(£2)) can be lifted to analogous properties for
f(=AL)Pac(—Ay), provided that suitable mapping estimates of W are known.

In my recent work [36], in collaboration with G. Dell’Antonio, A. Michelangeli,
and K. Yajima, we proved that W extend as bounded operators on LP(R?), for
p € (1,3), but neither for p = 1, nor p > 3. As a consequence of our result
and of the intertwining formula (0.10), dispersive and Strichartz estimates for the
propagator e« in the regime p € (2,3], can be immediately recovered from the
corresponding ones for the free Schrodinger dynamics.

Scattering theory allows one to also consider the more general case of Schrodinger
operators with finitely many point interactions. The wave operators Wai’Y relative
to the pair (—A, y,—A) still exist and are complete, as the resolvent of —A, y
is a finite-rank perturbation of the free resolvent. However, the situation is more
involved with respect to the single centre case. Indeed, it was recently proved by
Cornean, Michelangeli, and Yajima [28], that for a sufficiently large number of
centres, arranged under particular geometric configurations, and for “exceptional”
choices of the parameter «, the operator —A, y has a zero eigenvalue imbedded in
the essential spectrum, a phenomen which does not occur in the single centre case.
As is well known in the case of regular Schrédinger operators, a zero eigenvalue
can be an obstruction for the bounded-mapping properties of the corresponding
wave operators (see, e.g., Yajima [113, 114, 115], Erdogan and Schlag [41], and
Goldberg and Schlag [52]). In the “generic” case of absence of a zero eigenvalue,
in [36] LP-boundedness of the three-dimensional wave operators W;Y is proved
for p € (1,3), and dispersive and Strichartz estimates in the same regime follow as
consequence.

NLS with point interaction.

Having indentified the structure of singular Sobolev spaces and the smoothing
properties of the linear evolution generated by Schrodinger operators with point
interactions, one can finally approach non-linear problems whose linear part is a
singular perturbation of the Laplacian.

In my recent work [83], in collaboration with A. Michelangeli and A. Olgiati,
we consider the three-dimensional Schrédinger equation with a point interaction at
the origin and a Hartree non-linearity. More precisely, for a given s € [0,2] and a
real-valued convolution potential w, we consider the Cauchy problem

: - 2
(0.11) {18tu = —Aju+ (wx*|ul*)u

u(0) = f € H(R?).
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We provide local well-posedness results both in a regime of low (i.e., s € [0, %),
intermediate (i.e., s € (3,2)), and high (i.e., s € (2,2]) regularity, under suitable
integrability and regularity hypothesis for w. Then, exploiting the conservation of
the mass and the energy, a global theory is deduced both in the mass space (s = 0)
and in the energy space (s = 1).

Besides the relevance of our well-posedness results per se, they also represent
the first fundamental step towards a rigorous derivation of the singuar Hartree
equation as the effective equation for the dynamics of a Bose-Einstein condensate
subject to a fixed impurity, in a mean-field type regime of two-body interaction
between the particles.

A stricly related, yet more difficult problems is to obtain analogous results for
pure power non-linearities.

Moreover, a challenging problem is the study non-linear Schrodinger equation
with singular perturbation of the fractional Laplacian, which among the others re-
quires a deep investigation of the scattering theory and of the smoothing properties
of corresponding unitary propagator.

NLS with magnetic fields

As a second main playground, we consider a non-linear Schrédinger equation
of the form

(0.12) i0pu = —(V —iA)*u + N (u)

in the complex-valued unknown u = u(t,z), t € R, x € R3, where N(u) is a non-
linear term, both of pure power and Hartree type, and A : R? — R3 is interpreted
as a magnetic potential.

The relevance of equation (0.12) is hard to underestimate, both for the interest
it deserves per se, given the variety of techniques that have been developed for its
study, and for the applications in various contexts in physics. Among the others,
(0.12) arises as the effective evolution equation for the quantum dynamics of a
Bose-Einstein condensate subject to an external magnetic field [81, 90], and for
the dynamics of quantum plasmas [60, 12].

Functional setting.

With reference to the general scheme outlined previously, a first issue is to de-
termine whether —(V —iA)? can be realised as a self-adjoint operator on L?(R3). A
celebrated result by Leinfelder and Simander [77] asserts that, if A € L} (R?) and

loc
div A € L (R?), then the non-negative, symmetric operator —(V —i4)? | C§°(R?)
is essentially self-adjoint on L?(R?), and therefore it admits a unique bounded
below, self-adjoint extension.
A more general approach is available whenever A € L% (R?) [102]. Under such

assumption, for every f € L?(R3) the magnetic gradient (V —iA)f is well defined
as a distribution on R3, and one can define the Banach space

Hy(R?) == {f € L*(R%) | (V—1iA)f € L*(R%)}
£ ey = [ F1Z2ey + IV =1 A) flIZ2(as),
as well as the quadratic form
Qulfgl = [ T=TAT-(V=idlgds,  fige HYR)
Q4 is a closed and positive form on L?(R?), and its associated self-adjoint operator,

denoted by —A 4, is a realisation of the magnetic Laplacian —(V —i4)?2. It is worth
noticing that the Banach space H}‘ (R3) is equivalent to the adapted energy space
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for —A 4. In general, H}l (R3) has an involved structure, and it can even have trivial
intersection with the classical Sobolev space H'(R?).

A fundamental tool in the context of magnetic Schréodinger operators is Kato’s
celebrated diamagnetic inequality 78]

(0.13) (V) (@) < |((V —=1A)f)(z)| forae xcR3,
valid for any A € L (R?) and f € H4(R3). When A € LP(R?), with p > 3,

loc
it follows from the diamagnetic inequality and the Sobolev embedding that the
magnetic Sobolev space HY (R?) is equivalent to H*(R?).

In the same regime of p’s, global-in-time magnetic Strichartz estimates were es-
tablished by various authors under suitable spectral assumptions (absence of zero-
energy resonances) on the magnetic Laplacian A [39, 40, 31], or alternatively under
suitable smallness of the so called non-trapping component of the magnetic field
[32]. Explicit counterxamples at critical scaling |A(z)| ~ |z|~! were obtained by
Fanelli and Garcia [42], adapting to the magnetic case the Strichartz counterexam-
ple for eletric potential by Goldberg, Vega, and Visciglia [53].

Beyond the regime of Strichartz-controllable magnetic fields very few is known,
despite the extreme topicality of the problem in applications with potentials A that
are rough, have strong singularities locally in space, and have a very mild decay at
spatial infinity, virtually a L°°-behaviour. This generic case can be actually covered,
and global well-posedness for (0.12) was indeed established by Michelangeli [82],
by means of energy methods, as an alternative to the lack of magnetic Strichartz
estimates.

However, such an approach requires the non-linearity to be locally Lipschitz in
the energy space, and is only applicable to a suitable class of Hartree equations,
power-type non-linearities being instead way less regular and hence escaping this
method. The same feature indeed allows one to prove global well-posedness for the
Maxwell-Schrodinger system in higher regularity spaces (see Nakamura and Wada
89]).

The parabolic regularisation approach.

In my recent work [13], in collaboration with P. Antonelli and A. Michelangeli,
we consider (0.12) with a potential A € LP(R?), p > 3, and with a non-linearity N
which is continuous from H!(R?) to H~1(R3). This way we cover quite an ample
generality, including the scenario where neither are the external magnetic fields
Strichartz-controllable, nor can the non-linearity be handled with energy methods.

Our approach consists of adding a small dissipation term in equation (0.12),
which amount to consider the approximating problem

(0.14) i0u = —(1—ie)(V —1i4)*u+ N(u).

Similar parabolic regularisation procedures are commonly used in PDEs, see for
example the vanishing viscosity approximation in fluid dynamics or in systems of
conservation laws, and in fact this was also exploited in a similar context by Guo,
Nakamitsu, and Strauss to study on the existence of finite energy weak solutions
to the Maxwell-Schrédinger system [59].

By exploiting the parabolic regularisation, one can regard —(1 — ie)Aw as the
main linear part and treat (1 —ie)(2i A - Vu + |A|?u) + N (u) as a perturbation.

Evidently, this cannot be done in the original equation (0.12). Indeed, the term
A - Vu is not a Kato perturbation of the free Laplacian and the whole derivative
Schrodinger equation must be considered as the principal part [104].

One can instead establish the local well-posedness in the energy space H'!(R?)
for the approximated equation (0.14). The key step is to obtain suitable Strichartz-
type and smoothing estimates for the regularised magnetic semi-group. This can
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be done by exploiting the smoothing effect of the heat-Schrodinger semi-group
t — el and by inferring the same space-time bounds also for the regularised
magnetic evolution, in a similar fashion as in Naibo and Stefanov [88], and Yajima
[116], where scalar (electric) potentials are treated as perturbations of the free
Schrodinger evolution.

In the case of a defocusing non-linearity, the a priori bounds on the mass and
the energy allow us to extend the solution of the regularised problem globally in
time. Moreover, the mass/energy bounds turn out to be uniform in the regularising
parameter € > 0. By means of a compactness argument, it is then possible to remove
the regularisation and to show the existence of a global, finite energy weak solution
to the original problem (0.12), at the obvious price of loosing the uniqueness, as
well as its continuous dependence on the initial data.

The parabolic regularisation technique is quite an efficient tool in the context
of semi-linear PDE’s, and in [13] also time-dependent magnetic fields are taken
into account. More precisely, for a class of potentials A € AC),(R, LP(R?)), p > 3,
and of defocusing non-linearities, global existence of finite energy, weak solutions to
equation (0.12) is proved. An interesting and challenging open question is to cover
also the endpoint case p = 3.

Structure of the thesis

In Chapter 1 we study the rigorous construction and the main properties of
singular perturbations of fractional powers of the Laplacian. We first consider
three-dimensional Schrédinger operators with finitely many point interactions, with
a particular emphasis on their spectral properties. Then we discuss the fractional
case in arbitrary dimension.

Chapter 2 is devoted to the realisation of singular perturbations of the fractional
Laplacian as limit of regular operators with regular potentials spiking up to a delta-
like profile and shrinking around the centres of interactions. After presenting the
general strategy, we treat in details the 3D and the 1D cases.

The time-dependent scattering theory for three-dimensional Schrédinger oper-
ators with point interactions is the object of Chapter 3. We provide a suitable inte-
gral representation of the singular wave operators relative to the pair (—Aq .y, —A),
based on explicit resolvent formula for —A, y. Then we appeal to the theory of
Calderén-Zygmund singular integrals in order to deduce the LP-boundedness of the
singular wave operators, for p € (1,3), and we prove as well that such range is
optimal. Last, we compare the wave operators of —A, with those relative to the
corresponding approximating Schrodinger operators.

In Chapter 4 we study the smoothing effect of the unitary evolution generated
by a Schrédinger operator with point interactions. We first discuss weighted L! —
L™ estimates. Then, as a consequence of the LP-boundedness of the singular wave
operators, we prove non-weighted dispersive and Strichartz estimates in a suitable
regime of exponents. We also provide an alternative, simpler proof in the single
centre case.

Chapter 5 is devoted to the study of the singular Sobolev space H3(R?), that
is, the adapted Sobolev space for —A,. We provide an explicit characterisation for
s € [0, 2], as well as the mutual control with the classical Sobolev norm. We provide
also useful formula for the action of the fractional powers on a generic element of
HE(R3).

In Chapter 6 we establish a solution theory the singular Hartree equation on R3.
We provide, for every s € [0, 2], local well posedness result under suitable regularity
assumption for w. Moreover, exploiting conservation of mass and energy, we also
provide a global theory in L*(R?) and in H}(R?).



STRUCTURE OF THE THESIS xvii

Last, in Chapter 7 we study the non-linear magnetic Schrodinger equation in
R3, for a wide class of magnetic potentials that are not Strichartz-controllable.
Using a parabolic regularisation technique, we are able to prove existence of global,
finite energy, weak solutions in H!(IR?).






Notation

We write C for the complex plane and C* for the open upper half plane. For
z € C\ [0, +00), /2 is chosen in C*. By 4, ¢ we denote the Kronecker delta, namely
the quantity 1 for j = £ and 0 otherwise. We shall write (A) = (1+A2)2 for A € R.
For u,v € L?(R?), we shall write |u)(v| to denote the rank-1 operator f — u(v, f),
where (-,-) is the usual scalar product in L?(R?), anti-linear in the first entry and
linear in the second. Given p € [1,4+o00|, we denote by p’ its Holder conjugate
exponent, defined via p~' + p’*1 = 1. For sequences and convergence of sequences,
we write (uy), and u, — u for (u,)peny and u, — u as n — +oo.

For an operator T on a Hilbert space, D(T') denotes its operator domain. When
T is self-adjoint, D[T] denotes its form domain and E(T)(d\) denotes its spectral
measure. We shall denote by 1, resp., by O, the identity and the null operator on
any of the considered Hilbert spaces.

We shall indicate the Fourier transform by (E or F¢ with the convention

o~

(p) = (2m)~ ¢ /R e

For two positive quantities P and @, we write P < @ to mean that P < CQ
for some positive constant C' independent of the variables or of the parameters
which P and ) depend on, unless explicitly declared; in the latter case we write,
self-explanatorily, P $o @, and the like. We write f <|.| g when [f]| < |g|.

We use the symbols div, V and A to denote derivations in the spatial variables
only. When referring to a vector field A : R® — R3, conditions like A € LP(R3?) are
to be understood as A € LP(R3 R3).






CHAPTER 1

Singular perturbations of the fractional Laplacian

In this Chapter we study the rigorous construction and the main properties of
singular perturbations of fractional powers of the Laplacian.

For given d € N and s € R, the d-dimensional fractional Laplacian (—A)*/?
can be defined via functional calculus as a non-negative self-adjoint operator on
L?(R%), with domain H*(R9). Its action is obvious in terms of the corresponding
power of the Fourier multiplier for —A:

(=A)2f)(@) = (pI*f)"(x) @.pe R

A singular perturbation of the fractional Laplacian heuristically amounts to
add to it a potential virtually supported at a finite numbers of points in R?.

A rigorous realisation can be atteined using a restriction-extension argument:
first one restricts (—A)*/? to sufficiently smooth functions supported away from the
centres of interaction, and then one builds an operator extension of such restriction
that is self-adjoint on L?(R?). The extension step is based upon the classical theory
of Krein and von Neumann, whose basic facts are introduced below (for a detailed
discussion we refer to [95, Chapter X]).

Let S be a closed, densely defined, symmetric operator on a Hilbert space H.
Assume moreover that S is bounded below, and let

m(S) = inf {{f,Sf)| f € D(S), [|flln =1}
its bottom.

(i) The quantity dimker (S* + A1) is constant for A > —m(S). It is called
the deficiency index of S, and we denote it by J(.5).

(ii) If J(S) = 0, then S is self-adjoint. Otherwise, it admits infinitely many
self-adjoint extensions, which can be parametrized by o € (RU {o0})7".

Among all the extensions, a distinguished one is the Friedrichs extension Sg,
whose bottom coincides with the one of S, which is characterised by being the only
self-adjoint extension whose domain is entirely contained in the form domain of
S, and which has the property to be the largest among all self-adjoint extensions
of S, in the sense of operator ordering for self-adjoint operators. An explicit and
convenient way to characterise all the self-adjoint extensions of S is provided by
the Krein-Visik-Birman theory (see, e.g., [45, Section 3|, and references therein).
In particular, once the Friedrichs extension Sr is known, it is possible to associate,
in a canonical way, every extension to a self-adjoint operator acting on a Hilbert
subspace of ker (S* + A1), for some A > —m(S).

In the non-fractional case, the literature on the self-adjoint realisations of sin-
gular perturbations is vast [6, 117, 56, 57, 29], see also the monograph [9] for a
comprehensive discussion.

In the fractional setting the picture is much less devoleped. In my recent work
[85], in collaboration with A. Michelangeli and A. Ottolini, we discuss in details the
case of a single point interaction centred at the origin. More precisely, we exploit

1
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the Krein-Visik-Birman scheme in order to classify all the self-adjoint extensions of
the symmetric operator (—A)%/2 | C°(R¥\{0}).

Our discussion on the singular perturbations of the fractional Laplacian will
have two main focus:

1. to qualify the nature of the perturbation in the resolvent sense;

2. to qualify the natural decomposition of the domain of the considered oper-
ators into a regular component and a singular component, and to determine
the boundary condition constraining such two components.

The first issue is central for deducing an amount of properties from the unperturbed
to the perturbed operators. The second issue also arises naturally, as one can
see heuristically that the considered operators must act in an ordinary way on
those functions supported away from the perturbation centres, and therefore their
domains must contain a subspace of H*-regular functions, where s is the considered
power, next to a more singular component that is the signature of the perturbation.

The Chapter is organised as follows. In Section 1 we consider singular per-
turbations of the three dimensional Laplacian. The fractional case in arbitrary
dimension is discussed in Section 2.

1.1. Non-fractional case in dimension three

In this Section we study the self-adjoint realisations of singular perturbations
of the three dimensional Laplacian. We start our analysis with the single-centre
case, which is simpler but retains most of the the main ideas, then we consider
the general multi-centre scenario. We discuss the basic features of the self-adjoint
realisations, such as the decomposition of their operator and form domains into a
regular and a singular part, and the explicit formulas for their resolvents. In the
last Subsection, we introduce a low-energy expansion for the resolvent, and the
important concept of zero energy resonance.

1.1.1. One centre case. It is not restrictive to fix the origin as the centre of
interaction. Consider

(L.1) k == (=A) | G (®3\{0})

as an operator closure with respect to the Hilbert space L?(R3). It is a densely
defined, closed, non-negative, symmetric operator on L?(R3).
Define, for z € C,

6iz\z| 5
1.2 = —_— eR”.
(12) 0.(0) = fre T
A straightforward computation shows that (—A — 22)G. = 6 holds as a dis-
tributional identity in R3. As a consequence, G, is the convolution kernel of the
resolvent of the free Laplacian, namely

(1.3) (—A =221V f=G. « f, Jmz >0, f € L*(R3).
Consider also, for A > 0, the function G, defined by
e~ VAlzl
(1.4) Ga(z) =G 5= TM
For a given A > 0, one has
(1.5) ker (k* + A1) = span{Gy}.

It follows that k has deficiency index one, hence it admits a one-parameter
family of self-adjoint extensions (—Aq)aeru{oc}- They can be characterized by the
following Theorem (see [9, 1.1.1]).
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THEOREM 1.1.1.

(i) The extension —An—oo 18 the Friedrichs extension of |O<, and is precisely
the self-adjoint realization of —A on L?*(R®) with domain H?(R?). All
other extensions are given, for arbitrary X\ > 0, with VX # —4xwa, by

(1.6)  D(-Ag) = {geLZ(R?’)

(0
g=F\+ O G it By e H2(R3)}
(6%

+%
and
(1.7) (—An+ N g = (FA+ )N Fy,
The above decomposition of a generic g € D(—A,) is unique and holds
true for every chosen \. The same formulas are valid also for A = —22,

with z € C, Jmz > 0, z # —4mad.
(ii) For each a € R, the quadratic form of the extension —A,, is given by

(1.8) D[-A,] = H'(R?) 4 span{Gy}
(—A)[Fr + rAGA] = [[VEA[F2ms) = AlFx + £rGall 72 (s
+ AFAIZ2ms) + (o + ¥2) [kl
for arbitrary X > 0, with VA # —4ma.
(iii) For each a € R, the resolvent of —A, is given by

GA)(GAl.-

-1 _ [ -1
(1.10) (AL +AL) ™ = (“A+ A1)+ 7
a+ 4m
for arbitrary A > 0, VA # —4wa. The same formula is valid also for
A= —22, with z € C, Jmz > 0, 2 # —4rai.
(iv) Fach extension is semi-bounded from below, and

Uess(_Aa) = Jac(_Aa) = [0,+OO), USC(_AQ) = (2)7

(1.11) 0 ifa=0
Udisc(_Aa) = f
{E.} ifa<0,
where the eigenvalue E, = —(4ma)? is simple, the (non-normalised)

eigenfunction being G|, |-

It follows from (1.6) that a generic element g € D(—A,) decomposes as the sum
of the H2-function Fy and a less regular term. The Sobolev embedding guarantees
the continuity of F, whence the boundary condition for g reads

g(z) = F\(0)(1 + (4ra+ VA) " Hz|™)  as z — 0,

and hence also, owing to the arbitrariness of A > 0,

1 1 1 - .
(1.12) 9@) ~ = (m - E) . a:=—(4ma)"L.
The latter condition is the short-range asymptotics typical of the low-energy bound
state of a potential with almost zero support and s-wave scattering length a, as was
first recognised by Bethe and Peierls [23], whence the name of Bethe-Peierls contact
condition.

Clear consequences of (1.6)-(1.7) above are: on H2-functions vanishing at z = 0
the operator —A, acts precisely as —A; moreover, the only singularity that the
elements of D(—A,) may display at x = 0 is of the form |z|~!. This suggests that
—Ag fails to be in L?(R®) by a distributional contribution removing which yields
—A,g. This is precisely what can be proved:

(1.13) ~Aag = ~Ag— (lmalg(x)) 0, g€ D(-Aq).
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Identity (1.13) indicates that —A,g may be thought of a suitable renormalisation
of —Ag: in fact, in the r.h.s. there is a difference of two distributions which gives
eventually a L2-function.

Another relevant form of the boundary condition for g € D(—A,,) is available
in Fourier transform. The following limit is finite

. 1 ~
(1.14) § = MR foere
[pI<R

(p)dp

and is customarily referred to as the charge of g, in terms of which one has the
asymptotics

(1.15) (p)dp = 47€ (R 4+ 27%a) + o(1) as R— +oo.

per® I
Ipl<R
The latter is the so-called Ter-Martyrosyan—Skornyakov condition, originally identi-
fied by Ter-Martyrosyan and Skornyakov [106] (see also [84] for a recent discussion),
and is in practice the Fourier counterpart of (1.12). One can show that imposing
the Ter-Martyrosyan—Skornyakov condition at given « to the functions in the do-
main of the adjoint of k selects precisely D(—A,). The action of —A, in Fourier
transform reads

—

. . . 1 .
(116)  (“Beg)p) = $9() € = *0) — im /| o T
pI<

which is the Fourier counterpart of (1.13).
Moreover, the following equivalent characterisation of —A, has the virtue of

showing explicitly that the two operators —A, and —A only differ on the subspace
of spherically symmetric functions. The canonical decomposition

(117)  LA(R®) = @ L*RY,r*dr) @span{Yy_¢,...,Yee} = @D LI(R)
=0 £=0

(where the Yp,,’s are the spherical harmonics on S?) reduces —A,, and for each
¢ > 1 one has —Aq[rz = —A|zz. On the sector £ = 0, namely the Hilbert space

1
2 3y _ pr—172(p+ L
(1.18) L2 (R%) = U'L2(RT dr) ® span{47r} :
where U : L2(R*,r2dr) = L2(R*,dr), (Uf)(r) = rf(r), one has
(1.19) —Aalz, = U theaU) @1,
and ho  is self-adjoint on L?(R* dr) with
d2
hoo = —q2
(1.20) 9,9" € AC15c((0, 400))
D(hoe) = 4 g € L*(0,+00) g" € L*((0,+00))

—4rag(0t) +4¢'(07) =0

Let us analyse the quadratic form associated to —A,, characterised by (1.8)
and (1.9). Analogously to the operator domain, also for the functions in the form
domain the highest local singularity is |z| ™!, since Gy € Hz~(R3)\ Hz (R3), while
F\ € HY(R3). Instead, as typical when passing from the domain of a self-adjoint op-
erator to its (larger) form domain, the characteristic boundary condition of D(—A,)
is lost in D[—A,] and no constraint between regular and singular component re-
mains (actually regular components of functions in D(—A,) are not necessarily
continuous).
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Last, let us comment on the spectral properties of —A, identified in Theorem
1.1.1(iv). Identity (1.10) provides an explicit formula for the resolvent of —A,,
which turns out to be a rank-one perturbation of the free resolvent. As a conse-
quence, the spectrum of —A, is completely characterized. In particular, only a
simple negative eigenvalue can occur.

1.1.2. Finitely many center in three dimension. We fix a natural number
N > 1 and the set Y = {y1,...,yn} C R? of centres of the singular interactions.
Consider

(1.21) ky = (=A) [ CER3\{Y})

as an operator closure with respect to the Hilbert space L?(R3). It is a densely
defined, closed, non-negative, symmetric operator on L?(R3).
For z,y € R3, 2 € C, A > 0, we set

) eiz|z—y\
(1.22) Gl(z) == G.(v—y) = pr—
1.2 GUa) m GV () =
(1.23) ) = Qiﬁ(x) = m

A straightforward computation shows that, for A > 0,

(1.24) ker ((ky)* + )\]l) = spaun{Gl)’\l7 LGN }

It follows that lo<y has deficiency index N. Hence, it admits a N2-parameter family
of self-adjoint extensions. The most relevant sub-class of them is the N-parameter
family

(125) {_Aa,Y | o= (a17"'7aN) € (RU{OO})N}

of so-called local extensions, namely extensions of ky whose domain of self-adjointness
is only qualified by certain local boundary conditions at the singularity centres.

More precisely, we shall see that the elements of D(—A, y) satisfy, at each
centre of the point interaction, the ‘physical’ Bethe-Peierls boundary condition
introduced in (1.12) above, namely

4j ( 1 1 ) o -1
1.26 ~ L — = = — (4w
( ) g(:l?) z—y; A7 |$ _ y]‘ aj ’ a] ( 7TOé]) ’

for suitable constants ¢; € C.

If for some j € {1,..., N} one has a; = oo, then no actual interaction is present
at the point y; (no boundary condition as * — y;) and in practice things are as if
one discards the point y;. In particular, when o = oo, we recover the the Friedrichs
extension of Io(y, namely the self-adjoint realisation of —A on L?(IR?).

Owing to the discussion above, we may henceforth assume, without loss of
generality, that a runs over RY.

We review the basic properties of —A, y, from [9, Section II.1.1] and [93] (see
also [34, 33]). We introduce first some notation.

For z € C and z,y,y € R3, set

. ’
elzly—y'l

’ B EEErEE— f !
(1.27) gw = -yl Y 7
0 if y/ =Y,
and
. o i o y'ye)
(1.28) Lay(z) = ((O‘J A >5M g je=1,..,N
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Thus, the function z — I'y y(2) has values in the N x N symmetric matrices and
is clearly entire, and z — 'y y(2)~! is meromorphic in z € C. It is known that
I.,v(2)7! has at most N poles in the open upper half-plane C*, which are all
located along the positive imaginary semi-axis. We denote by £ the set of such
poles.

The following facts are known.

THEOREM 1.1.2.
(i) The domain of —Aq y has the following representation, for any z € CT\E:

N
(129) D(-Aay) = {g=F+ 3 (Cay(x) ) Folyn)G¥ | P € HX®RY)}.

Jk=1

The summands in the decomposition of each g € D(—Ay,y) depend on the
chosen z, however, D(—A, y) does not. Equivalently, for any z € CT\E,

F, € H%(R?)
N (q1,---,qn) €CN
(1.30) D(~Aay) = {g=F.+> ¢ | [F=w) @
i=1 : =Tay(2) | :
F.(yn) qn

At fized z, the decompositions above are unique.
(ii) With respect to the decompositions (1.29)-(1.30), one has

(1.31) (-Ayy —2°1)g = (-A—-2*1)F,.

Moreover, —A,y has the following locality property: if g € D(—Aq4y) is
such that glyy =0 for some open U C R3, then (—Anyg)|lu =0.
(iii) For z € CT\E&, we have the resolvent identity

N
(132)  (FAay —2’1)7 = (-A=21)7" = (Cay(2) 1) 1G2 ) (G2
Jk=1

Parts (i) and (ii) of Theorem 1.1.2 above originate from [57] and are discussed
in [9, Theorem II.1.1.3], in particular (1.30) is highlighted in [34]. Part (iii) was
first proved in [56, 57] — see also the discussion in [9, equation (II.1.1.33)].

By exploiting the boundary condition in (1.30) between the regular and the
singular part of a generic g € D(—A,,y), it is straightforward to see that

a(rjg)

(1.33)  lim (T
J

_47(&]'71]'9):07 Tj::‘x_yj|a je{lv"'vN}v
’I“jJ,O

whence also

. 4qj _ .
(1.34) 1.1523. (g(a:) - m - ajqj) = 0, je{l,...,N},
which is equivalent to the above mentioned Bethe-Peierls boundary condition (1.26).

In fact, D(—A,.y) is nothing but the space of those L2-functions g such that
the distribution Ag belongs to L?(R3\Y) and the boundary condition (1.34) is
satisfied.

We record a simple consequence of Theorem 1.1.2 which will turn out to be
useful in our discussion.

LEMMA 1.1.3. The operator —Aq y is a real self-adjoint operator, that is, for
a real-valued function g € D(—Aqy), —Aq,yg is also real-valued.
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PROOF. Let z = iA\, A > 0, be such that i\ ¢ £ and let g be a real-valued
function in D(—A,,y). Then, with the notation of the decomposition (1.30) of
g, the asymptotics (1.34) show that the coeflicients ¢, ...,qn are all real. The
entries of I'y y (i\) are real too, because Re z > 0. Then (1.30) implies that F, is
real-valued and so must be —A, yg + A?g, owing to (1.31). O

Let us discuss the spectral properties of —A, y, whose resolvent is characterised
by (1.32) as an explicit rank-N perturbation of the free resolvent. Contrary to the
single centre case, the discrete spectrum of —A, y may include a zero eigenvalue
imbedded in the essential spectrum.

THEOREM 1.1.4. The spectrum o(—A,y) of —Aqy consists of at most N
non-positive eigenvalues and the absolutely continuous part oac(—Aq,y) = [0,00),

the singular continuous spectrum is absent.

(i) There is a one to one correspondence between the poles i\ € € of Ty (2) !

and the negative eigenvalues —\? of —A,.y, counting the multiplicity. The
eigenfunctions associated to the eigenvalue —\? < 0 have the form

N
Y = Z ¢ Gy s
j=1
where (c1,...,cN) is an eigenvector with eigenvalue zero of Ty y (iX). The

ground state, if it exists, is non-degenerate.
(ii) In a neighbourhood of z = 0, the meromorphic matriz-valued function
Loy (2)7! has the expansion

S} S}

-1 _ e r (reg)

(1.35) Fay(z)™ = = + > + Ty (2)
for some constant matrices O, O, and some analytic matriz-valued func-
tion I‘S’i‘%)(z). Moreover, ©, # 0 if and only if zero is an eigenvalue for
—Asy-

Part (i) of Theorem (1.1.4) is an extension, proved in [9, Theorem II.1.1.4], of
some of the corresponding results established in [57]. The proof of part (ii) follows
the very same scheme identified in [28] for the two dimensional case. In the same
paper, explicit examples of the occurrence of a zero eigenvalue are provided for
the first time. It is worth noticing that such occurrence is, in a suitable sense,
“exceptional”. Indeed, following the discussion in [28], the self-adjoint operator
—A,,y may have a zero eigenvalue only for a sufficiently large number N of centres,
arranged in very specific geometric configurations, and for a measure-zero set of
values of the parameter a € RY.

1.1.3. Low energy expansion for the resolvent. Expansion (1.35) sug-
gests that, in addition to a possible eigenvalue, another kind of obstruction can
occur at the bottom of the essential spectrum. In order to clarify the situation, we
preliminary recall a version of the celebrated Limiting Absorption Principle for the
free Laplacian [4, 76].

Given o > 0, we consider the Banach space

(1.36) B, := B(L*(R?, (x)'"7dx); L*(R®, (x) "' ~7dz))
We have the following result.

THEOREM 1.1.5 (Limiting Absorption Principle). Fiz o,e > 0 and v < 0. The
following bound holds true:

I(=A+ (y+ie)1) s, < C,
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where the constant C depends only on o and . Moreover, in the norm operator
topology of B, there exists the limit

lim(—A 4+ (y +ie)1) ™' = (A +41)7 1,

e—0
which can be interpreted as the boundary value of the free resolvent on the negative
half-line v < 0. The By-valued map v +— (—A +~1)~! is Hélder continuous.

REMARK 1.1.6. By a direct inspection, it is possible to show that the B,-valued
map 7+ (—A +~1)~! can be continuously extended also at v = 0.

Owing to the resolvent formula (1.32), it is easy to show that the Limiting
Absorption Principle holds true also for —A, y. Nevertheless, unlike the case of the
free Laplacian, we cannot expect in general to continuously extend (—A,y +~1)~*
at v = 0. In fact, it follows from (1.35) that in a neighborhood of 4 = 0 we have
the expansion

. -1 _ é ﬁ (reg)
(1.37) (—Aay +71) il Ve + AT (y),
where A, A, € B, and A(Teg)(fy) is a continuous B,-valued map. In addition,
A # 0 if and only if zero is an eigenvalue for —A, y. If A, # 0, or equivalently if
O, # 0 in (1.35), we say that —A, y is zero energy resonant.

In the single centre case we can give a clean description of the occurrences of
an obstruction at the bottom of the essential spectrum. In fact, we already saw
in Theorem 1.1.1 that —A, cannot have a non-negative eigenvalue. Moreover, it
is easy to show that, for a # 0, neither —A,, is zero energy resonant. Instead, for
a = 0, we have in a neighborhood of v = 0 the expansion

- A

(Ao +91) Ve

|Go){Gol + Ao(7),

where

Ag() == (A +~1)" "+

4
7(\Gv><Gw| — [Go)(Gol)

Nei
is continuous at v = 0. It follows that —A( is zero energy resonant.

In the general multi-centre case, both obstructions can occur for —A,y. As
already mentioned, a zero eigenvalue is possible only under specific geometric con-
figurations of the centres and a measure zero set of choiches of the parameter «.
For an arbitrary configurations of the centres, —A, y can be zero energy resonant,
but this is an exceptional behaviour that holds only when « is chosen in a measure
zero set. The reqular case, that is, when the resolvent can be extended continuously
at the origin, is the “generic” one.

REMARK 1.1.7. For actual Schrédinger operators of the form —A + V' the
Limiting Absorption Principle and the low-energy resolvent expansion analogous to
(1.37) can be proved under suitable short-range Assuption on V' [4, 64]. For such a
class of operators, the zero-energy resonant condition can be equivalently phrased as
the existence of a generalized eigenfunction (a zero-energy resonance for —A+ V),
namely a function ¢ € L*(R3, (x)~1=9dx) \ L*(R3), for every o > 0, which satisfies
—A +V =0 as a distributional identity on R? (we will use a similar definition in
Chapter 2, in the more general context of fractional Schrodinger operators). In a
sense, this definition could be applied also to —A,,y. Consider, for example, the
zero-energy resonant operator —Ag. The negative eigenvalue of —A,, when « < 0,
vanishes as o T 0 and the corresponding eigenfunction converge pointwise a.e. to
Go € L*(R3, (z)~177dz) \ L*(R3), for every o > 0, which can be considered as the
zero-energy resonance for —A.
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1.2. Fractional case in arbitrary dimension

In this Section, using the Krein-Visik-Birman theory, we study the family
of self-adjoint realisations of singular perturbations of the fractional Laplacian
(—=A)*/2 in R4, for arbitrary d and s. For the sake of concreteness, we restrict
our attention to the case of a single point interaction, which can be assumed to be
centred at the origin.

Consider

(1.38) K72 = (=A)72 | Cg°(R\{0})

as an operator closure with respect to the Hilbert space L?(R?). Moreover, for
chosen d € N; A > 0, and s € R we set

1 1 v
(1.39) Gor(z) = ?§;T§(Hﬂ;?55) (z), x,peR?,
whence
(1.40) (A2 4 X) G\ = d(x)

as a distributional identity on R?. In three dimensions, k@D and Gg, ) coincides,
respectively, with k and G, introduced in Section 1.1.

The domain of k(/2)| as a consequence of the operator closure in (1.38), is a
space of functions with H°-regularity and vanishing conditions at x = 0 for each
function and its partial derivatives. The amount of vanishing conditions depends
on d and s, to classify which we introduce the intervals

d —
(1.41) I = 0.2) n=0
" (g—kn—l,g—kn) n=12,...

For our purposes it is convenient to use momentum coordinates to express the
vanishing conditions that qualify the domain of k(*/2). With the notation p =
(p1,...,pqa) € R, one can prove (see [85, Appendix A])

(1.42)
D) = HiEA\{0}) = CFEN{0))
H*(R?) if s € Iéd)

f € H*(R3) such that

Joa P70} f(p)dp =0 iftsel® n=12...
7,574 € No, Z;-l:l%' <n-—1

Clearly, [o.p]" - p}*f(p)dp = 0 is the same as (247 --- 24 £)(0) = 0, with the

811’1 8:1:3‘1

notation r = (x1,...,14) € R

The expression of D(Iz(s/g)) for the endpoint values s = % + n requires an
amount of extra analysis: we do not discuss it here, an omission that does not
affect the conceptual structure of our presentation.

Being densely defined, closed, and non-negative, either the symmetric operator
k(+/2) is already self-adjoint on L2(R%), or it admits a J (s, d)?-parameter family of
self-adjoint extensions, where

(1.43) J(s,d) = J(kE/?) = dimker ((k/?)* + A1)

for one, and hence for all A > 0. The self-adjointness of k(s/2) g equivalent to

J(s,d) = 0.
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We saw in Section 1 that J(2,3) = 1. It is not difficult to compute J (s, d) for
generic values of d and s and to identify a natural basis of the J (s, d)-dimensional
space ker ((k(*/2))* + A1).

LEMMA 1.2.1. For given d € N and s > 0,

(1.44) seld = J(s,d) = <d+”_1).

d

In particular, when s € IT(Ld) for some n € N, then

d
(1.45) ker ((12(8/2))* + A1) = span{uélwﬁd Y1,..-,%4 € No, Zvj <n-— 1} ,

j=1
where
Y1 Vd
—~ pl ...pd
(1.46) uryy (D) =
Y1 Yd |p|5 _,_)\

It is worth noticing, comparing (1.39) and (1.46), that
(1.47) uy o = (2m)% Gy .

In the particular case s = 2, one gets J(2,1) = 2, J(2,2) = J(2,3) = 1 and
J(2,d) =0 for d > 4. Hence, non-trivial point perturbations of the free Laplacian
exist only in dimension d = 1,2 or 3.

ProoF oF LEMMA 1.2.1. When s € Iéd)7 we see from (1.42) that k(/2) is self-
adjoint: then ker ((k(¢/2))*+\1) is trivial and J (s, d) = 0, consistently with (1.44).

When s € I,(zd)7 n=1,2,..., then u € ker ((12(5/2))* + )\Il) = ran(lz(s/m + )\]l)J' is
equivalent to

0= / AW (pl* + NFp)dp  Vf € DK/
RS

and one argues from (1.42) that k(s/2) ig spanned by linearly independent functions
of the form ufy‘l ....7a- Such functions are as many as the linearly independent mono-
mials in d variables with degree at most equal to n — 1, and therefore their number

equals (d + Z N 1). O

The knowledge of ker ((I:(s/ 2))* + A1) and of the inverse of the Friedrichs ex-

tension of k(*/2) are the two inputs for the Krein-Visik-Birman extension theory,
by means of which we can produce the whole family of self-adjoint extensions of
k(s/2)

Such a construction is particularly clean in the case, relevant in applications,
of deficiency index one: the comprehension of this case is instructive to understand
the case of higher deficiency index. Moreover, as we shall see, in this case the self-
adjoint extensions of k(s/2) turn out to be rank-one perturbations, in the resolvent
sense: we will use the jargon J = 1 or ‘rank one’ interchangeably.

We discuss in detail the J(s,d) = 1 scenario when s € Il(d)7 deferring to
Subsection 1.2.3 an outlook on the high-J scenario. This corresponds to analysing
the regimes s € (3,2) when d = 1, s € (1,2) when d = 2, s € (£,3) when d = 3,
etc. .

The construction of the self-adjoint extensions of k(*/2) in any such regimes is
technically the very same, irrespectively of d, except for a noticeable peculiarity
when d = 1, as opposite to d = 2,3, ...
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Indeed, when s € Il(d) and hence J(s,d) = 1, we know from Lemma 1.2.1 and
(1.47) that ker ((f<<s/2>)* + A1) = span{G; »}, and the function G, x may or may not
have a local singularity as x — 0. As follows from the d-dimensional distributional
identity

s s 1 d—s —s 1
BT pr = 2T (), s 0,

G;.» has a singularity ~ |2|~(?~%) when s < d, it has a logarithmic singularity when

s = d, and it is continuous at x = 0 when s > d. More precisely,

(148)  Gya(z) =% Goa(0) = (27 'w2 IT($) AT ssin ) ' s> d,

S

ALY
(149) GS7)\($) = W + Js,)\(I), ENS (O,d),
with
d—s
A.(sd) - 1(;( 2 d) )
(150) emizird)

_ A ( 1
(2m)2 \pl*(Ipl* + A

))V € Cun(RY).

Now, all the considered regimes s € (1,2) when d =2, s € (%, %) when d = 3,
etc. lie below the transition value s = d between the local singular and the local
regular behaviour of Gy, whereas the regime s € (1, 2) when d = 1 lies across the
transition value s = 1.

The same type of distinction clearly occurs for the spanning functions (1.45)-
(1.46) of ker ((k(*/2))* + A1) for higher deficiency index 7 (s, d).

In the present context, the peculiarity described above when d = 1 results in
certain different steps of the construction of the self-adjoint extensions of k(s/2) and
ultimately in the type of parametrisation of such extensions, as we shall see.

Therefore, we articulate our discussion on the extensions of k(5/2) when the
deficiency index is one discussing first the three-dimensional case (Subection 1.2.1)
and then the one-dimensional case (Subsection 1.2.2). As commented already, for
generic d > 2 the discussion and the final results are completely analogous to d = 3.

1.2.1. Rank-one singular perturbations in dimension three. In terms
of the general discussion above, we consider here the operator k(*/2) on L2(R?)
when s € (2,3). k(*/2) acts as the fractional Laplacian (—A)*/? on the domain

(151) D) = {fem®)] [ Fw)dr=0

and its deficiency index is 1.

We start by producing all the self-adjoint extension in the Birman scheme. We
first obtain a paramatresion which depends on the shift A. Then, we will produce
the natural a-representation. One has the following construction.

THEOREM 1.2.2. Let s € (2,5) and A > 0.

(i) The self-adjoint extensions in L*>(R®) of the operator k(s/2) form the family
(k(TS/Q))Temu{m}, where k&/?
adjoint fractional Laplacian (—A)

1s its Friedrichs extension, namely the self-

/2 and all other extensions are given
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by
SURNESY T £
= + +
D) = {ge 2@y TP =IO G FE
(1.52) £eC, fAeHRY), [o FAp)dp=0
ms? sin( 32X -2 s
= {g=P + ZEBEN P )6, [ e 1o (RY],
and
(1.53) (k7D £ A1)g = ((—A)¥2 + A1) F*.

(ii) Each extension is semi-bounded from below and
info(k®? 4+ A1) >0 < 7 >0
(1.54) info(k®? + A1) >0 < 7 >0
(k572 4 \1) is invertible < T #0.
(s/2)

(iii) For each 7 € R the quadratic form of the extension kr 1s given by
(1.55) Dk/D] =  HE(R®) 4 span{G, .}
KDY+ 5aGanl = IVIZFMZ2ggsy = MF* + £xGell 2 as)
7(s—3)

ms2)\27 % sin(3T)

for any F» € H*/?(R3) and k) € C.
(iv) For T # 0, one has the resolvent identity

2ms? sin (22 JAZ=2

(157) (K2 A1) = ((A)*2 + A1) + -3 1Gs.x)(Gaal -
PROOF. The whole construction is })ased upon the Krein-Visik-Birman self-
adjoint extension scheme. Since ker ((k(*/2))* + A1) = span{G,,} and the

Friedrichs extension of k(*/2) + A1 is (—A)*/2 + A1, one has the following formula
for the adjoint (see, e.g., Ref. [45], Theorem 2.2):

. > n §
9(p) = fA(p) + 7 +1 5
(Ipl*+A)? _lpl*+A
n,&E€C, f>e H¥R?) f]RsfA Ydp =0
f<<5/2>*+)\]19:f*1<ps+>\(fA+7n ))
Each element of the one-parameter family of self-adjoint extensions of k(s/2) g
identified (see, e.g., Ref [45], Theorem 3.4) by the Birman self-adjointness condition

D((K)) = {ge L&)

n=r71¢ for some 7 € RU {oo}.

This establishes the first line of (1.52). Setting A o= F + (Ip|* + \)727¢, the
boundary condition between F* and ¢ in Fourier transform reads

* F/;‘ dp = 4?7 (s—3) )
) | P = ¢ 5=
Then, from F*(0) = (27‘()7%]]1{3 F/';‘dp, and using (1.39) with d = 3, the second line
of (1.52) follows. Since ki*/? is a restriction of (k(*/2))*  from the above action of
the adjoint one deduces (1.53). This completes the proof of part (i).
Part (ii) lists standard facts of the Krein-Visik-Birman theory — see Ref. [45],
Theorems 3.5 and 5.1.
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The quadratic form is characterised in the extension theory (Ref. [45], Theorem
3.6) by the formulas D[kgs/z)] = D[k;f/z)] + ker ((12(5/2))* + AL) (“F” stands for
Friedrichs), whence (1.55), and (k\*/? + AL)[F* 4 k3G, z] = ((—A)¥/2 + A1) [FA] +
7|kal?[|Gs,a 172 (gs), whence (1.56). The proof of part (iii) is completed.

Krein’s resolvent formula for deficiency index 1 (Ref. [45], Theorem 6.6) pre-
scribes

FORE A1) = ((=2)72 4+ A1) 7!+ By [Gox) (Go
for some scalar 3 - to be determined, whenever (k(Ts/ 2) + A1) is invertible, hence for
7 # 0. Thus, for a generic h € L2(R?), the element g := (k\/? +A1)~1h € D(k\*/?)
reads, in view of (1.52) and of the resolvent formula above,

N o~ é')\
9(p) (p) + o A

o~ h(p) B / h(q)
r = , = : dq.
PSR T s Sl
The boundary condition (*) for F* and &, then implies 1 = 3, - - ‘T.(‘Z;fi/\%é,

which determines 8 r and proves (1.57), thus completing also the proof of (iv). O

The 7-parametrisation of the family (k(f/ 2))T€RU{OO} depends on the initially
chosen shift A > 0, meaning that with a different choice \’ > 0 the same self-adjoint
realisation previously identified by 7 with shift A is now selected by a different exten-
sion parameter 7’. It is more convenient to switch onto a natural parametrisation
that identifies one extension irrespectively of the infinitely many different pairs
(A, 7) attached to it by the parametrisation of Theorem 1.2.2. We shall do it in
the next Theorem: observe that indeed, as compared to Theorem 1.2.2, here below
A > 0 is arbitrary.

THEOREM 1.2.3. Let s € (2,5).
(i) The self-adjoint extensions in L*>(R®) of the operator k(s/2) form the family
(kt(f/z))aeRU{m}, where kgi/Z) is its Friedrichs extension, namely the self-

s/2

adjoint fractional Laplacian (—A)%/2, and all other extensions are given,

for arbitrary A > 0, by

FA
DUG) = §g= P — 0
(1.58) o A

" 2ns sin(32)

(/D 4 2 g = (“A)/2+ ) P>,

Gy | F* € H*(R?)

(ii) For each a € R the quadratic form of the extension k((f/z)

(1.59) DG/P] = HE(R®)+span{G, .}
KE/DIF + G ) V12 FA e ey = AIE? + kaGoalZ2 ey

18 given by

3
(1.60) F A FMZ 2wy + (@ — 525 ) [kl

2ms sin(%’")
for arbitrary A > 0.
(iii) The resolvent of kgf/z) is given by

(KD + A1)~ = ((-A)Y2+ A1)
31 _
+ (o= 2 G ) (G|

T 27s sin(%")

(1.61)

for arbitrary A > 0.
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(iv) Each extension is semi-bounded from below, and

Tess(K/?) = 00c(k/P) = [0,400), 0. (k$/?) = 0,

1.62 . >0
( ) Udisc(kEyS/z)) = 0(5) ZfCV
' {EJ}  ifa<0,
where the eigenvalue Eés) is non-degenerate and is given by
(1.63) ES) = —(2rla] s sin(=22)) 77,

the (non-normalised) eigenfunction being Gs,/\z\Eff)r

REMARK 1.2.4. When s = 2, Theorem 1.2.3 produce exactly the family of

self-adjoint operators —A, introduced in Section 1.1.

PrROOF OF THEOREM 1.2.3. We seek for the relation 7 = 7(\) that ensures
that all the pairs (A, 7(\)), with A > 0, preserve the decomposition (1.52)-(1.53)
and thus label the same element of the family of extensions.

For chosen A and 7, a function g € ’D(k(TS/ 2)) decomposes uniquely as
G g £ F* € H*(R?) Pdp = ¢ 1r7(-9)

|p‘s +A7 f eC ’ R3 s2a2-3 sin(32) '

Let now A > 0 and 7" € R be such that for the same function g in the domain of

the same self-adjoint realisation k(TS/ 2) one also has
- = 3 FN ¢ H5(R?) / i 4xr (s—3)
= N+ — FNdp = ¢ 2 T1(s73)
g + |p|S pY, ’ 5/ ceC ) s p E 52)\’27% sin(22)

The new splitting of g is equivalent to

§ ¢

5/257 FA/:FA+ - ’
pl*+ XA Ipl*+ N

and the boundary condition for F> and &' is equivalent to
!/
* an?7(s—3) / ( 5/ g ) e 4An?r'(s—3)
e - dp = § ——=——.
( ) ¢ 523232 sin(2r) R3 |p|‘5 + A |p|5 + N P ¢ s20/27 % sin(2%)

Let us analyze the integral in (*). Both summands in the integrand diverge,
with two identical divergences that cancel out. Thus, by means of the identity
r2(rs + N7 =275 — X275 (r* + A\)71, one has

1 1 R 2 R 2
/ ( - - - )dp = 4 lim (/ , dr — / — dr)
re PP A Pl N Rotoo \ Jo 75 4+ A o TN

br T (/Rw_/RW)
R—too \ Jy 7m572(rs + X)) o TST2(rs 4+ ))

472 472
Al’%ssin(:ﬁ) legssin(:g’r) .

S S

Plugging the result of the above computation into (*) yields

which shows that all pairs (A, 7) such that
(+%) 7(3—8) — sA

2752 sin(3T)A2 2
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indeed label the same extension (the pre-factor —27s? sin(%") having being added
for convenience). Thus, a € RU{oo} defined in (**) is the natural parametrisation
we were aiming for (and the Friedrichs case 7 — 400 corresponds to av — +00).

3
2melein(GNTT T Sin(i%)ﬁ = = ( -—L )71 in the formulas of

T(s=3) 27rssin(377’))\17§
Theorem 1.2.2 we deduce at once all formulas of parts (i), (ii), and (iii), together
of course with the certainty, proved above, that the decompositions are now \-
independent.

Since the deficiency index is 1, and hence all extensions are a rank-one per-
turbation, in the resolvent sense, of the self-adjoint fractional Laplacian, then all
extensions have the same essential spectrum [0, +00) of the latter, and additionally
may have at most one negative non-degenerate eigenvalue, in any case all extensions
are semi-bounded from below — all these being general facts of the extension theory,
see, e.g., Ref. [45], Theorem 5.9 and Corollary 5.10. This proves, in particular, the
first line in (1.62).

The occurrence of a negative eigenvalue E, = —X\ of an extension kgf/ 2), for
some A > 0, can be read out from the resolvent formula (1.61) as the pole of

(k,(f/Q) + A1)~!, that is, imposing

Upon replacing

o —

:O’

@ |eo|

1
37r)>\1—

2ms sin( 2
ie.,
3=s : 37\ 1
a = -\ (27s sm(—?)) .
The identity above can be only satisfied by some A > 0 when a < 0, because
sin(—2%) > 0, in which case
A = (27r\oz| s Sin(—%r))ﬁ .
Alternatively, one can argue from (1.52)-(1.53) that the eigenvalue —A must corre-
spond to the eigenfunction (Wﬁ)v, that is, an element of the domain with only
singular component, and to the parameter 7 = 0, hence with f* = 0 in the notation
therein. Then, setting 7 = 0 in (**) yields the same condition above on « and .
This proves (1.63) and the second line in (1.62) when « < 0, and it also qualifies
the eigenfunction.
When such a bound state is absent, and therefore when « > 0, for what argued
before one has U(kgf/Q)) = O’ess(k((j/Z)) = [0,4+00). This proves the second line in
(1.62) when «a > 0, and completes the proof of part (iv). O

The elements of the domain k((f/ 2 split into a regular H®-component plus a
singular component, whit the singularity of G, ), namely |x|_(3_3) for all powers
s € (%7 %) Moreover, a local boundary condition constrains regular and singular
components: working out the asymptotics as « — 0 in (1.58) by means of (1.49)
we find

(1.64) g(x) ~ a+ A§3>|x|*<3*5> asxz —0, g€ D(kff/Z)) ,8€ (%, %),

where A{?) is defined in (1.49). Asymptotics (1.64) is the fractional version of the
Bethe-Peierls contact condition (1.12) (observe that Agg) = (47)~1, consistently).

1.2.2. Rank-one singular perturbations in dimension one. We consider
here the operator k(/2) on L?(R) when s € (3,2). The conceptual scheme is the
very same as in the 3D case, except for an amount of extra technicalities due to the
somewhat more involved structure of the Friedrichs extensions for high regularity

s € (1, %) For simplicity, we do not treat the tranistion case s = 1. Details can
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be found in [85, Section V] and we content ourselves here to only state the main

results.
We start with qualifying the Friedrichs extension k;f/ 2 of k(/2). Unlike the

three-dimensional case, the structure of k;f/ 2) depends on whether s < 1 or s > 1.
PROPOSITION 1.2.5. Let s € (%,3), s # 1.

i) The quadratic form of the Friedrichs extension k(s/2) of k(s/2) s
(i) F

/2, _ JHA(R) ifse€(3,1)
Pl ]‘{H?%me> fse L)

K2 [f,9) = (IVIEf,V]|5g).

(i) When s € (3,1), one has

(1.65)

(s/2)y _
(1.66) Dl = H (Ri

KPP f = (—a)Ef.

(iii) When s € (1,3), for every A > 0 one has

(s/2) _ . _9(0)
(1.67) Dlke™) {f AN
(KD 42D f = (-A)F +N)g.

Ga ‘ = HS(R)}

In particular, D(k;f/g)) C H*(R) + span{G, »}. In this regime of s,
(k;f/Q) + AL) has an everywhere defined and bounded inverse on L*(R)
with

1

— |G, G,
GS,A(0)| 2(Gsa

(1.68) KD 4 A1) = ((—A)F +A1)! —

We can now state the one-dimensional analogue of Theorem 1.2.3.
THEOREM 1.2.6. Let s € (3,3), s #1. We set
O(s,\) = (Al_%ssin(g))fl, A>0,
(1.69) B {0 ifs<1

)1 ifs> 1.

(i) The self-adjoint extensions in L?(R) of the operator k(s/2) form the family
(k&s/z))aeRU{m}, where for arbitrary A > 0

F(0)
s :F)\""iGs
L0 DK/P) = ¢ 9 a—0(s,n)
(1.70) F> € H5(R)

(KD £ N g = (A2 4+ N F.

The Friedrichs extension kgf/Q), already qualified in Proposition 1.2.5, cor-
responds to o = oo when s € (1,1) and to o = 0 when s € (1,2). For
generic s, the extension with o = 0o is the ordinary self-adjoint fractional
Laplacian (—A)*/? on L*(R).
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(ii) For each a € R the quadratic form of the extension k(as/z) 1s given by

H?(R) 4 G, ~ 19
(1.71) DK/ = 5/2( ) +span{Ga.} ifse (2,3)
Hy'"(R\{0}) +span{Gs »} ifs€(l,3), a#0
KD 4 1xGan] = IVIEF oy = MF + maGaallfagey
0 1 -1
1.72 FM2, s 2
(1.72) +AFAIZ (R)+(@(S,A)+a7®(s,A)) PN

for arbitrary A > 0.
iii e resolvent of ko'~ is given by

(K72 4 A1)71 = (A)2 + A1)

(1.73) -1
+ (Ot - @(S’ )‘)) |GS,A><GS,)\|

for arbitrary A > 0.
(iv) For each a € R the extension k$/? s semi-bounded from below, and

(1.74) aess(k(s/Q)) = aac(kEf/Q)) = [0, +00), asc(k((j/Q)) =0,

0 if(s-Da<o
. (s/2)y _
(175) Udlsc(ka ) - {{_Ez(xS)} if (S _ 1) a>0

where the eigenvalue —E,gf) is mon-degenerate and is given by

(1.76) E) = (assin(Z)) T

the (non-normalised) eigenfunction being G_ NEOIR

In the regime s € (1,2) Theorem 1.2.6(ii) can be re-phrased in the following
even more natural formulation, which shows that kgf/ %) can be equivalently qualified
as a form perturbation of (—A)2.

PROPOSITION 1.2.7. Let s € (1,3). The self-adjoint extensions in L*(R) of

k(s/2) form the family (k&sm))aeRU{m}, where « = 0 labels the Friedrichs exten-
sion given by (1.65), o = oo labels the ordinary self-adjoint fractional Laplacian
(=A)*/2, and for a € R\ {0} one has

D[k&S/Z)] = HS/Q(R\{O})+Span{G57)\} _ Hs/Z(R)

(1.77) (5/2) P 1 )
ke’ *lg] = |||V|29||L2(R)—E|9(0)|

for every A > 0.

The quadratic form (1.77) can be also used in higher deficiency index regimes
to define a sub-family of the whole class of self-adjoint extension of k(s/2)

1.2.3. High deficiency index (high fractional power) scenario. Let us
outline in this Section how the previous constructions of the self-adjoint extensions
of k(*/2) get modified when s > ¢ + 1.

We recall from Lemma 1.2.1 that when s € L(Ld)(g +n—1,%+n),neN, one
has

d
’717"'7’7d6N07 Z’YJ<H_1}7

Jj=1

(1.78) ker ((12(8/2))* + A1) = span{u’\

Y1s--Yd

having defined
gat Yd
/X . pl pd
(179) v ’Yl,w-"Yd(p) T (pg_'_)\)% .
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The same extension scheme applied in Section 1.2.1 provides an analogous
classification of all the self-adjoint extensions in the case of generic deficiency index
J(s,d), where now each extension of k(s/2) is an operator k(TS/2) labelled by a self-
adjoint operator T in some subspace D(T) of ker ((IO((S/Z))* + A1) = C7(=4) hence
labelled by some N x N hermitian matrix, 1 < N < J(s,d).

Explicitly (see, e.g., Theorem 3.4 in Ref. [45]),

) g=F+ KP4+ 21) " (Tu + w) +u
D(kF?) = { g€ L*(RY)| where f € H§(R\{0}), u € D(T),
w € ker ((k/2)* + A1) N D(T)*

(&P +X1)g = ((—2)"2+ N F)
Fy o= f+ (K2 £ A1) " (Tu+w) € H(RY),

(1.80)

with k;f/ 2 denoting the Friedrichs extension.

The theory provides also a counterpart classification of the the quadratic forms
of the extensions (see Ref. [45], Theorem 3.6).

The above formulas show that for high powers s the operator k(s/2) has a richer
variety (a J (s, d)?-parameter family) of self-adjoint extensions. The parametrising
matrix T determines a more complicated set of ‘boundary conditions’ between the
regular part of a generic element of the extension domain, which has H*-regularity,
and the singular part, and the resulting constraint involves the evaluation at x = 0
of some number of partial derivatives of the regular part.

This construction produces finite-rank perturbations in the resolvent sense,
hence extensions that are all semi-bounded from below and may admit a (finite)
number of negative eigenvalues, up to J (s, d), counting the multiplicity.

Unlike the case of deficiency index 1, depending on the extension parameter
T the large-p vanishing behaviour in momentum space of the singular component
may be milder than that of the Green function, and therefore the local singularity
of g in position space may be more severe than the behaviour of the Green function
as z — 0.

Let us comment on how the worst leading singularity at * = 0 of a generic
function g € D(kgf/Q)) depends on s and d.

As expressed by (1.80), such a singularity is due to the singular component of
g, namely to those functions of type u')}:lw--,"/d that span D(T). When s € I the
worst local singularity occurs when such functions decrease at infinity in momentum
coordinates with the slowest possible vanishing rate compatible with s and d, that
is, when vy +---4+vg=n—1.

Let u be any such most singular function, which then behaves as |u(p)| ~
Ip|~(t1=") as |p| — +o0. Then |u(z)| ~ |z|~(¢=1+"=%) as x — 0. Since the map

ID 5 55 d—14+n—s
is monotone decreasing and takes values in (4 — 1, %), if the extension kg,‘f/ ) g
such that D(T) 5 u, then the functions in D(kg‘f/m) display a local singularity that
ranges from |z~ 2 to |$|_% as long as s increases in I\, precisely as (1.64) when
s increases in 113 .

Noticeably, at the transition values s € N + % the above picture undergoes a
discontinuity in s, due to the further control of one more derivative in D(li(s/ 2)), asa
consequence of Sobolev’s Lemma, and consequently to emergence in ker (( k(s/ 2))* +
)\]1) of elements that in momentum coordinates vanish more slowly at infinity.



CHAPTER 2

Approximation by means of regular Schrodinger
operators

In this Chapter we study the construction of singular perturbations of the frac-
tional Laplacian as a limit of more regular operators. For the sake of concreteness,
we consider the case of a single point interaction centred at the origin.

The extension theory approach, discussed in Chapter 1, is surely satisfactory
from the point of view of the interpretation of the output operator. However,
it obfuscates an amount of physical meaning, since it does not provide informa-
tion, as the intuition would make one expect instead, on how the actual singular
perturbation is approximatively realised as a genuine pseudo-differential operator
(—A)*/2 + V(z) with a regular potential V centred around x = 0, with sufficiently
short range and strong magnitude.

For the non-fractional Laplacian —A in L?(R9), the realisation of a singular
perturbation at the origin by means of approximating Schrodinger operators —A +
V. with regular potentials V. spiking up and shrinking around z = 0 at a spatial
scale e~1 in the limit € | 0 is known since long for dimension d = 1 [10], d = 2 [8],
and d = 3 [7] (we also refer to [9, 11] for a comprehensive overview), that is, all
the dimensions in which non-trivial singular perturbations exist. In the fractional
setting, instead, it was a recent achievement [86], which rises up the conceptually
new issue of how a local potential V. can be suitably re-scaled so as to produce the
desired perturbation of the non-local operator (—A)%/2.

For concreteness of the presentation, we consider the case of deficiency index
1 only, and for simplicity we omit further the explicit discussion of the ‘endpoint’
values of s, namely the largest possible value, at given d, compatible with 7 (s, d) =

1. As expressed by (1.44), this amounts to analysing the regime s € (3,3) in
d=1,s5€(1,2)ind =2, 5 € (2,3) ind = 3, etc. We shall refer to such

cases as the ‘7 = 1 scenario’. For this scenario we then discuss how to realise
the corresponding extensions in the limit of Schrodinger operators with fractional
Laplacian and shrinking potentials, say, (—A)*/2 + V. as € | 0.

We distinguish two possibilities, according to the local behavior of the Green
function Gy defined in (1.39).

e RESONANCE-DRIVEN CASE: s < d, that is, the regime for which the Green
function has local singularity.

e RESONANCE-INDEPENDENT CASE: s > d, that is, the regime for which the
Green function is regular.

We mention also that an analogous dichotomy occurs when the deficiency index
of (—A)3/2|030(Rd\{0}) is larger than 1: the singular (non-H?®) component of the
elements in the domain of the considered self-adjoint extension may or may not
display a local singularity as x — 0. The ‘resonance’ jargon has to do with how
the limit of shrinking potentials must be organised in order to reach a self-adjoint
extension of (—A)%/ ?|cge(rav{oy) In one case or in the other. Extensions in the
locally regular case can be reached as € | 0 through suitably rescaled versions
Ve of a given potential V' with no further prescription on V' but those technical

19
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assumptions ensuring that the limit itself is well-posed. Instead, extensions in the
locally singular case can only be reached if the unscaled operator (—A)*/2+V admits
a zero-energy resonance, a spectral behaviour at the bottom of its essential spectrum
which we shall define in due time and roughly speaking amounts to the existence of
a suitably decaying, non square-integrable, LZ -solution f to (=AP2+V)f=0
In a sense that we shall make precise, this difference is due to the fact that a zero-
energy resonance is needed in the approximating fractional Schrodinger operator in
order to reproduce in the limit the locally singular behaviour in the domain of the
considered self-adjoint extension.

In view of the above alternative, we make the following presentational choice.
Since in all dimensions d but d = 1 the interval s € (2, $ + 1) corresponding to
deficiency index 1 lies strictly below the transition value s = d that separates the
locally regular from the locally singular regime, as a representative of any such
value of d for concreteness we choose d = 3: the discussion on the limit of shrinking
potentials would then be immediately exportable to any other d > 2. Next to that,
we also discuss the case d = 1, where instead the interval s € (1, %) corresponding
to deficiency index 1 contains the transition value s = 1. As is evident from the
discussion of Chapter 1, the self-adjoint extensions of (—A)%/ Q\Cgo (®\{0}) exhibits
different features depending on whether s < 1 or s > 1, which reflect into the
different types of approximation. The s = 1 case, albeit technically more involved,
could be covered as well. For simplicity we will ignore it in our discussion.

The material of this Chapter is organised as follows. In Section 2.1 we present
the approximation scheme in three dimensions in terms of fractional Schrodinger
operators with regular, shrinking potentials. In Section 2.2 we present the one-
dimensional analogue, with the two distinct approximation schemes, for the reso-
nance-driven and the resonance-independent cases. Section 2.3 contains the proof
of the three-dimensional limit. Section 2.4 contains the proof of the one-dimensional
limit in the resonance-driven case. From the technical point of view, the argument
here is completely analogous to that of Section 2.3, as the 3D case too is resonance-
driven. Section 2.5 contains instead the proof of the one-dimensional limit in the
resonance-independent case.

2.1. Approximation scheme in dimension three

Our goal is to qualify each of the three-dimensional extensions kgf/ %) identi-
fied in Theorem 1.2.3, as suitable limits of approximating fractional Schrodinger
operators with finite range potentials.

It is convenient to introduce the class Rsq4, d € N, s € (g, d), of measurable
functions V : R? — C such that

o, e MO

Ro,3 is the well-known Rollnick class on R3. Clearly, R 4 O C§°(R?).
For each s € (2, 2) we make the following assumption.
Assumption (Iy).
(i) V :R® — R is a measurable function in L*(R3, (z)?*73dz) N R 3.
(i) n: R — R* is a continuous function satisfying 7(0) = n(1) =1 and
n(e) = 1+ne*° +o(e*%) ase 0

for some 7, € R that we call the strength of the distortion factor n.

LEMMA 2.1.1. Let V : R® — R belong to L'(R*) N R, 3 for some s € (3,3).
Then:
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(i) for every A =0, [V[2((=A)% + A1)~}V|2 is a Hilbert-Schmidt operator
on L*(R3);
(ii) [V|2 < (=A)F in the sense of infinitesimally bounded operators;
(iii) the operator (—A)% +V defined as a form sum is self-adjoint on L?(R?),
and Tess((—A)2 + V) = [0, +00).

PROOF. (i) |[V|2((—A)Z + A1)~ V|2 acts as an integral operator with kernel
Koaley) = [V@)FGarlz —n)V(n)l*,

and its Hilbert-Schmidt norm ib estimated as

H|V| A Wi = [ deay i)
R3 xR3

@) |V V() i
2(As //Rsxwd vy s e lm// dedy V()| |[V(y)]

< 2(A9)? s H2anlli VI < oo,
having used (1. 49) (1 50) 1n the second step.
(ii) The map A — |V|2((—=A)% + A1)"!|V|2 is continuous from (0, +00) to the
space of Hilbert-Schmidt operators, and by dominated convergence

lim // de dy [V (@) |Ger(z — 9)]? [V(y)] = 0.
R3 xR3

A——+oo

Therefore, for arbitrary € > 0 it is possible to find A > 0 large enough such that

1 s —11 22
e > H|V|2((—A)2+)\E]1) viE|

H ) A1) F V] ((A)E +aa) ]

op

M\m

_1 s _12
FAL) VI ((2)F + A1) 77|

WV

)

which implies, for some b. > 0,
o, Vel < elp(=A)39)2 +bellpll7 Ve € D[(-A)%] = HE(R?),

and hence |V|2 <« (—A)7.
(iii) The statement follows at once from (ii). O

For given V and 7 satisfying Assumption (I,), let us set

22 W = (AP, e = v, o

For every € > 0 the operator hgs/ 2), defined as a form sum, is self-adjoint on
L?(R3) and chs(hgs/z)) = [0, +00), as it follows from Lemma 2.1.1(iii).

The spectral properties of the unscaled operator (—A)*/2+V at the bottom of
the essential spectrum are crucial for the limit € | 0 in hgs/ ). In the next Theorem
we qualify the zero-energy behaviour of (—=A)%/2 + V.

THEOREM 2.1.2. Lets € (3,3), V € LY(R3, (2)*3dx) "R, 3, real-valued. Let
v:=|V|2 and u:= |V|zsign(V).

(i) The operator u(—A)~3v is compact on L*(R3).
Assume in addition that
(2.3) u(—A)"2vgp = —¢ for some ¢ € L*(R?) \ {0}
and define

(2.4) Y= (—A)Fug.
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Then:
(i) ¥ € LE (R?) and ((—A)*/2 4+ V) = 0 in the sense of distributions,

loc
(i) (wd)e = = [ deVieio)
(iv) ¢ € L*(R?) < (v,¢) 12 = 0, in which case 1) € D((—=A)*/2 4+ V).

PROOF. The fact that for areal-valued V € L'(R?)NR, 3 the operator u(—A)2v
is Hilbert-Schmidt follows from Lemma 2.1.1(i), thus part (i) is proved.
Let us split

(3)
¥iz) = (CA) o) = /]R's dyﬁ:yp—sv(y)qﬁ(y)
a — Agd) <v7¢>L2 (3) 1 1
(a) = TP + Al /W dy( TP |x‘37s)v(y)¢(y)
(3)
= w + 1 (),

where A is the constant defined in (1.50). We show now that 1, € L*(R?). To
this aim, we observe that setting ¥ := |y7| one has

1 1 2
d ( E=)
/Rs o= yp—~ TaPs
— |y|25—3/ dx(lx - @\f_s - |x|3_s)2
o\ — g PP

2—s 2
Iyl%’?’/ dz (—@ ) ,
RS |z =y s |a)3s

having used the change of variable z — |y| z in the first step and the uniform bound
|z —7*~* = |z>~*| < (x)>7* in the last step. Since s € (3,3), the last integral
above is finite, thus we deduce

1 1 2
_ < 25—3
v fooo (G =) S 0P

As a consequence,
nltaen 5 [ o] [ v (oo — ) vo)]
L2(R3) ~ RS R3 |z —y[3— |3~
1 1 2
dxd — Vv
//RSX]RS y(|x—yl3*3 |x\3*3> IV (y)l

/ dy V()| [y2*3 < +oo,
R3

as follows from a Cauchy-Schwartz inequality in the second step, from the bound

(b) in the third step, and from the assumption V' € L!(R3, (z)?*73dx) in the last

step.

Since |z|~G~*) € L2 (R3), because s > %, then identity (a) implies that ¢ €
(2

loc
(R3). Moreover, from (2.3) and (2.4) one finds

Vi = vu(—-A)"20¢ = —vp = —(=A)3¢,

whence ((—A)? + V)i = 0 distributionally. This completes the proof of part (ii).
Using (2.4) and the distributional identity proved in part (ii) one finds

o) = [ de@o) = [ do(a)E0@) = - [ AV i),

which proves part (iii).

A

N

A

L2

loc
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Last, the identity (a) also implies that ¢ € L?(R3) is equivalent to (v, ¢)r2 = 0.
When this is the case, the identity ((—A)%+V ) = 0 holds in the L?-sense, implying
that ¢ € D((—A)2 + V). This completes the proof of part (iv). O

When a L2-function ¢ exists that satisfies (2.3) and the corresponding function
¢ defined by (2.4) belongs to L _(R?) \ L?(R?) we say that (—A)%/2 + V is zero-
energy resonant and that v is a zero-energy resonance for (—A)S/2 + V. If for
the zero-energy resonant operator (—A)%/2 + V the eigenvalue —1 of u(—A)"3v is
non-degenerate, then we say that the resonance is simple. Of course, if ¢ € L?(R3),
then 1) is an eigenfunction of (—A)%/2 + V with eigenvalue zero.

In [85] a wide class of zero-energy resonant operators (—A)*/2 4+ V is exhibited.
By means of a more refined discussion, in the same spirit of [73], one could also
identify the threshold coupling parameter A € R, for a given potential V' in a
suitable class, for which (—A)*/2 4 AV is zero-energy resonant.

Let us now formulate our main result for dimension three. It is the control of the
approximation, in the norm resolvent sense, of the singular perturbation operator
kgf /2) by means of Schrodinger operators with the $-th fractional Laplacian and
shrinking potentials V. around the origin. We shall prove it in Section 2.3.

THEOREM 2.1.3. Let s € (%, g) Given a potential V and a distortion factor n
with strength ns satisfying Assumption (1), for everye > 0 let h§5/2> = (=A)*24V,
be the corresponding self-adjoint Schrédinger operator defined in (2.2) with the 5-th
fractional Laplacian and the shrinking potential V..

(i) If (=A)*/2 4V is not zero-energy resonant, then ple/?) 0,

the norm-resolvent sense on L*(R3).
(ii) If (=A)*/2 +V admits a simple zero-energy resonance v, then for

[, @V

(=A)*/? in

-2

Qo= -

one has hés/Q) _Ei_% k((f/2) in the norm-resolvent sense on L*(R®).

The two possible alternatives in Theorem 2.1.3 are the manifestation of the
locally singular, resonant-driven nature of the limit: the limit is well-posed for a
generic class of potentials V', but it is non-trivial only if additionally (—A)*/2 +V
is zero-energy resonant.

By a simple scaling argument one sees that (—A)S/ 2 + V. remains zero-energy
resonant for any € > 0 if the scaling is ‘purely geometric’, namely with trivial
distortion factor, n(e) = 1. In this case, the signature of the resonance is partic-
ularly transparent: as stated in Theorem 2.1.3(ii), the limit € | 0 with n(e) =1
produces the extension parametrised by a = 0 and we see from Theorem 1.2.3(iv)

that the negative eigenvalue of k((f/ %) when a < 0 converges to 0 as o T 0, with the
@)

corresponding eigenfunction G_ =B converging pointwise to Gy o(z) = #

(see (1.49)-(1.50) and (1.63) above). In fact, as already discussed in Remark 1.1.7

for the special case s = 2, the L\ L>-function Gso can be actually regarded

(s/2)

as a zero-energy resonance for k.,

s€(5.3))-

(the local square-integrability following from

2.2. Approximation scheme in dimension one

In this Section we qualify each of the one-dimensional extensions kgf / 2), iden-
tified in Theorem 1.2.6, as suitable limits of approximating fractional Schrodinger
operators with finite range potentials. Unlike the 3D setting, here the defect-one

regime s € (%, %) is separated by the transition value s = 1, below which we are in
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the locally singular case for the Green function Gy, and above which we are in the
locally regular case. This will result in different assumptions on the approximating
potentials and different schemes for the resolvent limit.

We therefore proceed by splitting our discussion into the two above-mentioned
cases.

2.2.1. Locally singular, resonance-driven case.

This is the regime s € (%, 1). The Green function Gy » has a local singularity
(see (1.49)-(1.50)). For each s € (3,1) we make the following assumption (the class
R, 4 was introduced in (2.1)).

Assumption (I).

(i) V : R — R is a measurable function in L}(R, (z)?*~'dz) N Rs 1;
(i) n: R — R* is a continuous function satisfying 7(0) = n(1) =1 and
ne) = 140,75 +o(e' ) ase |0

for some 7, € R that we call the strength of the distortion factor n.
For given V and 7 satisfying Assumption (I ), let us set
S S 3 xr
(25) AP = (CAPP VL, Ve(o) = Lis) V(z), >0

For every € > 0 the operator hgs/Q), defined as a form sum, is self-adjoint on L?(R?)
and Uess(hgs/z)) = [0, +00) (Lemma 2.4.2(iii)).

The zero-energy spectral behaviour of (fA)S/ 2 +V, which is crucial for the
limit € | 0 in hgs/ 2), is characterised by the following result, whose proof proceeds
along the same lines as in Theorem 2.1.2.

THEOREM 2.2.1. Let s € (1,1), V € LY(R, (2)?*~'dz) N Rs,1, real-valued. Let
v:=|V|2 and u:= |V|zsign(V).

(i) The operator u(—A)~"3v is compact on L*(R).

Assume in addition that

(2.6) u(-A)"2vgp = —¢ for some ¢ € L*(R) \ {0}
and define
(2.7) b= (D) Fop.
Then:
(i) ¢ € L2 (R) and ((fA)S/2 + V)1 =0 in the sense of distributions,

(i) (06112 = = [ daV()oie)
(iv) ¥ € L*(R) < (v,¢)12 = 0, in which case 1 € D((—A)¥/?2 + V).

With the same terminology of Section 2.1, we say that (—A)*/2 +V is zero-
energy resonant and that 1 is a zero-energy resonance for (—A)*/2 +V when there
exists a non-zero L2-function ¢ satisfying (2.6) and the corresponding function 1
defined by (2.7) belongs to L _(R)\ L?(R). If, for the zero-energy resonant operator
(—A)*/2 4V, the eigenvalue —1 of u(—A)~3v is non-degenerate, then the resonance
is simple. In [85], explicit examples of zero-energy resonant operators (—A)*/2 +V
on L?(R) are exhibited.

Here below is our first main result in dimension one, relative to the resonance-

driven regime.
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THEOREM 2.2.2. Let s € (%, 1). Given a potential V' and a distortion factor n

with strength 0, satisfying Assumption (1), for every e > 0 let th/Q) = (=A)/?2+
V. be the corresponding self-adjoint Schrédinger operator defined in (2.5) with the
5-th fractional Laplacian and the shrinking potential V..
(1) If (=A)*/2 +V is not zero-energy resonant, then S =0, (—=A)*/2 in
the norm-resolvent sense on L?(R).

(ii) If (—A)*/2 + V admits a simple zero-energy resonance 1, then for

2

a = -

[ arvie)|

one has h§5/2) EJ’—0> kﬁf/” in the norm-resolvent sense on L?(R).

We shall prove Theorem 2.2.2 in Section 2.4.

The alternative in Theorem 2.2.2 is completely analogous to that of Theorem
2.1.3, due to the the locally singular, resonant-driven nature of both limits: only
for zero-energy resonant operators (—A)®*/? +V is the limit non-trivial.

The signature of the resonance is particularly transparent in the absence of

distortion factor: when 7(¢) = 1 by scaling one sees that (—A)%/2 + V. remains
zero-energy resonant for any € > 0, and we may regard the limit operator k((jﬁ)) too

as zero-energy resonant, for the negative eigenvalue of k((f/ %) when || # 0 vanishes

as |a| — 0 and the corresponding eigenfunctions becomes (proportional to) the
L2\ L*-function |z[~(*=%) (see (1.76) above).

2.2.2. Locally regular, resonance-independent case.

This is the regime s € (1,2). In contrast with the resonance-driven regime, no
spectral requirement is now needed on the unscaled fractional operator (—A)s/ 24V
and the scaling in V is independent of s. Thus, we make the following assumption.

Assumption (I7).

(i) V : R — R is a measurable function in L'(R).
(i) n: RT — R™ is a smooth function satisfying n(1) = 1.

Correspondingly, we set
(2.8) AP = (A2 4V,  Vilz) = @wg), £>0.

For every € > 0 the operator hgs/Q), defined as a form sum, is self-adjoint on L?(R?)
and 0ess (W) = [0, +00) (Lemma 2.5.1(iii)).

Here below is our second main result in dimension one, which, as opposite to
Theorem 2.2.2, takes the following form.

THEOREM 2.2.3. Let s € (1,3). For every e > 0 let RED = (—A)2 4+ VL

be defined according to Assumption (It ) and (2.8). Then h/2 06D i the
norm-resolvent sense on L*(R), where

o = —(n(O)/DdeV(x))_l.

We shall prove Theorem 2.2.3 in Section 2.5.
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2.3. Convergence of the 3D limit

The goal of this Section is to prove Theorem 2.1.3.
For chosen s € (2,3), £ > 0, and V and 7 satisfying Assumption (I,), let us
recall from (2.2) that V.(z) = 1(e) V(%) and let us define

29 v(z) = V@),  ulz) = [V(2)|*sign(V(x)),
ve(z) = |Ve@)|?,  uela) = |Ve(@)|? sign(Ve(z)).

Thus,

(210)  w(z) = V2O (), IOEs

ue(x) = Tz u vy = V.

The Hamiltonian h{/? = (=A)*/2 + V. defined in (2.2) as a form sum is
self-adjoint on L?(R3), as guaranteed by Lemma 2.1.1(iii). An expression for its
resolvent that is convenient in the present context is the Konno-Kuroda identity
[74]. One has the following.

LEMMA 2.3.1. Let V : R® — R belong to L*(R®) N Ry3 for some s € (3,3).

Then

(R 4 A1) = (A2 + A1) —

(2.11) , B , e , B
— ()24 1) o (T e (—A)72 AL o) e ((-A)2 4 A1)
for every € > 0 and every —\ < 0 in the resolvent set of hgs/Q)
between bounded operators on L?(R?).

, as an identity

PROOF. The statement is precisely the application of the Konno-Kuroda resol-
vent identity, for which we follow the formulation presented in [9, Theorem B.1(b)],
to the operator (—A)*/2 + v u.. For the validity of such identity two conditions
are needed: the compactness of u.((—A)*/? + A1)~ !v. and the infinitesimal bound
V|2 < (—A)%. Both conditions are guaranteed by Lemma 2.1.1. O

Observe that the invertibility of 1 + u.((—A)*/? + A1)~ 'o. (with bounded
inverse) is part of the statement of the Konno-Kuroda formula (2.11).

It is convenient to manipulate the identity (2.11) further so as to isolate terms
in the r.h.s. which are easily controllable in the limit € | 0. To this aim, let
us introduce for each € > 0 the unitary scaling operator U, : L*(R3?) — L?*(R3)
defined by

(212) U-D@) = =75 ().

Its adjoint clearly acts as (UZf)(x) = €%/2f(ex). U. induces the scaling transfor-
mations

n(e)
es/2

* € *
1

as((—A)s/2 +Ae°1)

(2.13) "
1

U ((=A)2 + A1) U.
whose proof is straightforward.

Let us also introduce, for each € > 0 and for each y > 0 such that —p® belongs
(s/2)

to the resolvent set of hs'~’, the operators
AL = e ((=A) 2 4 1) T (n(e) v U
(2.14) BY = n(e)u ((—A)*/%+ (us)s]l)_lv

s

C®) = Uru. () 7 ((—A)2 + p*1) e 7
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We shall see in a moment (Lemma 2.3.3) that AQS), Bés), and C’és) are Hilbert-
Schmidt operators on L?(R3). Most importantly for our purposes, the resolvent of

hgs/ 2) takes the following convenient form.

LEMMA 2.3.2. Under the present assumptions,
(2.15) (RSP 4 p°1) " = ((A)2 4+ p*1) " — AW (e)(1 4+ BY) L)
for every e > 0 and every p > 0 such that —u® belongs to the resolvent set ofh (s/2),

PRrROOF. In formula (2.11) we set A = p® and we insert 1 = U.U? in the second
summand of the r.h.s. right after ((—A)%/24+A1)"'v.. We then commute U* all the
way through by means of the scaling transformations (2.13): this way, we reproduce

the product A®e3=sn(e)(1 + B&)~1CL, O
The limit € | 0 can be monitored explicitly for AQS), Bgs), and Cés)

LEMMA 2.3.3. For every e > 0, AS), Bés), and CE(S) are Hilbert-Schmidt oper-
ators on L?(R3) with limit

(2.16) limAés) = |Gy e ) (0]

(2.17) lim B = B{Y = u(-A) v
0

(2.18) lim C®) = |u)(Gg e
el0

in the Hilbert-Schmidt operator norm.

PROOF. By construction, see (2.10), (2.12), and (2.14) above,

(A9 f) (@) = e 5 i e / Ga e (2 — ) 0(2) F(¥) dy

/ G s (z —ey) v(y) f(y) dy Vfe L*(R%),

that is, A% acts as an integral operator with kernel Gy .« (z —ey)v(y) . The latter is
clearly a function in L?(R3 x R3, dz dy) uniformly in e, and dominated convergence
implies

10
1A Ms. = [[ | drdylGupete = ol =5 [Guye allV e

as well as

@A e =[] Ao dyg@) oo — ) o)1)

10
5_) <gu Gs,p,5>L2<U7f>L2 Vf,gE Cgo(RS)
) |Gs,pue) (v| weakly in the operator topology,

and the Hilbert-Schmidt norm of AS) converges to the Hilbert-Schmidt norm of
its limit. By a well-known feature of compact operators [103, Theorem 2.21], the

As a consequence, as € | 0, AS

combination of these two properties implies that AL — |Gs, s ) (v| in the Hilbert-
Schmidt topology. This proves (2.16).

The discussion for C* is analogous: its integral kernel is u(x)Gs s (ex — y)

and (2.18) is proved by the very same type of argument.

(s)

Concerning B, its integral kernel is 7)(e)u(z)Gs,(e)s ( — y)v(y) and the inte-

()
gral kernel of B(gs) is u(z)Gs,0(x — y)v(y): owing to Lemma 2.1.1(i) both operators
5)

are Hilbert Schmidt, and moreover by dominated convergence Bé és) weakly
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in the operator topology and ||B§S)||%LS. — ||B(gs)||%{.s. as € | 0. By the same
property [103, Theorem 2.21] the limit (2.17) then holds in the Hilbert-Schmidt
norm. g

It is evident from (2.15) that, in order for the limits (2.16)—(2.18) above to

qualify the behaviour of the resolvent of hgs/ ) as e J 0, one needs additional

information on the possible failure of invertibility in L?(IR?) of the operator ]l—l—B(()s).

By the Fredholm alternative, since Bés) is compact, (1 + B((Js))*1 exists everywhere

defined and bounded, in which case (2.15) implies at once (hgs/Q) + us]l)f1 —

(—A)/2 + ,u‘“]l)_1 as € | 0, unless B(()S) admits an eigenvalue —1.
Let us then assume that the latter circumstance does occurs, namely condition
(2.3) of Theorem 2.1.2. More precisely, we make the following assumption.

Assumption (II;). Assumption (I5) holds. Bés) has eigenvalue —1, which is

non-degenerate. ¢ € L?(R?) is a non-zero function such that B(()S)¢ = —¢ and, in
addition, (¢, ¢)r2 = —1, where ¢ := (signV)o.

Since (57 ¢>~Lz = —{(signV)o, (signV)v(—A) " 2vd) > = —H(—A)_iv(bﬂi27 the
normalisation (¢, ¢)r2 = —1 is always possible.

Under Assumption (II,), (1 + Bés))’1 becomes singular in the limit ¢ | 0, with
a singularity that now competes with the vanishing factor ¢3=* of (2.15). To resolve
this competing effect, we need first an expansion of B§S) around € = 0 to a further
order, than the limit (2.17). This expansion holds irrespectively of Assumption

(IL,).
LEMMA 2.3.4. Let s € (3,5) and A > 0.
(i) For every x € R®\ {0}
Gs,k(x) - Gs,O(x)
MO (2rssin(3Z))—1AE—1

S

(2.19)

(ii) In the norm operator topology one has

1 Ns 1
2.20 lim —— (B® _ gy — s gl 1 .
( ) slw (ue)3—s ( € 0 ) IERE o+ zﬁssin(?ﬂr) |u) (vl

s

Here pn > 0 is the constant chosen in the definition (2.14) of Bés) and
ns € R is the constant that is part of Assumption (1,).

PROOF. (i) From (1.39) we write

GS)\(;U) 3— GS’Q(I') _ ; ]. ; / dp eiw_p _ —)\
At AsTl(2m)2 Jre (2m)z[pl*(lpl* + A)

1 / g 1
= ——— [ dpe't P —uv———
(27)° Jgs [pl*(lpl* + 1)

whence

G (z) — Ggo(x) a0 1 / ) 1 B 1
ARt v P

(2m)?

Ipl* +1)  2mwssin(3X)

s
by dominated convergence, since p — (|p|*(|p|*+1))~" is integrable when s € (2,3).
(ii) The Hilbert-Schmidt operator
1
(ne)?=>

2 (s) Ns  p(s) 1
(B — By”) — ugis By’ — s sin(3E) |u) (v]

S
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has integral kernel
77(5) -1 7s
u(x ( -
O\ = ™
Gs,(ue)s (x —y) — Gso(z — y) B 1
(ue)3—s 27s sin(

) Gs,(/ts)s(x - y) U(y) +
(*)

+ u(a) =) o).

The first summand in (*) vanishes as ¢ | 0 for a.e. 2,y € R® as a consequence of
Assumption (I,)(ii), and so does the second summand in (*) as a consequence of
(2.19), where we take A = (ue)*. Moreover, each such summand belongs to L?(R? x
R3, dz dy) uniformly in e, thanks to the assumption (I)(i) on the potentials v and
u. Thus, by dominated convergence, the function (*) vanishes in L?(R3 x R3, dz dy)
as € | 0, and this proves the limit (2.20) in the Hilbert-Schmidt norm. O

We can now monitor the competing effect in ~%(1 + Bés))_1 as el 0.

LEMMA 2.3.5. Under the Assumptions (1) and (Ilg) one has

e2) e B = (G LA
in the operator norm topology.

PROOF. We re-write (2.20) in the form of the expansion
(i) B = B(()s) + (ue)®> B 4 o(e379)

where, for short,

1
B(g) = 77]5 B(S) — )
pud=s 0 + 27s sin(2T) ) (ol

S

whence also

(ue)** (14 BY) ™ =
(if) = (14 (e (14 (ue)* + BY) T (BY -1+ 0<1>>)_1 x

—s 3—s s)y—1
X (ue)>=* (1 + (ne)** + BS) "

The o(£%)-remainders in (i) and (ii) above are clearly meant in the Hilbert-Schmidt
norm.
The operator (ue)®~ (1 + (ue)>~* + Bés))*1 that appears twice in (ii) is of the
form
2(1+T+21)7", z€ C\ {0},

for a closed operator T" with isolated eigenvalue —1; this is a general setting for
which a well-known expansion by Kato is available as z — 0 [68, Sec. 3.6.5], which
in the present context (in complete analogy with the argument of the proof of [9,
Lemma 1.1.2.4]) reads

(i) (1) (1+ (ue)** + BEY) ™ = —lo)(g] + O(* )

as £ | 0 in the operator norm topology. In practice, (14 (ue)3~* + B{”)~! remains

bounded also in the limit € | 0 when restricted to the orthogonal complement of
the eigenspace —1 of Bés), whereas it becomes singular when restricted to such
eigenspace; the magnitude of the singularity is precisely (,uz—:)_(?’_s), which is can-
celled exactly by the pre-factor (ue)®~* in the Lh.s. of (iii). In fact, by assumption
of non-degeneracy, the eigenspace —1 is spanned by ¢ and P := f|¢>>($| projects

onto span{¢} with P¢ = ¢, as follows from the normalisation (¢, ¢)p2 = —1.
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Combining (ii) and (iii) above yields
(v)  (ue)* *(1+BO) ™ = (14 PBY 1)+ 0(*)) (P +0(*))

as € | 0 in the operator norm topology.
Next, in order to see that the limit € | 0 in the r.h.s. of (iv) exists and is a
bounded operator, we write explicitly

L P(B®) 1) = 1 [0)(3] (3% ul-8)"Fo+ 5 (ol - 1)
) — ‘“

e e e
- 1+ u3‘3|¢><¢| 2ms sin(3)

|9) (] + 16)(4]

where we used the identities (¢, u)z2 = (¢, v)72 and
<$a u(_A)_%Uf>L2 = <U(_A)_%ug7 f>L2 = <(signV)u(—A)_%v¢, f>L2
~{0. )2 VS € LARY).

Setting the constants

a = ( s +1)( ns_ |<U’¢>L§f)_l

u3—s p3=s  2mssin 98
L <U7¢>L2 Ns |<’U>¢>L2|2 -1
b= — PNEY 3=s T ] )
2rssin =%\ po—? 27s sin =%
the expression (v) allows one to compute explicitly (using again <257 dyp2 = —1)

(1+P(BY —1)) (L+alg)(@ +blo)(v]) = 1

and therefore to deduce that (1 4+ P(B*) — 1))~ exists and is bounded. This fact
allows one to deduce from (iv) that
i I (14 B®)™ = (1+PBY-1)"'P
(vi) lim () (L + BY) (1+P(B )
in the operator norm topology. B
Last, from (v), using (¢, )2 = —1 and (p, u) 2 = ($,v) 2, one finds

(1+P(B® —1))¢ = _< s |<v,¢>L23I:)¢

w3—s  2mssin

S

and hence

— s v, 2 2\-1
(1+P(BY -1)) "¢ = — (= + X @LJ,T) ¢
pue—s 2ms sin =%
Plugging the latter identity into (vi) yields finally (2.21) as a limit in the operator
norm. (]

We are now in the condition to prove Theorem 2.1.3.

PROOF OF THEOREM 2.1.3. Owing to (2.15) we need to determine the limit

of
— AP (e)(1+ BY) O
as € | 0. As observed already, if u(—A)~2v has no eigenvalue —1, then the above
expression vanishes with € and
(hgs/Q) +Ms]l)_l i} ((_A)5/2 +,LLS]1)_1

in the operator norm. If instead u(—A)~2v does admit a simple eigenvalue —1,
be (—A)2 + V zero-energy resonant or not, we are under the Assumption (I;) and
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(IT) of the present Section and we can therefore apply the limits (2.16), (2.18), and
(2.21). This yields
— AL (@)1 + B Ol

3—s 22\~ e
%) 16031 Iud (G

elJ0
=5 — (G olo (m+

% 21s sin?
(*) i
B ] G pee ) (G|
IU/375|<,07¢)>L2|2 s s
Ns+ ———— 35—
27s sin

s

in the operator norm, having used (¢,u);2 = (¢,v)r2. Now, if (=A)5 + V is
not zero-energy resonant, then (v, ¢)rz = 0, owing to Theorem 2.1.2(iv), and the
conclusion is again

(hgs/Q) +Ms]l)_l i} ((_A)5/2 +M5]1)_
in the operator norm. This proves part (i) of the present Theorem. If instead
(—A)2 +V is zero-energy resonant, then using (v, #)> # 0 and plugging (*) back
into (2.15) yields

1

(hgs/Q) + Ms]l)_l el0 <(_A)9/2 + Ms]l)_l

t— e 1Go) (G

[{(v,)r2|?  2mssin

3

S

in the operator norm. Upon setting o := —n,|{v, ¢) 2|72 and A\ = p*, and compar-
ing the resulting expression with (1.61), this means

(=224 A1) "+ (0 = 25mm) 7 16, (6o

eJ0
27 s sin(
= (K A

(/2 20)”

which proves part (ii) of the Theorem. O

2.4. Convergence of the 1D limit: resonant-driven case

The proof of the limit hés/z) & kgs/Q) in dimension one when s € (%, 1)
(Theorem 2.2.2) is technically analogous to that in three dimensions. Therefore,
based on the detailed discussion of the preceding Section, we only present here the
steps of the convergence scheme and a sketch of their proofs.

Prior to that, let us set up the key resolvent identity and useful scaling prop-
erties with a notation that we can use also in Section 2.5 when we will deal with
the resonant-independent limit.

We then keep s € (3,1) U (1,3) generic for a moment and, in a unified form,
we re-write (2.5) and (2.8) as

(2.22) Vi) = 1) yay.

Taking v = s in (2.22) yields (2.5) and taking v = 2 — s yields (2.8). Thus, setting
v@) = [V(@)|?,  ulz) = |[V(2)]sign(V(z),

(2.23) ) )
ve() = [Ve(o)2,  ue(@) = |Ve(@)|? sign(V(2)),

one has

2.24)  wofa) = X 02),  w(e) = X w(E),  vu = V..

g
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The 1D analogue U, : L?(R) — L?(R) of the unitary scaling operator (2.12)
acts as

(2.25) UF)@) = = f(2),
which induces the scaling transformations
Urv.U. = v, UXuU:. = U,

(2.26) e et

U (D)2 + A1) U = e*((-A) 2+ 1) .

Based on arguments that differ depending on whether s € (%, 1) or s € (1, %)
and which we shall prove in due time, the Konno-Kuroda-type resolvent identity

(0 +3) ™ = (Cap Ay

(227) 1 -1 -1 —1
— ((—=A)*/2 4+ A1) UE(n +ue((—A)2 + A1) UE) ue ((—A)2 + A1)

holds as an identity between bounded operators on L?(R) for every e > 0 and every

—A < 0 in the resolvent set of h§5/2). Inserting U.U? = 1 into (2.27) and applying
(2.26) then yields

(2.28) (hS/® 4+ A1)~
having defined

f= ((CA)2 1) T - AD T () (1 + BY)TICW

-

A = e ((=A)¥2 + )\]l)_l(n(a))_% ve U
(2.29) BY) = n(e)e T u((=A)2 + 2e"1) 1o

1 _2-s—v

O = UZue (n(e) (=) + A1) e

We shall see in a moment (Lemma 2.4.3) that A§5)7 Bés), and CES) are Hilbert-
Schmidt operators on L?(R).

The following scaling property too is going to be useful in both regimes s €
(3,1) and s € (1, 2).
LEMMA 2.4.1. For any s,v,e > 0 and any v € R\{0} one has
s—vy 2—s—

(2.30) €2 Gyres(x) = € 2 WGS,,\(Ex).
ProoF. Owing to (1.39),

s—y 1 sy : 1
€7 Gopes(x) = —e2 /dpe‘pm
R

o7 Ip|* + Aes
_ 1 e / dpeen 1 =g o
2r w DF N A
whence the thesis. O

We can now start the discussion for the proof of Theorem 2.2.2, thus working
in the regime s € (3,1).
First, we have the following properties.

LEMMA 2.4.2. Let V : R — R belong to L'(R)NR 1 for some s € (5,1). Then:
(i) for every A =0, |V|2((—A)% + A1)~ |V|2 is a Hilbert-Schmidt operator
on L*(R);
(ii) |V]2 < (—A)7 in the sense of infinitesimally bounded operators;
(iii) the operator (—A)3 + V defined as a form sum is self-adjoint on L?(R),
and Gess((—A)2 + V) = [0, +00).
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PROOF. The proof is completely analogous to that of Lemma 2.1.1 for the 3D
case, and is based on the fact that the integral kernel of [V[2 ((=A)2 + A1)~}V|z,
namely |V ()2 Gy x(z — y)|V(y)|2, belongs to L2(R x R, dz dy), as a direct conse-
quence of the assumption V € L'(R) N R, 1. O

Lemma 2.4.2 justifies the validity of the resolvent identity (2.27), and hence of
the rescaled identity (2.28), owing again to the general argument of [9, Theorem
B.1(b)].

Next, we monitor separately the following limits.

LEMMA 2.4.3. Let V and n satisfy Assumption (I7) for some s € (3,1). For

every € > 0, the operators AQS), Bés), and C’E(S) defined by (2.22)-(2.24) and (2.29)
with v = s are Hilbert-Schmidt operators on L?(R) with limit

(2:31) lim AL = |G, )(v]
(2.33) lim L) = [u) (G|

in the Hilbert-Schmidt operator norm.

ProoF. Completely analogous to the proof of Lemma 2.3.3, the integral kernels
being now (with v = s)

AP (z,y) = Goalz —ey)v(y)
B (z,y) = n(e)u(z) Gy res (x = y) v(y)
Cgs) (z,y) u(z) Gsa(ex —y) .
In particular, owing to (2.30),
B (z,y) = n(e) ' *u(x) Gy x(ex — ey) v(y) ,
and using (1.49)-(1.50) one finds

<0 2l-ep(lz2) 1 (s)
= B
D aninG Ty "W T B

pointwise almost everywhere. O

BY) (z,y)

Before plugging the limits found in Lemma (2.4.3) into (2.28), that now reads
(231)  (h? 4 21) 7 = ((-A)72 4 A1) AP ()14 BO) O,
we see that, since B{" is compact, (1 4+ BS*”)~! exists everywhere defined and
bounded, in which case (hﬁs/” + /\]l)_1 = ((—A)2 + )\]l)_1 as € | 0, unless B(()S)
admits an eigenvalue —1. We then consider the following additional assumption.

Assumption (II). Assumption (I7 ) holds. B(()S) has eigenvalue —1, which is

non-degenerate. ¢ € L?(R3) is a non-zero function such that B(()S)gzﬁ = —¢ and, in
addition, (¢, #)r2 = —1, where ¢ := (signV)¢.

Since (¢, ¢) 2 = —((signV)e, (signV)v(—A)"5vg) 2 = —[[(=A)Fve|3,, the
normalisation (¢, ¢)r2 = —1 is always possible.

When Assumption (II) holds, (1 —|—B§S))_1 becomes singular in the limit ¢ | 0,
with a singularity that now competes with the vanishing factor e!=% of (2.34). To
resolve this competing effect, we need first to expand Bés) around € = 0 to a further
order, than the limit (2.32). This expansion is valid irrespectively of Assumption

ar).
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LEMMA 2.4.4. Let s € (3,1) and A > 0.
(i) For every x € R\{0}
Gs,/\(z) -Gy O( ) _
MO (ssin(T))=1as1
(ii) In the norm operator topology one has
1

() _pGY\ _ Ns (s 1
(2.36) 161%1 = (BY) — By”) = o= By’ + ssm (%) lu)(v] .

(2.35)

Here ns € R is the constant that is part of Assumption (17 ).
ProOF. Completely analogous to the proof of Lemma 2.3.4 for the 3D case. [

We can now monitor the competing effect in !=%(1 + Bés))f1 ase | 0.

LEMMA 2.4.5. Under the Assumptions (I7) and (II) one has

S

v 2 2 \-1 ~
(2.37) lim e (14+BW)! = (ns + M) |9) {4

A+ Lssin
in the operator norm topology.
ProOOF. Completely analogous to the proof of Lemma 2.3.5 for the 3D case. [
With these preliminaries at hand, we can prove Theorem 2.2.2.

PROOF OF THEOREM 2.2.2. The argument is the very same as the in the proof
of Theorem 2.1.3 for the 3D case. Thus, the limit is the trivial one unless the
potential in the approximating operators satisfy Assumptions (I7) and (II7 ), in
which case, plugging the limits (2.31), (2.33), and (2.37) into (2.34), one has

S S -1 ‘LO S S -1
(RS2 4 1) =5 ((-A)¥2 + 4°1)
1
+ m— B i |Gy, ) (G pe | -
|(v, #) 2|2 /\késsin%7r

The comparison of the limit resolvent above with formulas (1.69) and (1.73) shows

finally that the limit resolvent is precisely (kgf/ 24 A1)~! where the extension
parameter satisfies o« = —ns| [, dz V(x)y(x)| 2, and this completes the proof. [

2.5. Convergence of the 1D limit: resonant-independent case

This Section contains the proof of Theorem 2.2.3. Thus, now s € (1, 2) and
formulas (2.22)-(2.30) must be specialised with v = 2 — s.

First, we observe that with L!-potentials the following operator-theoretic prop-
erties hold.

LEMMA 2.5.1. Let V : R — R belong to L*(R) and let s € (1,3). Then:

(i) for every A =0, |V|2((—A)% + AL)"Y|V|2 is a Hilbert-Schmidt operator
on L*(R);
(ii) |V]2z < (—A)7 in the sense of infinitesimally bounded operators;
(iii) the operator (—A)% + V defined as a form sum is self-adjoint on L*(R),
and Gess((—A)2 + V) = [0, +00).

PROOF. Since s > 1, (1.39) defines a function G/S\A € L'(R), whence Gy €
COO(R) (continuous and vanishing at infinity). Therefore, the integral kernel of
VIF(-2)% + A1)~ V[E, namely [V(@)|5Gor(x — 9)|V ()|}, belongs to L2(R x
R,dz dy), and this holds for any A > 0. Based on this observation, the rest of the
reasoning of the proof of Lemma 2.1.1 can be repeated verbatim. O
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Following again the general argument of [9, Theorem B.1(b)], Lemma 2.5.1 jus-
tifies the validity of the resolvent identity (2.27), and hence of the rescaled identity
(2.28), that now reads

1

(2.38) (h7? + A1) 7" = ((=A) 2 +21) 7 = n(e) A¥) (1 + BP)~1C)

for every e > 0 and every —\ < 0 in the resolvent set of ht*/%.

LEMMA 2.5.2. Let V and n satisfy Assumption (I7) for some s € (1,3). For

every € > 0, the operators AY B and ) defined by (2.22)-(2.24) and (2.29)
with v = 2 — s are Hilbert-Schmidt operators on L*(R) with limit

(2.39) lsingS) =[G (v

0)
2.40 imB® — g — 10 .,
(2.40) elo °© 0 AM-ss sin§| ol
(2.41) lm G = u)(Go|

in the Hilbert-Schmidt operator norm.
PrROOF. The integral kernels are now
AP (z,y) = Goa(x —ey)v(y)
B (z,y) = () e u(z) Gy aes (z — y) v(y)
C¥(x,y) = u(x)Gsaler —y).

For A and O we reason precisely as in the proof of Lemma 2.3.3. B is
Hilbert-Schmidt as a consequence of Lemma 2.5.1. Re-writing

BY(z,y) = n(e) u(z) Gsalex — ey) v(y)
by means of (2.30), and observing that (1.39) implies

10 1
Goaler —ey) == GoA(0) = ———,
AT s s sin g

one deduces

BO(@y) % 1O ).

1 .
M55 sin g

Then a dominated convergence argument, analogous to that used in the proof of
Lemma 2.3.3, proves (2.40). O

It is now convenient to observe the following (see [35, Lemma 5.1] for an anal-
ogous argument).

LEMMA 2.5.3. Assume that the data s € (1, %), A > 0 with =\ in the resolvent

set of all the th/Q) s, and V' and n matching Assumption (I}), do not satisfy the
exceptional relation

(2.42) 1+ L/dx‘/(z) - 0.
R

1 .
M55 sin z

Then the operator 1 + B(()S) is inwvertible with bounded inverse, everywhere defined
on L*(R).
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PROOF. Since B(()S) is compact on L?(R), based on the Fredholm alternative
we have to prove that the validity of (2.42) is equivalent to B((]s) having eigenvalue
—1. In fact, Bés)qﬁ = —¢ for some non-zero ¢ € L?(R) is the same as

1(0)
¢ = ——zr . - \U ¢ 2U,
M=%s sin z v, )
meaning that ¢ is not orthogonal to v and ¢ is a multiple of u. When this is
the case, u itself must be an eigenfunction of Bés) with eigenvalue —1, and this is
tantamount, owing to the identity above, as the validity of (2.42). O

For given s, n, and V', the exceptional value of —X\ satisfying (2.42) is going to
correspond to the negative eigenvalue of k/? described in Theorem 1.2.6(iv). As

we are going to monitor the limit hgs/2) LN k((XS/Q) in the resolvent sense, not only

must we discard the spectral points —\ not belonging to the resolvent set of all the
h/ 2)’3, but also the point —\ given by (2.42). Thus, for our purposes the operator
1+ Bés) is always invertible with everywhere defined bounded inverse.

In particular, (2.40) implies

(2.43) (1+B®)=1 =% (14 B!

in the operator norm.
Based on the preceding preparatory materials, we can now prove Theorem 2.2.3.

PROOF OF THEOREM 2.2.3. Since (2.42) is excluded and therefore
1(0) Jp do V(z) )‘1
Iy ua— B
AM~vssin T

then plugging the limits (2.39), (2.41), and (2.43) into (2.38) yields

(1+ B u = (1 +

s -1 €l0 s -1 1(0) Jpdz V(2)
(hg 2) 4 AL) T = ((-4) 2+ AL) - T+ n((])%fkde(a:) 1G5 2 {Gsal

1—L .
AT sssin T

in the operator norm. Upon setting

o = —(n(O)/Rde(x))_l

and comparing the resulting expression with (1.69) and (1.73), one finds

1 1

O B e e RVILOBY

(he/? 4 1)~

— (K2 a7
which completes the proof. O



CHAPTER 3

Time-dependent scattering theory

In this Chapter we discuss the time-dependent scattering theory of three-
dimensional Schrédinger operators with point interactions. We begin by introducing
some basic facts of scattering theory (see [76, 97] for a comprehensive discussion).

Consider a pair (H, Hyp) of self-adjoint operators on an Hilbert space H. Assume
moreover that the spectrum of Hy is purely absolutely continuous (a typical choice

is Hy = —A, the free negative Laplacian on H = L?*(R%)). The wave operators
W+ := W*(H, Hy) relative to the pair (H, Hy) are defined by
W+ = s-lim eltf g—itHo,
t—+oo

whenever the strong limit exists.

Wave operators are of paramount importance for the study of the scattering
governed by the interaction Hamiltonian H in comparison with the free (reference)
Hamiltonian Hy. Suppose, e.g., that g € ranW ™, viz. ¢ = WTf for some f €
D(WT). It follows by the definition of wave operators that

(3.1) e g — e iHo £]15, — 0 ast — +oo.

Hence, the perturbed unitary evolution e~ *Hg looks asymptotically free as t —
+00. Analogously, if g € ranW~ then e~ g looks asymptotically free as t — —oc.
When g € ranW T NranW ~, we say that g is a scattering state. A relevant situation
occurs when every state in L2_(H) (the absolutely continuous spectral subspace of

‘H for H) is a scattering state. This motivates the following definition.

DEFINITION 3.0.1. The wave operators W* relative to the pair (H, Hy) are
said to be complete if ran W+ = L2 (H).

Let us denote by P,.(H) the orthogonal projection onto L2 (H). Completeness
of wave operators has a number of important consequences.

PROPOSITION 3.0.2. Assume that the wave operators W+ relative to the pair
(H, Hy) are complete. Then
(i) the absolutely continuous part of H, namely the operator HP,.(H), is
unitarily equivalent to Hy.
(i) W and W~ are unitary from L?(R3) onto L2.(H).
(i) W+ and W~ intertwine H Py.(H) and Hy, namely, for any Borel function
f on R one has the identity

(3.2) f(H)P.c(H) = W* f(Ho) (W5)".

Through the intertwining formula (3.2), mapping properties of f(H)P,.(H) can
be deduced from those of f(Hy), provided that the corresponding ones of W are
known. Thus, the L? — L? boundedness of f(H)P,.(H) follows from the L? — LP
boundedness of f(Hp) and the LP? — LP boundedness of W¥: more precisely, if
W= e B(LP(R%)) for some p € [1,00], then (W*)* € B(LP' (R%)) and hence
(3.3) 1f () Pac)ll o £y < Cp ILf (Ho)llgre 1oy »
the constant C, being independent of f.

37
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The literature on the LP-boundedness of wave operators relative to actual
Schrédinger operators of the form —A + V, for sufficiently regular V : R4 — R
vanishing at spatial infinity, is vast [111, 112, 15, 108, 65, 30, 43, 66, 17, 114,
115, 18, 19] and the problem is well known to depend crucially on the spectral
properties of —A + V at the bottom of the absolutely continuous spectrum, that
is, at energy zero.

For singular perturbations of the Schrodinger operators, the picture is much
less developed and is essentially limited to the one-dimensional case [38]. In my
recent work [36], in collaboration with G. Dell’Antonio, A. Michelangeli, and K.
Yajima, we study LP-bounds for the wave operators of the three-dimensional multi-
centre point interaction Hamiltonian. For given Y C R? and a € R¥, let us set
H(Ly = —Aa7y, HQ = —A, and

(3.4) Wf’y = I/Vi(H%Y7 Hy) = St_EIinoo itHa,y o—itHo

We set also

(3.5) Ro(z) := (Ho—=21)"" z € C\[0,+00),
Ra,Y(Z) = (Ha,Y 72;]1)*1 ¢eC\o(H,y),

that is, the resolvents of the operators Hy and H,.y.

Since the resolvent difference R,y () — Ro(p) is of finite rank (Theorem
1.1.2(iii)), standard arguments from scattering theory [97] guarantee that the wave
operators Wy exist and are complete in L?(R3). We provide a manageable formula

for (the integral kernel of) VV;E,Y7 which we obtain by manipulating the resolvent
difference (H,y — 221)~! — (Hy — 221)~!: since this difference is an explicitly
known finite rank operator for any dimensions d = 1,2,3, our derivation can be
naturally exported also to lower dimensions.

Based on our representation of W;ty, we then establish our main result:

THEOREM 3.0.3. For anyY = {y1,...,yn} CR? and a = (ay,...,ay) € RV,
the wave operators W;Y exist and are complete in L*(R3). Assume moreover that
zero is not an eigenvalue for Hy 'y, and that the matriz Ty y (2) is invertible for
z € R\ {0}. Then WZ, are bounded in LP(R?) for 1 < p < 3, and unbounded
forp=1 and forp > 3.

REMARK 3.0.4. We conjecture that the hypothesis of absence of poles z €
R\ {0} for T'ny (2)~! is always satisfied, in analogy with the well-known picture for
regular Schrodinger operators with short range potentials (see [48] and references
therein). The conjecture can be proved by a direct computation in the case of few
centres of interactions. Moreover, possible counterxamples could only occur for
particular configurations of the centres and for a measure zero set of choices of .

REMARK 3.0.5. The fact that LP-boundedness holds only for p € (1,3) is
consistent with the analogous result for actual Schrodinger operators. Indeed it is
well known [114, 115] that the wave operators for three-dimensional Schrédinger
operators —A + V' admitting a zero-energy resonance are LP-bounded if and only
if p € (1, 3), and moreover, in complete analogy with the disussion of Chapter 2 in
the single centre case, it can be proved [9, Theorem II.1.2.1] that H, y is actually
the strong resolvent limit in L?(R3), as ¢ | 0, of Schrédinger operators of the form

N
@9 HO = —avemonen (")
j=1

for suitable real-analytic A;(¢)’s with A(0) = 1 and real potentials V; of finite Rollnik
norm such that —A + V; has a zero-energy resonance for each j € {1,...,N}.
To fully substantiate such a parallelism between singular and regular Schrédinger
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operators, it would be of great interest to monitor the convergence, as bounded
operators in LP(R3) for p € (1,3), of the wave operators for the pair (H., Hy) to
the wave operator Wai,y. Along this line, in Section 3.5 we present the proof of this
result in the special case N =1, a = 0.

Observe that, by virtue of Lemma 1.1.3, the complex conjugation u — Cu :=u
reverses the direction of time, i.e.,

(37) C*lefitH.l,yC —_ eitHa,y’ C*lefitHQC _ eitHo’
whence
(3.8) W,y =C Wi C.

Thus, once the LP-boundedness is proved for W;L y and all p € (1, 3), the same result
follows for W via (3.8). Analogously, it suffices to prove the LP-unboundedness
of W«IY’ for p=1and p € [3,00), in order to have same result for Wy

The first key ingredient of our analysis in an explicit representation of the
(integral kernel of) wave operators Wcj y» based on the explicit resolvent difference
(Hay —221)71 — (Ho— 221)71. Then, as a second key ingredient, for the LP — LP
estimate of Wat,Y we appeal to a large extent to some tools from harmonic analysis,
the Calderon-Zygmund operators and the Muckenhaupt weighted inequalities.

We organise the material as follows. In Section 3.1 we produce the explicit
stationary representation of the wave operators thy which the proof of Theorem
3.0.3 is based on. The LP-boundedness part of Theorem 3.0.3 is proved in Section
3.2 for the single centre case, and in Section 3.3 for the multi-centre case. The
LP-unboundedness part is proved in Section 3.4. Last, in Section 3.5 we discuss the
convergence of the wave operators relative to the family of Hamiltonians (3.6) to
the wave operators W;Y (limit of shrinking potentials).

3.1. Stationary representation of wave operators

Following a standard procedure [76], in order to prove the LP-boundedness of
W‘j y we want to represent W(j y by means of the boundary values attained by the
resolvents of H, y and Hy on the reals.

To this aim, we introduce the operators Q;i, j,k € {1,...,N}, acting on
L?(R3), defined by

—+oo

L o
(@f)(e) =tim— [ daae

X (/RS(Fa,y(—A)‘l)jk G-a(2)(Gr(y) — G-1(v)) f(y)dy> ,

and we also introduce the translation operators Ty, : L%(R?) — L%(R3), zg € R3,
defined by

(3.10) (Too f)(@) = f(z —0).
First of all, we show that the €);;’s are well-defined. It is convenient to re-write
Q1 by using the spherical mean M, of a given function u, namely
1

(3.11) M,(r) = — | ufrw)dw, reR.
47 2

(3.9)

Observe that R > r + M, (r) is even. It is also convenient to define the matrix-
valued function A — F(A) := (Fjx(X\))x by

(3.12) Fir(N) = Lo 100) M)A Tay(=X)"Yjk, 4, ke{l,...,N},

where 1, denotes the characteristic function of the set A.
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LEMMA 3.1.1.  Assume that zero is not an eigenvalue for Hy y, and that the
matriz Ty y (z) is invertible for z € R\ {0}.
(i) The function A — F(X) is smooth and uniformly bounded on R, and

. lim F = —4ril.
(3.13) Jm (A) i
(ii) The limit (3.9) exists in L*(R?) and Qi may be written in the form
1 ) _—
Bl (@) = e [N B A
i(2m)z|z| Jr
If we introduce the distributional Fourier transform of Fjz(\) as
1 e SA,—iX
. L; = li dhe e TP F (A
(3 15) ]k(p) \/ﬂ (;IJI’I(} 0 € e Jk( )7
it follows from (3.14) that
1

(3.16) (Qjpu)(z) = (Ljk x 7 My)(J2]) -

i(2m)2 ||

PROOF OF LEMMA 3.1.1. (i) Owing to our assumption and Theorem 1.1.4(ii),
the only pole of 'y y(2)~" on the real line can be z = 0, in which case it is a
pole of order one. It follows that A — AT,y (—A)~! is smooth and bounded on
compact sets of (0,+0o0), and so is A — F(X) on compact sets of R. Concerning
the behaviour as A — 400, we see from (1.28) that

Tay(=A) = —(4mi) AL+ R(\)
for some symmetric matrix R(A) that is uniformly bounded for A € (0,00). Thus,
as A — +o0,

R())

Loy (=N _ () Y S ()

A

which proves (3.13).
(ii) Let u € C§°(R3). Then, for A € R,

ei)\|y\ +oo o
Gr(y)uly) dy = / uly)dy = / NN (r) dr
R3 R3 47r|y| 0

Since R 3 r — M, (r) is even, the identity above yields
[ 030 = gsw)ut)dy = [ ¥ rag, () ar
R3 R
= V2m (rM)(-))

(3.17)

and (3.9) may be rewritten as

(318)  (Qpu)(2) = lim ——— / T (Ve (AL ()
' ik 310 (2m)3ilz| Jo i “ '

o —

Here (rM,)(—A\) is a square integrable function of A € R because Parseval’s identity
and Holder’s inequality yield

1(rMu) (=M 2y = rMull L2y < (VA) " Hlull L2 s

Since Fj(A) is bounded, the Fourier inversion formula implies that the limit 6 | 0
in (3.18) exists in L?(R3) and (3.14) follows. O

The main result of this Section is the following representation formula for the
wave operator.
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PROPOSITION 3.1.2. Assume that zero is not an eigenvalue for Hy y, and that
the matriz Ty y (2) is invertible for z € R\ {0}. For any u,v € L*(R?) we have

N
(3.19) (Wrhyu,v) = (u,v) + (T, T, u,v) .

Yk
jik=1
PROOF. It suffices to prove (3.19) for u,v € C§°(R3).

The limit (3.4) when ¢ — 400 equals its Abel limit, thus we re-write

+o0
(3.20) (W;’Yu,v) = hﬁ)l 28/ (e~ t(Ho—iel)y, p=it(Hay —iel)y)y gt
£ 0

Let now p € R. Exploiting the Fourier transform
+w . . .
(Ho — (p+ie)1)™* = i/ elit g~it(Ho=iel) gy (e >0)
0
(and the analogue for H, y), Parseval’s formula in the r.h.s. of (3.20) yields

(3.21) (Wou,v) = ”ﬁ}i (Ro(\ + ie), Roy (A + ic)v) dA.
’ 5 ™ Jr

Substituting R,y (A + ig) in the r.h.s. of (3.21) with the resolvent identity (1.32),
one obtains

(Wiyu,v) = lim = [ (Ro(\ +ig)u, Ro(A + ig)v) dA
’ el0 T R
(3.22) + lslf(r)l; Z / ay (VA +ig) ™)k x

<R0(/\ +ig)u, G G ___w)d\.

\//\+15> <g\/)\+15
The first summand in the r.h.s. of (3.22) gives

£ / (Ro(A +ic)u, Ro(A +ic)o) dA = = / (1, Ro(N 1) Ro (A + ie)o) dA
™ JR R

o
€ 1
= — [ dx , BHE) (dh)y) —
- /R /MO {u (o) (h—\)2 + &2
3

EWHo) (dh)v / dAAh—m = (),
/O'(Ho) <U h )\)2 + 52 <U U>

thus (3.22) reads

(3.23) (Whyu,v) = (u,0)+ 181151; Z / ay (VA+ie) ™) x

x (u, Roy(A +1¢) G dX.

y_i
v (9 v

We recall that /2 is chosen in the upper complex half plane and, for z €
C\ [0, 00),

3.24 9 L G
(3.24) Gyz@) = (27)3 /Rs -z P\ T 5% n)p /|p|<L A )
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Thus, for z = X +ie, both /A + ie and v/ — ic belong to C*, and we compute
e ‘ 1 & ip(z—y;
ZRo(N—ie)GY___ = = d
7 o =)0 5e(@) = o 7 /R P A1) r—ie) ?

11 . 1 1
3.25 - — ip(z—y;) _ d
(3.25) (27)® 2ni /Rs ‘ ((p2 “A—ig) (- A+ 15)) b

57 (Oere@) = @)

The second summand in the r.h.s. of (3.23) can be then written as

i 3 oL [ ([, 09500 (02 - G2t

x (T ( A+ie)*1)jk(/ Ao GY - (2)v(w)) .

Because v and v are smooth and with compact support, an integration by parts
shows that both the da-integral and the dy-integral in (3.26) above are bounded
by C(A)’% uniformly in €. Moreover, since we are assuming that zero is not
an eigenvalue for H, y, it follows from Theorem 1.1.4(ii) that either the matrix
oy (VA +ie)7! has the singularity (v/A+ic)~! near A = 0 (in the limit € | 0),
or it is bounded, with ||Tq,y (VA + i) 7Y < C(\)~2. Therefore the M-integrand is
uniformly bounded by C’)\*%O\)*l7 dominated convergence is applicable in (3.26)
above, the d)\—integration and the e | 0-limit can be exchanged, and (3.26) becomes

Z 27T1/d)\ / dy u( )(gm( )_gzj;m(y))
% Doy (VATI0) ) ( / QoG (@) v(a).

Owing to the difference gz\’/’m - gi’/’m, we see that the M-integration in
(3.27) is only effective when A > 0. Indeed, if A < 0, then v/ A £10 = iy/|\| and the

integrand vanishes. We then consider (3.27) only with A € [0,+00) and with the
change of variable A — A\? we obtain

(3.26)

(3.27)

second summand in the r.h.s. of (3.23) =

N
= Z - d)\)\ /dyu g (y) — gﬂ&(y))
k=1
X (Fayy()\)fl)jk (/R3 dz g?/{k (z)U(CC))
T ) A .Y _
(3.28) 1582 /s dAAe ( Rgdyu(eryk) (Gr(y) — G-a(y))
k=1

x <ra,y(A>—1>jk / 4 G (2) o))

% (% (Cay (-0 1)1 % (2) (62(9) — G2 () uly + 1))

In the first step of (3.28) above we used the fact that VA2 £i0 = £ for A > 0.
In the second step, the insertion of the exponential cut-off e =% is justified by the
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fact that the A-integrand is uniformly bounded by C' <)\>—§’ as discussed above; we
also exchanged j <+ k, using the fact that I'yy (A\)™! is symmetric, and made the
change of variable y — y 4y, using (1.27). In the third step we used the properties
Gr(z) =G_x(z) and Ty (N\)~! =T,y (—A) 7! that follow, respectively, from (1.27)
and (1.28). The identity (3.19) then follows immediately from (3.28). O

Summarising so far, we produced the representation (3.9)-(3.19) of the kernel
of the wave operator W; y- Because of the obvious LP-boundedness of T, in order
to prove Theorem 3.0.3 it suffices to study the LP-boundedness or unboundedness
of each €)1, that is, to consider the quantities

3.29 b A T P 2P
629) 1%l = o | G M A dp,

whose expression follows from (3.16).
For a more compact notation, it is convenient to introduce the matrix functions

(3.30) L(p) == (Ljr(p))j1 » Up) = (Lx(p))jp, »

in terms of which

(3.31) Qu)(z) = — / TR PO L) (A) dA
i(2m)2 x| Jo

and

(3.32) (Qu)(@) = ——— (L rM,)(Je])

i(2m)2 ||
The additional formulas (3.31)/(3.32) have the virtue of reducing the problem to the
estimate of singular integral operators in one dimension and will play an important
role in our next arguments — although in certain steps we need to go back to the
more complicated, but more flexible expression (3.9).

3.2. LP-bounds for the single centre case

In this Section and in the two following ones we present the proof of Theorem
3.0.3. In fact, only the statements concerning the boundedness and the unbound-
edness of Wy need be proved, because the existence of W7y in L*(R%) and
their completeness follow at once from the Birman-Kato-Pearson Theorem [97],
due to the fact (Theorem 1.1.2(i), identity (1.32)) that the resolvent difference
Roy(2) — Ro(2) is a rank-N operator.

We first introduce some fundamental result from harmonic analysis, in partic-
ular in the theory of Calderén-Zygmund singular operators. For the definition of
Calderén-Zygmund operators we refer to [54, Definitions 7.4.1, 7.4.2] and to [55,
Definitions 4.1.2 and 4.1.8], whereas for the definition of A, Muckenhaupt weights
we refer to [54, Definitions 7.1.3]. We shall use interchangeably the same symbol
for a Calderén-Zygmund operator and for its integral kernel.

The following properties are known.

THEOREM 3.2.1.
(i) The convolution operator on R with a function L(x) is a Calderén-Zygmund
operator if E(ﬁ) is bounded and, for a constant C' > 0, one has
dL
dz
(ii) If L is a Calderdn-Zygmund operator and w is an Ap-weight for some
€ (1,00), then L is bounded in LP(R,w(x)dx) in the sense that

(3.33) /R (Lu) (@) w(z) de < /R u(@)Pw(z)de  Vue CE(R).

IL(z)| < Clz|™  and (3:)‘ < Clz|™2  forz#£0.
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(ili) If w is an Ap-weight for some p € (1,00) and

(3.34) (M(w)(x) = sup — ()| dy

r>0 21 Jjp—y|<r

is the Hardy-Littlewood mazimal function of some u € C§°(R), then

(3.35) / (M) (@) w(z / ()P w(a

If, for some function L(z) one has |L(z)| < A(z) inR for some A € L*(R)
which is bounded, non-negative, even, and non-increasing on (0,+00),
then |(L * u)(z)| < C(M(u))(x), hence the convolution operator on R
with the function L(z) is bounded in LP (R, w(x)dx).

(iv) The function |z|® is an Ap-weight on R if and only if a € (—1,p —1).

Concerning part (i) we refer to [55, Remark 4.1.1]. Part (ii) is a corollary of
[64, Theorem 7.4.6]. The first and second statement of part (iii) are respectively
[105, Theorem 1, Section V.3] and the Proposition in page 57 of [105, Section
I1.2.1]. For part (iv) we refer to [54, Example 7.1.7].

We start with the proof of the boundedness part of Theorem 3.0.3 in the special
case of N =1 centre. This case is simpler, for the oscillating terms Qij Yk are now
absent, nevertheless it retains most of the essential ideas needed in the proof of the
general case, which is the object of the following Section 3.3.

We shall control the two regimes p € (1, %) and p € (%, 3) separately. Then the
overall LP-boundedness for p € (1,3) follows by interpolation.

3.2.1. LP-boundedness of W, for N =1 and p € (3,3). In this regime
the proof is based on Theorem 3.2.1 and on the following fact.

LEMMA 3.2.2. Suppose that [0,+00) > A — W(A) is a smooth and bounded
function such that A\ — W'(X) and A — AW"(X) are both integrable. Let Z(p),
p € R, be the Fourier transform of W (), in the sense of distributions, defined by

+oo
Z(p) = \/%/0 dhe MW (N).

Then, the convolution operator with Z(p) is a Calderén-Zygmund operator on R.
In particular, the operator u w— L % u, where L is defined in (3.15) for the case
N =1, is of Calderdn-Zygmund type.

PROOF. The operator of convolution with Z is bounded in L?(R) because Z
is the Fourier transform of a bounded function W. Integration by parts, using
e A = ip~19\e M yields

Z(p) =

i i +o0 ) C
W(0) — d e MW (N <) —, p#0,
pV2m o pV2m ) <) ||

and differentiating further in p yields

1W(

Z0) = ~ 5 QW/

dhe MW (\)

- dhe PP ATW(N).
pm/o <

The first two summands in the r.h.s. above are obviously bounded in absolute value
by C|p|=2 for p # 0; so too is the third summand, as follows from integration by
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parts:

—1 Foo .
d e M AW/(N\) =
o (\)

i teo :
— dXe (W (X)) + AW (X
G | e ) W)
C
Ri-E p#0.

N

Thus, we conclude from Theorem 3.2.1(i) that u — Z % u is a Calderén-Zygmund
operator on R. Concerning the second statement of the thesis, we see that in the
case N =1 (3.12) reads

(3.36) F(\) = A(a—k%)_l.

F is therefore bounded and smooth on [0, +00) and both F/(\) and A F”()\) are
integrable, whence the conclusion for the operator of convolution by L defined in
(3.15). 0

The proof of the LP-boundedness of W;Y for N =1 and p € (2,3) then
becomes particularly simple. First, we recall from (3.29) that

12 e = = [TV () 2P
u Lp(R3) — (27T)3p/2 0 PMyu)\P)I™ P P

where p?~? is an A,-weight for p € (2,3) (Theorem 3.2.1(iv)) and the convolution

with L is a Calderén-Zygmund operator on R (Lemma 3.2.2). Then it follows from
Theorem 3.2.1(ii) that

“+o0 “+o0
1Q2ull75 sy S/O [(0M.) (p)|P p* P dp =/0 [ M. (p)|P p* dp

< G ||u||’£p(]R3)

(3.37)

for some constant C, > 0, whence the conclusion.

3.2.2. LP-boundedness of W, for N =1 and p € (1,2). In the regime

p € (1, %) the general harmonic analysis treatment provided by Theorem 3.2.1 only
allows us to find an LP-bound to part of the function (see (3.14) above)

__ 1 O il P (—
@) = g [N EOEI) Y A,

whereas for the remaining part we need to produce further analysis.
Integrating by parts the above expression of Qu, using e = ip~19\e 7,
yields

(3.38) Qu = Qu+ Qou,
where
—i too —
(Qu)(z) = 7§2/ e el PN (r2M,, ) (=) d),
(3.39) (2m)2 x| .
-1 oo _—
Qou)(z) == —— e A BN (P M) (=) dA.
O = g | NG ()

Now, concerning Qiu, we re-write
—1

3.40 Qu)(r) = —5——
(3.40) @) = Gy

(L * 72 My)(|z])
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with L given by (3.15). Owing to Lemma 3.2.2, u — L x u is a Calderén-Zygmund
operator, and owing to Theorem 3.2.1(iv), |z|>7?" is an A,-weight on R for p €
(1,2). Therefore,

47
(27)3p/2

“+oo +oo
|t = [ nr

Cyp Hu”ip(RS)

+o0
050l ) = | s an)er

(3.41)

/A

N

for some constant Cp, > 0, where in the second step we applied Theorem 3.2.1(ii).
This proves the LP-boundedness of €.
Concerning Qou, instead, we re-write

-1
(3.42) (Qou)(z) = —5—(LxrMu)(p),
(2m)2p?
where £ is the Fourier transform of the function 1 o) F'()), and
’ _ 2 -2
(3.43) F'(\) = afa+ 47T) .

Thus, in the non-trivial case a # 0 F’ is smooth and bounded, and correspondingly

both F” and AF""" are integrable. This implies, through Lemma 3.2.2, that u — Lxu

is a Calderén-Zygmund operator on R. Since |z|>7?F is an A,-weight on R for
€ (1,2) (Theorem 3.2.1(iv)), then Theorem 3.2.1(ii) yields

4 +oo _
1900y = gz [ 1E M P dp
(3.44) e ;
s / M ()P ap < o 1O,
0 gs |z[P

for some constant C > 0. This shows that
(3.45) ||921{|x|>1}u|‘1£p(R3) < C‘Il{lm\>1}“”ip(]}§3)'

For LP-functions supported on |z| < 1 a further argument is needed. In other
words, so far from (3.41) and (3.45) we have

‘lQu||Z£P(R3)
(3.46) < 20 0ull} ) @s) + 201921 az 1y ull] o rey + 21221 g1z <ryullT rey
< Cpllullppgsy + Clllgaiz11ullle @ey + 211221 o<1y ullpogsy »
and we are left with producing the estimate
(3.47) 19221 gz j<ryull ey < CpllLgai<yullogs) -
To this aim, let us establish first the following result.

LEMMA 3.2.3. Suppose that [0, +00) >y — Y (y) is a bounded C*-function such
that A — XY (\) and A — (1 + A)?Y’()\) are both integrable for all 6 € (0,1), and
let

5.18) i 1 /+oo<em<w|y|>_eu<|w+|y>>y(A) N
. T,y) = —5
2 Jo Ayl

for x,y € R®. Then, for any R > 0 and p € (1, %), the integral operator T on R3
with the integral kernel T(z,y) is LP(Agr) — LP(R®) bounded, with Ap = {x €
R3||z| < R}.
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PROOF. We only consider the case R = 1, the proof for generic R is similar. Let
us deal with the region |z| < 10 first. Since |e~A(#I=1vD) — e =iA(zl+yD | < 2(\|y|)*—?
for any 6 € (0,1), and since 'Y € L'(0, +00), then

1 e 1—6 Co
Tew) € gmper [ WOV < ogle. el <0,
for some constant Cy > 0. For fixed p in (1, 2), we take § € (0,1) such that p'f < 3,
where p’ = _E5 as usual. With this choice, ly|=? € LP'(A;) and |z|~2 € LP(Ay),
with A = {z € R3||z| < R} as in the statement of the Lemma. For each

f € LP(Ay), Holder’s 1nequahty and the above bound for |T'(x,y)| then imply
ITFllLra) < Colllel ™[l zr a0 - [1fllrar) - |||y|70||LP’(A1) = ki, [[fllzecan)

for some constant s, > 0. Next, let us consider the region |z| > 10. Integration
by parts gives

T(e.y) /+°<> e—iA(lzl=1yl) e—i/\(\»'CHIy\))YO\)d)\
xr,Y) = .
4w|m| ] (S0~ S
1
I = Y (0
) 4m|x| ] <|x| PRREERTI AL
(H) /Jroo —ix(|z]—yl) e (\Ilﬂyl))yl()\)d/\
4m\x|2|y| EEECEY '

Since |z| + |y| > &|z| > 9 whenever |z| > 10 and |y| < 1, and since Y is bounded,

then clearly
C C
I < < -
OV < T S PP

for some constant C' > 0 and any 6 € (0,1). As for the summand (II), since
e—ix(zl=lyl)  g—ir(lzl+lyl) 21yl (2A|y))'—?
el =Tl Tl T PRl el 4 Tyl

< C( yl (Myl)“e)

j? ||

for some constant C' > 0 and any 6 € (0,1), and since (1 + A\)'=? Y’ € L1(0, +o0),
then

C oyl Wt 1 1 20
)] < (Lr+2—) ==+ ) <
lz[2y| \ |z]? || [zt |2 lyl® |3 |y|®
and hence also o
T(x,y)| < ——7, z| 210,
Tl < Taper I

for some constant C' > 0 and any 6 € (0,1). For fixed p € (1, %), we take 6 € (0,1)
such that p'f < 3 and f € LP(A;): with this choice, Holder’s inequality yields
ITfllLe@n\ar) < Colllz ™o @s\ano) - 1 lzocary - 191N Lo ay)
= iy | fllee(ar
for some constant Iﬁ:;r > 0. Combining the above bounds yields the boundedness of

T as a map from LP(A;) to LP(R3). O

Let us now complete the proof of the LP-boundedness of W; y for N =1 and

€ (1, %) We only need to show (3.47). Upon re-writing the second equation in
(3.39) by means of (3.17), that is,

— too eMyl — =AYl
(349) (Qou)(z) = m /O e () /]R T et (] dy)dx.,
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it is immediate to recognise that
(3.50) Qou = —(27) "2 Tu,

where T is the integral operator given by (3.48) with Y = F’, and F’ does satisfy
the assumptions of Lemma 3.2.3. From this, we conclude (3.47) at once.

3.3. LP-bounds for the general multi-centre case

The additional complication in the case N > 2 is due to the presence, in the
function F defined in (3.12) and (3.30), of the terms G}’”* (definitions (1.27)-(1.28)),
which are oscillatory in .

Let us start the discussion by re-writing

i~ -1

(3.51) FO\) = ATay(-N)"t = A<A+—]1—G(—>\)) . A>0,
47

with

(3.52) A = diag(aq,...,an),

(3.53) G\ = (G k=1, -

We decompose F(A) into a small-A and a large-A contribution by means of two
cut-off functions w. and w~ such that

we € C°(R), w>(A) = 1-w<(A),
(3.54) 1 if [N <
ey = { L ERESS
0 if [A] 2 29,
where v > 0 is a sufficiently large number so that,
(3.55) IA=G=N < A@6m)~, A =y

(||E|| being the operator norm of the matrix E as an operator on C"), and the
r.h.s. of (3.51) is invertible. Explicitly,

(3.56) F=F<4F>, F<.=wF, F> :=uwF.
From (3.51) and (3.55) we expand

47

. A + (5 a-x)’}
—amin () (TA-E1)) (1 Ta-a-v)

We collect all terms that do not contain G(—\) or for which the oscillation of G(—\)
is harmless into the quantity

F>(\) = 747riw>()\){17
(3.57)

: 2
FOO) = F<(\) —driws ()) {1 - %A— Lom A2}

(35%) T T W
- 47riw>()\)(47(./47 a-n) (- %(A ~a-n)
whereas
FOQ) = 4dmiws(N)
(3.59) o PR ~ o
< { - %G(—)\) - 1(;2 (AG(=\) + G-\ A) + 1i2 G-}

contains the oscillations explicitly.
Thus,

(3.60) F=FO94+F® and Q=00 400,
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where, by means of (3.31),

o —

+oo
QO (z) = % e~ M= PO ) (r M) (=) dA,
(O©O0)@) = o | VETRIEY

te{0,1}.

(3.61)

3.3.1. LP-boundedness of Q). The LP-boundedness of the map u — Qv
can be established via a straightforward adaptation of the arguments of Section

3.2, of course understanding that this is done for each component Qﬁg, and this is

possible precisely thanks to the lack of relevant oscillations in Q(%),
This means that first we write, in analogy to (3.32),
1 —
(3.62) (QOu)(z) = ——5—(FO xrM,)(j]),
i(2m)2 |z

and it is easy to check that F(©) satisfies the properties of the function W in Lemma
3.2.2, from which, reasoning as in (3.37),

(3.63) 19U Logsy < Cpl|ullLrrs) pe(3,3),

for some constant Cj, > 0.
Then, in analogy to (3.38), (3.39), (3.40), (3.42), and (3.49), we split

(3.64) Q0 = 0 u+ 0
with
(0) _1 +o0 . —
@©Ou) (@) = ——— / e A FO () (2 M,)(=2) dA,
(3.65) (2m)z|z|? Jo
= — FO) s 2 M) (|z
o )(lz)
and
_ +oo —
(OPu)() = ——— / e FO' () (M) (=A) dA
@m)Hal? Jo
-1
3.66 = - £ s rM,
(3.66) i )(0)

—1 +oo o / Myl _ p—iAlyl
— —iA|z| p(0) _
CoHrE / ¢ ([, T ),

where £ is the Fourier transform of the function 1(0,00)F(0)/.

Since, as observed already, F(®) behaves like W in Lemma 3.2.2, we have,
reasoning as in (3.41),

0
(3.67) 1974l 1oy < Cpllullr@sy,  pe(L,3),

and since 1(0,OO)F(O)/ too satisfies the properties of the function W in Lemma 3.2.2,
we have, using the second line in the r.h.s. of (3.66) and reasoning as in (3.44)-
(3.45),

0
(3.68) 123 )1{|a:|>1}u||LP(]R3) < G I gesnyullres, pe(l,3),

for some constant C;, > 0. Last, since 1(g o) F ©) satisfies the properties of the
function Y in Lemma 3.2.3, we have, using the third line in the r.h.s. of (3.66) and
reasoning as in (3.49)-(3.50) and (3.47),

N

).

(3.69) ||Qg0)1{|x|<1}u||lﬂ’(]R3) < Cpllpg<cyullermsy,  pe(l,
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Combining together the bounds (3.63), (3.67), (3.68), and (3.69), plus interpo-
lation so as to cover also the case p = %, yields finally

(3.70) 19| po@sy < Cpllullrmsy,  pe(1,3),

for some constant C, > 0.

3.3.2. LP-boundedness of Q). The proof of the LP-boundedness of the map
u — QM is somewhat more involved, however the basic idea of the proof is similar
to that for Q). First we re-write (3.61) in analogy to (3.31) and (3.62) as

1 —
(3.71) QWu)(z) = ———5—(FO xrM,)(|z]).
i(2m)2 x|
Owing to (3.59), the matrix elements of F(1)()\) entering (3.61) and (3.71) above
are of the form
ws (A) e~y —uxl ws (A) e~ MY~k ws (A) e M=yl g=1Alyr—vs|

Ayl Ay =kl Ny =kl ye — vl

(observe that the A-dependence of the matrix elements of G in (3.59) is G(—))).
This means that denoting by a > 0 any of the numbers |y; —yx| or |y; —y&|+|yr —ys|
and by X (A) the function A™1w~ () or A~2w~ (1)), formulas (3.61) and (3.71) imply
that Qv is a linear combination of terms of the form

+oo —
— / e MzIFA X () (rM,,) (—A) dA
(3.72) |x|

1| |(X*rM W (|z]+a),

and we need to prove the LP-boundedness of the map u +— Zwu. In fact, we shall
establish it for each of the two terms of the bound

(3.73) IZullzersy < [1{z)>r) Eullir®s) + 11{z1<ry Evlle®@s)

for a suitable R > 0.

Let us cast the discussion of such two terms into the following two Lemmas.
The combination of (3.73) above with (3.74) and (3.75) below will then complete
the proof of the LP-boundedness of Q).

LEMMA 3.3.1. For any p € (1,3) and R > a there exists a constant C, > 0
such that

(3.74) 1z1>r) Eullremsy < Cp llullzems)
for all u € LP(R?), where Zu is defined in (3.72).

PROOF. We consider first the case p € (2,3). From (3.72) and from the fact
that p > R + a implies 2 spP<p—a<p,

+oo
||1{|x\>R}E'uH]Zp(R3) = 47T/R 2 p| X*TM Yp+a | dp

+o0 N
47T/R (p— a)2_p’(X*rMu)(p)‘p dp
+a

+oo
< Cp/ ‘(X*rMu)(p)|pp2_pdp.
0

Now, p?7P is an A,-weight on R because p € (2,3) (Theorem 3.2.1(iv)) and the
convolution with X is a Calderén-Zygmund operator on R because the function X
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obviously satisfies the properties of the function W in Lemma 3.2.2. Then it follows
from Theorem 3.2.1(ii) that

+oo
11 (aisry Sullpgay < Co / (pM) ()P P> Pdp < Collull? g,
0

for suitable C}, > 0. The Lemma is then proved in the case p € (2,3).
Next we consider the case p € (1, %) Integration by parts in (3.72), using
e APta) —i(p 4 a)"1ohe NPT | yields

2u = Zu+ Sau
with
—i too —
Ewe) = ey [ e X ) (I (-A) 4y
— W(X *TQMH)(L’C\ +a)
and
_ +oo S
@) = ey f X EI) Y
_ m(f”m)qxua).

Up to a change of variable, the quantity H1{|x‘> R} = Lr(R3) 1s estimated precisely
as the quantity || Qqul|zs(gs) in Section 3.2.2 — see (3.41) above. Indeed,

1 Sl = [ = (% rd
1141z Ry Erullgogey = i WK * 1 M,)(p +a)|’ dp

+oo
- / dm(p— a)> PP |(X M) ()P dp
R+a

+oo
<o IR dp
0

+oo
<o PLEI P < Collulfp
0

for some constants C,C}, > 0, having used %p < p—a < p in the third step
and Theorem 3.2.1(ii) in the fourth step. This was possible because p>~2P is an
A,-weight on R for p € (1,2) (Theorem 3.2.1(iv)) and because f — X * f is a
Calder6n-Zygmund operator on R (the function X does satisfy the assumptions on
the function W in Lemma 3.2.2).

It remains to estimate the quantity ||1¢z>r} E2ul|Lr(rs) in the regime p € (1, %)
and we proceed by splitting

L jo1>ry B2l sy =
= [1Qa1=ry E2l oz Ryl 0 (ro) + 11 (101>R) E21{ja1< Ry Ul 0 Ro) -

For estimating ||1|,>ry E21¢j2/>ryull Lr®s) We observe that

1 = P _ e 477/)2 )’(\, M rq
| {\x|>R}~2“HLP(R3) ~ s WK *1My)(p+a)|’dp

+oo P
/ dm(p —a)* Pp P |(X' %7 M,) (p)|? dp
R+a

too
) <o [ U@ P dp
0
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for some constant C' > 0, where we used again % p < p—a < p. Then we can proceed

exactly as in (3.44)-(3.45), because p>~?F is an A,-weight on R for p € (1,2) and

f— X7 « f is a Calderén-Zygmund operator on R; the conclusion is the same as in
(3.45), that is,

1121 R) B2l ez ryull]o@sy < Cp ez ryull] s s

for some constant C}, > 0. We also observe from (*) that
||1{|513\>R} EQuHIzp(Rz)
1 oo —iA / T p ~
< / dx } B} / e iX|z| X ()\) (TMu)(_)\) dA = ||:‘2uHIL)/P(]R3) ,
R3 1z[2 Jo

where Zyu has precisely the same structure as Qau in (3.39) with the function X’
here in place of the function F’ therein. Therefore, as argued in (3.49)-(3.50), since
X'’ satisfies the assumptions on the function Y in Lemma 3.2.3, the conclusion is
the same as in (3.47), that is,

1 gj21> ) E2lqjei<ryull Lo sy S COp I1(zi<ryellLoms)
for some constant C, > 0. Therefore,
I ge1>ry Z2ulln ey < Cp llullfogs)

and Lemma is then proved in the case p € (1, 3).
Last, by interpolation the Lemma is also proved in the case p = % O

LEMMA 3.3.2. For any p € (1,3) and R > 100a there exists a constant Cp, > 0
such that

(3.75) [1{21<ry EullLrrs)y < CpllullLers)
for all u € LP(R3), where Zu is defined in (3.72).

PROOF. By means of (3.17) we see that the map u — Zu defined in (3.72) is
an integral operator with kernel ;- K=(z,y) given by

(e*iMyI — ei/\\yl)

=] ly]

(3.76) K=(z,y) 1 /+OO Bt X(A)dA
. =\T, = .
=\ Y V2r Jo
Since X(\) = A tws(A\) or A~%w= (A), obviously p )A((p) is smooth for p # 0
and with rapid decrease as p — +o0o. Moreover, since X € LI(R) for any g > 1,
X € LP(R) for any p € [2,00), owing to the Hausdorff-Young inequality. Thus,
X € LP(R) for any p € [1, 00).
We shall prove the Lemma by splitting
Hl{\mKR} EUH%@(RB)

(377) — p — p
= [1ge1<ry ez 10yl T ey + 1 1121<ry ELqjzi<10m U] T 0 (ms)

and estimating separately the two summands in the r.h.s. above.

When R > 100a, |z| < R, and |y| > 10R, one has | X (|z] % |y| + a)| < Cn(y) ™"
for any n € N and suitable constants C,, > 0, which follows from the rapid decrease
of X. Then the identity

X(|z[ +a+y)) = X(jz[ + a = |y])
=[]yl

(3.78) K=(z,y) =
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shows that in this regime |Kz(z,y)| < 2Cy|z|~t|y|~*(y)~". Therefore, for any
p € (1,3) and corresponding n large enough,

20, 1 1/p' C
L P = ot R o B
(PR = Tl Ny 10m 1017 ()™ E
for some constant Cp, > 0. The latter bound and Hoélder’s inequality then yield, for
any p € (1,3),

Ig1<ry E1g10R Ul 0 2oy

p
s /R d 1o <n)(@) | /R dy K= (2, ) Lyjy1210m(y) u(y)
(3.79) 1{je|<R) ||P
z|< P
< o |2 Im0m 0

= G g 2108y ull Lo (es)

for some constant C;, > 0.
This provides the first partial estimate for the proof of (3.75): the proof is
completed when we show in addition that

(3.80) 141<ry ELq<r0myullze@ey < Cp 1 <r0myullZo @s)

for any p € (1,3) and suitable constant C), > 0. We shall establish (3.80) above in

three separate regimes: p € (2,3), p € (%, 2), and p € (1, %) By interpolation, also

the cases p = % and p = 2 will then be covered.
From (3.78) we estimate

[ K=(2, )1 1<10my | 1o (2

(3.81) (4m) 7

10R
< ;(/ dp ¥ | (2l +a £ p)” )

1/p’
|| '

When p € (2,3), and hence p' € (3,2), we have p> 7 < (10R)>™* for every
p € [0,10R], and (3.81) then yields

”X”LP’ R
(3.82) 1=, )1 <a0my o oy < €=
When instead p € (%, 2), and hence p’ € (2, 3), the r.h.s. of (3.81) is estimated with

Holder’s inequality, with weights g = % and ¢’ = gl:pl,, as

[K=(z, )1 1<10my | o (r3)
3.83 10R e
55 < S([ )7 R g
0 p 2 L 3-»r
In order to obtain analogous estimates to (3.82)-(3.83) in the remaining regime
p € (1,2), it is convenient to integrate by parts in (3.76), using e~zl+a) =
i(|z] + a)"tore M) 50 as to split

(R)

(3.84) Kz(w,y) = K (2,y) + K2 (2,y)
with
K (2,y)
_ -1 T A atlyl) L Aoyl
(3.85) '_\/ﬁx(azlw)/o (e +e ) X(A)dA
-1

- |2[(Jz] + a) (X(|z| +a+y]) + X(|z] +a— |y]))
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and

K (2,y)
(3.86)

. +00

- —i —i>\(|x\+a)( —iXy| _ iM-’J')X’(/\) dA

— ¢ ¢ ‘ -
V2T |z|(|z| + a)ly| /o

Using (3.85) we get
1
||Ké )(xa ILq<iory Lo ray

(47r)ﬁ R !
(3.87) < Wg(/{) dp p* | X (|z] + a £ p)| )

1
Y

2 (47)* (10R)?
= 2l(jz[+a)

/v’

”X”LP'(R) :

As for Kg), we exploit (3.86) using the bound | X’ (X)]
which follows from the fact that X (\) = A"lw~()\) or
le= Al — MYl < 2(A|y|)*—? VO € (0,1). Thus,

< C{A\)~2 for some C > 0,
A~2w~()\), and the bound

K@) < et [0 o < o€
= x7y X 7 /0 . N y X T /10« N8>
= lz|(|z] + a)ly| Jo z|(|z| 4 a)ly|®
whence

C’ 11y <10R}
3.88 K2 (z )14 ey < H i< :
( ) ” = (.’E, ) {l KlOR}”L (R3) |$‘(|$‘ +a) |y|9 Lo (R3)

for suitable constants C,C’ > 0, where the LP -norm in the r.h.s. is finite whenever
Op’ < 3.

The estimates (3.82), (3.83), (3.84), (3.87), and (3.88) together then imply that,
for some constant Cj, > 0,

[\l

C,
(3.89) [ K=(2, )1 1<10my 2o me) < rp pe(1,3)U(3,2)U(2,3).

x|’
Then (3.89) and Holder’s inequality yield

1141 1<ry EXg <10y ull Lo (gey

p
< /3dx 1{|x|<R}(fU)‘/3dyKa(%y)1{|y|<103}(y)u(y)
(3.90) R L iy (7 R
X P
S CPH || L?(R3) I-1<a0my 20 g

= CZI7 ||1{|‘|<1OR}U||1[),ZJ(R3)

for some constant C}, > 0.
We have thus obtained precisely the desired estimate (3.80). This completes
the proof because, as commented already, (3.79) and (3.80) together give (3.75). O

3.4. Unboundedness in L'(R?) and LP(R3), p > 3

In this Section we complete the proof of Theorem 3.0.3 as far as the unbounded-
ness part is concerned, hence showing that the wave operators Wiy are unbounded
in LP(R3) whenever p € {1}U[3, +00]. As commented already, it is enough to prove
this property for W .
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3.4.1. Unboundedness of W;’Y in LP(R3?) for p € [3,400]. Because of
the LP-boundedness of W; y for p € (1,3), it is clear that we only need to prove
that W: y is unbounded in L3(R3), for any LP-boundedness for p > 3 would then
contradict, by interpolation, the unboundedness when p = 3.

Let us assume for contradiction that WJ v is bounded in L3*(R?), which by
duality implies also that (W )* is bounded in L3/%(R?).

Choose ¢ > 0 sufficiently large so as to make the matrix I', y (ic) non-singular.
Correspondingly, Ro(—c?) maps continuously L3/2(R3) into W?23/2(R3) and hence
also L?/2(R?) into LI(R?) for any ¢ € [%, 00), owing to a Sobolev embedding. Thus,
the L3/2-boundedness of (W )*, the L¥2 — L3-boundedness of Ry(—c?), and the
L3-boundedness of W; v imply, by means of the intertwining property (3.2), that
also the operator

Ra,Y(*CQ>PaC(Ha,Y> = W;YRO(*CQ)(W;Y)*

is continuous from L3/2(R3) to L3(R?). As a consequence, we read out from the
the resolvent identity (1.32) that for any u € L2,(H,y) N L3/?(R3) the function

R%y(ch)u — RO(—CZ)U

* N
" = > a0 62 [ G ) uly)dy
jik=1 R?
must belong to L3(IR?).
Let us make now a choice of u for which the r.h.s. of (*) above fails instead to
belong to L3(R?). Since u € L2, (H,,y), then u is orthogonal to all the eigenfunc-
tions of H, y, that is, owing to Theorem 1.1.4(i), u is orthogonal to an (at most)

N-dimensional subspace spanned by suitable linear combinations of Qiy)\lk, cee 1y,\]i
for k € {1,...,N}, where —\? ..., —\% are the eigenvalues of H,y. Because of

our choice of ¢, in such an orthogonal complement there is surely v which is not
orthogonal to the GY* ’s, namely,

Asgﬁk(y)U(y)dy 40 Vke{l...N}.

(In fact, such a u can be also found in C§°(R3) N L2.(H,y): indeed, the point
spectral subspace of H, y is at most N-dimensional, whereas the set of u’s that
satisfy the non-vanishing condition above is open in the topology of the space of
test functions.) For such u, because of the invertibility of the matrix I'y y (ic), the
expression

N

> Ty i) )50 64 (0) [ G () ul) dy

jok=1 R?

is a linear combination of the giyg‘ 's with at least one non-zero coefficient, say, the
one for j = jo. Therefore, in a sufficiently small neighbourhood of y;, (so small as
not to contain any other of the y;’s of Y, for j # jo) the latter function must be of
the form c¢j, |z —y;,| 7' + R(z) for some constant c;, # 0 and some bounded (in fact,
smooth) function R(z). This would mean that in the considered neighbourhood of
Yjo Ra,y (—c*)u — Ro(—c?)u is not a L3-function, a contradiction.

3.4.2. Unboundedness of W;Y in L'(R?). For this case the following pre-
liminary observation is going to be useful.

REMARK 3.4.1. Let g € C§°(R). Then

(3.00) 2 [Teegena = gl - it o
: =) e = g(p 9)(p),
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where g — Hg denotes the Hilbert transform, defined as

(3.92) (Ho)(p) = fpv/ p_T

Indeed, following from the fact [54, Eq. (5.1.13)] that the Hilbert transform is the
Fourier multiplier

(Hg)(A) = —isgn(A)g(N),
one has

. 1 teo R
mp»—mﬂgxp>::;7:1/ 0N (1— sgn(V) G(A) dA

2 oo
PG\ AN = — / e AP G(=A)dN.
vV 27T/ vV 21 0 g( )

Let us now prove the fact that the wave operator W is unbounded in L (R3).
We may assume without loss of generality to take the set ¥ = {y1,...,yn} of
interaction centres so that y; = 0.

Let u € C§°(R3) be rotationally invariant, and we write u(z) = f(|z|) for some
f :[0,400) — C which is smooth and compactly supported. We extend f to an
even function on the whole R. By construction, f(r) = M,(r), the spherical mean
of w.

Our starting point is the stationary representation (3.19) for W yu, that is,

N
(3.93) Whyuw = ut Y T, QT yu
k=1
and for each j, k € {1,..., N} we set Kjzu := T, QxT_,, u. Explicitly,
(Kjku)(x)
(3.94) 1 +o0 e—iMe—y;| giMy—vil _ o—iXy—uil
= dy u( )/ dA Fjr(N)
R3 0 |z — yj| drly — |

where we used (3.9) and (3.12).

We now proceed by re-scaling v and f as
(3.95) ue(z) = e 3u(e '2), fo(r) = e 3f(e™ ), e>0,
which makes the norms

(3.96) AP fellpro,400) = luelloimsy = lulligsy = 47 fll L1 0,400)

e-independent. This re-scaling is devised so as to make all interaction centres but
y1 ineffective, because u,. is only bumped around the origin, and then to reduce the
question to the unboundedness of the wave operator relative to a single-centre point

interaction Hamiltonian, for which the answer will then come by direct inspection.
From (3.94) and (3.96),

(Kjrue)(x)
(3.97) 1 Foo e—iZle—y;l piMy—2E| _ —iAy— k|
= d d\Fip(2
ire2 - yu( )/0 ]k(5)4 ‘fﬂ*yﬂ 47_(_|y77 )

having made the changes of variables y — ey and A — £~ '\ in the integrations. If
we now define, for arbitrary v € C§°(R?),

(K$7v)(x)

(3.98) 1 +o00 \
= —[d4 AN Fjp(2
= yv(y)/o k()

—1>\|w——| elMy—ka _6—1)\\1;——

(&
ie =TT dmy-Z[
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then for the considered u and its re-scaled u. we have

K©
i = | 2 K]

which follows by making the change of variable z +— ez in the integration on the
Lh.s.

We now want to study the contribution of each term K 7('2)“ as € [ 0. We shall
establish the following limits

+oo 71)\\30\
lim (K u)(z) = (rf)(=A)dA,
100 im ((7u) (2 \f / (=N

lim (K3 u) () = (7. k) # (1 1),

(3.99) H Z Kjpue

b
L'(R3
Jik=1 (®)

pointwise for a.e. z € R3.

To this aim, we first find the bound

Ny—"E] _ o—iAy—tE| dy
(3.101) / : u(y)dy <. C ()\>‘2/ —
R3 47T|y - y?k| S supp u |y - silyk|

for some constant C;, > 0 depending on u, but not on €. (3.101) is obvious for small
N’s, since u is compactly supported, whereas for large \’s we apply the distributional
identity

e:l:i)\|y—y7k

'|) = d(y - ),

— — 2 —
(8 =2 )(47r\y—y?’°

and integrating by parts we find

eiMly—2E _ —i/\\y—%"\
d

)\_2 1)\\y——\ _ —IA\y—— A 1
= [ (A
<|.|Cu<>\>72/ d7y_17
supp u |y_€ ykl

thus, (3.101) is proved.
Next, in order to prove the first of the limits (3.100) by taking ¢ J 0 in (3.98),
we use the asymptotics (3.13), namely,

. 1 g
151%1 Fii(e7°A) = —4ri,

and we also recognise that the asymptotics as ¢ | 0 of the y-integration of (3.98) is
precisely the quantity

Myl _ o—iAlyl — —
/ ———u(y)dy = V21 (rM)(=)\) = V2 (rf)(=))
R3 4rlyl

discussed in (3.17). The limit € | 0 can be exchanged with the integrations in A and
in y by dominated convergence, because Fn(%) is uniformly bounded (see Lemma
3.1.1(i)) and (3.101) provides a majorant that is integrable in A. Thus,

—iX|z|

Jroo6 o
i (K{Pw(a) = -(—dmi) [ e VaR G2 4y

€l0
+oo —1)\\m| A
_ \/>/ o (NN, w0,

and the first limit of (3.100) is proved.
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Concerning now (3.100) when (j,k) # (1,1), from our estimate (3.101) we

deduce
(K@) < f“yﬁ (/ Timeino)( [ fyyﬂ)

supp u |y

1 dy
< CylIFjkllzos (0,00) [ Ty
£

supp u |y -

for some new constant C;, > 0. Since at least one among y; and y;, does not coincide
with the origin, and since w is compactly supported, we conclude at once that

lm(K S u)(z) = 0, z#0 ifj=0.
el0 J

The proof of (3.100) is thus completed, and in turn (3.100) implies

N +oo —i\|z]
im () ) = — 2 ¢ ;\ —
(3103 tim 3 (KPue) = ——= [ = GhEna

el0
¥ 7,k=1

pointwise for a.e. z € R3.

This latter fact allows us to take the limit € | 0 in the r.h.s. of (3.99), provided
that the L'-norm is taken on compacts of R?. Indeed, for fixed R > 0 and any
sufficiently small € > 0 such that |z — % | > |z| for any 2 € {z]|z| < R} Usuppu
and j =1,..., N, the estimate (3.102) implies (1zg = the characteristic function of
the ball |z| < R)

2 Cu7R % < 2 O’L/J,,R
|| ||

supp u ‘y|

for suitable constants C,, g, C’;,R > 0, which gives a majorant in L*(R?). Then, by
(3.103) and dominated convergence,

lim ’ K(E) ‘ T
A0 Jjz|<R Z

/ q +00d)\ e—i)\\m\
— x
V271 Jisi<r 0 ||

\/37/ dp’/ pe M ( rf) d)\’

An integration by parts and formula (3.91) in Remark 3.4.1 yield

[e'e] . _ “+o00 . o
\/327/0 pe M (rf)(=A)d\ = \/327/0 e P (r2f)(=X) dA
= 47 ((r2f)(p) — i(Hr* [)(p))-

In the integration by parts the boundary term does not appear because r +— rf(r)

is an odd function and (;})(0) = 0. The conclusion from (3.104) and (3.105) is
therefore

o~

(3109 H) ()|

(3.105)

R
R ARl

The proof of the L'-unboundedness of W;r y is completed as follows. Suppose
for contradiction that W:[ y is instead L'-bounded. Then, for arbitrary R > 0,

N
(3.106) lim H 12Y K9u ‘
g k=1
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R
ar [T |a =000 dp = tim HlRZ Kyl

L1(R3)

N

hmlnf H Z (E) ‘
lim ing H
ll’glilol’l Z ke

Jk—

L1(R3)

L1(R3)

= limiinf ||( a,Y - ]l)uEHLl(RB)

N

1+ (W, Y||B(L1(R3)))Hu€||L1(R3)
< A+ IWE s @) flle o, »

where we applied (3.106) in the first step, (3.99) in the third step, (3.93) in the
fourth step, the assumption of L'-boundedness in the fifth step, and the scale
invariance (3.96) in the last step. Moreover, due to the arbitrariness of R, the
estimate above also implies

(*) Al|(1 = iH) (Pl 0,00) < L+ IWay sz @en)lr fllzio,00) -

However, the inequality (*) can be surely violated. Indeed it is well-known that the
Hilbert transform on R maps even functions into odd functions, but fails to map
even (and compactly supported) L!-functions into L!-functions, as one may see with
(a suitable mollification, so as to make it C§° and even, of) the function fo(r) =
(r? +1)71, the Hilbert transform of which is (Hfo)(r) = r(r? + 1)~!. Therefore
(*) is a contradlctlon The conclusion is that W+Y is necessarily unbounded on
L(R3).

3.5. LP-convergence of wave operators

In this concluding Section we establish a result of LP-convergence of wave op-
erators in the limit when a regular Schrédinger Hamiltonian converges to a singular
point interaction Hamiltonian. This is part of the general picture outlined in Re-
mark 3.0.5 concerning the connection between two completely analogous results,
on the one hand our main result (Theorem 3.0.3) of LP-boundedness for p € (1, 3)
and LP-unboundedness for p € {1} U [3,00) of the wave operators relative to the
point interaction Hamiltonian H, y, and on the other hand the analogous results
available in the previous literature, precisely in the same regimes of p, for wave
operators relative to Schrodinger Hamiltonians of the form —A + V.

For concreteness we restrict our attention to the case N = 1 and « = 0, thus
taking without loss of generality Y = {0}.

Let us conside a real measurable potential V', such that |V (z)| < (z)~° for
some § > 7. Under these hypothesis, V' satisfies part (i) of the Assumption (Io)
introduced in Chapter 2. Owing to Lemma 2.1.1(iii), the Schrédinger operator

H := —A +V defined as a form sum is self-adjoint on L?(R?). It is well known
[76] that the wave operators
(3.107) W* = slim et itHo

t—too

relative to the pair (H, Hp) exist and are complete in L2(R3); W extend to
bounded operators on LP(R?) in the following regimes: for all p € [1,+o0] if zero
is neither a resonance nor eigenvalue of H [18], and only for p € (1,3) if zero is a
resonance [114].
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With reference to Assumption (Iz), we take 1o = 1 as a distortion factor, and
accordingly to (2.2) we consider the re-scaled operator

1 T
(e) .— (1) — _ = d
(3.108) HYY =h A+€2V<E) , e>0.

In analogy to (3.107), we consider also the wave operators relative to the pair
(H®), Hy), defined as
(3.109) WE = slim etH e itHo
t—+oo

Theorem 2.1.3 shows that H() — Hayla=o0,y={0} as € { 0 in the norm resol-
vent sense of operators on L?(R3?), and this in turn motivates us to investigate the
relation between W= and Wai)y when ¢ | 0, as bounded operators on LP(R?) for
p € (1,3). Our result is the following.

PROPOSITION 3.5.1. Suppose that V' is a real measurable potential such that
|V (z)| < C(x)fé for some 6 > 7. Then, for any p € (1,3) the wave operators W*
extend to bounded operators on LP(R3). If zero is a resonance but not an eigenvalue
for the self-adjoint operator H = —A +V on L*(R3), then in the weak topology of
LP(R3) with p € (1,3), and hence also in the strong topology of L?(R3),

(3.110) 1%1qu = Wi, welP(RY).
. :

PROOF. The statement on the LP-boundedness of Wz follows directly from
[114]. Concerning the limit (3.110), we shall prove it for W, the argument for
W2 being completely analogous.

Let us consider the scaling operator U, : L?(R3) — L?(R?) defined by (2.12).
U, induces the unitary equivalence

(3.111) H® = U.(e2H)U?.

As a consequence, W~ and W+ are unitarily equivalent too as operators on L?(R?),
for

. it H©E)
W€+ — St'hgl eth e itHo
— 400
(3.112)
-2 -2
= U.s-lim et Hemite "Ho — g Wwryr.
t——+o0

Moreover, for any € > 0 and p € [1,+0o0] the operator U, is a bounded bijection on
LP(R3) with norm

11
(3.113) U |l5zr(reyy = 3572
and inverse
(3.114) (U)™ = U
Combining (3.112), (3.113), and (3.114), it follows that for any p € (1, 3)
(3.115) W lsr@sy = W ls@r@s)) < +oo.

For the proof of (3.110) it suffices to show that, when o =0 and Y = {0},
(3.116) lim [ (W) (z)v(z)de :/ (Wa,yu)(z)v(z)

el0 Jrs3 R3

for any u and v in
(3.117) D = {ucSR®|uc CF R}

which is dense in LP(R3) for any 1 < p < co. Indeed by means of a straightforward
density argument, applicable because of the uniform norm-boundedness (3.115), the
result (3.116) can then be lifted to any u € LP(R?) and v € L¥ (R%), whence the
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conclusion. Moreover, with the choice (3.117) we can equivalently re-write (3.116)
in Hilbert scalar product notation as
(3.118) liﬂ)l (Whu,v) = (W yu,v).
€
Aimed at establishing (3.118), let us fix u,v € D. Then there is R > 0 such
that @(€) = 0 for |£| > R, and also

(3.119) Oz0©) = 5a(2).  O© =0 for [ > Re.

We shall make crucial use of the well-known fact from the stationary scattering
theory [76] that

+o0
(3.120) W+ = 1— é Go(=\) V (1 + Go(=N V)" (Go(N) = Go(\) AdA,
0
where
(3.121)  Go(£N) := lim (Ho — (N2 £in)1)~! = lim Ry(A\* £in), A>0.
7.0 7.0

Then (3.112) and (3.120), together with Go(£X)* = Go(FA), yield
(3.122)

<Wa+u’ U) - <u,v>

+oo
-1 (14 Go(=N\)V) 1 (Go(N) — Go(=N)) UZu ,V Go(A) UZv) AdA.

i'ﬂ- 0
In fact, the A-integration in (3.122) is only effective for A < Re. To see this,
we compute the Fourier transform

((Go(A) = Go(=X) UZu) (€)

(3.123) = lim (€ =N =)™ = (€ =N+ in)) "' (Uru)(€)
—lim T (TFu)(e)

b (€= N2
and we argue that the function in (3.123) surely vanishes when || > Re, owing to

(3.119), and when in addition A > Re such function also vanishes when |¢| < Re,
because in this case (£2 — A2)2 > 0 and the above limit in 7 is zero. Thus,

(3.124) (Go(A) = Go(=A))UZu = 0 when A > Re.
By exploiting the scaling in ¢ in (3.122) we obtain
(3.125)
<W5+ua U> - <U,, U>
62 +o0

= <(]l + Go(—eN)V) HGo(eN) — Go(—eN)) UZu , VGo(eN) Ug*v>)\ dA,
0
where it has to be remembered that, owing to (3.124), the integration actually only
takes place when A € [0, R].
Next, in order to compute the limit € | 0 in (3.125), we consider separately the
behaviour of the operators

£3Go(e) U: and e(1 + Go(—eN)V) L.
Indeed, we shall see that they do converge strongly in a suitable Banach space. A

weak-type Holder’s inequality implies that

(e3Go(+eN) Uz (z) = /

S e—
rs 4mler — y|

eﬂ:i)\\srfy\
(y)dy



62 3. TIME-DEPENDENT SCATTERING THEORY

is bounded by a constant (by (47) |||z || 13, Hu||L%1 in terms of Lorentz norms);
therefore, uniformly for A € [0, R] and z in compact sets,

N etiAyl
liﬁ)l (62 Go(£eX) Ut u)(z) = /

s W u(y)dy = (Gix,u) .

As a consequence, we deduce that

(3.126) lim [|=2Go(+ed) UZu = (Gx, w)1]| 2 (ga) = O

for 8> 2, where L2 4(R®) = L*(R?, (x)2’dz) and 1 denotes the function 1(z) = 1
Vz € R3. Moreover, owing to the spectral and decay assumptions on V, it is a
standard fact [113, Theorem 4.8] that

47l
12 I H 1 - -1t H -
(3.127) lim e(1+ Go(—eN)V) 2 |2 (Vel B @) 0

for A\>0and 8 € (%, 6 — %), where ¢ is a zero-energy resonance for H = —A+V,
uniquely identified by the conditions [p; V|p[*dz = —1 and [psVedz > 0, and
where a := [psVpda.

If we now and henceforth restrict 3 to the regime 8 € (2, £), then (3.126) and
(3.127) are still valid, and in addition the multiplication by V is a L? 4(R?) —
L%(]R?’) continuous map. Thus, the L2-scalar product appearing in the r.h.s. of
(3.125) can be also regarded as a L%B—L% duality product. Using this fact, and
by means of (3.126) and (3.127), which are applicable because the A-integration in
(3.125) is actually only effective for A € [0, R], we find

liﬁ)l (r.h.s. of (3.125))

1 +°°< 4ri

i Aa?

) (Veo| ((Gx,u) — (G-x,u)) 1,V (Gr,v) 1> A\

2 2
L_ﬁ,Lﬁ

= 4 [ ([ i) 60 - 620) ([ e 6o

Summarising, we have found

- + -
181§]1<WE u,v) = (u,v)

w4 [T ([ i) @) - 6-40) ([ draev).

Since the r.h.s. above is precisely the quantity (W, yu,v) that we obtained in (3.9)
in the special case N = 1, a = 0, the limit (W u,v) = (W, yu,v) of (3.118) is
then established and, as already argued, this completes the proof. O

(3.128)



CHAPTER 4

Global smoothing properties

In this Chapter we study the smoothing properties of the dynamics generated
by singular perturbations of the three-dimensional Laplacian.

As already discussed in the Introduction of this thesis, one main motivation is
the investigation of perturbative non-linear problems of the form

(4.1) 0y = —Agyu+N(u), teR,zeR?,

which naturally arise in the context of many-body quantum systems subject to fixed
impurities, where the non-linear term A (u) describes the interactions between the
particles, in a suitable scaling regime. In fact, the smoothing properties of the
unitary group {e'*®e¥};cp are a fundamental tool in order to prove local well-
posedness of (4.1), by means of a fixed point argument.

We begin our discussion by recalling some basic facts on the free Schrodinger
evolution. The unitary propagator e*® has an explicit integration kernel:

(4.2) (2 ) (x) = (4nmit) =3/ / T fg)dy, 20,

R3

Owing to (4.2) and Young inequality one gets

: _g(l_1
(4.3) HeltAfHLoc(RS) < )36 p)||fHL1(R3)7 pE€[2,+o0], t#0.

Interpolating (4.3) with the trivial L2-bound, one deduces the well-known dispersive
(or LP" — LP) estimates:

(4.4) Il < 1072 fly, pe(2400], 0.
Furthermore, the free propagator e*2 satisfies a class of space-time estimates,
known as Strichartz estimates:

1€ fll Lo, ey < Clfllz2@s),

(4.5) 9 3

q 2’

In the non-endpoint case p # 6, (4.5) follows by dispersive estimates (4.4) by

means of a duality argument and fractional integration [49, 110]. The proof in the
endpoint case p = 6 is more involved, and it is due to Keel and Tao [70].

The literature on dispersive and Strichartz estimates for actual Schrodinger
operators of the form —A + V, for sufficiently regular V : R? — R vanishing at
spatial infinity, is vast [67, 111, 96, 52, 41, 94, 64, 51, 87, 113] and the problem
is well known to depend on the spectral properties of —A 4V at the bottom of the
absolutely continuous spectrum, that is, at zero energy.

For singular perturbations of the Laplacian, the picture is much less developed.
In this direction, the first result was achieved by D’Ancona, Pierfelice, and Teta
[33], who proved weighted L' — L estimates, the weights being suitably chosen
in order to compensate the local singularities due to the point interactions.

3
+-= p € [2,6].
p

63
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In my work [61], in collaboration with F. Iandoli, we proved in the single
centre case non-weighted dispersive and Strichartz estimates, that is, the analogue
of (4.4)-(4.5), in the regime p € [2,3). In my work [36], in collaboration with
G. Dell’Antonio, A. Michelangeli, and K. Yajima, the result was extended to the
general multi-centre case, as a consequence of the LP-boundedness of the singular
wave operators (Theorem 3.0.3).

The Chapter is organised as follows. In Section 1 we discuss weighted L' — L>°
estimates and their consequences. In Section 2 we prove non-weighted dispersive
estimates, in the regime p € (1,3). As a by-product, we deduce Strichartz estimates
in the same range of p’s.

4.1. Weighted dispersive estimates

In this Section we study the weighted dispersive estimates for the unitary flow
generated by singular perturbations of the three-dimensional Laplacian. We start
our discussion with the case of a single point interaction, which can be assumed
to be centred at the origin. Hence we consider the family of self-adjoint operators
{—A,}aer identified in Theorem 1.1.1. An important feature of the single-centre
case is that the unitary propagator e'*®« has an explicit expression. In particular,
we have the following characterisation [5, 100], valid for any f € L?(R3) and t # 0.

(i) For a > 0,
1

(eitAa Hx) = (eitAf)(x) + m x

+o0 || +y]) 2
X/ (f(y)/ e—47rozs(8+ 2| + |y|)e_i%ds>dy.
RS 0

|yl

(4.6)

(ii) For a < 0,

(eitAaf)(x) _ (eitAf)({L‘) _ eit(47ro¢)2 <¢aa f>1/}a($) + mx
.7 > / (M /+°° 647ras(5 — |z| — | |)671st)d
r N [yl Jo ! :
where Aralx|
Vo) = W\/%Gwa\ = \/m6|7|

is the normalised eigenfunction associated to the eigenvalue E, = —(4ma)?.
(iii) For a =0,

. _ 1 i Uel+wd? f(y)
4.8 itAg — itA i T du.
Owing to the explicit formulas above, the following result can be easily proved
(the original proof can be found in [33]).
THEOREM 4.1.1. Let w(z) := 1+ |z|~L.

(i) For every a # 0, the following estimate holds:

—1 i _3
(4.9) lw™t e Poc(=Aa) fllz ey S 1872 lwflligs),  t#0.
(ii) In the zero-energy resonant case a = 0, the following estimate holds:
—1 i _1
(4.10) [|w le tAOfHLoo(R3) <t 2||waL1(R3), t # 0.

REMARK 4.1.2. It is worth observing that the presence of a weight in (4.9)-
(4.10) is unavoidable, because of the structure of the domain of —A, identified in
(1.6). Indeed, even if one take f € C§°(R?\ {0}), the evolution e*?« f instanta-
neously developes a local singularity of order |x|~!, which prevents a non-weighted
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estimate like (4.3). Furthermore, it emerges from Theorem 4.1.1 that the occurence
of a zero-energy resonance results in a slower time-decay for the dispersive estimates,
a typical and well-known phenomenon for regular Schrédinger operators of the form
—A+V [64, 94, 87].

PRrROOF OF THEOREM 4.1.1. Let use start with the case & > 0. Combining
the L' — L>-estimate (4.3) for the free propagator e'*2 with the trivial bounds

le

“+00
/ 674”a5(s+|$‘+|y|)d'§§1+|‘T|+|y"
0

_: (stlel+]yD?
1 1t
~ b

one deduces that for ¢ # 0 and for almost every z € R3

; _ 14+ |z|+ |y
@ @l gt [ (1 )
s /]|
Since 2l 4 1]
1+ |z + |y
14+ = w(@)uw(y),
[[]y]
then (4.11) yields
w2 fll g oy St 2 whllmsy,  t#0,

which is the desired estimate, the absolutely continuous subspace for —A, being
the whole L?(RR3).

Let us consider now the case a < 0. Owing to (4.7), one can easily distinguish
the absolutely continuous part of the evolution:

(€89 Py (~An) ) (@) = (€42 ) (&) + ——

(mit)272]z]

fly) /+OO 4 i amlal=lyD)?
X e e (s — |z| — |ly))e™" 4 ds |dy,
L [ et el - )iy

Proceeding as above, estimate (4.9) immediately follows from (4.12).
Last, when o = 0, we can proceed again in the same way, and owing to (4.8)
we deduce (4.10). O

(4.12)

In the general multi-centre case, we do not have an explicit formula for the
propagator, and one needs to resort to spectral calculus and the resolvent identity
(1.32). In this perspective, the following result was proved in [33].

THEOREM 4.1.3. Let € RY and Y = {y1,...,yn} C R3, and assume that
the matriz Ty y (2) defined by (1.28) is invertible for z € R, with locally bounded
inverse. Set

(4.13) w(z) = f: (1 + |x_1yj|> .

j=1
The following dispersive estimate holds:
(4.14) lw™ e A Poo(—Aay ) fllpoe ey S 172wl e, t#0.

The assumption on I'y y implies in particular that zero is netiher an eigenvalue
nor a resonance for —A, y (see the discussion in Chapter 1). Unlike the single
centre case, no results are available when there is a zero-energy obstruction.

Furthermore, interpolating (4.14) with the trivial L?-bound, one deduces that
under the same assumption on I'yy as in Theorem 4.1.3 the following weighted
dispersive inequalities holds true, for p € [2, +o0]:
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—(1—-2) i
[~ p)etA“’YPac(—Aa,Y)fHLP(RS)Sf

(4.15) L 5
|t|—3(§_E)HU}pI 1f||L”/(R3)’ t%o

4.2. Non-weighted dispersive and Strichartz estimates

Observe that, when p < 3, the function w given by (4.13) belongs to LY (R3).

loc
Hence one could expect to prove, in the regime p € [2,3), an non-weighted version

of (4.15). Indeed, we have the following result [36]:

THEOREM 4.2.1. Assume that zero in not an eigenvalue for —A,y, and that
the matriz Ty y () is invertible for z € R\ {0}. Then, for p € [2,3), one has the
dispersive estimates

i _3(i_1
(4.16) €4 Poc(=Aay) flloesy S 181727 fl g oy, t#0

PROOF. As commented in Chapter 3, the wave operators W;Y relative to the
pair (—A, y, —A) exist and are complete in L?(R3). In particular, the intertwining
property (3.2) yields

(4.17) BV Poo(—Aay) = Way e (Wiy)"
Moreover, for a given p € [2,3), Theorem 3.0.3 guarantees that Wiy are bounded
in LP(R?), whence by duality (Waiy)* are bounded in L¥' (R3). Tt follows that
€4 Poe(=Aay) fllLe@s) = Wiy € Wiy )" fllos)
SNeEA Wiy ) il o)
SN W) Sl @)
S I EDNS L gy

where in the third step we used the dispersive estimates (4.4) for the free Laplacian.
The proof is complete. i

REMARK 4.2.2. Unlike the weighted L'—L> estimates discussed in the previous
Section, Theorem 4.2.1 covers the zero-energy resonant case also in the multi-centre
setting. Moreover, in the considered regime p € [2,3), a zero-energy resonance does
not produce a slower time decay for the LP" — LP estimates.

Interpolating (4.16) with (4.14) we get that for p € [3,4+00)

_(1_3=¢ i
(4.18) lw~ (=5 et Bey Py (Ao y) fliors) S
. —3(i_1 —(1—3==
72w ) sy, &> 0,8 0.

In the regime p € [3,400), estimate (4.18) improves the weights appearing in (4.15).

As a consequence of the dispersive estimates (4.16), one can deduce a class
of Strichartz estimates for —A, y [36]. We shall call a pair of exponents (g,p)
admissible for —Aqy if

2 11y 1
. < - = _ —
(4.19) pel23) and  0< T =3 (2 p) <3

that is, g = % € (4, 4o0].
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THEOREM 4.2.3 (Strichartz estimates for —A, y). Assume that zero in not an
eigenvalue for —A, y, and that the matriz Ty v (2) is invertible for = € R\ {0}.
Let (q,p) and (s,r) be two admissible pairs for —A, y. Then

(4.20) e Pac(=Day) Lo, cr@a)y S I1Fllcegee)

and

t
(4.21) ‘ / =2y P (=A,y) F(r)dr

0

S I

L (Re, L™ (R3)) *
La(Ry,LP(R3))

4.2.1. Single centre case. In the single centre case there is a more direct
proof of Theorem 4.2.1, found in my work with F. Tandoli [61], which in a sense is
elementary, since, unlike [36], it does not use any deep result from scattering theory.
Our argument is based on the explicit characterisation of the unitary propagator
eltAe given by (4.6), (4.7), and (4.8). For our purposes, it is convient to re-write
such formulas in the following equivalent form:

. eitAf—l-Mtf lfOé =0
(4.22) effof=etbof 4 M, f ifa>0, feL*R?,t#0,
etBof 4 M, f ifa<0

where
. 1 f(y) _jUsl+lu)?
(4.23) (M) = i L e
— @ f(y) oo —4ras —iW
(128 (Mae§)®) = iy |0 /0 e—iase S dsdy,
T S | (47ro¢)2 o «
(4 25) (Ma’tf)(‘r) =€ k <1/}Ot7 f>’(/Ja(fE) (’R’lt)l/2|l'| X

></ f|(y|) /+Ooe4msei<w+ft|—s>2d5dy,
rs Yl Jo

Unlike the proof of weighted L' — L° estimates (4.9)-(4.10), here we need to
deal with the oscillating terms in (4.23), (4.24), and (4.25). The relevant tool is the
following result from harmonic analysis, due to Pitt [92]:

THEOREM 4.2.4 (Pitt’s theorem). Let 1 <y <np < oo and 0 < b < % be such
that 8 := $ - % —b <0, and define v(x) = |z|*Y for all v € R. There is a constant
C > 0 such that

1/n 1/v
) eV €1874 <C VxlPVd 7
(1.26) ([iremerae) <o ( [ irwpisa)
for all f € L7(R, v(x)dx).

Theorem 4.2.4 is a one-dimensional extension of the well known Hausdorff-
Young inequality in the context of weighted Lebesgue spaces.

ALTERNATIVE PROOF OF THEOREM 4.2.1, SINGLE CENTRE CASE. By means
of a standard density argument, it is enough to prove the thesis for f € C§°(R3).
Let R := R(f) be such that f(z) = 0 for |x| > R. In view of the discussion in
Chapter 1.1, we know that, with respect to the canonical angular decomposition of
L?(R3) given by (1.17), the singular Laplacian —A,, differs from the free Laplacian
only on the sector of zero angular moment. Hence we may further assume f to be
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radial, viz. f(z) = f(|z|) for some f : [0, +00) — C, with supp f C [0, R]. We need
to show that the following estimates hold, uniformly with respect to f.

_9(l_1
(4.27) 1M fllze S 1722 £l
(4.28) 1Ma fllze S TH2EH) £l
(4.29) 1Mo Pac(=Da) fllr S 187272 £ -

The latter inequalities, combined with the dispersive estimates (4.4) for the free
Laplacian, are clearly sufficient to prove (4.16) in the single centre case.
Let us start by proving (4.27). Using spherical coordinates in both variables x

and y we get

too R or p2 _ q 1/p
@s0) Janflo S | [ p(2t4t) pF()dp| dr

0 0
Setting

i fp)  0<p< R
4.31 h(p) =4 © PIP SPS
(#31) o= p R\ [0, R,

the latter expression becomes

+o0 11/p
~1/2 2-p |7 (TP
(4.32) It| UO 2P |k (Qt) dr|

which is equal to

P “+o0 . 11/p
(.33 e | [
0 ]
Since p < 3, we may use Theorem 4.2.4 in the case n =p, vy =p', § = 2%’, and
b= 2;}”, obtaining
(4.34)

1/p’

LY 1 +oo [ 1/p LYS 1 +oo ’ ’
72 5) { / rz_”lh(r)|pd7“} Sl { / h(r)[P > P ar|
0 0

which is the desired estimate, for

+oo , , 1/17/
(4.35) [ [ mwe dr} ~ 11l
0

Let us prove now (4.28). Since p < 3, the function 1/|y| belongs to L (R3),

loc
hence we can exchange the order of integration in (4.24) and use Minkowski in-

equality:

(4.36)
oo
1 e 52
aifllor S [ [ ettt g |
0 wi<r 2| w7 L,
o0
— ‘t|71/2/ 67471'045 / iefi‘z—ltzfii‘wzutmfi% f(y)dy ds.

0 ly|<R || Yl e

An integration in spherical coordinates yields
(4.37)

+oo 400
1Moo fllzn S 1672/ / —iras ( / g
0 0

R
/0 e E hy(p)(p)dp

P
dr) ds,
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where
,iﬁ,ii ry
(4.38) ho(p) =4 ¢ 7 pfp) O0<p<R
0 p € R\ [0, R]
The quantity (4.37) is nothing but
—+o0 “+o0 P r p 1/19
(4.39) \t|71/2/ e dmas </ r27P b (—) dr) ds,
0 0 2t

which, arguing as before, is bounded by |t|_3(%_%) | 1l .- This concludes the proof
of (4.28).

The proof of (4.29) is analogous: indeed, after projecting f onto the the ab-
solutely continuous subspace of L?(R?) for —A,, the first summand in the right
hand side of (4.25) disappears, hence the remaining part can be treated exactly in
the same way as done in the proof of (4.28). O






CHAPTER 5

Singular-perturbed Sobolev spaces

In this Chapter we study the fractional powers of the non-negative, three-
dimensional ‘singular perturbed’ Laplacian —A,, for @ > 0. Since —A, is semi-
bounded from below for any a € R, then up to a non-essential shift our discussion
could be also exported to negative a’s.

We focus on the operators (an)S/Q, s € R thus denoting the number of
‘singular fractional derivatives’, aiming at covering the regime of main relevance,
that is, s € (0,2) (the power s = 0 corresponds to the identity operator, the power
s = 2 corresponds to the actual —A,).

Among the motivations for the interest on (—A,)*/2, central is surely the ob-
servation that its domain provides a ‘singular-perturbed’ version of the classical
Sobolev space H*(R?), adapted to the self-adjoint operator —A,, — we shall denote
it with H2(R®) in our results. As already discussed in the Introduction of this
thesis, the knowledge of such singular Sobolev spaces, of their induced singular
Sobolev norms, and of the mutual control between classical and singular Sobolev
norms, constitutes a crucial tool, combined with dispersive properties of —A,, for
the study of the well-posedness of semi-linear ‘singular’ Schrédinger equations of
the form

(5.1) 10w = —Agu+ N(u)

with non-linearities of relevance such as N(u) = |u[Yu or N'(u) = |z|~7 * |u|?,
v > 0. These are non-linear PDE’s that model, in a suitable regime, the presence
of a localised impurity. The natural energy space for equation (5.1) is H}(R3),
and one would like to address also a higher or lower regularity theory, whence the
importance of the understanding of the spaces HZ(R?).

The material presented in this Chapter is based on my recent work [46], in
collaboration with V. Georgiev and A. Michelangeli, where we provide a thorough
characterisation of the singular Sobolev spaces HE(R?), in the regime s € (0, 2).

In the first of our main results, Theorem 5.1.1, we determine the precise struc-
ture of H2(R?), identifying regular and singular part of a generic g € H2 (R3) in all
the regimes of s for which such decomposition is meaningful. In our second main
result, Theorem 5.1.3, we present a mutual control between classical and singular
Sobolev norms, and in our third main result, Theorem 5.1.4, we find an explicit
formula for the computation of (—A)*/? w.

These results and related remarks are stated in Section 5.1. In particular,
there arise three natural regimes of increasing regularity, s € (0,1), s € (3, 2), and
s € (%, 2): the first is so low that no canonical decomposition between regular and
singular part is possible; the second is large enough to produce indeed a decom-
position, however with no constraint between regular and singular component; the
third is so high as to induce a constraint between the two components, which is
completely analogous to what was already known for the space H2(R?), i.e., the

3

domain of —A,. The transition cases s = % and s = 5 are discussed separately in

Section 5.1 and then in Propositions 5.6.1 and 5.6.2.

71
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A similar analysis was been done for Schrédinger operators with inverse square
potentials [71]. Despite their singular behavior, it turns out that the corresponding
adapted Sobolev spaces agree with the classical Sobolev space H*(R?), for every
fractional power s € (0, 2).

The material of this Chapter is organised as follows. In Sections 5.2 through
5.5 we develop an amount of preparatory material for the proof of our main results,
which is then the object of our concluding Section 5.6. In particular, in Section
5.2 we establish a spectral-theorem-based canonical decomposition of the domain
of (=A4)*/? and in Section 5.3 we study the regularity of each term of such a
decomposition. This leads us to identify convenient subspaces of the fractional
space H2(R?) in Section 5.4, an information that we find convenient for the sake of
clarity to re-cast in an operator-theoretic language in terms of suitable fractional
maps, Section 5.5.

s/2

5.1. The fractional singular Laplacian (—A,)%*/“: main results

For a > 0, the singular perturbed Laplacian —A,,, characterised by Theorem
1.1.1, is a non-negative self-adjoint operator on L?(R?) and the spectral theorem
provides an unambiguous definition of its fractional powers (—A,)%/2. Special
cases are s = 0, yielding the identity operator on L?*(R?), and s = 2, yielding the
operator —A,, itself, whereas s = 1 (the square root) corresponds to an operator
whose domain is the form domain of —A,.

For general s € (0,2) we are able to provide the following amount of informa-
tion.

Our first result concerns the ‘fractional domains’, namely the domains of the
fractional powers of —A,. We find that for small s the fractional domain is the
Sobolev space of order s, whereas when s > 1 for each element of D((—A,)*/2) we
retrieve a notion of a regular part in H*(R?) and a singular part proportional to the
Green’s function Gy defined in (1.4), thus carrying a local |z|~! singularity. This is
in complete analogy to what happens with the operator domain D(—A,) and the
form domain D[—A,] — see (1.6) and (1.8). In particular, when s > 2 the singular
part is also continuous, and its evaluation at x = 0 provides the proportionality
constant in front of the singular part, the very same kind of boundary condition
displayed by the elements of D(—A,,).

THEOREM 5.1.1. Let a« >0, A > 0, and s € (0,2). The following holds.
(i) If s €(0,3), then
(5.2) D((—Aa)/?) = H(RY).
(i) If s € (3,2), then
(5.3) D((—Aa)"/?) = H*(R) +span{Gy} .

where Gy is the function (1.4).
(iii) If s € (2,2), then

D((-84)*"%) =

5.4 Fy\(0
(5.4) :{g€L2R3 ’ng+ ENUN GAwithFAGHS(R?’)}.
o+ f
Separating the three regimes above, two different transitions occur. When
s decreases from larger values, the first transition arises at s = g, namely the

level of H*-regularity at which continuity is lost Correspondingly, the elements in
D((—Aq)?*) still decompose into a regular H3- -part plus a multiple of Gy (singular
part), and the decomposition is still of the form F) + c¢g, Gy, except that now F)
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cannot be arbitrary in H 2 (R3): indeed, Fy has additional properties, among which
the fact that its Fourier transform is integrable (a fact that is false for generic
H-functions), and for such Fy’s the constant cr, has a form that is completely
analogous to the constant in (5.4), that is,

1 1 —
ep, = ——— | @pF
Fy og—i—ﬁ (27‘_)% ‘/RJ p )\(p)

4T

(see (5.86) below). Then, for s < 3, the link between the two components disap-
pears completely.

Decreasing s further, the next transition occurs at s = %, namely the level of
H*-regularity below which the Green’s function itself belongs to H*(R3) and it does
not necessarily carry the leading singularity any longer. At the transition s = %, the
elements in D((—Aq4)*/4) still exhibit a decomposition into a regular H z-part plus
a more singular H %_—part, except that H 3 ~_singularity is not explicitly expressed
in terms of the Green’s function G. Then, for s < %, only H°*-functions form the
fractional domain.

We shall discuss these transition points in Propositions 5.6.1 and 5.6.2.

REMARK 5.1.2. It is worth comparing (—A,)%/? (the fractional power of the
singular perturbation of the Laplacian) with K/ (the singular perturbation of
the fractional Laplacian, identified in Theorem 1.2.3), in the regime s € (%,2).
The elements of the domains of both operators split into a regular H*-part plus a
singular term, with a local boundary condition constraining the two components;
however, in the former case the local singularity is |x|~! for all considered powers,
whereas in the latter it is the singularity of the function G, » defined by (1.39),

namely |z|~3=9),

Our next result concerns the ‘singular’ Sobolev norm induced by each fractional
power (—Aa)s/ 2 on its domain, in comparison with the corresponding ordinary
Sobolev norm of the same order. Recall that (—A, + A1)*/2 > A*/21 and hence
g = |[[(=Aq+A1)%/2g||5 defines a norm on D((—A,)*/?), with respect to which the
fractional domain is complete.

THEOREM 5.1.3. Leta >0, A > 0, and s € (0,2). Denote by H:(R3), the ‘sin-
gular Sobolev space’ of fractional order s, the Hilbert space D((—Ay)*/?) equipped
with the ‘fractional singular Sobolev norm’

(5.5) lglles = (=2 +A1)*2gl2, g€ D(=A)">.
The following holds.

(i) If s €(0,3), then
(5.6) lgllms =~ llglm Vg €D(=Aa)*? = H*(R®)

in the sense of equivalence of norms. The constant in (5.6) is bounded,
and bounded away from zero, uniformly in «.

(i) If s € (3,2) and g = F 4 cG, is a generic element in H5(R?) according
to the decomposition (5.3), then

(5.7) |F' +cGallas = [|[F||ms + (1 + a)lc].

(iii) If s € (2,2) and g = F\ + %G)\ is a generic element in HS(R?)
according to the decomposition (5.4), then

(5.8) || F5 + ig Gl s

~ [[Fx]la -
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The constant in (5.8) is bounded, and bounded away from zero, uniformly
m Q.

It is worth remarking that in the limit o — +oo (recall that A,—o is the
self-adjoint Laplacian on L?*(R?)) the equivalence of norms (5.7) tends to be lost,
consistently with the fact that the function G, does not belong to H*(R?). Instead,
the norm equivalences (5.6) and (5.8) remain valid in the limit o — +o0, which is
also consistent with the structure of the space HS(R?) in those two cases.

Last, we examine the action of —A, on generic functions of its domain and
in particular, when applicable, on the function G). We prove a computationally
useful expression of (—A, + A1)%/2¢p in terms of the classical fractional derivative
(—A + A1)%/%p.

THEOREM 5.1.4. Let a >0, A >0, and s € (0,2).

(i) For each ¢ € L*(R®) one has the distributional identity
(—Aq+A1)%2p =
(5.9) +o0 £5/2 ko (t) o~ VATt ||

= (=A +21)%2p — 4sin 5T d
( e 2 Jo dra+VA+t  4r|z]

where

(5.10) Kp(t) =

e~ VA+tlyl
[ ar et

dry|

When ¢ € D((—Aq)*?) N H*(R3) (5.9) is understood as an identity be-
tween L?-functions, whereas when ¢ € D((—A4)*/?)\H?*(R?) the r.h.s. in
the L?-identity (5.9) is understood as the difference of two distributional
contributions.

(i) The function Gy defined in (1.4) belongs to D((—Ay)*/?) if and only if
s €(0,2), in which case

(5.11)  (=As +AL)*2Gy € H(R®), o :=min{3 —s,3}, s€(0,3).

Ezxplicitly,
(5.12) (=Aq 4+ A1)%%Gy = Jy,

where Jy is the L?-function given by

— sin = e s—lg(t)

5.13 J = 72/ dt ———=~ | e R3,
( ) A(p) 7_‘_(27_‘_)% 0 p2 TN+t p

and

4 A

(5.14) o(t) = et VA t>0.

dra+VA+t

Let us stress that the last Theorem applies to all the considered regimes of s,
unlike the separation into various regimes made in the previous main Theorems.
This way, formula (5.9) has the virtue to provide the explicit additional (distribu-
tional, in general) correction in the action of (—A, + A1)*/? besides the ‘classical’
contribution (—A 4+ A1)*/2. Underlying (5.9), and in fact equivalent to it, we shall
discuss in Section 5.2 another key formula for the action of (—Ag + A1)%/2, where,
in complete analogy to (1.7) we express such an action on ¢ as the classical action
(—=A 4 A1)*/? on a suitable regular component of .

As mentioned already, the proofs of Theorems 5.1.1, 5.1.3, and 5.1.4 are deferred
to Section 5.6, after developing the preparatory material in Sections 5.2-5.5; the
only exception is the integral formula (5.9), that for its technical relevance in our
discussion will be proved in advance, at the end of Section 5.2.
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5.2. Canonical decomposition of the domain of (—AQ)S/2

In this Section we present an intermediate technical lemma that is crucial for
our analysis and gives a canonical decomposition of the domain of (an)S/ 2 for
powers s € (0, 2).

Based on the same argument, we then prove the integral formula (5.9) and
hence part (i) of Theorem 5.1.4.

PROPOSITION 5.2.1. Fiza >0 and A > 0. Let s € (0,2) and g € D((—A4)*/?).
Then

(5.15) 9 = fo+hy
where f, € H*(R3) is given by
(5.16) fg = (FA+A)2(=A, + A1)*%g

and hy € L*(R3) is given by
+o0 t—s/2 cg(t) e~ VAFL |z

5.17 h := 4sin & dt
(5.17) o() M2 Cimar At dnfal
having set
e~ VA+tlyl 5/
(5.18) co(t) = / dy —————— ((—As + A1)*?g)(y) -
R3 4rly|

When g runs in D((—A4)*/2) then the corresponding component f, in the decom-
position (5.15) spans the whole H*(R3). In terms of this decomposition,

(5.19) (—Aq + )\]1)8/29 = (-A+ )\]l)s/2fg.

PROOF. (5.19) follows from (5.16), so the proof consists of showing that (5.16)
and (5.17) give (5.15). Our argument is based on the identity

(5.20) D((—Aa)*?) = D((=An +A1)¥2) = (=A, + A1) 73/2L3(R?),

which follows from the spectral theorem, owing to —A, > O, and on the integral
identity
sins%

+oo
(5.21) 82 = 2/ e/ a0, s€(0,2).

By the functional calculus of —A,,, (5.21) gives
(—Ag+A1)7%/2

sinsZ

+oo
= 2 / At t3/27H (= Ay + M) 7 HE + (—Ay + A1)
0

+oo
_ 72/ dt £5/272 (“Au + (A + £~ 1)1)L
0

and by means of the resolvent formula (1.10) and of (5.21) again one finds

1 s +oo
(—Ay + A1) ™%/2 = %/ dt 3272 (<A + A+t H1) 7!
W 0
ingt [t —1\—1
sin s /22 VA+tT —_—
5.22) +—= /O a2 (a+ X2 ) [Gayp 1) (G|

= (A + A1) +

sinsZ [t VI t1
+ 2 / dt t°/2—2 (a + %
0 v

-1
) 16 m1) Gl

s
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Let now g € D((—A,)*/?): applying the operator identity (5.22) to the L2-
function (—A, 4 A1)%/2g gives g itself in the Lh.s. and two summands on the r.h.s.,
the first of which is precisely f, defined in (5.16), whereas the second is

sinsZX [t _ VAFtT1N\1 _— s
72/ dt ¢/272 (a + 7) Gagi1 (Gape1, (—Aq + A1)*/2g)
0

s 4
+oo t—s/2 /o
= asins [ dt— Gyt (Gaags (—Ag + A1) 2g) = B
2 0 Ao+ \/m /\+t< A+t ( ) g> g

defined in (5.17)-(5.18). This proves that hy = g — f, € L*(R?) and yields (5.15).
Not only is f, € H*(R3) for given g € D((—A,)*/?), but also, conversely,
given an arbitrary f € H*(R?) the function (—Aq 4+ A1)7%/2(=A + A1)*/2f clearly
belongs to D((—A4)*/?) and its component fq is precisely f. Thus, f, does span
H*(R?) when g runs in D((—A4)%/?). O

REMARK 5.2.2. Formula (5.22) shows that, unlike what happens for singular
perturbations of the fractional Laplacian, the resolvent of (—A,)*/? is not a finite-
rank perturbations of the resolvent of the free fractional Laplacian (—A)%/2.

PROOF OF THEOREM 5.1.4(1). We follow the same line of reasoning that has
led to Proposition (5.2.1). By (5.21) and the functional calculus of —A,,

sinsZ

“+o0
(=Ay + A1) 20 = 2 / dt 327 (= Ap + A1) (=0 + (A +1)T) Y.
0

s

Taking the difference between the identity above for generic a and for a = oo
(namely for the operator —A instead of —A,,), together with the resolvent formula
(1.10), yields

(=80 + A1) 20 — (A +A1)*%p =

us

. too
= -T2 [ el (<A A DD e - (CA+ (1) )
™ 0
insE [T>® VAL EN-1 e VAFEz] —V A+t |yl
= —Smsz/ at /2 (a + - ) < / Yy,
7r 0 A7 4r|x| RS 47 |y|
which leads to (5.9), by means of the definition (5.10). O

5.3. Regularity properties

In this Section we discuss the regularity and asymptotic properties of functions
of the form h, that emerge in the the canonical decomposition of Proposition 5.2.1.
Preliminary, we state a Schur-test bound (see [46, Corollary A.3]) that we will
use systematically for the estimate of the norm of a number of integral operators.

LEMMA 5.3.1. For given constants 8 € (—%, %) and v, > 0, and a measurable
function f on RT, let

wB=B=3% y(3+A)—3

(5.23) QB ,s(u,v) = ) , u,v >0,
and

+oo
(5.24) Qo5 f)(u) = / A0 Q. 51, ) £(v).

Then Qa5 defines a bounded linear map on L*(R™) with norm

1 T

5.25 < —
(5.25) 1Qs,v,5llL2®+)—L2(R+) T

cos B’
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For given o > 0, A > 0, s € (0,2), and f € H*(R?), we define

VATl
(5.26) er(t) = /R A (CA D)) ()
and

+<>Od t—s/2 C(t) 6—\//\+t|x|
t
0 dra+ A+t Ar|z]

Equivalently, in Fourier transform,

(5.27) hy(x) = 4sin ¢

1 (p2+)\)s/2 N
2 t) = [ dp———
(529) s0) = s [ Ay )
and
—~ 4sin & [T t=5/2 ¢(t) 1
5.29 hi(p) = 72/ dt :
(5:29) 1) (2m)3/2 J dra+ A+t PP A+

It is also convenient to introduce the function wy whose Fourier transform is

1 4sinsf [to° t173 ¢(t) 1
5.30 Wy = —— 2 / .
(5.30) 7o) PP+X (2m)2 Jo Ara+ A+t PP A+
Formally,
(5.31) hy = qrGx +wy

where G, is the function (1.4) and
oo 4 t7% cp(t)
0 dra+ A+t

LEMMA 5.3.2. For givena > 0, A > 0, s € (0,2), and f € H*(R3), the function
c(t) defined in (5.26) is continuous in t € [0,+00) and satisfies the bounds

(5.32) qy = 4sin °F

(5.33) )] < Il (1 +0)~%
and

+ee 1 2 2 5 2 2
(5.34) / e (0P < LGP+ NI ~ 11

PROOF. The continuity of t — c¢;(t) is immediately checked by re-writing (5.26)
as ¢y (t) = (Gryt, (A + A1)*/2f). From

IGxsell2 = BrVA+)2 < (8nvVA)77,
a Schwarz inequality yields
ler ()] < NIGagell2 I(=A + A1) fll2 < || f]lme
and

e S 4 fllae
whence (5.33). Next, we consider the function

no(0) == 0@ +N:flo,w), o0eR" weSs?,

where we wrote f(p) = f(p,w) in polar coordinates p = (o,w), 0 := |p|, w € SZ.

Clearly,
2 e s 2 2
|l ean = /Szd‘” | el + i Fe)

= 10* + VEFIE ~ 17z
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ot

and we estimate

—+oo —+oo —+oo
-4 P+ N5 ) P2
dtt2|cp(8)? = 2/ dt | (2)2 = / dt’/ ¥’
| aeteor =2 [ arew)r - o [

+oo +oo
01w (0)
. dt‘ d d ‘
471'3/ A2 w/ QQ +/\+t2

< 5[ [avi@uor = & [ alonle .
where 7 — @7 is the integral operator on functions on R* defined by
+oo
0
(@n)(t) = Qt.o)n(e)de, Qo) = 5 -
0 o°+1

We observe that ) has precisely the form of the operator Q3,5 defined in (5.23)-
(5.24) of Lemma 5.3.1 with 8 = 1, v = § = 2. Then the Schur bound (5.25)
yields

s
< — vn € L*(R", do).
1Qnll2 7 [17l]2 ne L7(RT,de)
Therefore,
+oo 1 )
|t e wr < 5 [ ai@ndiag < 5 [ dlnlie
= 3 1@+ NEFIE = (1F 1l
which gives (5.34). O

Let us now exploit the above information on the behaviour of ¢/(t) in order to
obtain information about the regularity of the functions & and w defined, respec-
tively, in (5.27) and (5.30). To this aim, we shall make often use of the identity

(5.35) /+oodt AN S €(0,1), R>0
’ 0 R+t  sinar R'-o’ “ Y '

whence also the useful limit

1 —1 ptoo a—1
(5.36) lim (,” 77) / AL 1 ac(1).
1

R5+400 \sinam Rl—a R+t

We start with the function h in the regime of small s.

PROPOSITION 5.3.3. For given o > 0, A > 0, s € (0, %], and f € H*(R3), let
hy be the function defined in (5.26)-(5.27).

(i) If s €(0,1), then hy € H*(R?) with
(5.37) gl < Il s s€(0,3).
(i) If s=1, then hy € Hz (R3), but in general hy ¢ HY/?(R3).
PROOF. (i) Using (5.29) and setting pf(t) := t~%¢s(t), we observe that

o~

sl ~ [ dpl? + NERsF

N t72cp(t)  (pP+ )2

~ d d

/Rs p‘/ 47ra+\/)\+ p
0(* + )2 2

/ ‘/ t4+2 2+ A+t “f(t))

20,2 o [ Nf() o't
< [Laoce | [Ta 0 SO [ [t

S leslZe@er an + ||Qﬂf|\2L2(R+,dg) ;
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the last step following by a Schwarz inequalities and by setting

+00 g1+s
@ue) = [ aQeom®.  Qet = g

In fact, this defines an integral operator @ on functions on R* which has precisely

the form of the operator Qg ~,s defined in (5.23)-(5.24) of Lemma 5.3.1 with g =
—1— %, 4=2,6=1. Then the Schur bound (5.25) yields

2

1Qus 72+ a0 < 72 g 72 s a) -

2 cos(§ + )
This, together with the bound (5.34), gives

hsliee S Miplies an + 1QusIIL 5 ag) S lislZo@s ary S IF1Fes)

which completes the proof of (5.37) and of part (i).
(ii) When s = 3, (5.29) reads

—~ 1 [T t=icp(t 1
) = = [l L
w2 Jo dra+ A+t pPPH A+

We consider the non-empty case of a non-zero f € H'/?(R?) with positive Fourier
transform and hence with non-zero cy(t) > 0, due to (5.28). Owing to (5.33) and
dominated convergence,

1/1dt £ cp(t) 1 N 1
i Jo dma+VAFL PPHAFE Vo2

as |p| = +oo

3
2
with constant

1 _3,.1
T2t Cy (t)
C ::/dt— € (0,+00),
! o Y rar vt < )
namely a contribution to hy that is a H 3~ function not belonging to H z (R?). The
remaining contribution to hy is given by the integration over ¢ € [1,+00), and it is
again a positive function of p, which therefore cannot compensate the singularity

of the first contribution, i.e., it cannot make hy more regular than H %_(R3). (]

Next we show that for given f € H*(R?) with s € (%7 2) the corresponding hy
is a H? —function given by the sum of the H 3 —function q5Gx, that carries the
leading singularity of hs, and the more regular function w; € H*(R3). This is seen
first discussing gy and then wy.

For given « > 0, A > 0, s € (
Fourier transform is given by

(5.38) ) = / Cat e
’ N CFSETEN A (Ama+VX+E) P2+ A +1t)

LEMMA 5.3.4. For given a > 0, A\ > 0, s € (%,2), and f € H*(R3), the
corresponding constant gy defined in (5.32) satisfies

1

5,2), we introduce the L2-function Yy whose

(5.39) a5 = (T, (A +A1)*/2f).
In particular,
1
5.40 < - .
(5.40) arl S = Il
and
(5.41) =0 & (A +A)*2f 1L Ty

in the sense of L%-orthogonality.
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PROOF. Because of (5.28) and (5.32),

L ing /+°°dt /2 ap Pt N3 f(p)
/ (2m)3/2 Jo dra+ A+t Jrs pPHA+t
= [ T 0P+ o).
whence (5.39). O

PROPOSITION 5.3.5. For given o > 0, A >0, s € (%72), and f € H*(R3), the
functions hy and wy and the constant gy defined, respectively, in (5.27), (5.30),
and (5.32), satisfy the identity

(542) hf = qu)\+U)f,
where Gy is the function (1.4). Moreover, w¢ belongs to H*(R?) and

)
2.
=)

5
)

(5.43) I0° + A i wflls € — = 1>+ N3 f]2,
whence also

(5.44) lwpllzs < fllae

PROOF. The decomposition (5.42) is an immediate consequence of the finite-
ness of ¢y, namely of the bound (5.40). Using (5.30) and setting () := t‘icf(t),
we observe that

I(p*+2) 5wy |13 =

B 2sm2sg/ 4 ‘/+°°dt 173 cp () 1 2
3 RS P 0 Ara+VA+t P2+ N2 (P2 + A+ 1)
- 8sin” =X /+°°dg‘/+°°dt oti7% pg(t) 2
b us 0 0 (2 + N2 (?+A+1)
8sin? X
< Tz ||QMf||2L2(R+,dg),

where for convenience we wrote

400 s—143—3
@ule) = [ dQenm®, Qo = T

In fact this defines an integral operator @ on functions on R+ which has precisely the

form of the operator Qg s defined in (5.23)-(5.24) of Lemma 5.3.1 with 8 = 2 — 5,
v =2, 6 = 1. Then the Schur bound (5.25) yields
7r
< .
QL2 ®+ at)— L2 R+ do) 73 sm(Z T
Combining the estimates above with (5.34) then yields
s 8sin?Sr 4sin? ST
2 5~ 2 2 2 2 2
[(p”™ +A)2wyllz < —a 1QurllT2m+ do) < S (- 1) leerllze e ar)
2sin®<F N
< ﬁ 1(* + N2 flI3
Sin (7 — Z)
which is precisely (5.43). O

For the last noticeable property we want to discuss in this Section, as well as
for later purposes, it is useful to highlight a few features, whose proof is elementary
and will be omitted, of the function ¢ — ¢(t), t > 0, introduced in (5.14).
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LEMMA 5.3.6. For given o > 0 and X\ > 0, (5.14) defines a function ¢ €
C>([0,4+00)) with

645 o) = —motA :

' Ao+ A+t (dra+VA+E)(WVAFE +VN)
(5.46) 0 < ¢(t) < ¢(0) =1,
and
(5.47) ot) < (14172,
¢ is strictly monotone decreasing and decays as t — 400 with asymptotics

4 drra(4 A

(5.48) o(t) = ﬂajgﬁ _ 4maf W? V) +O(t%) ast — 4o0.

We turn now to the discussion of a relevant connection between the constant
¢s defined in (5.32) and the function

(5.49) Fr = f4wy.
In fact, owing to Proposition 5.3.5, when f € H*(R?) so is wy, and hence F} too.
When s > %, a standard Sobolev lemma implies that F is continuous. We shall now

see that, in this regime of s, Fy(0) is a multiple of ¢;. Significantly, an analogous
property survives when s = 2 (see Proposition 5.4.5(ii) in the next Section).

LEMMA 5.3.7. For given a > 0, A >0, s € (2,2), and f € H*(R?), let wy and
qr be, respectively, the function and the constant defined in (5.30) and (5.32), and
let Fy be the function (5.49). Then Fy is continuous and

(5.50) F(0) = (a+ ).

REMARK 5.3.8. Tt is worth noticing that (5.50) is consistent also when s — 2.
Indeed, when s = 2 and f € H?*(R?®), then wy = 0, owing to (5.30), whence
F;(0) = f(0). On the r.h.s. of (5.50), we re-write gy given by (5.32) as

o = sin 2% +Oodt t73 cp(t)
d ™ Jo o+ %\H .
T

As s — 2 the pre-factor in front of the integral vanishes asymptotically as (1 — 3),
whereas the integral diverges: indeed when s = 2 we see from (5.28) that c;(t) —
f(0) as t — 0, therefore when s — 2 the leading (i.e., divergent) part of the integral
is given by the integration around ¢t = 0, i.e.,

oo T ep(t) !
dt —— = =~ (a+ ﬁ)*lf(o)/ dtt==/?
/0 (0% + % Am 0

= (a+ )M 1—$)71f(0) ass—2.
Thus, («+ T‘?)qf — Fy(0) as s — 2.

PRrROOF OF LEMMA 5.3.7. We have already argued before stating the Lemma
that F is continuous.

Since f € H*(R®) for s > 3, then f e LY(R3) and

S flp) = — 2o SIS e 1 (p? 4+ )3
10 = g [Lafo) = g [ wfo) T [ et e

sin 8T ftee
= 2/ dtt™2 cs(t),
™ Jo

having used (5.35) in the second identity and (5.28) in the third one.
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Also wy € H*(R3) for s > %, owing to Proposition 5.3.5, and hence w; €

LY(R3); from this fact and from (5.30) one obtains
1
we(0) = dp wy
10 = oy [
_ 4sin & /+°°dt t1=3 cp(t) dp
(2m)* Jo dra+ VAFt Jrs (PP X +1)(P2+ )
_ sin‘F /+Oodt 3% cp(2)
T Jo (Ara+VI+ ) (WAt + V)
sm ptoo gin 8% fFo0

M dtt=2 cp(t) + —2 dtt=2 cs(t) ¢(t),
™ Jo T Jo
where we used (5.45) for ¢(¢).
Combining the last two equations, and using (5.45) and (5.32), one obtains

sin L (T 473 cp(t)
Fr(0) = £(0) +ws(0) = (dma + VA) =2 / At ——
1(0) = f(0) +ws(0) = (4 ) — ; JEIY wa
= (a+47\/7§)Qfa
thus proving (5.50). O

5.4. Subspaces of D((—A,)%/?)

In this Section we show that in the regime s € (0, 2) the domain of the fractional
operator (—A,)%/? contains two noticeable subspaces: the one-dimensional span of
the Green function G, defined in (1.4) and the Sobolev space H*(R?). We also show
that in the remaining regime s € [2,2) none of these spaces is entirely contained in
D((—A4)*/?) — however, there is a proper subspace of H*(R3) + span{Gy} which
is part of D((—Aq4)*/?).

As a consequence, recalling that G, € H %’(]RS), we will conclude that

(5.51) D((-A,)*'?) D H*(R®) +span{Gy}, seld,?),
and
(5.52) D((-Aa)*?) D H'R?),  s€(0,3).

The first two main results of this Section are formulated as follows.
PROPOSITION 5.4.1. For given o = 0, A > 0, and s € (0,2), one has
(5.53) (—Aq 4+ A1)¥%Gy = Jy

in the distributional sense, where Jy is the function defined by (5.13)-(5.14). In
particular,

(5.54) Gy € D((—A4)*?) & s€(0,3),
in which case
(5.55) [(—Aq + A1)*2Gyll2 < 1+4a.

ProOPOSITION 5.4.2. For given o > 0,
(i) if s € (0,2), then H*(R®) is a subspace of D((—As)*/?) and for every
A >0 and F € H*(R?) one has

(5.56) I(=Aa +AL)*2F|| 2 S ||Fla;
(ii) if s € [2,2), then H*(R3) is not a subspace of D((—As)*/?).
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The third main result of this Section will be discussed later, see Proposition
5.4.5 below. In order to prove Proposition 5.4.1 we establish the following proper-
ties.

LEMMA 5.4.3. For given a = 0, A > 0, and s € (0,2), the function Jy defined
by (5.13)-(5.14) has real and bounded Fourier transform that satisfies

Ks

(5.57) Ja(p) = STy (1+0(1)), 0<s<l1,
(5.59) ) = m W (14 o(1), s=1,
(5.59) Inp) = W (1+0(1)), 1<s<?2,

as |p| = 4oo, where ks > 0 depends only on s (as well as on a and \). As a

consequence, Jy belongs to L?(R?) if and only if s € (0,2). When this is the case,

(5.60) [allz S 1T+«
and moreover
(5.61) Jy € H ™ (R?), o:=min{3 —s,1}, s€(0,3).

PROOF. In the case s € (0,1), owing to (5.46)-(5.47),

sin 8L [t oo gzl
K = 2 detz =1 ¢(t) 5/ dt—— < 400,
7T(27T)5 0 0 (l—i-t)E
whence
i ST +o00 2
2 - S 5~ / s_1 p°+ A |p| =400
+ M) J = det2 t s
(p° + ) Ja(p) @t o o(t) PR

by dominated convergence, which proves (5.57).
In the case s =1,

1

~ .1 Lo Tt g(1)
JA(p)_W(zﬁ)S(/Odtp2+/\+t+/1 dtp2+A+t)'

As |p| = +oo,

/1dt 2 ¢(t) __ const.
o PPHA+E PP+

by (5.46) and dominated convergence, and

too  4—1 o(t) +oo t—1 In(p*> + A +1)
dt —F— = (4 A dt ———— = (4 A)———
/1 Faadr © (matva) L PP At (matVA) =25 05
by (5.48) and dominated convergence, which proves (5.58) with r := j’;g;);/g .

In the case s € (1,2),

Inp) = Shls%(/oldtm+/l+wdtm).

7(27) pPP+AFt pPP+A+t

As |p| = +oo,

/1dt 2 ¢(t) __ const.
o PPEAHt T PP+
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by (5.46) and dominated convergence, and

sin 5% /*Wdt tilg(t) (47ra+ﬁ)sinsg/+<>o s
! 1

m(2m)3 PP+t m(2m)3 P2+
- (dro+ VX ) sin < +Oodt t5-3
W(QW)% 0 P2+ A+t
(4o + V) tan 5F 1
G HE
by (5.48), (5.36), and dominated convergence, which proves (5.59) with
Kg = —(27r)_%(47ra + V) tan sg >0.

It is clear from the above arguments that in all cases j;(p) is positive and uni-
formly bounded. Immediate consequences of the asymptotics (5.57)-(5.58)-(5.59)
are the fact that Jy € L*(R3) if and only if s € (0,2) and the gain of regularity
(5.61). Then the point-wise bound

(5.62) ) S (+a) Sz /+Oodt e
. o
NP~ m(2m)2 Jo (P> +1+t)V1+t
yields immediately (5.60). O

We can now prove Proposition 5.4.1.

PROOF OF PROPOSITION 5.4.1. By formula (5.9) of Theorem 5.1.4(i), re-written
in Fourier transform, we have

(A + A1)3Gy) (0) = (A +AD)3Gy)"(p) + Za(p),

where for convenience we set

—~ 4sin 8T [t t3 ke, (¢ 1
L) = -t [ ) ,
(2m)2 Jo dra+VA+t pP+HA+T

and kg, , given by (5.10), is now computed as

1 1 1 1
) = —= d = — —
") = Gy /]R3 PRI+ A ar i+ VA
(Formula (5.9) is indeed usable here, because it has been already demonstrated, in
the end of Section 5.2.) Thus,

—~ sin 8& [T ts—1 sin 55 e s—lg(t)
Z = — 2 / dt + 2 / dt —— 2
A(p) m(2m)2 Jo PP+t 1(2n)2 Jo pPPHA+E
where ¢(t) is the function already introduced in (5.14) and (5.45). Owing to (5.35),

ST

+oo £-1
sin % t2 1 1 s\~
3 dt — 5 - = —A—’—)\]]_ 2G ,
7T(27T)2/0 Aot - enf i )26 ()

whereas, according to our definition (5.13),
[
3 IR 4 A
7'((271')5 0 p2—|—)\—|-t
Therefore, f;(p) = —((=A+A1)2Gy)"(p) + j;(p), whence
(—Aq +A1)*2Gy = Jy,

that is, the identity (5.53). As proved in Lemma 5.4.3, Jy € L?(R3) & s €
(0,2): thus, Gy € D((—A4)¥?) < s € (0,2), and (5.54) follows. (5.55) is then an
immediate consequence of (5.60). O

= Ia(p).
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Let us now pass to the proof of Proposition 5.4.2. First, we establish the
following property.

LEMMA 5.4.4. For given A > 0, s € (0,2), and F € H*(R?), let kp(t) be the
function defined in (5.10), namely

1 F(p)
5.63 t) = dp 5
(5.63) wr(t) (zﬂ)é/RsprJrAth
Then
—+o00 2
Kr(t)]
(5.64) /0 dt (t|+/\)5_‘(’ S IFIF- -

PROOF. Passing to polar coordinates p = (p, 0:=|pl, w € %, F(p) =

w),
F(p,w), we see that the function n,,(0) := 0(0*+ )2 F(0,w) belongs to LQ(R“‘7 do)
with

+oo R
[ttlemean = [do [ delie? + NEF@? ~ 171y
Moreover,
(*) /+Oodt Ier () /+Oodt/ doJ‘/+(>o £20'* (o) 2
0 (+A*ﬂ 52 2+ N 22+ A+12) |
because

+o00 2 +oo 2y|2
e @OF 2 [ tlrp(t?)]
0

0 (t+N)z—s (£2 4+ \)z s
_ L /*‘”dt t / b P ENIE®)
43 @ +N: Urs (02 + A+ 1) (2 +N)3

- /%dt’/ dw/%o t30% (0* + N3 F(p,w)
4 52 (2 + )i B2+ A+12) (2 + N8

+o0 +o0 1 1-s 2
7 Jo 52 0 (t2+ X772 (02 + A+ 12)

There are two possible cases: s € [0, 7) and s € [%7 %) In the first case one has

1-5¢(0,4], and()ylelds

“+o00 |I€F —+o0 JrOO ts 1—s 2
/ dr EEUT / dt/dw‘/ 2%()‘
0 @+A’* 5 Co A
—+oo
< [at [ wl@uof = [ 4@l -
0 2 s?

where @ is the integral operator on functions on R™ defined by the kernel

2

2

N

s Ql—s
t) = .
Q(o,1) Sy
In fact, @ has precisely the form of the operator Q4,5 defined in (5.23)-(5.24) of
Lemma 5.3.1 with § = 7 — 3, v = § = 2, where in this case 3 € (0, 7] and hence it

i

' 4
is admissible (the adm1881b1hty condition in Lemma 5.3.1is 8 € (— %
Schur bound (5.25) yields

1)): then the

17l 22 R+ do) -

Q1w 2+ a) < 7

2 cos(§ — )
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Therefore,

400 ‘Hp(t)|2
dt ——=— < /dw » 2
/o (t+N)z2—8 s2 e HLz(tht)

S [awlnelaean ~ IF o).

1

which proves (5.64) in the case s € [0, 5

one has £ — 1 €[0,1), and (*) yields

+oo +o0 +oo % 2 -1 1-s 2
/ ar e ®F / dt/dw’/ U +A) ‘< (o)
0 (t+A)3—* - A+t

+oo +oo 2 5 2
0 52 0 g2+)\+t2

1 ) +o0 Ql_s 2

A2+ [ d ( o2, ‘

[ en [ ao] [ S

+o0 +o0 ts 1-—s 2
at | d ‘ d . ‘
/ /Sz w / el (0)
/ 0w 7l ) + / deanan(W,dty
S2 S2

the integral operator @ being defined as in the first case. Here @Q is of the form
Qp,y,5 of(5.23)-(5.24) with 8 = 1 — £,y = § = 2, where in this case 3 € (—3,0]
and hence f is again admissible: the above inequality and the Schur bound (5.25)
then yield

[ a O o L e an + [ 4 10n e an
0 (t+A)=7° 52 T Jse ’

S /Szdw||77w”2L2(R+,dg) ~ ||FH§15(R3)7

which proves (5.64) also in the case s € [$, 3). O

). In the second case, namely s € [3, %),

N

A

A

A

We can now prove Proposition 5.4.2. To this aim, it is convenient to introduce
the function Ir whose Fourier transform is given by

—~ 4sin L [T t2 kp(t 1
(5.65) Tr(p) = — 22 / ar — et
0

(2%)% dra+VA+t pPP+A+L]
where
1 F(p)
5.66 t) = 3 dp —2—.
(5.66) %) = oy [

PROOF OF PROPOSITION 5.4.2. (i) By formulas (5.9)-(5.10) of Theorem 5.1.4(i),
re-written in Fourier transform, we have
(5.67) (A +ADFF)(p) = (FA+AD)ZF)(p) + Ir(p),

where the function I is given by (5.65)-(5.66). By assumption, (—A + A1)3F €
L%(R?); therefore, the fact that F' € D((—A4)*/?) with |[(=Ag+A1)3 Fll2 < || F| ms
follows at once from (5 67) if one proves that Ir € L2(R?) with |||z < ||F||as-
To this aim, setting p(t) := (t + A\) 3T 2kp(t), we observe that

tflip(t) 1 2
g 5 [ o] [Ca e
Il < R3 P 47ra—|— A+t PP+ A+t

0 2
[ Cae| [ar ST w e hO] < 1Qu e

N\rr

A
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where for convenience we wrote

o0 -1
@0 = [ atQetn®, Qo) = ==

In fact, this defines an integral operator @ on functions on R which has precisely
the form of the operator Qg,,,5 defined in (5.23)-(5.24) of Lemma 5.3.1 with 8 = —1,
v =2, 6 = 1. Then the Schur bound (5.25) yields

1Qull2@®+,a0) < 7llullz2®+,ar) -

Combining the estimates above with (5.64) yields
IFll2 S 1Qullrz®+.do) S lillz@s,ary S I1F|as

which completes the proof of part (i).

As for part (ii), if for contradiction H*(R?) was a subspace of D((—A4)%/?),
then the canonical decomposition (5.15)/(5.42) g = f, + cf,Gx + wy, of a generic
element g € D((—Aq4)*/?) for suitable functions f,, wy, € H*(R®) would imply that
¢r,Gx = g — fy — wy, € D((—A4)*/?). For those g’s with non-zero coefficient c,
this would yield the contradiction that Gy too belongs to D((—A,)*/?), which was
proved to be false in Proposition 5.4.1. (|

We move now to the third main result of this Section. It is formulated for
s € (3,2), but it is relevant for us in the regime of large s, namely s € [2,2) (it
provides no new information for lower s). As seen previously, in the latter regime
neither H*(R?) nor span{Gy} are contained in D((—A4)*/?). Nevertheless, we can
identify a suitable proper subspace of H*(R?) 4 span{Gy} which is still contained
in D((—A4)%/?), as we shall now show.

To this aim, given a > 0, A > 0, and s € (%,2), we introduce the subspace

DY) ¢ H*(R3) defined by

1 ~

I+ L0 Ty € L(RY)
T

(5.68) D) = { F € H*(R?)

where I is the function defined by (5.65)-(5.66) for given F', and J) is the function
defined by (5.13)-(5.14).

PROPOSITION 5.4.5. Let o« > 0 and \ > 0.
(i) Fors € (1,2) one has

(0)

(5.69) D(-2a)"%) > {F+ G ]F e},

a-i-f\/;

the space D(()S) C H*(R3) being defined in (5.68). In particular, D(()S)
contains the Schwarz class S(R3), and

F
(5.70) D((—Aa)¥?) > {F+ L}GA ’FGS(R3)}.
a+ 2
47
(ii) For s = % one has
(0)
(5.71) D((-Aa)**) = {F+ =_a, ‘F € Dc()?’/z)}.

a—f—f\g
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REMARK 5.4.6. Formula (5.71) qualifies the fractional domain in the transition

case s = % and implies the following interesting corollary: the only linear combi-

nations F + ¢ Gy that it is possible to find in D((—=A,)3/4) for some H 2-function
F must satisfy fR3 ﬁ(p) dp < 4o00; as such, F' cannot be a generic function in
H?(R3). Such a loss of genericity of the H?-regular component in D((—A4)?/4) is
the distinctive feature of the transition at s = %, since both below and above this
threshold the regular part of an element in the fractional domain D((—A,)%/?) is
indeed a generic H*-function.

PROOF OF PROPOSITION 5.4.5. (i) Let F € D). In particular, F € H*(R3)
and F(© is finite.

In order to prove (5.69) one needs to show that (—A, + A1)%/2(F + ai(z Gy)
4
is square integrable. In fact, owing to (5.53) and (5.67),
F(0) F(0)
(5.72) (—Aq + A1)/ (F P GA> = (CAFAND)YPF 4 Ip+ ———— Jy,
a+ A a+ X2
4 4m

which indeed belongs to L?(R?) because so do (—A + A1)%/?F and I + Cj_% Ix,

4w
as a consequence of the fact that I’ belongs to the space D(()s).
Next, in order to prove (5.70) we combine (5.13)-(5.14) and (5.65)-(5.66) so as
to get

—~ FO)
Ir(p)+——75 Ja(p)
o+ =
(5.73) im .
4sin 5F /+°C t3 Y FO) —tkp(t)) 1
2m)F Jo dra+VA+t PP+t

When F € S(R?) the finiteness of F(®) = F(0) is obvious, and

1 ~ p?+ A const(F)
5.74 FO _trpt)] = ‘ / dp F < :
whence
—~ FO const(F)
5.75 T p+7JAp‘57.

This shows that Ip + —£ <z Jy € L?(R?) whenever F' € S(R?), thus concluding

at T
that S(R3) c D).
(ii) One has to prove the opposite inclusion than (5.69) in the special case s = 3. Let
9 € D((—An)/*). Necessarily g = Fy, +qy, Gy for functions fy, wy,, Fy, € H? (R?)
with Fy, = f; + wy, and for a constant gy, € C, as prescribed by the canonical
decomposition (5.15)/(5.42). Let us suppress the index ‘g’ in the following.
Now, we claim that

(0)
(1) F = o d ﬁ\( ) < 400 and = L
RN CTTEN v at P
(0)
From this claim we deduce that Fy + aFJrfj Gy = g € D((—A4)**); as a conse-

47

()
quence, (5.72) implies that Ir, + ofif? Jy € L*(R?). This completes the proof,
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F(©
because the finiteness of F}O) and the square-integrability of I, + # J amount
T g

(0)
to Fy € D(g/g) and ¢ has the form Fy + ——— ; Gy.
1t

Let us therefore establish (i). To this amf wvve mimic the proof of Lemma 5.3.7:

in that case we had s > %, which made the manipulation of all the indefinite inte-

grals harmless; now, instead, s = % and a truncation scheme is needed. Moreover,

thanks to the linearity, let us assume, non restrictively, that f(p) > 0, and hence
also ¢f(t) > 0 and —wy(p) > 0, as follows from (5.28) and (5.30).
First of all,

F9 = lim Z/*—’;(p)dp
f R——+o00 Ip|<R

. 1 ~ 1 -
= Rl (W /|p|<Rf(p)dp+(27r)§/|p|<wa(p) dp).

In general, each integral in the r.h.s. above is in divergent as R — +o00, and we
want to show that a compensation among them cancels this possible divergence.
By inserting into the first integrand in the r.h.s. of (ii) the quantity

/ - —t (P24 N

G 2N+t

(see (5.35)), it is immediately checked that dominated convergence and exchange
of the truncated integration over ¢ and p apply, so one has

1 N
3 dp =
(2m)3 /p<Rf v)dp
1(p?+ N1

: I dp f(p) / Tl
= — 1m
(i) V2 (2m)E T4 Jip<r pJIP 0 P2+ A+t
111
1 T
- lim [ dtt 3/ p LN () ;LA) /o)
2 T—+oco (27‘[‘)5 Ip|<R p + A+t

= lim /dtt 4ch)

2 T—+oo

(i)

where for convenience we denoted by
1 P+ N fp
crf(t) == —5 / dp %
@m)F Jppen T P A

the finite-momentum truncation of the function cs(t) defined in (5.28).
An analogous use of dominated convergence and exchange of integration, using
(5.30), yields

1 S _
(2m)3 /|p|<R wie)dp =

Y ey |
- ( p|<de/ dra+VA+t (P2H+NPE+HA+1)

B hm/ / ticy(t) 1
- 2”3T—>+°° IpI<R dra+VA+t (PP +A) P>+ A+1)

24/2 im / g trer® t4cf (t) dp
— 1 .
@ rotoc Sy drat VAT Jiper PP FN@P A1)
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It is convenient to re-arrange the r.h.s. above as

1 o _
(27)% /|p|<R wie)dp =

1 . T, , .
= 72T£1}r100/ dtt7 cf(t) ¢(t) (2 arctan \/m)

iv .
) 5 Tgl}rloo/ dtt™ 4cf 2 arctan m)

- 2‘[ lim / ar e
(2m)3 TS0 dra+VA+1t
dp 4 R
x <f|p|<R PIVEIATD  agerss fretan \/A+t)’

where we inserted the function ¢(t) defined in (5.14)/(5.45).
Plugging (iii) and (iv) into (ii),

T

0 _ { 1 : -3 2 R
Fo= Rhl_{l —75 Thrf ; dtt™7 cp(t) (t) (2 arctan /\th)
+ —1 lim ! dtt1 (c (t) — cp(t)(2 arctan -2 ))
© 2 i R.f r(% A

/ t4Cf t)
(2m) 3 T~>+oo dra+ VA +t

x (flpl<R @’ +A)(p T ey Arctan m)}

The first term in the r.h.s. of (v) can be thought of as an integration over

t € R of the function t — 1{t€[O,T]}t_% cr(t) ¢(t)(2 arctan \/)%t) Recalling that
1

cp(t) S (141)77 (see (5.33)), ¢(t) < (1+¢)" 7 (see (5.47)), and 2 = arctan \/7 <1,
we see that dominated convergence applies twice and

1 T s , .
m/o dtt™% cp(t) p(t) (2 arctan /\+t)

—+oo
T—+o00 1 —3 2 R
R m/0 dtt™% cp(t) o(t) (F arctan =)

(vi) R—+o00 1 [t s
Rinas N At cp(t) o(t) =
™2
_3 dra + \f)\
= dtt 4 Cf
77\[ 47ra + \//\ +t
= (a+ f) a
having used (5.45) and (5.32) in the last two steps.
From (v) and (vi) we find
FJEO) = qf (o + %YXH-
+ L lim lim Tdtt*% (c (t) — cy(t) (2 arctan — 2 ))
77\/5 R—+o00 T—+0c0 R.f f 7r ‘/m

2v2
— L lim  lim / dt ———— t4cf D
(2 )3 R—+00 T—+0c0 dror + VN +t

dp R
x <f|p|<R (CEESVIZEwE) \/,\+ Fr/5 arctan x/Ath)}’
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which implies (i) as long as one proves that

T
. . . _3 R _
(vii) REI—EOOTETOO ; dtt™ 3% ( () (2 arctan m)—thf(t)> =0
and
T
bm i [ a e

(an) R—+o0 T—+o0 J droa + VN +t

dp _ 47 R _
x (f|p|<R PIVPEATD  Vagerss aretan m)} = 0.

Last, let us establish (vii) and (viii), thus completing the proof. One has

T ) T 2 3
/ dtt*%chf(t) _ 3/ dtt’%/ dpw
0 (2m)2 Ip|<R PP+ A+t

- 1 +o0 2 4 )i F +00 ,
T—+ . / dtt—% / dp (p 2+ )4f<p) _ / dt t—% CR7f(t)
(2m)2 Jo Ip|<R P2+ A+t 0

by dominated convergence, thanks to the uniform-in-7" summable majorant function
t — const(R) -t~ 3 (A +t)~1. One also has

T
/0 dtt_%cf(t)(% f+ Ao, / dtt~ 4cf (t)(2 arctan \//1\%7“)

by dominated convergence, thanks to the bound arctan( \/T) < ﬁ and hence
_l’_

to the uniform-in-T" summable majorant function ¢ — Rt~ 3 (A4 ¢)~2. Thus,
T 3
RE}IEOO TE)TOO ; dtt™1 ( £(t)(2 arctan \/f\%f) - cR7f(t)> =
+00 3
= Rlirfm ; det™3 (cf(t)( arctan \/ﬁ) - cRyf(t)>

Now, since cg,¢(t) / cf(t) and 2 arctan \//I\%t 1 as R — 400, the functions

ts ¢ ( 5(£) (2 arctan ) — cw(t))

form a decreasing-in-R net of summable functions, whose point-wise limit as R —
400 is the null function. Therefore, by monotone convergence,
+o0 3
lim dtt™ 2 (c- t arctan cr f(t ) =0
R J, 1) (2 Wr) R, f(t)

and (vii) is proved.

Concerning (viii), with analogous bounds as above one takes the limit T — +o0
based on dominated convergence. In order to take the limit R — 400 in the
resulting quantity

+oo t4Cf( ) (f dp B 4m arctan —£— )
o Ao + VXN + ¢ VVIPISE 0P HN @A) ARV \/)\+

one observes that

4 dp _
(«Htif arctan A= = [ g GG ) =
= ﬁ arctan m + (\//\ + t arctan \/T — V) arctan %)

+
A R R W\/X
7(arctan\i\ arctan \/W) < —~
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which shows that the integrand vanishes point-wise in ¢ as R — 400 and is bounded
by a uniformly-in-R integrable function: then dominated convergence applies and
(viii) is also proved. O

5.5. Fractional maps

In this Section we revisit part of the results of Sections 5.2-5.4 relative to the
regime s € (3,2) in terms of certain linear maps which it is very natural to introduce
and which provide a more compact formulation.

For s € (%, 2), we define the linear maps

(5.76) Ry H(R®) — H*(R®),  R.f = f+uws
and
(5.77) Q:H(R*) - C,  Q.f = gy,

where wy is the function defined in (5.30) and gy is the constant defined in (5.32),
for given @ > 0 and A > 0. Owing to Lemma 5.3.4 and Proposition 5.3.5, both
maps are bounded:

1
s < s < s .
(5.78) Rafllme S W fllaes 1QuF1 S 71l
As a consequence of Propositions 5.2.1 and 5.3.5,
(5.79) D((—Aa)"?) = {Rof +(Q:f)Gx| f € H*(R®)},

that is, when f spans H®(R®), Rsf spans all possible regular components and
(Q,f)Gy spans all possible singular components of the elements of D((—A4)%/?).
It is also convenient to write

(5.80) Re = 1- Wy, Wof = —wy.
The linear map W : H*(R?) — H*(R3) is bounded, because of Proposition 5.3.5.

PROPOSITION 5.5.1.

(i) When s € (%,2), the maps Rs and Qs are surjective and not injective;

moreover, thze;"g are functions in ker Rs that do not belong to ker Qg and
vice versa.
(ii) Eaplicitly, when s € (%, %), the non-zero H*-function
(5.81) fo = (“A4+ AL,
where Jy is the function defined in (5.14), satisfies
(5.82) Rsfe = 0, and Qife = 1.
(iii) For any s € (1,2),
(5.83) ker @, = (—A+A1)"2({T:})
in the sense of L%-orthogonality, where Yy is the function defined in
(5.38).

(iv) Whens = %, R3/2 is injective and not surjective, whereas Qs is surjective
and not injective.

(v) When s € (3,2), Ry is surjective and injective, hence a bijection in
H*(R?), whereas Q is surjective and not injective.

PROOF. (i) From (5.79) and from the fact that H*(R3) C D((—A,)*/?) (Propo-
sition 5.4.2(i)) it follows that R is surjective and Qy is not injective, and that there
exist f’s in H*(R?) for which Rsf # 0 whereas Qs f = 0. From (5.79) again and
from the fact that span{Gy} C D((—A,)*/?) it follows that Q. is surjective and
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R is not injective, and that there exist f’s in H*(R?) for which Qg f # 0 whereas
Rsf =0.
(ii) Owing to (5.19),

(—Aa + A1) 2Ty = (—As + A1) 2(=A + A1)*/2f, € D((—Aa)?),
whence also, owing to (5.53), as well as to (5.15), (5.16), and (5.19),
Gy = (Aa + AU = Rofu +(Qufa)Ga,

from which (5.82) follows.

(iii) The identity (5.83) is precisely equation (5.41) proved in Lemma 5.3.4.

(iv)-(v) The surjectivity of Qg is obvious, and its non-injectivity is proved in
general in part (iii) above.

For the injectivity of R when s € [2,2) we exploit the fact, encoded in (5.79),
that if f € H3(R?), then g := R.f + (Q.f)Gy is an element of D((—A,)%/?) and
(5.19) implies that f = (=A 4+ A1)7%/2(=A, + A1)*/2g. Therefore, if R,f = 0,
then necessarily Q, f = 0 (for otherwise G would belong to D((—A,)*/?) for s > 3,
which is forbidden by Proposition 5.4.1), whence also g = 0 and then f = 0: R is
injective.

The lack of surjectivity of Rs/; is a consequence of Proposition 5.4.5(ii), as is
evident from comparing the expressions (5.71) and (5.79) for D((A4)%/4), taking
into account that D(()g/z) C H2(R3).

When s € (2,2) one can prove the invertibility of Ry = 1—W; as a bijection on
H*(R?) by means of the following argument. The bound (5.43) found in Proposition
5.3.5 in the present notation reads

G2+ 0E WiFla < TR N)E s F € HORY).

sin(F — 1)

Since
V2 sin %
S )
sin(%5 — 1)

is continuous and strictly monotone decreasing, attaining the value 1 at s = %, then
for s € (3,2) the map FW,F~! (where F : L*(R3,dz) — L?*(R?,dp) is the Fourier
transform, inherited also on H*(R? dx)) is bounded on the space L?(R3, (p?+\)*dp)
with norm strictly smaller than 1. As a consequence, FR F ' =1 — FW,F~!is
a bijection on such space. Using an obvious isomorphism L2(R?, (p? + \)*dp) =N
L3(R3, (p? + 1)*dp) = FH*(R3,dz), one then concludes that the map Ry is a
bijection on H*(R?,dx). O

5.6. Proofs of the main results and transition behaviours

PROOF OF THEOREM 5.1.1.

(i) Case s € (0,3). Let g € D((—A4)*/?). Owing to Proposition 5.2.1, g =
fg + hg with f, € H*(R3) given by (5.16) and h, given by (5.17). In Proposition
5.3.3 we established that h, € H*(R®) too, therefore D((—A,)%?) C H*(R3).
Conversely, in Proposition 5.4.2(i) we established that D((—A4)%?) D H*(R?).
The conclusion is the identity (5.2).

(i) Case s € (%, 2). Again, owing to Proposition 5.2.1, a generic g € D((—Aq)*/?)
decomposes as g = fy+h, with f, € H*(R?) given by (5.16) and h, given by (5.17).
In Proposition 5.3.5 we established that h, = qr, G\ + wy, for some gy, € C and
some wy, € H*(R3). Therefore, D((—Aq4)*/?) C H*(R3) + span{G,}. Conversely,
in Propositions 5.4.1 and 5.4.2(i) we established the opposite inclusion (5.51). The
conclusion is the identity (5.3).
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(ili) Case s € (2,2). Owing to Propositions 5.2.1 and 5.3.5, D((—A4)*/?)
consists exactly of elements of the form f 4 ¢¢Gy 4 wy, obtained by letting f span
the whole H*(R?) and by taking wy and ¢f according to (5.30) and (5.32). (With
the same argument as in the proof of part (ii), this allows one to deduce again
D((—An)*?) € H*(R?) + span{G,}, however the latter is now a strict inclusion,
as established in Propositions 5.4.1 and 5.4.2(ii).) It follows from Proposition 5.3.5
that Fy := f+w; € H*(R3) and it follows from Lemma 5.3.7 that F) is a continuous

function on R? with F;(0) = (a + ‘F)qf Thus,

D((~A,)*/?) C {F+ ai(f GA‘F cH* (R3)}

Conversely, we established in Proposition 5.4.5 that

D((—An)?) > {F+ ai(f ’F c HS(RS)}

because in this regime of s the space D(() *) used in Proposition 5.4.5 is the whole
H*(R?) and F(©) = F(0). The conclusion is the identity (5.4). Alternatively, in the
equivalent language of the fractional maps introduced in Section 5.5, one argues as
follows: according to (5.79),

’D((*Aa)s/2) = {Ref + (st)GA | f € HS(Rd)}v

Lemma 5.3.7 reads

Rsf)(0
0.5 = LD
and Proposition 5.5.1(v) establishes that Ry : H*(R3) — H*(R?) is a bijection,
which all together gives precisely the representation (5.4) for D((—A4)%/?). O

PRrROOF OF THEOREM 5.1.3.

(i) Case s € (0,3). The bound ||g|lz: < llglla: was proved in (5.56) of
Proposition (5.4.2)(i). As for the opposite bound, Proposition 5.2.1 implies that
9= fg+hgand [|g|us = ||[(=A+A1)*2f,|l2 = || fy|l =, Proposition 5.3.3 implies
that |[hgllers S (| fgllme, therefore |[gllze < W follms = llgllms-

(ii) Case s € (3,2). By means of the decomposition of Propositions 5.2.1
and 5.3.5, as well as the surjectivity of the map f + f + wy on H*(R3) (Propo-
sition 5.5.1(i)), one has g = Fy, + q7,Gx with Fy, = f, + wy,, and ||g|lgs =
[(—=A + A1)*/2f,l2 = || fyl|zz:- Combining this norm equivalence with the bounds
||ng|\Hs S fgllas and (14 a)lqy,| S ||ngHs (Lemma 5.3.4 and Proposition 5.3.5,
icc., eq. (5.78)) one has [ Fylla- + (1 +a)las,| S IFy + az,Gallus. For the op-
p051te 1nequahty we write [|Fy, + quG)\HHs < ||ng||H + |quH|G>\|Hs and we
use || Fy, |las S ||Fy, |lms (eq. (5.56) in Proposition 5.4.2) and [|Gallxs S (1 + o)
(eq. (5.55) in Proposition 5.4.1), whence the conclusion.

(iii) Case s € (2,2). Arguing as in part (ii), for F\ + %(\OFZG)\ one has
E

2
=f+wr=Rsf, F*(O) = Qsf, and HF>\—|— Lk 0) G ||HS I fllzs. Since in

the regime s € (2,2) the map R is invertible on HS(R3) (Proposition 5.5.1(v)),
and hence also with bounded inverse, then || f||gs = ||Rsfllms = ||Fxllms, which
completes the proof. O

ProOOF OF THEOREM 5.1.4.
Part (i) was proved already in the end of Section 5.2. Part (ii) is entirely proved
in Proposition 5.4.1 and Lemma 5.4.3. (]

The transition cases s = % and s = % are characterised as follows.
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PROPOSITION 5.6.1 (Transition case s = 3). Let o > 0, A > 0, and s = 1.

Then
(5.84) D((~A)YY) = {f+hy|f e H: (R},

where, for given f, hy is the H?2 -function defined in (5.26)-(5.27) and discussed
in Proposition 5.5.8(4). Moreover,

(5.85) H?(R?) +span{Gy} ¢ D((—Ad)YY) c Hz (R®).

PROOF. The first statement is an immediate consequence of the canonical de-
composition (5.15) of Proposition 5.2.1 and of the definition (5.26)-(5.27). The in-
clusion D((—A4)"*) € Hz (R3) of (5.85) follows at once from the decomposition
(5.15) and from Proposition 5.3.3(ii), whereas the inclusion H/2(R3)-Fspan{Gy} C
D((—Aq4)'*) is precisely the inclusion (5.51) for s = %, which follows from Propo-
sitions 5.4.1 and 5.4.2(ii). Last, in order to see that the latter inclusion is strict, we
observe that in course of the proof of Proposition 5.3.3(ii) certain non-zero func-
tions f € H'/2(R3) were considered for which E}(p) ~ (p)~21In(p) as |p| = +oo,
which is logarithmically more singular than G, and than an H 3 -function. U

[SI[9N)

PROPOSITION 5.6.2 (Transition case s = 2). Let o > 0, A > 0, and s =
Then

F)
. 3/4y _ (3/2)
(5.86) D((—A)*Y) {F+7Q+QGA‘F€D0 ¥
4
where
(5.87)
1 ~
FO .= / dp F(p) < 400
D(()3/2) —JFre H%(R3) (2m)3 Jgs G H%(R3),

I+ i“”ﬁ Jy € L2(R?)
ATy

I is the function defined by (5.65)-(5.66) for given F and s = %, and Jy is the
function defined by (5.13)-(5.14) for s = 3.

PrOOF. An immediate consequence of Proposition 5.4.5. (]

REMARK 5.6.3. Let us elaborate further on the two conditions

*) [ avFiw) <400
R3
and
Ft+——J)\ €
o+ T\/E

that characterise D(()g/z) and hence the fractional domain D((—A,)?/*). The con-
straint (**) is actually a cancellation condition, as was seen in the proof of Propo-
sition 5.4.5, formulas (5.73)-(5.75), in the special case of F € S(R?). In general,
because of the asymptotics (Lemma 5.4.3)

— K
Ja(p) = —5 + R(p as |p| = +oo
W) = o HRG) s
for some L2-function R, one must have
KEF© 1

(%) f;(p) = + R(p) as |p| = +oo

et P P+
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for some L2-function R in order for a cancellation to occur and then for (¥*) to hold.
One can see that the inverse Fourier transform of (p* + )\)_% belongs to the Besov
space BY (R?) 2 L?*(R?*) = BY,(R?®). Therefore, if I satisfies the asymptotic
expansion (***) the cancellation property is equivalent to the vanishing of the
BY . (R?)-term in

F

— .
a—l—}é

Ir +

Moreover, a closer inspection of the argument in formulas (5.73)-(5.75) shows
that condition (**), equivalently (***), follows as soon as one assumes for F a
slightly better large-p decay than the one imposed by (*), for example

/ F(p)(p)*dp < +o0
R3

for arbitrary € > 0.



CHAPTER 6

Singular Hartree equation

In this Chapter we study the singular Hartree equation in three dimension
(6.1) 0 = —Ayzu+ (w* [ul*)u,

in the complex-valued unknown u = u(x,t), t € R, 2 € R3, for a given measurable
function w : R? — R.

In order to avoid non-essential additional discussions, we restrict ourselves once
and for all to positive a’s. In fact, —A,, is semi-bounded from below for every o € R,
thus shifting it up by a suitable constant one ends up with studying a modification
of (6.1) with a trivial linear term that does not affect the solution theory of the
equation.

The singular Hartree equation (6.1) can be interpreted as a classical Hartree
equation

(6.2) i0u = —Au+Vu+ (w*|ul?)u,

in which the external potential V' models a ‘delta’-like impurity at the origin.

Among the several contexts of relevance of (6.2), one is surely the quantum
dynamics of large Bose gases, where particles are subject to an external potential
V and interact through a two-body potential w. When V is locally sufficiently
regular, (6.2) emerges as the effective evolution equation, rigorously in the limit of
infinitely many particles, of a many-body initial state that is scarcely correlated,
say, ¥(x1,...,zN) ~ up(x1) - up(x,), whose evolution can be proved to retain
the approximate form U(zq,...,zn;t) ~ u(z1,t)---u(z,,t) for some one-body
orbital u € L?*(R?) that solves the Hartree equation (6.2) with initial condition
u(x,0) = up(x). The precise meaning of the control of the many-body wave function
is in the sense of one-body reduced density matrices. The limit N — o0 is
taken with a suitable re-scaling prescription of the many-body Hamiltonian, so
as to make the limit non-trivial. In the mean field scaling, that models particles
paired by an interaction of long range and weak magnitude, the interaction term in
the Hamiltonian has the form N~1! Zj<k w(z; — x1), and when applied to a wave
function of the approximate form wu(z1) - - - u(z,) it generates indeed the typical self-
interaction term (w * |u|?)u of (6.2). This scenario is today controlled in a virtually
complete class of cases, ranging from bounded to locally singular potentials w, and
through a multitude of techniques to control the limit (see, e.g., [20, Chapter 2]
and the references therein).

Irrespectively of the technique to derive the Hartree equation from the many-
body linear Schrodinger equation (hierarchy of marginals, Fock space of fluctua-
tions, counting of the condensate particles, and others), one fundamental require-
ment is that at least for the time interval in which the limit N — 400 is monitored
the Hartree equation itself is well-posed. In fact, for sufficiently regular V', the
Cauchy problem for (6.2) has been extensively studied, and nowadays its local and
global well-posedness, as well as its long-time behavior are well understood — for
the vast literature on the subject, we refer to the monograph [25], as well as to the
recent work [80].

97
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For the singular Hartree equation the picture is much less developed. The
material presented here is based on my recent work [83], in collaboration with A.
Michelangeli and A. Olgiati, where we study the Cauchy problem associated to
(6.1)

: _ 2
(6.3) {18tu = —Aju+ (wx*|ul*)u

u(0) = f € H(R?),

where H?(R?) are the singular Sobolev spaces introduced in Chapter 5. We are
going to discuss local solution theory both in a regime of low (i.e., s € [0, 1)), in-
termediate (i.e., s € (3,3)), and high (i.e., s € (2,2]) regularity. Then, exploiting
the conservation of the mass and the energy, we are going to obtain a global theory
in the mass space (s = 0) and the energy space (s = 1). Our result is the first fun-
damental step towards a rigorous derivation of (6.1) from the many-body quantum
dynamics.

We deal with strong HJ-solutions of the problem (6.3), meaning, functions
u € C(I, H:(R?)) for some interval I C R with I > 0, which are fixed points for
the solution map

(6.4) O(u)(t) = eltha f — i/o ei(t_T)A‘*(w * |u(7)|2)u(7) dr.

Let us recall the notion of local and global well-posedness (see [25, Section 3.1]).

DEFINITION 6.0.1. We say that the Cauchy problem (6.3) is locally well-posed
in H?(R3) if the following properties hold:

(i) For every f € HZ(R3), there exists a unique strong H$-solution u to the
equation

n = ethaf tei(t_T)A“w* w(T)|P)u(r) dr
(6.5) (t r-if (w [u()Pu(r)d

defined on the maximal interval (=T}, T*), where T, T* € (0, +00] depend
on f only.

(ii) There is the blow-up alternative: if T* < 400 (resp., if T, < 400), then
limy 47 ||u(t)||H; = +oo (resp., limy 7, u(t)||H; = +00).

(iii) There is continuous dependence on the initial data: if f, noteo, fin
H:(R3), and if I C (=T, T*) is a closed interval, then the maximal
solution w, to (6.3) with initial datum f, is defined on I for n large
enough, and satisfies u,, 2= u in C(I, H5(R3)).

If T, = T* = 400, we say that the solution is global. If (6.3) is locally well-
posed and for every f € HS(IR?) the solution is global, we say that (6.3) is globally
well-posed in H?(R3).

Let us emphasize an important feature of solutions to the integral equation
(6.5). As already mentioned in Section 1.1, —A, diagonalises w.r.t. the canonical
angular decomposition (1.17) of L?(R3). In particular, the subspace of L?(R3) of
definite rotational symmetry are invariant under the propagator e'*®=. If both f
and w are spherically symmetric, then, the solution « to (6.5) is radial too. This
makes the above definitions of strong solutions and well-posedness meaningful also
with respect to the spaces

oraa(R?) == HE(R®) N Li_o(R%)

a,rad
equipped with the H}-norm. Part of the solution theory we found is set in such

spaces.
We can finally formulate our main results. Let us start with the local theory.
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THEOREM 6.0.2 (L2-theory — local well-posedness). Let « > 0. Let w €

L%’OO(RS) for v € [0,2). Then the Cauchy problem (6.3) is locally well-posed in
L2(R3).

THEOREM 6.0.3 (Low regularity — local well-posedness). Let a > 0 and s €
(0,3). Let w e L%’OO(]R?’) for v €10,2s]. Then the Cauchy problem (6.3) is locally
well-posed in HS(R3), which in this regime coincides with H*(R?).

THEOREM 6.0.4 (Intermediate regularity — local well-posedness). Let o > 0
and s € (%, %) Let w € W*P(R?) for p € (2,+00). Then the Cauchy problem (6.3)
is locally well-posed in HE(R3).

THEOREM 6.0.5 (High regularity — local well-posedness). Let a > 0 and s €
(2,2]. Let w € W*P(R?) for p € (2,+00) and spherically symmetric. Then the
Cauchy problem (6.3) is locally well-posed in HS . (R3).

,rad

The transition cases s = % and s = % are not covered explicitly for the mere

reason that the structure of the perturbed Sobolev spaces Ho/?(R3) and Ha/*(R3)
is not as clean as that of H3(R?) when s ¢ {3, 3} — see the disussion after Theorem
5.1.1.

Let us remark that for s > 0 we have an actual ‘continuity’ in s of the assump-
tion on w in the three Theorems 6.0.3, 6.0.4, and 6.0.5 above — in the low regularity
case our proof does not require any control on derivatives of w and therefore we
find it more informative to formulate the assumption in terms of the Lorentz space
corresponding to W*P(R?).

Such a ‘continuity’ is due to the fact that under the hypotheses of Theorems
6.0.3, 6.0.4, and 6.0.5 we can work in a locally-Lipschitz regime of the non-linearity.
When instead s = 0 we have a ‘jump’ in the form of an extra range of admissible
potentials w, which is due to the fact that for the L?-theory we are able to make
use of the Strichartz estimates for the singular Laplacian.

Next, we investigate the global theory in the mass and in the energy spaces.

THEOREM 6.0.6 (Global solution theory in the mass space). Let o > 0, and
let we L®(R3) NWH3(R3), or w € L%’OO(R?’) for v € (0,3). Then the Cauchy
problem (6.3) is globally well-posed in L?(R?).

THEOREM 6.0.7 (Global solution theory in the energy space). Let a > 0, w €
WLP(R3) for p € (2,+00), and f € H}: . ,(R?).
(i) There exists a constant Cy, > 0, depending only on |w|w1.», such that if
12 < Cy, then the unique strong solution in H} R?) to (6.3) with
a,rad
initial data f is global.
ii) Ifw > 0, then the Cauchy problem (6.3) is globally well-posed in H' R3).
a,rad

,rad

As stated in the Theorems above, part of the local and of the global solution
theory is set for spherically symmetric potentials w and solutions w. In a sense,
this is the natural solution theory for the singular Hartree equation, for sufficiently
high regularity. In particular, the spherical symmetry needed for the high regularity
theory is induced naturally by the special structure of the space HS (R?) (as opposite
to H*(R3), or also to HZ(IR?) for small s), where a boundary (‘contact’) condition
holds between regular and singular component of Hj-functions.

Before concluding this general introduction, it is worth mentioning that the one-
dimensional version of the non-linear Schrédinger equation with point-like pseudo-
potentials is much more deeply investigated and better understood, as compared
to the so far virtually unexplored scenario in three dimensions.
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In the last dozen years a systematic analysis was carried out of singular non-
linear Schrodinger equation in one dimension, mainly with local non-linearity, ini-
tially motivated by phenomenological models of short-range obstacles in non-linear
transport [109]. This includes local and global well-posedness in operator domain
and energy space and blow-up phenomena [3, 1, 2], weak LP-solutions [91], scatter-
ing [16], solitons [62, 63], as well as more recent modifications of the non-linearity
[14]. None of such works has a three-dimensional counterpart.

The material of this Chapter is organised as follows. In Section 1 we collect
some preliminary results which will turn out to be useful for our analysis. The
local well-posedness in the low, intermediate, and high regularity will be carried
out, respectively, in Section 2, 3 and 4. Last, in Section 5, we discuss the global
theory in the mass and in the energy space.

6.1. Preparatory materials

We start this Section by recalling some fundamental tools of fractional calcu-
lus. One is the following fractional Leibniz rule by Kato and Ponce, also in the
generalised version by Gulisashvili and Kon.

THEOREM 6.1.1 (Generalised fractional Leibniz rule, [69, 58]). Suppose that
r € (1,400) and p1,p2,q1,q2 € (1, 400] with i + % = %, j € {1,2}, and suppose
that s, u,v € [0,400). Let d € N, then
ID*(f D)l rmey S NP fllper @y 1D gl Lar (mey
+ D7 fll ez vy ID* gl Loz ey »
where D* = (—A)3, the Riesz potential. The same result holds when D* is the

s

Bessel potential (1 — A)z.

(6.6)

REMARK 6.1.2. As a direct consequence of Mihlin multiplier theorem [22, Sec-
tion 6.1], the estimate (6.6) holds as well for D* = (—=A + A1) for any A > 0.

We also need a more versatile re-distribution of the derivatives among the two
factors f and g in (6.6): the following recent result by Fujiwara, Georgiev, and
Ozawa provides a very useful refinement of the fractional Leibniz rule and is based
on a careful treatment of the correction term

(6.7) [f.9]s == fD°g+gD°f.

THEOREM 6.1.3 (Higher order fractional Leibniz rule, [44]). Suppose that p, q,r
€ (1, +00) with % + % =1 and let d € N.

(i) Let s1,52 €]0,1] and set s := s1 + s2. Then
(6.8) ID*(f9) = [f, 9lslle®ay S ID* flle@eyID** gll paray -
(ii) Let s1 € [0,2], so € [0,1] be such that s := s1 + s > 1. Then
ID*(fg) = [f, 9ls + sD* (V[ - Vg) + sD*?(gAf) — sgD* > Af]| 1o (ray
(6.9) S D™ fll e @y ID*? gl Lo (ray -
Moreover, since
D*(Vf - Vg) + D2 (gAf) — gD *Af =DV - (V) + gD f
we can rewrite (6.9) in the more compact form
ID*(fg) — fD°g+ (s — 1)gD* f + sD* >V - (¢V f)|| Lo (ra)
S D™ fllLe ey D2 gl Lo ey -

For the fractional derivative of |z|~'e~*®| we need, additionally, a point-wise
estimate.

(6.10)
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LEMMA 6.1.4. Let A >0, s € (0,2]. We have the estimate

e_A‘xl 6_>‘|$| e_AIw‘

<
S +|x\1+s’ x#0.

(6.11) ’DS

||
PROOF. Obvious when s = 2, and a straightforward consequence of the identity
_ = _ 1 A . 1 |pl5+A
DGy = F(plGa(p) = —F( )+ F )
o 2D m)f R em)F P+
when s € (0,2), where G is the function (1.4) for some A > 0. O

Based on the preceding properties, we derive now two useful estimates that we
are going to apply systematically in our discussion when s > % Let us recall that
in this case
(6.12)  llgig2llwea < llgrllwea llgallwea (s> 3, a € (6,+00)),

as follows, for example, from the fractional Leibniz rule (6.6) and Sobolev’s embed-
ding W*4(R3) — L>*°(R3).
We start with the estimate for the regime s € (%, %), for which we recall

Sobolev’s embedding

Ws,q(RS) N Co,ﬂ(s,q)(RS)
6.13
OB ) = mings— 2.1) (s€ (13, g€ (6,400),

PROPOSITION 6.1.5. Let s € (1,3) and h € W*4(R?) for some q € (6,+00).
Then

(6.14) [D*((h = 1(0)) GA) || 2 S [Ihllwsaqs) -

PROOF. It is not restrictive to fix A = 1. We set G(z) := |z| " te~zlol.
By means of the commutator bound (6.8) we find

D ((h = 1(0) G1) || . = [|P* (e 2" (h = 1(0) G)]| .2

< [P (e72 1l (h = 1(0)) G) = [e721*I(h — 1(0)),G] || .2
) +[lem 2 (h = h(0)) DG o + |G D (e 2 (h — R(0)))]] .
S 1P (e 2 (h = 1(0))]] o DGl o2
+ {21 (h = h(0) DGl o + |G D* (7211 (h = (0)) |

= Ri+Ro+R3

for every sj,s2 € [0,1] with s; + so = s and every ¢i,¢92 € [2,+00] such that
—1, S1_ 511
@ tay =27
Let us estimate the term R3. Since, by (6.12) and Sobolev’s embedding,
1D* (e 21k = mO) ||y < (1@ = 2)% (e =R — n(O)] .,
(i) < e B Rl + 1RO e 2 e
S Mhllwea + (Bl S lhllwea,

and since |G| 20 < +00 because % < 3 for ¢ > 6, then Holder’s inequality yields
=
G) Ry < [P B 1G], 2 S DAl

Next, let us estimate R1. When s € ( , 1], we choose s1 = s, s2 =0, ¢1 = g,
and go = 2 _ and we proceed exactly as for R3. When instead s € (1, 2), we choose
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s1=1,s=5-1€(0,1),a=(:—-5)" L andgp = (5 — o L)=1. Then Sobolev’s

(3
embedding W*4(R3) — W (R3) and estimate (ii) above imply
[p (e H e —nop)| s [@-dFE i m—no))| S Inlwes

whereas estimate (6.11) and the fact that g2 < sga < 3 for s € (1, %) imply

DGz S |le” lm'(m + ) < +oo.
Thus, in either case s € (%, 1] and s € ( ,5),
(iv) Ri S hllwea
Last, let us estimate Ro. Because of the embedding (6.13),
3l (h — h(0
e 2
|~ |x|ﬂ<w> D, % bl

Moreover, since (s, q) > s — 3 and hence 2(1 —9(s,q)) < 2(1+s—(s,q)) < 3 for
every s € (27 g) estimate (6.11) implies

ot 0PG5 e He (1000 ) < oo
Thus,

e 2l2I(h — h(0))

(v) Ro < H [P

[, 9D G Il
Plugging (iii), (iv), and (v) into (i) the thesis follows. O
We establish now an analogous estimate for the regime s € (%, 2], for which we

recall Sobolev’s embedding

(
(6.15) Wsiq) = s—1-2  (se(3,2], g€ (6,40)).

PROPOSITION 6.1.6. Let s € (2,2] and h € W*4(R3) for some q € (6,+00).
Assume further that h is spherically symmetric and that (Vh)(0) = 0. Then

(6.16) 1D ((h = h(0)) ) |2 < [llwres oy

where Gy, is the function (1.4) for some A > 0.
Prior to proving Proposition 6.1.6 let us highlight the following property.
LEMMA 6.1.7. Under the assumptions of Proposition 6.1.6,

(6.17) h(x) = h(0)| < [[Pllwea a9,

where ¥(s,q) =s—1— 7, as fized in (6.15).
PROOF. By assumption, h(z) = h(|z|) for some even function & : R — C. Ow-

ing to the embedding (6.15), h e 199 (R), whence b € C99(:9)(R). Moreover,
R’ (0) = 0, because (Vh)(0) = 0. Therefore,

W (o)l = (B (p) = W) S [Ihllwesa |p|"*).
As a consequence,

|| |z
[7(z) = h(0)] < /£ W (p)|dp S Hhﬂstqjﬁ pPCD A9 S ||hlwea |20

which completes the proof. ]
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PROOF OF PROPOSITION 6.1.6. It is not restrictive to fix A = 1. We set
- 5 g
G(x) := |z|~te~2l*l. Let us split

[0 ((h—h@) )], ~ (e H¥1(h~ h(0)) B .
< [|p* (e 21l (h — h(0)) G) — e 2‘z|(h7h(0))DS@
+ (5 — 1)GD* (e 219l (h — h(0))) + s D*72V - (G V(e 212! (h — h(0)))]| .
+ e 29l (h — 1(0)) D*G|| . + (5 — V||G D (e 21! (h — h(0))) | L
+ 5|32V - (GV (e~ 2I7(h — h(0)))]| .
(i) = Ri+Ro+Rs+Ry.

We estimate the term R4 by means of the commutator bound (6.10) with s; = s
and s3 = 0 and of (6.12), namely

(i) Ri S [P (e 2 h = n)) | IGI 2 S Il
(smce =% €(2,3) and [tell 24 < +00).
For the estimate of R, we observe that s—19(s, q) < 2 and hence (6.11) implies
0 DG s 5 oA (a0 5 D)y < oo
this and the bound (6.17) yield
(iii) Ra < ”MHL& H |x|1+6(s,q)psc~¥||L2 S Rllwsa

For R3, Holder’s inequality, the property (6.12), and Sobolev’s embedding yield
s(,—%|z| _ ~
Ry S [[D*(e 51— 1) 10 1G], 2,

(iv) S lle7211(h = a0 [wea S lhllwes + 1B o
S bllwes.
For R4, one has
Ry S [DHE V(e 27 (h - 1(0))) ] o
v S V(e = h0)lyyra S IBlwea

where we used the estimate (6.14) in the second inequality (indeed, s —1 € (1,1)),
and the property (6.12) and Sobolev’s embedding in the last inequality.
Plugging the bounds (ii)-(v) into (i) completes the proof. O

6.2. L?’-theory and low regularity theory

In this Section we prove Theorems 6.0.2 and 6.0.3. Let us start with Theorem
6.0.3 and then discuss the adaptation for s = 0. The proof for s € (0, 3) is based
on a fixed point argument in the complete metric space (X7, d) deﬁned by

Xroy o= {ue L®([=T,T], H3,(R®)) | |Jull oo (- 7,7, 15 (m3) < M }

(6.18)
d(u,v) = |[[u—v| g (—1,17,L2(R3))

for given T', M > 0. This is going to be the same space for the contraction argument
in the intermediate regularity regime s € (3, 2) (Section 6.3), whereas for the high
regularity regime s € (2, 2) (Section 6.4) we are going to only use the spherically
symmetric sector of the space (6.18).
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ProOOF OF THEOREM 6.0.3.

Since by assumption s € (0, 1), the spaces H*(R?) and Hg(R?) coincide and
their norms are equivalent (Theorem 5.1.1), so we can interchange them in the
computations that follow.

From the expression (6.4) for the solution map ®(u) one finds

1@(w)||oerrs < |1 fllas + T || (w s |ul*)ul| oo s
and applying the fractional Leibniz rule (6.6) (Theorem 6.1.1), Holder’s inequality,
and Young’s inequality one also finds
1w [ul)ulloery = [[(w * [ul*)u]| Lo rrs
S llw s uf[| ez 1D ]| oo 12

+HD*(w [uP)] s [l

6
L~L~ LeL37

2 3

(R3) ||U||L°°L% “D5u||L°°L2 .

Sobolev’s embedding H, (R?) = H*(R?) < H3? (R?) — L%(R?’) then yields
(i) 1)z~ my@e) < Iz +CrT Nl 2ol -

for some constant C; > 0.
On the other hand, again by Hélder’s and Young’s inequality,

1®(w) = @(v)[[ L=z < Tll(w* [ul*)u — (w[v]*)o] o 2

< 7 (lw # Ju) = )l e e + | (w (ul? = [ol?) ] 2 )

S vl s

< T (Il g 0l o llu =l
lholl ol =l ol + Jolll ol e ).

whence, by the same embedding H, (R?) < L5 (R?) as before,
(i) d(®(u), ®(v)) < Callwll 2« (lulfoeprs + VT rrg) T d(u,v)

for some constant Cy > 0.
Thus, choosing T" and M such that

—1
M =2|fla;, T = g (max{Cy,Co} M?||w| s .) ",

estimate (i) reads ||®(u)| L ms < M and shows that ® maps the space X1 3 defined
in (6.18) into itself, whereas estimate (ii) reads d(®(u), ®(v)) < 2d(u,v) and shows
that ® is a contraction on Xr ;. By Banach’s fixed point theorem, there exists a
unique fixed point u € Xp 5 of ¢ and hence a unique solution v € Xr s to (6.5),
which is therefore also continuous in time.

Furthermore, by a customary continuation argument we can extend such a
solution over a maximal interval for which the blow-up alternative holds true. Also
the continuous dependence on the initial data is a direct consequence of the fixed
point argument. We omit the standard details, they are part of the well-established
theory of semi-linear Schrédinger equations (see [25, Section 4.4]). O

We move now to the proof of Theorem 6.0.2. Crucial for this case are the
Strichartz estimates of Theorem 4.2.3. To this aim, we modify the contraction
space (6.18) to the complete metric space (V7 ar,d) defined by
_ { w e L>([-T,T), L*(R*)) N LIV ([-T, T], L"™)(R?)) }

Yrov =

(6.19) s. b [ull Lo (117,22 (R3)) + Ul Lacn (=17, Lr0 (3)) < M

d(u,v) = |lu—v||pee—r1,22®3)) + U = V| Lot (27, Lr0 (RS))
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for given T, M > 0, where

(6.20) A R =

are defined so as to form an admissible pair (¢(v),p(7)) for —A,, in the sense of
(4.19). For the rest of the proof let us drop the explicit dependence on v in (g, p).

PrOOF OF THEOREM 6.0.2.  Clearly, when v = 0 the very same argument
used in the proof of Theorem 6.0.3 applies.

When v € (0, %) we exploit instead a contraction argument in the modified
space (6.19).

One has

t
|®(w)||poorz + ||P(w)||parr < H /0 el(t=7)Aa (('w * |u|2)u) (1) dTHLOOLZ

¢
R (TR R T PRa ey P
0
from which, by means of the Strichartz estimates (4.20)-(4.21), one deduces
[9) w12 + 19 ez < € (Ilee + 1w [l o)

for some constant C' > 0.

By Holder’s and Young’s inequalities,

1w )yl por o < Nl [ul?l] o e
S Nl 2w llull o ol e
and
_X
ull? 20 < QT2 Julfarr

whence
() @@~z + 1@z < Co (2 + T F uwll s lulFoe ullp~r2)

for some constant C; > 0.
Following the very same scheme, one finds

[@(w) = @(v)[[ L2 + |(w) = @(v)|[Larr S (w* ul*)u — (w o]0l Lo L
< lw * u?) (w =)l g g + w5 (Jul® = [ol*)v]l por por
and moreover
1w * Jul?) (=)l g o S T2 ]l s o llulFapellu = vl|oe 2
L~
and
2,2 < ml=3% —
lws(ul*=[ol*)oll o o S T2 Mwll 2,0 el zore (lull oo IVl Laze ) 0] oo 2
Thus,
d(®(u), 2(v)) < Collw]l s o (lullfoe s + lullZaps + [0l 2 + 10l[7ars)
x T'3% d(u,v).
Therefore, choosing T" and M such that
_ J
M =20 ||fllz, T = (8max{Cy, Co}Mfwl| 5.)" 7,

(i)

estimate (i) reads || ®(u)||p=p2 + [|®(w)||Lerr < M and shows that ® maps Vr ar
into itself, whereas estimate (ii) reads d(®(u), ®(v)) < 3d(u,v) and shows that ®
is a contraction on Yr ps.

The thesis then follows by Banach’s fixed point theorem through the same
arguments outlined in the end of the proof of Theorem 6.0.3. U
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For later purposes, let us conclude this Section with the following stability
result.

PROPOSITION 6.2.1. Let a > 0. For given w € L%"X’(Rg), v €10,2), and
f € LA(R?), let u be the unique strong L?-solution to the Cauchy problem (6.3)
in the mazimal interval (—=Tx,T*). Consider moreover the sequences (wy), and
(fn)n of potentials and initial data such that wy, 2RO woin L%7°°(R3) and
n—-+oo

fn ——— fin L3*(R3). Then there exists a time T := T(||wHL%‘OO, Ifll2) > 0,

with [-T,T) C (—=Tx,T*), such that, for sufficiently large n, the Cauchy problem
(6.3) with potential w,, and initial data f, admits a unique strong L*-solution u,,
in the interval [T, T]. Moreover,

n—-+oo

(6.21) Up 250 in C([-T,T), L*(R?)).
PROOF. As a consequence of Theorem 6.0.2, there exist an interval [—T,,, T),]

for some T}, := Tn(”wn”L%,m, |l fnllz2) > 0 and a unique u,, € C([~Ty, Ty, L2(R3))
such that

) wnlt) = g, i | 0720 (10, [t () i () i
0

Since ||wnHL%oc and || fn| L2 are asymptotically close, respectively, to Hw||L%oo and
I7|lz2, then there exists T := T(HwHL;m, Ifllz2) such that T < T, eventually in
3,

n, which means that w,, is defined on [T, T)]. Let us set ¢, := u — Uy,
By assumption u solves (6.5), thus subtracting (i) from (6.5) yields

t
¢n = eitAa (f - fn) - IA ei(t_T)Aa ((w * |u‘2)u - (wn * |un|2)un)<7—) dr

(i) = etra(f — f,) — i/t ei(t”)A“{((w —wy) * [u?)u + (wn x [u*)dy,

0
+ (wn * (Wpn + GTnun))un}(T) dr.

Let us first discuss the case v = 0. From (ii) above, using Holder’s and Young’s
inequality in weak spaces, one has

Ipnllrore S If = fallee + T llw — wllpe f[ullfe g2

+ T [lwnllzee (el 2 + l[unllZoe 2 ) ldnllzere -

Since ||wp]||~ and ||uy|| L2 are bounded uniformly in n, then the above inequality
implies, decreasing further T if needed,

n—-+oo
e

[balliore S 1F = Fullie + w—wal s . 0,
which proves the proposition in the case v = 0.

Let now v € (0, %) In this case, owing to Theorem 6.0.2, u,u, belong to
Li([-T,T], LP(R3)), where (q,p) = (%7 %) is the admissible pair defined in the
proof therein. We can then argue as in the proof of Theorem 6.0.2. Applying the
Strichartz estimates (4.20)-(4.21) to the identity (ii) above, one gets

iy 10nll=e - 1nllors S 17 = fall (G0 = ) s )l
0 )+ 5 ) ] -
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By means of Holder’s and Young’s inequality in weak spaces one finds

(iv)
_2a
(=) )l e S T F = w0l 5l 2
H(wn * |u|2)¢”HLq’Lp' T3 ”wn”L%,oo ||u||%aLp||¢n”L°°L2

[ (fwnl * (fn] + [ul)én])un | o

IZANIRYAN

Tl_%”wnHL%,oo (H’LLnHLqLP + ||u||LQLP) X
X | pnllzarellullrers

Since ”w"HL%“ and ||up||pare are bounded uniformly in n, then inequalities (iii)
and (iv) imply, decreasing further T if needed,

n—-+o0o

I¢nllzoerz + 0nllLare S I1f = fallez + lw —wall s 0,

which completes the proof. O

6.3. Intermediate regularity theory

In this Section we prove Theorem 6.0.4. The proof is based again on a contrac-
tion argument in the complete metric space Xr ys, for suitable T, M > 0, defined
in (6.18), now with s € (3, 2).

As a consequence, in the energy space (s = 1) we shall deduce that the solution
to the integral problem (6.5) is also a solution to the differential problem (6.3).

We conclude the Section with a stability result of the solution with respect to
the initial datum f and the potential w.

Let us start with two preparatory lemmas.

LEMMA 6.3.1. Let o« > 0 and s € (1,3). Let w € W*P(R?) for p € (2,+00).
Then
[[w s (repe)l|Loemay S llw* (P192) [ wa.20 (r3)
S lwlwer@s)l[¥1ll g @) 192l g @)

for any H; -functions 11, Y2, and 5.

(6.22)

PROOF. The first inequality in (6.22) is due to Sobolev’s embedding
We3P(R3) < L(R?).
For the second inequality, let us observe preliminarily that
H(R?) — L33 (RY).

Indeed, decomposing by means of (5.3) a generic ¢ € H2(R?) as ) = ¢+ Gy
for some ¢, € H*(R?) and some «) € C, one has

11 s, < A e, +1alIGA e, S lléllms + x| ~ bl

3p—2 3p—2 3p—2

the second step following from Sobolev’s embedding H*(R3?) — LM?%Q(RB) and
from Gy € L%(R?’), because 3;5%2 € [2,3) for p € (2,400), the last step being
the norm equivalence (5.7). Therefore Young’s inequality yields

s (ato)llwee % (1= AYE s (rwoa)) e = (1~ A)Ew)x (r90) | v
1= A)Ewls fonll e, 6] oo

3p—2 3p—2

Q

S
S wllwse s 11l a5 ®e) 12l 725 (3) 5

thus proving (6.22). O
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LEMMA 6.3.2. Let @ > 0 and s € (3,3). Let h € W*4(R3) for q € (6,+00).

Then hip € HE(R3) for each v € HE(R3) and
(6.23) 1Pl @y S llweas) 191 mg@s) -

PROOF. Let us decompose ¢ € HS(R?) as 1) = ¢y+kGy for some ¢ € H*(R?)
and k) € C, according to (5.3). On the other hand, by the embedding (6.13) the
function h is continuous and [A(0)| < ||kl ®s) S [|h]lws.a(rs). Thus,

(1) hg = h¢A+l€)\(h—h(0))G,\+I<L)\h(0)G)\.

Applying the fractional Leibniz rule (6.6) and using Sobolev’s embedding,

[hoallgs =~ (1 —A)2(hoa) L
(ii) S (1= A)2h| L 1OAN 20, + [IAll =< I(L — A)2 ¢y Lz
S hllwsallpall s -

Moreover, since Gy € L?(R?),

[(h = h(0))Gxllz S | = h(O)[Le < [IAllwes;

~

this, together with the estimate (6.14), gives
(iii) 62 (b — Rh(0))Gxllr= < [EAl |2][wea -

The bounds (ii) and (iii) imply that ht) is the sum of the function hey + kx(h —
h(0))G, € H*(R?) and of the multiple x,k(0)Gy of Gy: as such, owing to (5.3), h)
belongs to H2(R?) and its HS-norm is estimated, according to the norm equivalence
(5.7), by

1R Y]z @e) = |hdx+ ma (b= h(0)) GAllmg + [Ka] [h(0)]
S RllweaCloallms + [ral) + [ral [[Allwea
~ |[hlwea |9l
which completes the proof. O

Combining Lemmas 6.3.1 and 6.3.2 one therefore has the trilinear estimate
3
(6.24) [(w* (uruz))usl s msy < [w|lwesrgs) H Nl s (ms) -
j=1
Let us now prove Theorem 6.0.4.

PRrROOF OF THEOREM 6.0.4.
From the expression (6.4) for the solution map ®(u) and from the bound (6.24)
one finds

1 (w)| Lo

) < N fllmg + T ll(w s [ul* ull Lo g
1
< |

[y + CrT wllwes [[ullgee o

for some constant C; > 0.
Moreover,

1®(u) = @()lleere < Tll(w = [ul)u— (wv*)v] g e
S T (1w [u*)(u = v)ll ez + || (w = (Jul* = [0]) 0] e 12) -

For the first summand in the r.h.s. above estimate (6.22) and Hélder’s inequality
yield

(i)

| [ul*[| o u = vl| oo 2

(iii)

1w [ul?) (w = v)l| e <
<

|
[wllwer l[ullfo g llu = vllgore -
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For the second summand, let us observe preliminarily that
(iv) HE(R?) — L*®(R%).
Indeed, decomposing by means of (5.3) a generic ¢ € H2(R?) as ¢ = ¢ + rx Gy
for some ¢, € H*(R?) and some ) € C, one has
[¥llzse < l@alloss + kAl 1GAl[Ls. S loallae + [l = [[¥llay

the second step following from the Sobolev’s embedding H*(R3) — L3(R3), the
last step being the norm equivalence (5.7). Then (iv) above, Sobolev’s embedding
WeP(R3) — L3(R®), and an application of Holder’s and Young’s inequality in
Lorentz spaces, yield

1w s (Jul® = [o]*))vll Loz < flw s (Jul? = [o*) | e Lo 0]l Lo po.oe

(v) S llwllzs lu+vllpe s [|u— vl poo 2 [[0]| oo p3.00

S llwllwer lu+ vl sy [lu = vl Lo g2 0]l Loe mrs -

Thus, (ii), (iii), and (v) together give
(vi) d(®(u),®(v)) < CoT [wllwer ([ulfe g + I0ll7 g ) dlu, v)

for some constant Cy > 0.
Now, setting C':= max{C7,C>} and choosing T and M such that

-1
M =2|flmy, T = ;(CM|w|w) ",

estimate (i) reads ||®(u)||L~gs < M and shows that ® maps the space A7, s defined
in (6.18) into itself, whereas estimate (vi) reads d(®(u), ®(v)) < 3d(u,v) and shows
that ® is a contraction on Xr ;. By Banach’s fixed point theorem, there exists a
unique fixed point u € Xp 5 of ® and hence a unique solution v € Xp ar to (6.5),
which is therefore also continuous in time.

Furthermore, by a standard continuation argument we can extend such a so-
lution over a maximal interval for which the blow-up alternative holds true. Also
the continuous dependence on the initial data is a direct consequence of the fixed
point argument. O

A straightforward consequence of Theorem 6.0.4 when s = 1 concerns the
differential meaning of the local strong solution determined so far.

COROLLARY 6.3.3 (Integral and differential formulation). Let « > 0. For given
w e WEHP(R?), p € (2,+00), and f € HL(R?), let u be the unique solution in the
class C([=T,T), HL(R?)) to the integral equation (6.5) in the interval [T, T] for
some T > 0, as given by Theorem 6.0.4. Then u(0) = f and u satisfies the
differential equation (6.1) as an identity between H,1-functions, H;'(R3) being
the topological dual of HL(R3).

PROOF. The bound (6.24) shows that the non-linearity defines a map u +—
(w * |u|?)u that is continuous from H}(R3) into itself, and hence in particular it is
continuous from H}(R?) to H;'(R?). Then the thesis follows by standard facts of
the theory of linear semi-groups (see [25, Section 1.6]). O

For later purposes, let us conclude this Section with the following stability
result.

PROPOSITION 6.3.4. Let « > 0 and s € (3,2). For given w € W*P(R?),
p € (2,+00), and f € HS(R?), let u be the unique strong HS -solution to the Cauchy

problem (6.3) in the mazimal interval (=T, T*). Consider moreover the sequences

(wn)n and (fn)n of potentials and initial data such that wy, D20 im WP (R3)
n—-+oo

and f, —— [ in H3(R?). Then there exists a time T := T(||w|lwew, || fllas) >
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0, with [-T,T] C (T, T*), such that, for sufficiently large n, the Cauchy problem
(6.3) with potential wy, and initial data f, admits a unique strong HS-solution uy,
in the interval [-T,T]. Moreover,

(6.25) up 2225 0 in C([-T, T), HE(R?)).

PROOF. As a consequence of Theorem 6.0.4, there exist an interval [—T,,,T},]
for some T, := Ty, ([|wn lwer, || fullmz) > 0 and a unique u, € C([=T,,T,], HA(R?))
such that

@) up(t) = eimﬂfn — i/t =7l (wy * |ty (T)[*)tn (1) dr .
0

Since [|wy,||ws» and || f,| s are asymptotically close, respectively, to ||wl|[w=s» and
| f|les, then there exists T' := T'(||w|lws.r, ||f||zs) such that T < T, eventually
in n, which means that w, is defined on [-T,T]. Let us set ¢, := u — u,. By
assumption u solves (6.5), thus subtracting (*) from (6.5) yields

On = eltte (f = fn) — iA =8 ((w * ‘u|2)u — (wp * |un|2)un) (r)dr

_ ithafp . ¢ i(t—7)Aq _ 2 2
= e (f—fn) 1/ e {((w wp) * |ul )u+(wn*|u| Vb
0

From the above identity, taking the Hj-norm of ¢,, boils down to repeatedly apply-
ing the estimate (6.24) to the summands in the integral on the r.h.s.; thus yielding
Ipnllp=ms S If = fallms + T o — wpllwes ullieps
+ T wnllwer (lulZoe g + lunllie s ) |00l -
Since by assumption |lwy||ws» and |[u,||2« . are bounded uniformly in n, then
the above inequality implies, decreasing further T if needed,

n—-4o0o

[6nllzens S If = fullag + llw —wnllws» 0,

which completes the proof. O

6.4. High regularity theory

In this Section we prove Theorem 6.0.5 for the regime s € (%, 2]. The approach
is again a contraction argument, that we now set in the spherically symmetric
sector of the space X ) introduced in (6.18), namely in the complete metric space

(X, d) with

X0 = {ue (=T, T), HS og (BR®)) | l[ull oo (), 115 (o) < M}

6.26
(6.26) d(u,v) :

v = vl Lo (-7,1),L2(R3))

for suitable T, M > 0.

A very much useful by-product of such a contraction argument will be the proof
that when s = 2 the solution to the integral problem (6.5) is also a solution to the
differential problem (6.3), as we shall show in a moment.

Let us start with two preparatory lemmas.

LEMMA 6.4.1. Let a > 0 and s € (2,2]. Let w € WHP(R?) for p € (2,400)
and assume that w is spherically symmetric. Then
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(i) one has the estimate

llw * (Y11h2)] Loo (r3)

,S w * 1)[)1/) 5,3p(R3
(6.27) ; llw * (h102)]| w30 (m3)

lwllwee@s) |1l s @) 192 25 (m3)

for any HS -functions 1, a2, and 13;
(ii) 4f in addition ¥y, V9 are spherically symmetric, so too is w * (¥12) and

(V(w* (¢192)))(0) = 0.
PROOF. (i) The first inequality in (6.27) is due to Sobolev’s embedding

We3P(R3) « L°(R?).

For the second inequality, let us observe preliminarily that
H:(R?) — L™ (R3).

Indeed, decomposing by means of (5.4) a generic ¢ € H2(R3) as ¢ = ¢y + ¢i(0f) G

for some ¢, € H*(R?), one has

< N6l e, +162(0) . S lloalae = [l

the second step following from Sobolev’s embedding H*(R?) — L2 (R3)NL>®(R?)

and from G, € Lot (R3), because 3552 € [2,3) for p € (2,+00), the last step being
the norm equivalence (5.8). Therefore Young’s inequality yields

l[w * (Preh) lwsse & [[(1— A)Z (wx (Yre)2))| Lo
= [((1 = A)2w) * (P1b2)|| pon
1= A)bulon [l e,

[wllwsw ey 1911 a5 @) 1V2]l s R3) 5

Q

S
S

thus proving (6.27).

(ii) The spherical symmetry of w * (1)11)2) in this second case is obvious. From
Sobolev’s embedding W*3?(R3) < C*(R?) we deduce that V(wx* (111)2))(z) is well
defined for every x € R3; moreover,

V(s (0ro2)(0) = ((Vw) () ©) = [ (Vw)(=)ia()als) dy = 0.

the above integral vanishing because the integrand is of the form R(y)ﬁ for some

spherically symmetric function R. O

LEMMA 6.4.2. Leta > 0 and s € (2,2]. Let h € W 4(R3) for some q € (6,400)
and assume that (Vh)(0) = 0. Then hyp € HE(R3) for each ¢ € HE(R3) and
(6.28) 1hbllas sy S Nhllwsags) 1¥]ms @s) -

PROOF. Let us decompose 1) € H3(R3) as 1) = ¢y + q:*_ ©) G, for some ox €

H*(R3), according to (5.4). On the other hand, by the embeddmg (6.15) the
function % is continuous and |h(0)| < ||h||Lee(rs) S ||P]|we.a@s). Thus,

(i) hp = hor+ 20k (h—h(0)) Gy + L0L h(0) G
Applying the fractional Leibniz rule (6.6) and using Sobolev’s embedding,
Ihdxllzs = (1= A)2 (hor)llr
(i) S @ =2)2hfalloall 2o, + 2]l ll(T = A)2pal L2
S Nhllwealloallas -

Q
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Moreover, since Gy € L?(R?),
[P DO (h — h(0)GA]l . S B =h(O0)= 6allL~ S Ilhllwes [[Exllme;

this, together with the estimate (6.16) (which requires indeed spherical symmetry),
gives

(i) |25 (= h(O)6All . < Wllwesllén ]

The bounds (ii) and (iil) above imply that F) := heoy + ¢i(0) (h — h(0))G) belongs
to H*(R?) with i

(iv) [Elme < [[Pllwsalloallms -

In particular, F is continuous. One has

_ 62(0) h(z) —
Fx(0) = h(0)¢x(0) + Py |911\I—I>IOT

= h(0)$x(0)

because by assumption (Vh)(0) = 0. In turn, (i) now reads hy) = F) + Fi(o) G

which means, in view of the domain decomposition (5.4), that hi belongs to
HE(R3). Owing to (iv) above and to the norm equivalence (5.8), we conclude

1pllmz, =~ ([Exllze S [Bllwealloallas,

which completes the proof. (]

Combining Lemmas 6.4.1 and 6.4.2 one therefore has the trilinear estimate

(6.29) [(w (uru2))usllms | we) S lwllwerms) H il |, r2)-
Jj=1

Let us now prove Theorem 6.0.5.
PrOOF OF THEOREM 6.0.5.

From the expression (6.4) for the solution map ®(u) and from the bound (6.29)
one finds

() l@()lens .y < Wfllmz, + Tl [uP)ulliens
1
< |\ fllms ., + Ci T [wllwes |ullFo g

«,rad a,rad

for some constant C; > 0.
Moreover,

1®(u) = @()lleere < Tll(w* [ul)u— (wv*)v] g e
S T (Iw s [ul*) (=)l 2 + [| (w* (Jul* = [0*)v]| o 1)

For the first summand in the r.h.s. above the bound (6.27) and Holder’s inequality
yield

(i)

(iii)

1w [u?)(u = v)llzeere < Jw* ful*||eres [Ju—v]| oo L2
S

|wllwer [JullFe s llu—vllpoerz -
For the second summand, let us observe preliminarily that the embedding

(iv) HE(R?) — L>*°(R?)
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valid for s € (3,3) and established in the proof of Theorem 6.0.4 holds true even
more when s € (2,2]. Then (iv) above, Sobolev’s embedding W*?(R?) < L3(R?),

and an application of Holder’s and Young’s inequality in Lorentz spaces, yield

1w (Jul = o) vl e rz < Jlws (Jul® =[v*)| e o2 [[vl] oo oo
(v) S llwlls [Ju+ vl Lo ps.oe lu = vl oo L2 [[0]] Loo 1300

S lwllwer lu+vlpe s lu—=vllLer2 [0l oy -
Combining (ii), (iii), and (v) we get
(vi) d(®@(u), ®(v)) < CoT [wllwsr (lullZoe sy + V]2 1z ) dlu, v)

for some constant Cy > 0.
Thus, choosing T and M such that

-1
M = 2||fHH;§7 T = i(maX{Cl,Cg}MQHwHWS,p) s
estimate (i) reads || ®(u)||pm: < M and shows that ® maps the space X:ﬁﬂ(,)z)\/f

into itself, whereas estimate (vi) reads d(®(u),®(v)) < 1d(u,v) and shows that ®

is a contraction on X;?])V[. By Banach’s fixed point theorem, there exists a unique

fixed point u € X}?I)\/[ of ® and hence a unique solution u € XQ(WOJ)V[ to (6.5), which is
therefore also continuous in time. ,

Furthermore, by a standard continuation argument we can extend such a so-
lution over a maximal interval for which the blow-up alternative holds true. Also
the continuous dependence on the initial data is a direct consequence of the fixed
point argument. O

A straightforward, yet crucial for us, consequence of Theorem 6.0.5 when s = 2
concerns the differential meaning of the local strong solution determined so far.

COROLLARY 6.4.3 (Integral and differential formulation). Let o > 0 and w €

W2P(R3), p € (2,+00), a spherically symmetric potential. Assume moreover f €
H2 _(R®). Letue C([-T,T), H27rad(]R3)) the unique local to the Cauchy problem

a,rad «
(6.3) in the interval [-T,T], for some T > 0, i.e. u satisfies the Duhamel formula
(6.5). Then u(0,-) = f and u satisfies the equation i0yu = —Ayu + (w * |u|?)u as

an identity in between L?(R3)-functions.

PRrROOF. The bound (6.29) shows that the non-linearity defines a map u +—
(w* |u|?)u that is continuous from H2 _ (R3) into itself, and hence in particular it

a,rad
is continuous from H7 . 4(R?) to L?(R?). Then the thesis follows by standard fact

on the theory of linear semi-groups (see [25, Section 1.6]). O

6.5. Global solutions in the mass and in the energy space

In order to study the global solution theory of the Cauchy problem (6.3) when
s = 0 (the mass space L?(R3)) and s = 1 (the energy space H(R?)), we introduce
the following two quantities, that are formally conserved in time along the solutions.

DEFINITION 6.5.1.
(i) Let u € L*(R?). We define the mass of u as

M(u) = lullZ: -
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(ii) Let A > 0 and let u = ¢ +ky Gy € H}(R3), according to (5.3). We define
the energy of u as

(~Ba)lul 4§ [ (ws Pl ds
R3
= 30Nl + 190l + (a-+ ) beal? = Alul3e)
+ i/ (w * |u]?)|u)? dz .
R3

REMARK 6.5.2. For given u, the value of (—A,)[u] (the quadratic form of —A,,)
is independent of A, and so too is the energy &(u).

E(u) :=

N [—=

We shall establish suitable conservation laws in order to prolong the local so-
lution globally in time. The mass is conserved in L?(R3) in the following sense.

PROPOSITION 6.5.3 (Mass conservation in L?(RR?)).
Let a > 0, and let w belong either to the class L°(R3) N WL3(R3) or to the class

w E L%’OO(R?’), for v € (0,2). For a given f € L*(R®), let u be the unique
local solution in C((—Tk, T*), L*(R?)) to the Cauchy problem (6.5) in the mazimal
interval (=T, T*), as given by Theorem 6.0.4. Then M(u(t)) is constant for t €

(—T.,T%).

PROOF. Let us discuss first the case w € L (R?)NW13(R3). Consider prelim-
inarily an initial data f € H.(R?®). Owing to Corollary 6.3.3, for each t € (—T%,T*)
u satisfies i0yu = —Ayu+ (w*|u|?)u as an identity between H !-functions, whence

(10 + Aqu — (w * \u|2)u7u>}r1 s = 0.
The imaginary part of the above identity gives
& lu@®llz = o,
which implies that M (u(t)) is constant on (=T, T*). For arbitrary f € L*(R3) we

n—oo

use a density argument. Let (f,), be a sequence in H}(R?) such that f, —— f
in L?(R3), and denote by u,, the solution to the Cauchy problem (6.3) with initial
datum f,,. Because of the continuous dependence on the initial data, we have that
uy, — uin C(I, L?(R3)), for every closed interval I C (=T, T*). Since M(u,(t)) =
M(u,(0)) = M(f,) for every n, we deduce that M(u(t)) = M(f) for t € I. Owing
to the continuity of the map ¢t — M (u(t)), we conclude that M(u(t)) = M(f) for
te (=T, T%).

Let us discuss now the case w € L%’M(Rg’), v € (0,2). Consider preliminarily
an initial data f € HL(R?) and a Schwartz potential w. Owing to Corollary 6.3.3,
for each t € (=T, T*) u satisfies i0;u = —Aqu+ (w * |u|?)u as an identity between
H'-functions, and reasoning as above we deduce that M(u(t)) is constant on
(=T.,T*). For arbitrary f € L2(R®) and w € L7®(R?), v € (0,2), we use a
density argument. Let (f,)n be a sequence in H!(R?) such that f, ——— f in
L2(R3), (wn)n be a sequence of Schwartz potentials such that w, ——— w in
L%’OO(R?’), and denote by u, the L? strong solution to the Cauchy problem (6.3)
with initial datum f,, and potential w,. The stability result given by Proposition
6.2.1 guarantees that u, ———— u in C([~T,T], L*(R?)) for some T > 0, whence

M (un () 222 M(u(t)) for t € [T, T). Using the mass conservation for u, we
deduce that M(u(t)) = M(f) for t € [T, T]. Repeating the above argument with
f replaced by u(tg) for some ty € (=T, T*) yields the property that ¢ — M (u(t))
is constant in a suitable interval around ty and hence, by the arbitrariness of tg, it
is locally constant on the whole (=T, T*). But (=T, T*) > t — M(u(t)) is also
continuous, whence the conclusion. ]
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We therefore conclude the following.

PROOF OF THEOREM 6.0.6. An immediate consequence of the conservation

of the mass, i.e., conservation of the L?-norm, and of the blow up alternative in
L2 O
Let us move now to the conservation of mass and energy in the energy space.
We observe the following.
LEMMA 6.5.4. Let a > 0 and let w € WP (R3) for some p > 2. If v, 2=
in HL(R3), then £ (vy) 2= £(v). As a consequence, if u € C([~T, T), HL(R?))
for some T > 0, then t — E(u(t)) is continuous on [—T,T].

n—-+oo

PROOF. The limit £(v,) ———— &£(v) follows from the inequality
E(v) = E(vn)| S [(—A)[v] — (—Aa)[vn] |
+ [ (w s [o]*)[o]* = (w * [val*) [ *[| 1
combined with the estimates
[ (=Au)[v] = (A [a] | S Nl = vallas (l0llay + llvallm)
and
[[(w * [0]*)|0]* = (w * [on*) [on]?[| L1

< Nw s o) (o] = [oal*) s + [[(w s (Jo]* = fvn]*) on ] s

S llw* [l peellv = vall2 ([0]]2 + lonl2)
+ {[lwl « ([ = val(jo] + [va ) || oo [lonl|Z2
< Nwllwrsllv = vallazg (loliZ + lvallz) -

the last two steps above following from Hoélder’s and Young’s inequality, and from
the inequality (6.22). O

We then see that mass and energy are conserved in the spherically symmetric
component of the energy space.

PROPOSITION 6.5.5 (Mass and energy conservation in H} .4 (R?)).
Leta > 0. For a givenw € WoP(R3), p € (2,400), and a given f € H.

a

,rad(R3)7 let
u be the unique local solution in C’((—T*7T*),Hé7md(R3)) to the Cauchy problem
(6.5) in the mazimal interval (—Ty,T*), as given by Theorem 6.0.4. Then M(u(t))

and E(u(t)) are constant for t € (=T, T™*).
PrOOF. We start proving the statement for the mass. Owing to Corollary

6.3.3, for each t € (=T, T*) u satisfies i0;u = —Ayu + (w * |u|?)u as an identity in
H_'(R3), whence
(10 + Aqu — (w * \u|2)u,u>H(;1’H; =
The imaginary part of the above identity gives
@i lu@®liz: = 0,

which implies that M (u(t) is constant on (=T, T™*).
Let us prove now that the energy is conserved, first in the special case f €

H? .a(R?) and w € Wfa’g(R?’), for p € (2,400). Owing to Corollary 6.4.3, u
satisfies i0,u = —Aqyu + (w * |u|?)u as an identity in L?(R3?), whence

(10w + Aqu — (w* [u*)u, ) ,, = 0.
The real part in the above identity gives

i (3(=Aqu,u) 2 — § fgs (w x [u?)ul?dz) = 0,
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which implies that E(u(t)) is constant on (=T, T™*).
For arbitrary f € H, irad(R?’) and w € era’g (R3) we use the stability result of
Proposition 6.3.4. Let (f,), be a sequence in HZ . 4(R?) and (w,), be a sequence

n—-+oo

in W22(R3) such that f, 2= f in H(R?) and w, “=F2% w in WLP(R3),
and denote by u,, the solution to the Cauchy problem (6.3) with initial datum

fn and potential w,. Then Proposition 6.3.4 guarantees that w, noH win

C([-T,T), HL(R3)) for some T > 0, and Lemma 6.5.4 implies that & (uy, (t)) ——1
E(u(t)) for t € [-T,T]. Using the energy conservation for u, we deduce that
E(u(t)) = E(f) for t € [-T.,T]. Repeating the above argument with f replaced
by u(to) for some to € (=T, T™*) yields the property that ¢ — E(u(t)) is constant
in a suitable interval around ¢y and hence, by the arbitrariness of tg, it is locally
constant on the whole (=T, T*). But (=74, T*) > t — E(u(t)) is also continuous,
whence the conclusion. O

We are now ready to prove our result on the solution theory for the Cauchy
problem (6.3).

PROOF OF THEOREM 6.0.7.
Let u € C((—Ty, T™), Hl)rad(RS)) be the unique local strong solution to (6.3),

(03
on the maximal time interval (=7, T™*), with given initial datum f = ¢ + cGy €

H! (R®), for some A > 0, and given potential w € erég(R?’), for some p €

a,rad
(2,+00), as provided by Theorem 6.0.4. Then (=T, T™*) > ¢t — M(u(t)) + E(u(t))
is the constant map, as follows from Propositions 6.5.5. Decomposing u(t) = ¢x(t)+
kA(t)Gy for each t € (=T, T*) and using (5.7) we find

lu®lEy ~ lea@®llz + |sa()?
S A+ fu®)]lze
+ (Moa@®)l1z2 = Mu®)llzz + Va7 + (@ + 32 [ma(6)]2)
) S M(u(t) + 3(=Aa)[u(t)].
For part (i) of the statement, we observe that

sup  Ju()llF; S sup (M(u() + 5(=Aa)[u(t)])

te(=T.,T*) te(—=Ty,T*)
S sup (M(u(t) + E(u(t) + (1w [ult)*)u®)? 1)
te(—Tw,T*)
S 1+ sup  fwsfuf|re [ull7:
te(=Ty,T*)
S 1+ sup  wllwesllulF [1£172
te(=Ty,T*)

having used (*), the estimate (6.22), and the mass and energy conservation. There-
fore, if || f]|z2 is sufficiently small (depending only on ||w||ws.»), then

sup  Ju(t)|f S 1,
te(—Tx,T*)

and we conclude that solution is global, owing to the blow up alternative.
For part (ii) of the statement, the additional assumption w > 0 implies

3(=Aa)[u(t)] < F(=Ad)lu(®)] + i/Ra(w* ()| |u(t)Pde = E(u(t)),
which, combined with (*) and the mass and energy conservation yields

sup  Ju()llF; $ sup  (M(u(®) +E(u(t) < 1.
te(—=T%,T*) te(—=T,T*)
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Therefore, the solution is global, by the blow up alternative. Since this is true for
every initial datum f € H, é,md(ﬂ@), we deduce global well-posedness for (6.3). O

6.6. Comments on the spherically symmetric solution theory

As initially mentioned in the introduction of this Chapter, and then shown in
the preceding discussion, part of the solution theory was established for spherically
symmetric potentials and solutions (Theorems 6.0.5 and 6.0.7) and in this Section
we collect our remarks on the emergence of such a feature.

This is indeed a natural phenomenon both for the local high regularity theory
and for the global theory in the energy space, as we are now going to explain. Of
course, the spherically symmetric solution theory is the most relevant in the study
of the singular Hartree equation, since the linear part, namely the operator —A,,
differs from the ordinary —A precisely in the L2-sector of rotationally symmetric
functions.

For the local theory, one ineludible ingredient of the fixed point argument is
the treatment of the non-linear part of the solution map (6.4) with a H S-estimate
that we close by means of the trilinear estimate (6.24)/(6.29).

This estimate is designed for functions of the form hu, where h = w * |u|?,
and it is crucially sensitive to the specific structure of the space H S(R3) for s > %
(Theorem 5.1.1(ii)-(iii)). In particular, in order to recognise that the regular part
hu is indeed a H*-function, one must show that (h—h(0))G € H*(R?). Technically
this is dealt with by means of the fractional Leibniz rule, suitably generalised so
as to avoid the direct LP-estimate of s derivatives of each factor h — h(0) and Gj;
already heuristically it is clear that this only works with a sufficient vanishing rate
of h — h(0) as |x| — 0 in order to compensate the local singularity of G.

For intermediate regularity (Proposition 6.1.5 and Lemmas 6.3.1-6.3.2) the van-
ishing rate h(z) — h(0) ~ |z|? that can be deduced from the embedding w * [u?| €
C%?(R3) is enough to close the argument and no spherical symmetry is required.
For high regularity (Proposition 6.1.6 - Lemma 6.1.7, and Lemmas 6.4.1-6.4.2) the
embedding w * |u?| € C*Y(R?) would only guarantee an insufficient vanishing rate
h(z) — h(0) ~ |z|; since one needs h(x) — h(0) ~ |2+, this requires the additional
condition VA(0) = 0. For the latter condition to hold for h = w * |u|?, as shown in
the proof of Lemma 6.4.1(ii), the spherical symmetry of both w and u appears as
the most natural and explicitly treatable assumption.

In fact, the condition VA(0) = 0 is even more crucial and apparently un-
avoidable in one further point of the argument hu € H(R3), because unlike the
intermediate regularity case, where it suffices to prove that the regular component
of hu is a H*-function, in the high regularity case one must also prove that such
regular component satisfies the correct boundary condition in connection with the
singular component. As shown in the proof of Lemma 6.4.2, the correct boundary
condition is equivalent to |x|~1(h(z) — h(0)) — 0 as |x| — 0, for which VA(0) = 0
is again necessary.

Concerning the global theory in the energy space, the emergence of a solution
theory for spherically symmetric functions is due to one further mechanism. As
usual, globalisation is based upon the mass and energy conservation. In the theory
of semi-linear Schrodinger equations it is typical that the conservation laws are
deduced from a suitably regularised problem (see, e.g., the proof of [25, Theorem
3.3.5]). In the present context (Proposition 6.5.5) we follow this scheme showing
first the conservation laws at the level of H, 2_regularity, and then controlling the
stability of a density argument which is set for H L_regularity. Clearly the first step
appeals to the local H 2_theory, which is derived only for the spherically symmetric
case, thus the stability argument can only work in the spherically symmetric sector
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of the energy space. It would be interesting to understand if this is just a technical
issue, or if the conservation of energy fails in the non-radial setting.



CHAPTER 7

Finite energy week solutions to magnetic NLS

In this last Chapter we move on to a different scenario that represents a sec-
ond playground, besides the singular perturbations of pseudo-differential operators
studied in the previous Chapters, for the general scheme for linear and non-linear
Schrodinger equations presented in the Introduction.

Here the operator of interest is going to be the magnetic Laplacian. We shall
then consider the initial value problem associated with the non-linear Schrédinger
equation with magnetic potential

(7.1) i = —(V —iA)%u + N(u)
in the complex-valued unknown u = u(t,x), t € R, € R3, where
(7.2) N(u) = u]" " u+ (|- [ *u)u, € (1,5],a€(0,3)

is a defocusing non-linearity, both of local (pure power) and non-local (Hartree)
type, and A : R, x R — R3 is the external time-dependent magnetic potential.

Formally, solutions of (7.1) conserve in time both the mass and the energy,
defined respectively by

(M@)®) = [ jult.o)

(E)(t) = /RB (%\(V —iA)) u* + #M’YH + 3 (||~ * \u|2)|u|2> dz.

Let us highlight that we shall choose A within a considerably larger class of
rough potentials than what customarily considered in the literature so far. We
will be in the condition to prove the existence of global-in-time, finite energy, weak
solutions to (7.1), without attacking for the moment the general issue of global well-
posedness and conservation of energy. To be concrete, let us state the conditions
on the magnetic potential.

ASSUMPTION 1. The magnetic potential A belongs to one of the two classes Ay
or As defined by

./41 = Av1 ﬂR
.AQ = AVQQR,
where
divA =0 forae teR,
~ B A= Ay + As such that, for j € {1,2},
A = (A=A 2) A; € LY (R, L% (R®, R?))
aj € (4,+00], b;€(3,6), ++3 <1
and
divA=0 foraetecR,
~ A = Ay + Ay such that, for j € {1,2},
Ay = ¢ A= A(t,x) 80, ,

Aj € L, (R, W77 (RS, R?))
a; € (2,400, bj€(3,4x], Z+E <1

119
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and where
R = {A€ A or Ac Ay| 8,4, € Ll (R, LY (R® R%)), j = 1,2} .

A few observations are in order. First and foremost, both classes A; and As
include magnetic potentials for which in general the validity of Strichartz estimates
for the magnetic Laplacian is not known. In fact, for non-smooth magnetic poten-
tials, Strichartz estimates are only available with a number of restrictions. When A
is time-independent, global-in-time magnetic Strichartz estimates were established
by various authors under suitable spectral assumptions (absence of zero-energy res-
onances) on the magnetic Laplacian A [39, 40, 31], or alternatively under suitable
smallness of the so called non-trapping component of the magnetic field [32], up to
the critical scaling |A(x)| ~ |z|~!. Counterexamples at criticality are also known
[42]. In the time-dependent case, magnetic Strichartz estimates are available only
under suitable smallness condition of A [47, 104].

A large part of our intermediate results, including in particular the local so-
lution theory, are found with magnetic potentials in the larger classes .Zl and ./12.
The mild amount of regularity in time provided by the intersection with the class
R is needed to infer suitable a priori bounds on the solution from the estimates
on the total energy. Regularity in time of the external potential is not needed
either, when equation (7.1) is studied in the mass sub-critical regime, i.e., when
v € (1,%), a € (0,2), and max {by,b2} € (3,6). In this case we are able to work
with the more general condition A € A;. This is a customary fact in the con-
text of Schrodinger equations with time-dependent potentials, as well known since
[110] (compare Theorems [110, Theorem 1.1] and [110, Theorem 1.4] therein: L*-
integrability in time on the electric external potentials yields a LP-theory in space,
whereas additional L®%-integrability of the time derivative of the potential yields a
H?-theory in space). Our aim here of studying finite energy solutions to (7.1) thus
requires some intermediate assumptions on the magnetic potential, determined by
the class R above.

The additional requirement on VA present in the class As is taken to accom-
modate slower decay at infinity for A, way slower than the behaviour |A(z)| ~ |z|~*
(and in fact even a L°°-behaviour) which, as mentioned before, is critical for the
validity of magnetic Strichartz inequalities.

Last, it is worth remarking that the divergence-free condition, divA = 0, is
assumed merely for convenience: our whole analysis can be easily extended to the
cases where div A belongs to suitable Lebesgue spaces and consider it as a given
(electrostatic) scalar potential.

Before stating our main result, we collect some preliminary tools. We begin
by defining the energy space for the magnetic Laplacian (here, with respect to our
general setting, A is meant to be a magnetic vector potential at a fixed time).

DEFINITION 7.0.1. Let A € L _(R®). We define the magnetic Sobolev space
HA(R®) == {f € L*(R*)| (V —iA)f € L*(R")}

equipped with the norm
Hf“?i};(u@) = [ F1Z2@ay + 1V =1 A) F172(gay -

which makes H(R?) a Banach space.

We recall [78, Theorem 7.21] that, when A € L2 _(R3), any f € H}(R?) satisfies
the diamagnetic inequality

(7.3) [(VIfFD@)] IV =14)f)(x)| forae zeR.
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As a consequence of diamagnetic inequality, the following two useful Lemmas
can be easily proved.

LEMMA 7.0.2. Assume that A € Ay or A € Ay. Then, for everyt € R,
(7.4) 121 A@) - VI +ADPfla-1ws) S Ca@®)llflm ey,
where

Ca(t) = 1+ [ AON70 goy + 1 A2(D) oo o) -

In particular, for every t € R, (V —iA(t))? is a continuous map from H*(R3) to
H-Y(R3).

LEMMA 7.0.3. Let A € L°(R?) with b € [3,+0cc]. One has
(75) (U4 [ Alpoey) " IF ey S IF ey sy S 0+ NAlLo o)) 1 eoy
whence HY(R3) =2 H'(R?) as an isomorphism between Banach spaces

REMARK 7.0.4. As an immediate consequence of Lemma 7.0.3, given a potential
A€ Ay or A € Ay, for every ¢t > 0 the magnetic Sobolev space Hj, (R?) is

equivalent to the ordinary Sobolev space H!(R?).

We can finally state our main result, proved in my work in collaboration with
A. Michelangeli and P. Antonelli [13]. Clearly, there is no fundamental difference
in studying solutions forward or backward in time, and as customary we shall only

consider henceforth the problem for ¢ > 0. Our entire discussion can be repeated
for the case t < 0.

THEOREM 7.0.5 (Existence of global, finite energy weak solutions).
Let the magnetic potential A be such that A € Ay or A € Ay, and take v € (1,5],
a € (0,3). Then, for every initial datum f € H*(R3), the Cauchy problem
i0u = —(V—1A4)2u+ |u""tu+ (|- |7 * [u*)u
u(07 ) =f
t€[0,4+00), x€R3

(7.6)

admits a global weak H*'-solution
u € Lis,([0,+00), H'(R*)) N Wye*([0, +00), H(R?)),

meaning that (7.1) is satisfied for a.e. t € [0,400) as an identity in H~' and
u(0,-) = f. Moreover, the energy E(u)(t) is bounded on compact intervals.

7.1. The heat-Schrédinger flow

As already mentioned, Strichartz estimates are in general not available for a
magnetic potential A in the class A; or As. To overcome this issue, we introduce
a small dissipation term in equation (7.1)

(7.7) iou = —(1—ie)(V —id)*u+ N(u)

and we study the approximated problem. Similar parabolic (or vanishing viscosity)
regularisation procedures are commonly used in PDEs, see for example the work
by Guo, Nakamitsu, and Strauss [59] on the existence of global, finite energy weak
solutions to the Maxwell-Schrodinger system.

Let us consider the Cauchy problem associated to (7.7)

{i@tu = —(1—ie)(V—iA4)2u+N(u)
(7.8) w0,) = f

te[0,T], =€R3.
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We aim at establishing local well-posedness for (7.8), by considering (1 —ie)Au
as the main linear part and —(1—i¢)(21 A-Vu+|A|?>u)+N (u) as a perturbation. The
relevant tool is a family of space-time smoothing estimates for the heat-Schrodinger

propagator eto)*A We recall that a pair (¢, ) is said (Strichartz) admissible if
2 3 3
-4+ -=- € [2,6].
PR r€[2,6]

The pair (2,6) is called endpoint. We have the following result [13, Proposition
2.12].

PROPOSITION 7.1.1 (Space-time estimates for the heat-Schrédinger flow).
Let € > 0 and let (q,7) be an admissible pair.

(i) One has (homogeneous Strichartz estimate)

(7.9) 10+ fll Lagpo, 1, ey S Il es) -
(ii) Let T > 0 and let the pair (s,p) satisfy
2 3 7 ;<1< 2<r <
(7.10) ST T 1ot 1
s p 2 §<5<;+§ 3<r<6.

Then (inhomogeneous retarded Strichartz estimate)

t
(7.11) H/O (DA F(7) ar| <. |IF]

Le([0,T],LP(R3)) -

La([0,T],L" (R3))
(i) Assume in addition that (q,r) is non-endpoint. Let T > 0 and let the pair
(s,p) satisfy
2 3 5 1 1 1 1
7.12 — - = =, - < —-< - — .
( ) s + p 2 2 "p r + 3

Then (inhomogeneous retarded smoothing-Strichartz estimate)

t
(713) HV/ 6(1+€)(t_T)AF(T) dr ) SJg ||F||Ls([O’T]’Lp(]R3)) .
0

La([0,T],L7 (R3))

REMARK 7.1.2. Tt is worth noticing that in (7.10) the range of admissible pairs
(s, p) is larger as compared to the case of the Schrodinger equation. See [13, Remark
2.13] for further observations on this point.

7.2. The viscous magnetic propagator

As an intermediate step towards the local well posedness of (7.8), in this Section
we discuss the existence of the linear magnetic viscous propagator associated to
the equation id;u = —(V — i4)? and we prove that, under our assumptions on the
magnetic potential, it satisifes a family of Strichartz-type estimates. We preliminary
need a technical Lemma.

Let us first define, for T" > 0, the space

X300, 7] == ([0, T), H'(R*)) N L*([0, T], W *(R?))
equipped with the Banach norm
|- Ixa»por = |- |z o1y, 5 @) + [ - |Lao,my w3 ®2)) -
Owing to the space-time estimates (7.11)-(7.13) for the heat-Schrodinger prop-
agator, the following result can be proved [13, Lemmas 2.20 and 2.21]

LEMMA 7.2.1. Let A € jl or A € ./Tg, and let € > 0. There exists a constant
04 > 0 such that, for every T € (0,1],
t
| [ et 0-08(4(0) - 4 A(0) ) ulo) do |
0

0
X@9[0.7) Sea T Jullxasio1 -
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We can now prove a fundamental Theorem.

THEOREM 7.2.2. Assume that A € A, or A € Ay. Let 7 € R, >0, f €
HY(R?), and F € L*(R,WYP(R3)) for some pair (s, p) satisfying (7.10) with r = 3.
Consider the inhomogeneous Cauchy problem

i0u = — (1 —ie)(Au—2iA-Vu—|APu)+ F
u(T> ) f
and the associated integral equation

u(t, ) — e(i—i—e)(t—T)Af

(7.14)

(7.15) - i/t e(i+5)(t_")A((1 —ie)(2iA- Vu+|A]*u)(0) + F(0)) do,

There exists a unique solution u € C([r,+00), H'(R?)) to (7.15). Moreover, for
any T > 7 and for any Strichartz pair (q,r), with r € [2,3],

(7.16) lull o, wrr@s)y) Sear 1fllar@s) + 1F] L@ wrems))-

PROOF. It is clearly non-restrictive to set the initial time 7 = 0. For given
T € (0,1] and M > 0, we consider the ball of radius M in X*3)[0,T], i.e.,
Xro = {ue XH30,7] | |Jull xaspr < M}.
Moreover, we define the solution map u — ®u where, for ¢t € [0, T,

(Du)(t) = eliFe)tay

(7.17) t
- (i-l—s)/o eIHIE=R (21 A(0) - V + |A(0)|*)u(o) + F(0)) do.

Thus, finding a solution to the integral equation (7.15), with 7 = 0, is equivalent to
finding a fixed point for the map ®. We shall then prove Theorem 7.2.2 by showing
that, for suitable 7" and M, the map ® is a contraction on X7 5. To this aim, let
us consider a generic u € Xy p: owing to the Strichartz estimates (7.9) and (7.13)
and to Lemma 7.2.1, there exist positive constants C' = C, 4 and 6 = 64 such that,
for T € (0,1],

(7.18) [ @ull oz < C (Iflles) + 1P
It is possible to restrict further M and T such that
M > 20 (If o) + |1 F|

Ls([0,T],W1r(R3) T TQHUHX(%?')[O,T]) .

Lo(0. LW ()
and 2CT? < 1, in which case (7.18) yields
[Pull xamor < M(3+CT?) < M.

This proves that ® maps indeed X7 s into itself. Next, for generic u,v € Xr a,
and with the above choice of M and T, (7.18) also yields

[|[Pu — (I)U||X(4=3)[O,T] = [[®(u— )| xas 0,1 < CTOHU - v||X(4»3)[O,T]

1
< 5”“ — vl xao1

which proves that ® is indeed a contraction on Xr ;. By Banach’s fixed point
theorem, we conclude that the integral equation v = ®u has a unique solution
in X7 5. Furthermore, ®u € C([0,T], H(R3)). Hence, we have found a local
solution u € C([0,T], H'(R?)) to the integral equation (7.15), which satisfies (7.16).
Moreover, since the local existence time T does not depend on the initial data, this
solution can be extended globally in time, and (7.16) is satisfied for any 7> 0. O
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Theorem 7.2.2 shows the existence of a unique solution u to the integral equa-
tion (7.15). From the assumptions on the magnetic potential and the source term
F and by using standard arguments in the theory of evolution equations (see for
example [25]) we may also infer that w satisfies (7.14) for almost every ¢ € R
in the sense of distributions. In the case when F' = 0, the solution u to (7.14)
defines an evolution operator, namely for any f € H'(R3) the magnetic viscous
evolution is defined by U a(t,7)f = u(t) where u is the solution to (7.14) with
F =0. As a consequence of Theorem 7.2.2 we have that U. 4 (¢, T) enjoys a class of
Strichartz-type estimates [13, Proposition 3.2].

PROPOSITION 7.2.3. The family {U: 4(t,7)}+,- of operators on H'(R3) satisfies
the following properties:
() U a(t, ) U A(5,7) = Ue () for any 7 < s < 1;
(i) Uo a(trt) = 1;
(iii) the map (t, 7') > Uz a(t,T) is strongly continuous in H'(R3);
(iv) for any admissible pair (q,r) with r € [2,3], and for any f € H'(R?) and
F € L*(R,WYP(R3)) for some pair (s,p) satisfying (7.10) with r = 3 (in
particular, (s,p) can be the dual of an admissible pair), one has

(7.19) Ue At T) fllLa(rmywir@s)y) Sear [[fllaws)
(7.20) H/ Ue a(t,o) F )do‘

SE»A,T HFHLS([T,T]’WLP(]Rfi)).

La([r,T],W . (R3))
7.3. Solution theory for the regularised magnetic NLS

In this Section we study local and global solution theory for the approximated
magnetic NLS (7.7). We can write the integral formulation for its associated Cauchy
problem (7.8) in terms of the viscous magnetic propagator:

(7.21) w(t) = U a(t,m)f —i / Uea(t, o) N (u(o)) do.

Owing to (7.21) and the Strichartz-type estimates (7.19)-(7.20) we can set up
a fixed point argument and show the existence of solutions to (7.8). We first focus
on the case of energy sub-critical non-linearities.

ProrosITION 7.3.1 (Local well-posedness, energy sub-critical case). Let e > 0.
Assume that A € Ay or A € Ay and that the exponents in the non-linearity (7.2)
are in the regime v € (1,5) and o € (0,3). Then for any f € H'Y(R3) there
exists a unique solution u € C([0, Tynaz), H*(R?)) to (7.21) on a mazimal interval
[0, Trnaxz) such that the following blow-up alternative holds: if Ty < +00 then
limyyr,,,., [|w(t)|| g = +o0.

PROOF. Since the linear magnetic viscous propagator Ue 4 (¢, T) satisfies the
Strichartz-type estimates (7.19)-(7.20), and since the non-linearities considered here
are sub-critical perturbation of the linear flow, a customary contraction argument
in the space
(7.22) C([0,T], H'(R*) N L ([0, T], W O(R?)) N L7 ([0, T], W) (R?)),

where

(7.23) (@(y),7(7)) = (4(]1“11)7 3(];2”)

(see, e.g., [80, Theorems 2.1 and 3.1]) and

{ (400, 2) ae(0,2]

(ﬁ’ 131—82a> o€ (2,3)

(7.24) (¢(a),r(a)) :=
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(see, e.g., [79, Section 5.2]), guarantees the existence of a unique local solution for
sufficiently small T'. We observe, in particular, that with the above choice one has
r(y),r(a) € [2,3). Furthermore, by a customary continuation argument we can
extend such a solution over a maximal interval for which the blow-up alternative
holds true. (]

In the presence of a energy-critical non-linearity (v = 5) the above arguments
cannot be applied. However, it is possible to exploit a similar idea as in [26] to
infer a local well-posedness result when v = 5.

PRroOPOSITION 7.3.2 (Local existence and uniqueness, energy critical case). Let

Ae ,11 or A e /Tz and let the exponents in the non-linearity (7.2) be in the regime
v=5and a € (0,3). Lete >0 and f € H'(R3). There exists ng > 0 such that, if

itA
(7.25) IV SN o 0.9, oy S 7

for some (small enough) T > 0 and some 1 < 1y, then there exists a unique
solution u € C([0,T], HY(R?)) to (7.21). Moreover, this solution can be extended
on a mazimal interval [0, Traz) such that the following blow-up alternative holds
true: Tinax < 00 if and only if |[ull L6 (j0,1,,0.),018(RS)) = OO

PRrROOF. A direct application of a well-known argument by Cazenave and Weiss-
ler [26] (we refer to [72, Section 3] for a more recent discussion). In particular,
having established Strichartz estimates for U. 4(t,7) relative to the pair (¢,7) =
(6, %), we proceed exactly as in the proof of [72, Theorem 3.4 and Corollary 3.5],
so as to find a unique solution u to the integral equation (7.21) in the space

(7:26)  C([0, 7, H'(R*)) N LO([0, T], W7 (R?)) N LI ([0, T], W (™) (R?))
with (q(a),r(a)) given by (7.24), together with the LY L1®-blow-up alternative. O

Our next step is to establish some a priori estimates which will be needed
in order to extend the local approximating solution to (7.21) over arbitrary time
intervals. In particular, we show that the total mass and energy are uniformly
bounded. Furthermore, by exploiting the dissipative regularisation, we will infer
some a priori space-time bounds which will allow to extend globally the solution
also in the energy-critical case.

We consider potentials A € A; or A € Ajs, so to have the time regularity needed
in order to study the energy functional. The following result can be proved [13,
Proposition 5.2].

PROPOSITION 7.3.3. Assume that A € Ay or A € Az, and that the exponents
in the non-linearity (7.2) are in the whole regime v € (1,5] and « € (0,3). For fized
e >0, let ue. € C([0,T), H'(R?)) be the local solution to the reqularised equation
(7.7) for some T > 0. Then the mass, the energy, and the H'-norm of u. are
bounded in time over [0,T), uniformly in € > 0, that s,

(7.27) sup M(us) S 1
te[0,T]

(7.28) sup E(ue) Sarl
te[0,T]

(7.29) |tell oo (jo,7), 51 R3)) SaT 1,

and moreover one has the a priori bounds
(7.30

)
T
| (107 =540 (e (i s ) + (= D Vel P

+(\x|*a*V|uE|2)V|uE|2) dedt <ap el
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REMARK 7.3.4. A virtue of Proposition 7.3.3 is to produce bounds (7.27)-(7.29)
that are uniform in €. The non-uniformity in T of (7.28)-(7.29) is due to the fact
that the magnetic potential is only ACj,. in time: for AC-potentials such bounds
would be uniform in 7" as well.

We can now exploit the a priori estimates for mass and energy so as to prove
that the local solution to the regularised Cauchy problem (7.8) can be actually
extended globally in time.

We discuss first the result in the energy sub-critical case.

THEOREM 7.3.5 (Global well-posedness, energy sub-critical case). Assume that
A€ Ay or A € As, and that the exponents in the non-linearity (7.2) are in the
regime v € (1,5) and a € (0,3). Let € > 0. Then the regularised non-linear
magnetic Schridinger equation (7.7) is globally well-posed in H'(R3). Moreover,
the solution u. to (7.7) with given initial datum f € H*(R®) satisfies the bound

(7.31) ||USHLOO[O7T]7H1(R3) <r1 VT € (0,400),
uniformly in € > 0.

PROOF. The local well-posedness is proved in Proposition 7.3.1. Because of
(7.29), the H'-norm of w. is bounded on finite intervals of time. Therefore, by the
blow-up alternative, the solution is necessarily global and in particular it satisfies
the bound (7.31). O

We discuss now the analogous result in the energy-critical case.

THEOREM 7.3.6 (Global existence and uniqueness, energy critical case). As-
sume that A € Ay or A € As, and that the exponents in the non-linearity (7.2)
are in the regime v =5 and o € (0,3). Let € > 0 and f € H'(R3). The Cauchy
problem (7.8) has a unique global strong H*'-solution u.. Moreover, u satisfies the
bound

(732) ||UEHL°°[O,T],H1(R3) ST 1 VT € (O, +OO) ,
uniformly in € > 0.

PROOF. The existence of a unique local solution u. is proved in Proposition
7.3.2. The a priori bound (7.30) implies that

// (Jue? Vu|)? dzdt S e,

which, together with Sobolev’s embedding, yields

T
||U6H(i6([0,T],L18(R3)) = ||u§||%2([O,T],L5(]R3)) 5/0 /RSW\UE\Sdedt

T
5// e |* [V ]uc|P dedt < e < +o0.
0 JR3

Owing to (7.33) and to the blow-up alternative proved in Proposition 7.3.2, we
conclude that the solution u can be extended globally and moreover, using again
(7.29), it satisfies the bound (7.32). O

(7.33)

REMARK 7.3.7. As anticipated right after stating the assumptions on the mag-
netic potential, let us comment here about the fact that in the mass sub-critical
regime (y € (1, %) and o € (0,2)) we can work with the larger class Aj instead of
A1 and still prove the extension of the local solution globally in time with finite H!-
norm on arbitrary finite time interval. This is due to the fact that, for a potential
u € fL and in the mass sub-critical regime, in order to extend the solution globally
neither need we the estimate (7.29) as in the proof of Theorem 7.3.5, nor need we
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the estimate (7.30) as in the proof of Theorem 7.3.6. Indeed, we can first prove
local well-posedness in L?(R3) for the regularised magnetic NLS (7.7), using a fixed
point argument based on the space-time estimates for the heat-Schrodinger flow, in
the very same spirit of the proof of Theorem 7.2.2. Then we can extend such a so-
lution globally in time using only the mass a priori bound (7.27), for proving such a
bound does not require any time-regularity assumption on the magnetic potential.
Moreover, since the non-linearities are mass sub-critical and since we can prove
convenient estimates on the commutator [V, (V —i 4)?] when max {by,b>} € (3,6),
we can show that the global L2-solution exhibits persistence of H'-regularity in
the sense that it stays in H!(R3) for every positive time provided that the initial
datum belongs already to H'(R?). This way, we obtain existence and uniqueness
of one global strong H *-solution.

7.4. Removing the regularisations

In this Section we prove our main Theorem 7.0.5. The proof is based on a
compactness argument, owing to the uniform bounds (7.31) and (7.32), so as to
remove the e-regularisation and leads to a local weak H'-solution to (7.6). The
crucial result is the following [13, Proposition 7.1].

PROPOSITION 7.4.1. Assume that A € Ay or A € As, and that the exponents in
the non-linearity (7.2) are in the whole regime v € (1,5] and o € (0,3). Let T > 0,
and f € HY(R3). For any sequence (¢,,), of positive numbers with e, | 0, let uy,
be the unique global strong H*'-solution to the Cauchy problem (7.8) with viscosity
parameter € = €, and with initial datum f, as provided by Theorem 7.3.5 in the
energy sub-critical case and by Theorem 7.3.6 in the energy critical case. Then,
up to a subsequence, u, converges weakly-x in L>([0,T], H*(R®)) to a local weak
H1-solution u to the magnetic NLS (7.1) in the time interval [0, T| and with initial
datum f, meaning that

u € L=([0,T], H'(R®)) nWh([0,T], H(R?)),
satisfies (7.1) for a.e. t € [0,T] as an identity in H=', and u(0,-) = f.

PROOF. We only sketch here the arguments we presented in detail in [13,
Section 7]. Owing to the uniform-in-¢ bounds (7.31) and (7.32) and the Banach-
Alaoglu theorem, we deduce that the sequence (u,), in the assumption of Propo-
sition 7.4.1 admits, up to a subsequence, a weak-+ limit u in L°°([0,T], H*(R?)).

Moreover, it can be proved [13, Corollary 7.5] that there exist indices p;, p;j,
p(7), and p(a) in [g,?], and there exists functions X; € L>([0,T7], LP(R?)), Y;; €
L>([0,T], LP (R3)), Ny € L>=([0,T], LPO)(R3)), and No € L([0,T], LP(®)(R?))
such that, up to subsequences,
Ai-Vu, = X; weakly-* in L>°([0, T, LP' (R?)
A; - Aju, — Yy weakly-x in L*([0,T], LP* (R?
(

[un " un — Ny weakly-* in L%(]
[

)
)
07T]7L1’(7)(R3))
(|17 % Jup|®)un, — No  weakly-+ in L°([0, T], LP(™)(R?)).

As an application of the Aubin-Lions compactenss lemma (see, e.g., [98, Section
7.3]) one can deduce the following identities [13, Lemma 7.8]:

Ai -Aju = Y;'j
lu" "ty = Ny

(I 17 Jul*)u = N
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We are now able to show that the function u is actually a local weak H'-solution
to the magnetic NLS (7.1) with initial datum f in the time interval [0, T]. Indeed,
all the exponents p;, pi;, p(y) and p(a) belong to the interval [g, 2], and then by
Sobolev’s embedding the functions X; = A; - Vu, Yi; = A; - Aju, Ny = |u|""tu,
and Ny = (] - |7 * u?)u all belong to H~*(R?), and so too does Au, obviously.
Therefore (7.1) is satisfied by u as an identity between H ~!-functions, which also
implies d,u € L*([0,T], H 1(R3)). Thus, u € W>([0,T], H*(R?)). On the
other hand u,, € C*([0,T], H '(R?)), whence

/OT/]R3n(t,a:)(un(t,x)—u(t,x))dwdt — 0 VpeL'Y(0,T], H ' (R?)).

For n(t,z) = 6(t — to,x)e(x), where to is arbitrary in [0,7] and ¢ is arbitrary
in L?(R3), the limit above reads w,(to, ) — u(to, ) weakly in L?(R3), whence

u(0,-) = f(). O

It is already evident at this stage that had we assumed the magnetic potential
to be an AC-function for all times, then the proof of the existence of a global weak
solution with finite energy would be completed with the proof of Proposition 7.4.1
above, in full analogy with the scheme of the work [59] above mentioned.

Our potential being in general only AC),. in time, we cannot appeal to bounds
that are uniform in time (indeed, our (7.31) and (7.32) are T-dependent), and the
following straightforward ‘glueing’ argument must be added in order to complete
the proof of our main result.

PrROOF OF THEOREM 7.0.5. We set T' = 1 and we choose an arbitrary se-
quence (&, )y, of positive numbers with ¢, | 0. Let u,, be the unique local strong
H'-solution to the regularised magnetic NLS (7.7) with viscosity parameter € = ¢,
and with initial datum f € H!'(R?). By Proposition 7.4.1, there exists a subse-
quence (g, )ns of (g,)n such that u,, — u; weakly-x in L>°([0,1], H'(R3)), where
uy is a local weak H'-solution to the magnetic NLS (7.1) with uy(0) = f. If
we take instead T' = 2 and repeat the argument, we find a subsequence (£, ),
of (epr)ns such that u,» — uy weakly-x in L>([0,2], H'(R?)), where us is a local
weak H!'-solution to (7.1) with u2(0) = f, now in the time interval [0,2]. Moreover,
having refined the w,/’s in order to obtain the w,’s, necessarily ua(t) = uy(t) for
t € [0,1]. Tterating this process, we construct for any N € N a function ux which
is a local weak H!'-solution to (7.1) in the time interval [0, N], with ux(0) = f and
un(t) = un—1(t) for t € [0, N — 1]. It remains to define

u(t,z) = uy(t,x) reR?, te0,+00) N=[t].

Since uy € L*([0, N], HL(R?)) n W1°([0, N], H~*(R3)) for every N € N, such u
turns out to be a global weak H!-solution to (7.6) with finite energy for a.e. t € R,
uniformly on compact time intervals. (]
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