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Abstract

The present Ph.D. thesis is devoted to the study of positive solutions to
indefinite problems. In particular, we deal with the second order nonlinear
differential equation

W+ alt)g(u) =0,

where g: [0, 400[ — [0, +00[ is a continuous nonlinearity and a: [0,7] — R
is a Lebesgue integrable sign-changing weight. We analyze the Dirichlet,
Neumann and periodic boundary value problems on [0, 7] associated with
the equation and we provide existence, nonexistence and multiplicity results
for positive solutions.

In the first part of the manuscript, we investigate nonlinearities g(u)
with a superlinear growth at zero and at infinity (including the classical
superlinear case g(u) = uP, with p > 1). In particular, we prove that there
exist 2™ — 1 positive solutions when a(t) has m positive humps separated
by negative ones and the negative part of a(t) is sufficiently large. Then, for
the Dirichlet problem, we solve a conjecture by Gémez-Renasco and Lépez-
Gémez (JDE, 2000) and, for the periodic problem, we give a complete answer
to a question raised by Butler (JDE, 1976).

In the second part, we study the super-sublinear case (i.e. g(u) is super-
linear at zero and sublinear at infinity). If a(¢) has m positive humps sepa-
rated by negative ones, we obtain the existence of 3" — 1 positive solutions
of the boundary value problems associated with the parameter-dependent
equation u” 4+ Aa(t)g(u) = 0, when both A > 0 and the negative part of a(t)
are sufficiently large.

We propose a new approach based on topological degree theory for lo-
cally compact operators on open possibly unbounded sets, which applies for
Dirichlet, Neumann and periodic boundary conditions. As a byproduct of
our method, we obtain infinitely many subharmonic solutions and globally
defined positive solutions with complex behavior, and we deal with chaotic
dynamics. Moreover, we study positive radially symmetric solutions to the
Dirichlet and Neumann problems associated with elliptic PDEs on annular
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viil Abstract

domains. Furthermore, this innovative technique has the potential and the
generality needed to deal with indefinite problems with more general differ-
ential operators. Indeed, our approach apply also for the non-Hamiltonian
equation u” + cu’ + a(t)g(u) = 0. Meanwhile, more general operators in
the one-dimensional case and problems involving PDEs will be subjects of
future investigations.
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Introduction

In the present manuscript we present some recent existence and multi-
plicity results for positive solutions to boundary value problems associated
with second order nonlinear indefinite differential equations, obtained during

my Ph.D. studies in [30, BT, 32} [78 79 B, BT} 82 B3, &4].

More precisely, we deal with the ordinary differential equation
u” +q(t)g(u) =0, (I-1)

where g: [0, 400[ — [0, +0o0] is a continuous nonlinearity and ¢: [0,7] — R
is a Lebesgue integrable sign-changing weight.

The terminology “indefinite”, meaning that ¢(t¢) is of non-constant sign,
was probably introduced in [I1] dealing with a linear eigenvalue problem and
with [I07] it has become very popular also in nonlinear differential problems,
especially when g(u) is a superlinear function (i.e. g(u) ~ w? with p > 1).

Our main goal is to find positive solutions (in the Carathéodory sense)
of the Dirichlet, Neumann and periodic boundary value problems associated
with an equation of the form (I-1).

The study of indefinite ODEs was initiated in 1965 by Waltman (see
[I79]), considering oscillatory solutions for

u” + q(t)u2”+1 =0, n>1,

and starting from the Eighties (see [I4] I07]) a great deal of attention has
been devoted to the investigation of nonlinear boundary value problems
with a sign-indefinite weight, especially in connection to partial differential
equations of the form

—Au = glx)g(u), (1-2)

It is worth noting that equations of this type arise in many models concerning
mathematical ecology, differential geometry and mathematical physics, for
which only non-negative solutions make sense. However, the investigation
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xvi Introduction

of these problems has its own interest from the point of view of the applica-
tion of the methods of nonlinear analysis to ordinary differential equations,
partial differential equations, and dynamical systems.

A strong motivation also comes from the search of stationary solutions
of parabolic equations arising in different contexts, such as population dy-
namics and reaction-diffusion processes (see, for instance, [I] for a recent
survey in this direction).

As an example, in [[20] [43] (see also [I06, ch. 10]) the authors introduced
the following model for two types of genes (alleles) A, Ay

up = dAu + q(z)u?(1 —u) in Q x ]0,+oo]

Ou =0 on 09 x |0, +o0], (1-3)
Ov

where Q C RM and ¢(z) is a sign-changing weight. The function u(t,x)
represents the frequency of the allele Ay at time ¢t and place x in the habitat
Q) (therefore one have to assume 0 < u < 1). The term Au is the effect of
population dispersal, d > 0 is the ratio of the migration rate to the intensity
of selection, and the Neumann boundary condition means that there is no
flux of genes across the boundary 9 (see [[43] for more details). In order
to investigate the steady-state (stationary) solutions of (I-3) we have to deal
with positive solutions of the Neumann boundary value problem

dAu + q(z)u?*(1 —u) =0 in Q

ou
— =0 on Of)
ov ’

which evidently involves an equation of the form (I-2).

Another possible example in this direction is given by differential equa-
tions involving Ricker’s nonlinearity

g(u) :== ekd-u),

This function plays an important role in models for population dynamics of
fisheries, and more precisely in the study of the salmon’s proliferation (see,

for instance, [I60]).

Superlinear problems: Dirichlet boundary conditions

We start our investigations from nonlinearities ¢g(s) which have a super-
linear growth at zero and at infinity. Boundary value problems of this form
are usually named of superlinear indefinite type (cf. [I9]).

In the past twenty years a great deal of existence and multiplicity results
have been reached in this context, mainly with respect to Dirichlet problems
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of the form
{ —Au= f(z,u) in (1-4)

u=20 on 0f2.

For instance, we mention [ [ [9 20] and also [I53] 054] for a more com-
plete list of references concerning different aspects related to the study of
superlinear indefinite problems, including the case of non-positive oscillating
solutions.

Typically, the right-hand side of (I-4) takes the form

f(z,8) = As +q(x)g(s),

with X\ a real parameter. In some cases also the weight function ¢(z) depends
on a parameter which plays the role of strengthening or weakening the pos-
itive (or negative) part of the coefficient ¢(z) (see [I4] [[I§]). Accordingly,
for the one-dimensional case, sometimes ¢(t) is expressed as depending on a
parameter p > 0 in this manner:

q(t) = a,(t) == a™ (t) — pa™(t), (I-5)

where a: [0,T] — R and, as usual, a™(¢) and a~ (t) are the positive part and
the negative part of a(t), respectively.

The starting point for our investigation is [02]. In this paper, Gaudenzi,
Habets and Zanolin proved the existence of at least three positive solutions
for the two-point boundary value problem associated with

"+ a,(t)u? =0, p>1, (1-6)

when a,(t) has two positive humps separated by a negative one, provided
that p > 0 is sufficiently large. Their technique of proof, based on the shoot-
ing method, has been generalized in [@4] in order to provide the existence
of seven positive solutions for (I-6) (for the Dirichlet problem and with
large) when a(t) has three positive humps separated by two negative ones.
Generally speaking, this fact suggests the existence of 2™ — 1 positive so-
lutions (for p large) when the weight function exhibits m positive humps
separated by m — 1 negative ones. It is interesting to observe that already
in [I00], for the one-dimensional case and

flt,s) = As+a(t)u?, p>1,

Gomez-Renasco and Lépez-Gémez conjectured this result (for A < 0 suffi-
ciently small) based on some numerical evidence.

More recently, Bonheure, Gomes and Habets in [27] extended the multi-
plicity theorem in [04] to the PDEs setting and they obtained a result about
2™ — 1 positive solutions for the problem

(17)

—Au =q(z)uP in
u=20 on 012,
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using a variational technique. In this context, Q C RY is an open bounded
domain of class C! and 1 < p < (N +2)/(N —2) if N > 3. Also for (I-7) the
multiplicity result holds for ¢(x) = a,(x) (as in (I-5)) with g > 0 sufficiently
large. Further progresses in this direction have been achieved in [08] [@9].

On the other hand, if we have a positive weight function a(z), it is known
that the existence of at least one positive solution to

{ —Au=a(x)g(u) inQ (1-8)
u=20 on 0f?

is guaranteed for a general class of functions ¢(s) (including g(s) = sP, with
p > 1, as a particular case). Indeed, for f(x,s) = a(x)g(s), the superlinear
conditions at zero and at infinity can be generalized to suitable hypotheses
of crossing the first eigenvalue (see [0 [[46G], where results in this direction
were obtained using a variational and a topological approach, respectively).
For instance, if a(z) = 1, existence theorems of positive solutions can be

obtained, as in [3] [65], provided that
9(s) 9(s)

. S ..
limsup == < A1 < liminf =—=—
s—0+ S s—+oo §

(further technical assumptions on g(s) and on the domain €2 can be required
for N > 1). In [63 ch. 3], De Figueiredo obtained sharp existence results of
positive solutions for (I-4) by assuming

f(xz,0) =0, lim f(@s) =mp(x), lim

s—0t S s—+o0 S

f(z,s)

= Moo(T).

The assumption of crossing the first eigenvalue is expressed by a hypothesis
of the form pi(mg) > 1 > py1(meo), where pi(m) is the first eigenvalue of
—Au = Am(xz)u. The different conditions at zero and at infinity imply a
change of the value of the fixed point index (for an associated operator)
between small and large balls in the cone of positive functions of a suitable
Banach space X. Hence the existence of a nontrivial fixed point is guar-
anteed by the non-zero index (or degree) on some open set D C X, with
0¢D.

In the ODEs case various technical growth conditions on the nonlinearity
can be avoided. Existence theorems of positive solutions have been obtained
in [70] for the superlinear case and in [I§ [13] [24] [44] for “crossing the first
eigenvalue” type conditions. In this direction, an existence result has been
produced in [@3] for the one-dimensional version of (I-8). In this case the
weight function has non-constant sign and may vanish on some subintervals
of [0,T]. It is also assumed that the set where a(t) > 0 is the union of m
pairwise disjoint intervals J;. Using an approach based on the theory of not
well-ordered upper and lower-solutions, the existence of a positive solution
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is guaranteed provided that

lim sup 9(s) <X and liminf 9(s) > max A, (I-9)
50+ S s—+oco S i=1,....m

where ) is the first eigenvalue of ¢” + Aa™(t)¢ = 0 on [0,T] and A{ is the
first eigenvalue of ¢” + Aa™t(t)¢ = 0 on J;.

A question, which naturally arises by a comparison between the above
recalled existence theorem and the multiplicity results in [27] B4], concerns
the possibility of producing a theorem on the existence of 2™ — 1 positive
solutions when a(t) = a,(t) is positive on m intervals separated by m — 1
intervals of negativity and g(s) satisfies a condition like (I-9).

A first goal of this thesis is to provide an affirmative answer to this ques-
tion and thus a solution for the conjecture by Goémez-Renasco and Lépez-
Goémez (see also the final remarks of this introduction). In this manner, we
extend [03] and [@4] at the same time and, moreover, we are able to prove
that the multiplicity results in [@4] hold for a broad class of nonlinearities
which include g(s) = sP, with p > 1, as a special case. More precisely, the
following result holds.

Theorem. Suppose that a: [0,T] — R is a continuous function and there
are 2m points

O=01<mn<ma<n<..<on,<Tm=1T,
such that 71,09, 7o, ...,0m are simple zeros of a(t) and, moreover,
e a(t) >0, forallt € oy, 7], 1 =1,...,m;
e a(t) <0, forallt € [1;,0i41],i=1,...,m— 1.

Assume that g: [0,4+00[ — [0, 400[ is a continuous function with g(0) = 0,
g(s) > 0 for s > 0 and, moreover, satisfying (1-9). Then there exists u* > 0
such that, for each p > p*, problem

{u" +a,(t)g(u) =0

w(0) = w(T) =0 (I-10)

has at least 2™ — 1 positive solutions.

The assumptions on the sign of a(t) do not prevent the possibility that
a(t) is identically zero on some subintervals of [o;,7;] or [r,0:41]. The
hypothesis that 71, 09,79, ..., 0., are simple zeros of a(t) is considered here
only in order to provide a simpler statement of our theorem and, indeed,
this condition can be significantly relaxed.

Figure 1 adds a graphical explanation to our result in a case in which
the weight function has two positive humps separated by a negative one.
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—

Figure 1: An example of three positive solutions for problem (I-10) on [0, 1].
For this numerical simulation we have chosen a(t) = sin(3wt), ¢ = 0.5 and
g(s) = max{0,100 sarctan |s|}. On the left we have shown the image of the seg-
ment {0} x [0, 4.4] through the Poincaré map in the phase-plane (u,u’). It intersects
the negative part of the u/-axis in three points. This means that there are three
positive initial slopes from which depart three solutions at ¢ = 0 which are positive
on ]0, 1] and vanish at ¢ = 1. On the right we have shown the graphs of these three
solutions.

We stress that in our example g(s)/s /4 400 as s = +00, so that it shows
a case of applicability of our theorem which is not contained in [27], 02 [04].

To prove our result we use a different approach with respect to [04] and
[27], where a shooting method and a variational technique were employed,
respectively. Indeed, our proof is based on topological degree theory and is
in the frame of the classical approach for the search of fixed points founded
on the fixed point index for positive operators. First, we write (I-10) as an
equivalent fixed point problem in the Banach space C([0,T]) of the continu-
ous functions defined on [0,7]. Then, using the additivity /excision property
of the Leray-Schauder degree, we localize nontrivial fixed points on suitable
open domains of C([0, 7). In general, our open domains are unbounded and
therefore we apply an extension of the degree theory for locally compact

operators (cf. [I47 [I45]).

Superlinear problems: Neumann and periodic boundary con-
ditions

A second natural topic is the study of superlinear indefinite problems
involving different boundary conditions, as, for instance, the Neumann and
the periodic ones.

Among the several authors who have continued the line of research initi-
ated in [IT9], for the periodic problem, we recall the relevant contributions
of Butler [49], Terracini and Verzini [I70], and Papini [I52], who proved the
existence of periodic solutions with a large number of zeros to superlinear
indefinite equations of the form (I-1). The presence of chaotic dynamics for
superlinear indefinite ODEs was discovered in [I75] in the study of

u” + Ku + q(t)u® = h(t)
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(with the constant K and the function h(t) possibly equal to zero). In this
framework we also mention [52], where a more general case of (I-1), adding
the friction term cu’, has been considered (see [[54] § 1] for a brief historical
survey about this subject). A typical feature of these results lies on the fact
that the solutions which have been obtained therein have a large number of
zeros in the intervals where ¢(¢) > 0. This fact was explicitly observed also
by Butler in the proof of @9 Corollary], where the author pointed out that
the equation
u +qt)uftu=0, p>1,

has infinitely many T-periodic solutions, assuming that ¢(t) is a continuous
T-periodic function with only isolated zeros and which is somewhere positive.
It was also noted that all these solutions oscillate (have arbitrarily large

zeros) if fOT q(t)dt > 0. Since condition

T
/ g(t)dt < 0 (I-11)
0

implies the existence of non-oscillatory solutions (cf. [Ag]), it was raised the
question (see [9 p. 477]) whether there can exist non-oscillatory periodic
solutions if (I-11) holds.

A second aim of the thesis is to provided a solution to Butler’s open ques-
tion, by showing the existence of positive (i.e. non-oscillatory) T-periodic
solutions under the average condition (I-11).

Accordingly, we study the second order nonlinear boundary value prob-
lem on [0, 7]

{ u 4+ a(t)g(u) =0 (112)

PB(u,u') = 0.

As linear boundary operator we take
«%(U, u/) = (ul(o)v ul(T)) or %(’U,, ’LL/) = (U(T) - U(O), UI(T) - U/(O))v

namely we consider the Neumann or the periodic boundary conditions.

A feature to take into account concerns the fact that we have to im-
pose additional conditions on the weigth function, with respect to Dirichlet
problems. Indeed, assuming that g: RT™ — R is a continuous function with
g(0) = 0 and g(s) > 0 for s > 0, two conditions turn out to be necessary
for the existence of positive solutions. First, integrating the equation, it is
easy to notice that a(t) must change its sign. Second, assuming that g(s)
is continuously differentiable with ¢’(s) > 0 for s > 0, dividing the equation
by ¢g(u) and integrating, we obtain that

T
/ a(t)dt <0
0
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(as observed in [I3], in the context of the Neumann problem, and also in

B34).

Accordingly, our existence theorem reads as follows.

Theorem. Let a: [0,7] — R be a continuous function such that a(ty) > 0
for some to € [0,T]. Assume that {t € [0,T]: a(t) > 0} = Ule Ji, where
the sets J; are pairwise disjoint intervals. Let g: [0,4o00[ — [0,+00] be a
smooth function with g(0) =0, g(s) > 0 for s > 0 and, moreover, such that

lim @ =0 oand liminf@ > max A
s—0t S s—4o00 8 i=1,...,k

(with N} as above). Then there is at least a positive solution of (I-12) pro-
vided that fOT a(t)dt < 0.

The condition on the average of a(t) is new with respect to the Dirichlet
case, but, as already observed, in relation to the Neumann and the periodic
boundary conditions it becomes necessary in a way. Moreover, still in com-
parison with our result for the Dirichlet problem, we note also that under
our hypotheses the nonlinearity is pushed below the principal eigenvalue
ko = 0 of the Neumann /periodic problem at zero.

We underline that the hypothesis of smoothness for ¢g(s) has been chosen
only to simplify the presentation and it can be improved by requiring g(s)
continuous on [0, +oo[ and continuously differentiable on a right neighbor-
hood of s = 0, or g(s) continuous on [0, +oo[ and regularly oscillating at
ZEro.

Pursuing the line of research initiated by Gdémez-Refiasco and Lépez-
Goémez in [I00], in analogy with the celebrated papers by Dancer [59] [60]
providing multiplicity of solutions to elliptic BVPs by playing with the shape
of the domain, it is natural to consider the Neumann and periodic problems
associated with

"+ a,(t)g(u) =0 (I-13)

and to conjecture (similarly to the Dirichlet problem) the existence of at
least 2™ — 1 positive solutions (for p > 0 large) when a,(t) has m positive
humps separated by negative ones.

A first contribution in this direction, for the Neumann problem, was
given by Boscaggin in [28], where he apply a shooting method to prove the
existence of at least three positive solutions to (I-6) when g > 0 is sufficiently
large, as done in [02] for the Dirichlet problem.

At the best of our knowledge, the first work addressing the same ques-
tions in the periodic setting is due to Barutello, Boscaggin and Verzini,
who in [I7], using a variational approach, achieved multiplicity of positive
periodic solutions for

u’ 4 a,(t)ud = 0.
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The following theorem describe our multiplicity result which can be seen
as a further investigation about Butler’s problem, in the sense that we show
that, if the weight is negative enough, multiple positive periodic solutions
appear (depending on the number of positive humps in the weight function
which are separated by negative ones). Figure 2 shows a possible example
for the Neumann problem.

Theorem. Suppose that a: [0,T] — R is a continuous function and there
are 2m + 1 points

O=01<M<02<n<...<0pn <Tm <omy1 =1,
such that 71,02, T2, ..., 0m, Tm are simple zeros of a(t) and, moreover,
e a(t) >0, forallt € [os, 7], i=1,...,m;
e a(t) <0, forallt € [1;,0i41],1=1,...,m.

Assume that g: [0, +oo] — [0, +00[ is a continuous function with g(0) = 0,
g(s) >0 for s > 0 and, moreover, such that

lim 9(s) =0 and liminfﬁ > max M

s—0t S s—+o0 8 i=1,...m
(with X! as above). Then there exists u* > 0 such that for each i > p* the
periodic (or Neumann) boundary value problem associated with (I-13) has at
least 2™ — 1 positive solutions.

N\

Figure 2: An example of three positive solutions for equation (I-13) with Neumann
boundary conditions on [0, 1]. For this numerical simulation we have chosen a(t) =
sin(37t), p = 7 and g(s) = max{0,100 sarctan |s|}. On the left we have shown
the image of the segment [0,0.15] x {0} through the Poincaré map in the phase-
plane (u,u’). It intersects the positive part of the u-axis in three points. On the
right-hand side of the figure, we see the graphs of the three positive solutions.

We notice that in the above theorem we do not impose that the mean
value of a(t) is negative, since this condition is implicitly assumed taking
T
* f() a’+(t) dt

"= ST a=(t)dt
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Moreover, using again the fact that we can choose p* sufficiently large, we
avoid any additional regularity conditions on g(s) (such as those needed in
our existence theorem or when employing variational methods, as in [I7]). It
is interesting to observe that increasing the value of u yields both abundance
of solutions and no extra assumptions on g(s).

For Dirichlet boundary conditions, thanks to the fact that the operator
u +— —u' is invertible, we can write (I-10) as an equivalent fixed point prob-
lem in a suitable Banach space and apply directly some degree theoretical
arguments, as previously explained. With respect to periodic and Neumann
problems, the linear differential operator u — —u” has a nontrivial kernel
made up of the constant functions. In such a situation the operator is not
invertible and we cannot proceed in the same manner as described above.
A possibility, already exploited in [I9], is that of perturbing the linear dif-
ferential operator to a new one which can be inverted and then recover the
original equation via a limiting process and some careful estimates on the
solutions. In our case, we find it very useful to apply the coincidence degree
theory developed by J. Mawhin (cf. [I30]), which allows to study equations
of the form Lu = Nu, where L is a linear operator with nontrivial kernel
and N is a nonlinear one. The use of the coincidence degree in the search
for positive (periodic) solutions is a widely used technique. For instance, in
[00 d63] a coincidence theory on positive cones was initiated and developed,
with applications to the search of nontrivial non-negative periodic solutions.
Our approach, however, is different and uses the classical technique of ex-
tending the nonlinearity on the negative real numbers and, subsequently,
proving that the nontrivial solutions are positive, via a maximum principle.
In fact, our proof combines the approach that we have introduced dealing
with the superlinear Dirichlet problem with Mawhin’s coincidence degree
theory.

Focusing the attention on the T-periodic problem, we observe that every
T-periodic coefficient a: R — R can be though as a kT-periodic function, for
any integer k > 2. Then, applying our multiplicity theorem to the interval
[0, kT), we obtain 2™* — 1 positive kT-periodic solutions of (I-13) if the
negative part of the weight is sufficiently strong (and a(t) has m positive
humps in a T-periodicity interval). In this context, a typical problem which
occurs is that of proving the minimality of the period, that is, to ensure the
presence of subharmonic solutions of order k.

An important feature of our multiplicity result is that all the constants
appearing in the statement and in the proof (in particular p*) can be ex-
plicitly estimated (depending on ¢(s) and a(t)). In particular, it turns out
that, whenever the theorem is applied to an interval of the form [0, k7],
these constants can be chosen independently on k. Therefore, our topo-
logical approach allow us to detect infinitely many subharmonic solutions if
u > p*. Moreover, taking advantage of the combinatorial concept of Lyndon
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words, we can also give a precise estimate on the number of subharmonics
of a given order. Finally, via a diagonal argument, we are able to produce
globally bounded solutions defined on the real line, not necessarily periodic
and exhibiting a chaotic behavior. Similar results are obtained also in [I7].

In this framework, it appears a quite natural question if the sharp mean
value assumption fOT a(t) dt < 0 (without conditions on p > 0), besides
implying the existence of a positive T-periodic solution to (I-13), also guar-
antees the existence of positive subharmonic solutions. Combining our
topological approach with an application of the Poincaré-Birkhoff theorem
(cf. B3 B9]) and an estimate of the Morse index of the positive T-periodic
solutions of (I-13), we are able to give an affirmative answer to this question.

Super-sublinear problems

A third natural topic is the investigation of indefinite equations involv-
ing nonlinearities g(s) satisfying different growth conditions at zero and at
infinity.

It is worth noting that, if g(s) is concave with a sublinear growth at
infinity, there exists a unique classical positive solution for problem (I-8)
(cf. @4 MT2). A simple way to avoid the concavity of the function g(s) is
to impose a superlinear growth at zero. Hence, as a further investigation,
we deal with the super-sublinear case, namely with nonlinearities g(s) such

that
lim 9(s) =0 and lim 9(s) =0. (I-14)
s—0+t S s—+o0o0 S
Results in this direction have already appeared in the literature. When
(I-14) is considered together with Dirichlet boundary conditions u(0) =

u(T') = 0, for instance, it is well known that two positive solutions to
" + Xa(t)g(u) =0 (I-15)

exist if A > 0 is large enough. This is a classical result, on a line of research
initiated by Rabinowitz in [I58] (dealing with the Dirichlet problem associ-
ated with a super-sublinear elliptic PDE on a bounded domain, see also [{]
for previous related results) and later developed by many authors. Actually,
typical versions of this theorem do not take into account an indefinite weight
function (that is, they are stated for a= = 0), but nowadays standard tools
(such as critical point theory, fixed point theorems for operators on cones,
dynamical systems techniques) permit to successfully handle also this more
general situation. We refer to [39] for the precise statement in the indefinite
setting as well as to the introduction in [36] for a more complete presentation
and bibliography on the subject.

Concerning the periodic problem, analogous results on pairs of positive
solutions have been provided in [I0] for equations of the form

u"” — ku+ Aa(t)g(u) = 0,
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with & > 0. However, less results seem to be available when k£ = 0. Indeed,
dealing with the periodic problem associated with equation (I-15), we notice
that the differential operator has a nontrivial kernel and that additional
conditions on the weight function a(t) are necessary for the existence of
positive solutions (as observed in the superlinear case). These two facts
make it unclear how to apply the methods based on the theory of positive
operators for cones in Banach spaces.

A first contribution in the framework of (indefinite) periodic problems
associated with (I-15) was obtained in [B6]. More precisely, taking advantage
of the variational (Hamiltonian) structure of the equation, critical point
theory for the action functional

T
T(u) = /0 B(u’)z—)\a(t)G(u) dt

was used to prove the existence of at least two positive T-periodic solutions
for (I-15), with A positive and large, by assuming a™ # 0 on some interval
and fOT a(t) dt < 0. Roughly speaking, the negative mean value guarantees
both that the functional Jy is coercive and bounded from below and that
the origin is a strict local minimum. When A > 0 is sufficiently large (so
that inf Jy, < 0) one gets two nontrivial critical points: a global minimum
and a second one from a mountain pass geometry. To perform the technical
estimates, in [B6] some further conditions on g(s) and G(s) := [; g(£) d¢
(implying (I-14)) were imposed. For example, the superlinearity assumption
at zero is expressed by

S
lim M =/ly >0,
s—0t 8%
for some o > 1. Notice that assumptions of this kind have been used also

in previous works dealing with indefinite superlinear problems, like [3] [[9].

Our first main contribution in this framework is to provide an existence
result for pairs of positive solutions to BVPs associated with equation (I-15)
under a minimal set of hypotheses which is less restrictive than the one
needed when using variational methods. Our approach is still based on the
topological degree.

We now state our existence result for pairs of positive solutions in the
context of the T-periodic problem and we stress that the same result is valid
also for Dirichlet and Neumann boundary conditions.

Theorem. Let a: R — R be a continuous T-periodic function such that
fOT a(t)dt < 0 and a(ty) > 0 for some ty € R. Let g: [0, 400 — [0, +00] be a
smooth function with g(0) =0, g(s) > 0 for s > 0 and, moreover, satisfying
(I-14). Then there exists \* > 0 such that for each A > \* equation (I-15)
has at least two positive T -periodic solutions.
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The smoothness assumption can be relaxed with hypotheses of regular
oscillation of g(s) at zero or at infinity, or with the condition of continuous
differentiability of g(s) in a neighborhood of s = 0 and near infinity.

The above result seems to be optimal from the point of view of the mul-
tiplicity of solutions, in the sense that no more than two positive solutions
can be expected for a general weight and in the sense that there are exam-
ples of functions g(s) satisfying all the assumptions of our theorem and such
that there are no positive T-periodic solutions if A > 0 is small or if the av-
erage condition is not satisfied (cf. [BGl § 2]). In this regard, sharp existence
results of exactly two solutions (at least for the Dirichlet problem and with
a positive constant weight) are described and surveyed in [[15], 050, I5]
(more specifically, see [I51l Theorem 6.19]).

Our second main contribution for super-sublinear problems is the inves-
tigation of high multiplicity of positive solutions to the Dirichlet, Neumann
and periodic problems associated with

v’ + (Aat(t) — pa” (t))g(u) =0, (I-16)

in dependence of the nodal properties of the weight function a(t) and of the
parameters A,y > 0.
The following result (stated for the periodic problem) holds.

Theorem. Suppose that a: [0,T] — R is a continuous function and there
are 2m + 1 points

O=01<M<0<n<...<0pn <Tm < Omg1 =1,
such that 71,02, T2, ..., 0m, Tm are simple zeros of a(t) and, moreover,
e a(t) >0, forallt € oy, 1], i=1,...,m;
e a(t) <0, forallt € [1;,0i41],1=1,...,m.

Assume that g: [0,4+00[ — [0, 4+00[ is a continuous function with g(0) = 0,
g(s) > 0 for s > 0 and, moreover, satisfying (I-14). Then there exists \* > 0
such that for each A > \* there ezists p*(A) > 0 such that for each p > p*(\)
equation (I-16) has at least 3™ — 1 positive T-periodic solutions.

Figure 3 below illustrates an example of existence of eight positive so-
lutions for the Dirichlet problem associated with (I-16) when the weight
function possesses two positive humps separated by a negative one.

Our proof makes use of a topological degree argument in the same spirit
as when dealing with the superlinear case, in the sense that we define some
open sets where an operator associated with our boundary value problem
has nonzero degree.
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— T~

Figure 3: The figure shows an example of 8 = 32 — 1 positive solutions to the
Dirichlet problem associated with (I-16). For this simulation we have chosen the
interval [0, T] with 7' = 3, the weight function ay ,(t) := A sin™(t) — u sin™ (),
so that m = 2 is the number of positive humps separated by a negative one, and
the super-sublinear nonlinearity g(s) = s?/(1 + s?). Evidence of multiple positive
solutions, agreeing with our result, is obtained for A = 3 and p = 10.

The existence of 3™ —1 positive T-periodic solutions of (I-16) comes from
the possibility of prescribing the behavior of the solution in each interval of
positivity [o;, 7;] of the weight function a(t) among three possible ones: either
the solution is “very small” on [0y, 7;], or it is “small”, or it is “large”. We
remark that this fact is strictly connected to the existence of three solutions
for the Dirichlet problem associated with u” + Aa™(t)g(u) = 0 on [0, 4]
when A\ > 0 is sufficiently large: the trivial one and two (positive) solutions
given by Rabinowitz’s theorem (cf. [I5§]).

As explained for the superlinear case, our topological approach allows us
to deal with subharmonic solutions. Indeed, we notice that all the constants
involved in the proof (in particular A* and p*())) depend only on g(s) and
on the local properties of a(t). Therefore, when we apply our multiplicity
theorem to the interval [0, kT, these constants can be chosen independently
on the integer k. Exploiting this crucial fact, we obtain infinitely many
subharmonic solutions and globally defined positive bounded solutions with
complex behavior. Moreover, in a dynamical system perspective, we also
prove the presence of a Bernoulli shift as a factor within the set of positive
bounded solutions of (I-16).
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Some remarks and future perspectives

First of all, we stress that all the statements of the theorems presented
in this introduction are easier versions of the results that will be discussed
along the thesis. For instance, in the present manuscript we will deal with
coefficients a(t) that are Lebesgue integrable functions and, moreover, the
growth conditions on ¢(s) will be relaxed.

Secondly, a relevant aspect of our results is that a minimal set of assump-
tions on the nonlinearity g(s) is required. Indeed, only positivity, continuity
and the hypotheses on the limits g(s)/s for s — 07 and s — +o00 are needed.
In particular, no supplementary power-type growth conditions at zero or at
infinity are necessary.

Another advantage in using a topological degree approach lies on the
fact that our results are stable with respect to small perturbations. In this
manner, for example, we can also extend our theorems to equations like

u’ +ef(t,u,u') + q(t)g(u) =0,

with |e| < g, where g9 is a sufficiently small constant. The stability with re-
spect to small perturbations is not generally guaranteed when using different
approaches, such as variational or symplectic techniques which require some
special structure (e.g. an Hamiltonian). Concerning this aspect, we stress
that our results work equally well with respect to the presence or not of the
friction term cu’ (¢ can be zero or non-zero, indifferently). More precisely,
we can deal with second order differential equations of the form

u” + cu’ + q(t)g(u) = 0.

Clearly, for ¢ # 0, we lose the Hamiltonian structure if we pass to the natural
equivalent system in the phase-plane

u=y, Y =—cy—q(t)g(u).

With respect to Dirichlet and Neumann condition, via a change of variable,
it is easy to reduce our study to the case of an equation without the friction
term cu’. However, this is no more guaranteed for the periodic problem, but
some technical estimates ensure the applicability of our topological method
also for this more complicated case.

Finally, we stress that our topological technique has the potential and
the generality needed to deal with indefinite problems with more general
differential operators, as in the case of problems involving PDEs.

Recently, applications of topological degree methods in the study of ordi-
nary and partial differential equations involving nonlinear differential oper-
ators, like the p-Laplacian, the ¢-Laplacian, the curvature or the Minkowski
ones, have shown a tremendous growth and thus strongly motivated the
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search of new topological tools. For instance, concerning non-autonomous
ODEs, Manasevich and Mawhin developed in [[23] new continuation theo-
rems dealing with the second order vector nonlinear equation

(¢(u,))/ + f(ta U, u,) =0,

where ¢: R™ — R" is a homeomorphism onto R"™ with ¢(0) = 0 (notice that,
for p > 1, if ¢(s) := |s[P~2s for s # 0 and $(0) = 0, the differential operator
(¢(u')) is the one-dimensional p-Laplacian one).

With this purposes, in [BI] we have extended the theory introduced in
[[23] by considering coincidence equations involving operators defined in
product spaces and then investigating new continuations theorems which
are designed to have as a natural application the study of cyclic feedback
type systems. Consequently, in our paper [RI] we have presented the abstract
setting and the starting point for the study of indefinite equations involving
new differential operators, as in the case of the ¢-Laplacian one

(o(u')) + q(t)g(u) =0

or as in the search of radial solutions to quasilinear elliptic equations of the
form

div(A(|Vu\)Vu) +q(x)g(u) =0,

where A(s) is a real positive continuous function defined for all s > 0
(cf. BY]). Nevertheless, for the sake of brevity, this contribution is not
included in the present thesis.

The topological technique described in this thesis does not appear to be
restricted to the one-dimensional case and potentially could be also applied
to indefinite problems associated with elliptic partial differential equations.
Certainly, there should be some technical issues to be addressed and that
will be the subjects of a future research.

Another object of investigation is represented by the dynamical aspects
related to the indefinite problems presented above. In this manuscript our
topological approach, based on degree theory, allows us to give a contribution
to this issue, however a more classical way to verify the existence of complex
dynamics is the study of the Poincaré map. In this perspective, in [[9] we
provide a fixed point theorem for maps satisfying a property of “stretching
a space along paths”, which is a generalization in the context of absolute
retracts of a result obtained by Papini and Zanolin in [I55] for the detection
of chaotic dynamics. We propose a proof based on fixed point index theory.
Our abstract theorem will be a useful tool for pursuing investigations in
this direction, however, for the sake of concision and since it is not strictly
connected to the theory discussed here, we do not include this result in the
thesis.
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Plan of the thesis

We divide the thesis into two parts. In the first part we deal with the
superlinear case, while in the second part we investigate the super-sublinear
one.

The first part starts with the study of the Dirichlet boundary value prob-
lem. In Chapter 1 we present our existence and multiplicity results, which
are contained in [84]. Next, in Chapter 2 we show how the topological ap-
proach introduced in the previous chapter can be applied to the investigation
of more general indefinite equations: first, only for the existence result, by
considering sign-changing nonlinearities g(s) (cf. [80]); secondly, by treating
nonlinearities of the form f(¢,s) := > ;" aai(t)gi(s) — 2;1:461 B;b;(t)k;(s)
(cf. [78]). Chapter 3 and Chapter 4 are devoted to the Neumann and peri-
odic boundary conditions. More precisely, in Chapter 3 we show existence
of positive solutions (cf. [83]), while in Chapter 4 we investigate the problem
of multiplicity (cf. [82]). We conclude the first part with Chapter 5, which
is dedicated to subharmonic solutions and chaotic dynamics (cf. [B0} B2]).

The second part contains three chapters: Chapter 6 devoted to the ex-
istence problem (cf. [3I]), Chapter 7 where we present an high multiplicity
theorem (cf. B2]), and Chapter 8 containing the investigations on subhar-
monics and chaotic dynamics (cf. [B2]).

We conclude the thesis with three appendices, where we recall the def-
initions and the main properties of the Leray-Schauder topological degree
and of Mawhin’s coincidence degree (for locally compact operators defined
on open possibly unbounded sets), and we present some useful tools (maxi-
mum principles and a change of variable).

Notation

We conclude this introduction by presenting some symbols and some
notations used in this manuscript.

We denote by N, Z, Q, R, C the usual numerical sets. Moreover, let
R* := [0, 400 be the set of non-negative real numbers and let R := 10, 00|
be the set of positive real numbers.

The cardinality of a finite set Z C N is denoted by the symbol #Z. Given
a bounded interval J C R, we indicate by |J| the length or measure of J.

In the thesis we deal with normed linear spaces. Usually we denote by
(X, || -|I) or simply by X a normed linear space, where || - || is its norm. The
symbols B(zg,r) and B[xg,r], where 9 € X and r > 0, represent the open
and closed balls centered at zg with radius r respectively, i.e.

B(wg,r):={z € X: ||z —ao| <7}, Blwo,r]:={ze€X: |-zl <r}.

Moreover, given a subset A C X, we denote by A or by cl(A) its closure,
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with int(A) its inner part and with 0A its boundary. If A,B C X, with
A\ B we mean the relative complement of B in A.

We indicate by Id or Idx the identity on the space X. Given a function
f, fla represents the restriction of the function f in A, where A is a subset
of the domain of f.

Dealing with functions between A C R™ and B C R", we denote by
C¥(A, B) (with k € N) the space of functions f: A — B such that f is con-
tinuous and its derivatives f’, f”, ..., f) exist and are continuous. Given an
interval J C R, a real number p > 1 and k € N, the symbols LP(J,R"™) and
WkP(J, R") indicate the classical LP-space and Sobolev space, respectively.
Given a function a € L'(J,R), we denote by

a(t) + |a®)|
2

—a(t) + |a(®)|

at(t) = 5 )

and a (t):= ted,
the positive part and the negative part of a(t), respectively. Furthermore,
a(t) = 0 on a given interval means that a(¢) > 0 almost everywhere with

a # 0 on that interval; moreover, a(t) < 0 stands for —a(t) > 0.
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Part 1

Superlinear indefinite
problems






Chapter

Dirichlet boundary conditions

In this chapter we study the problem of existence and multiplicity of
positive solutions for the nonlinear two-point boundary value problem

"
{u + f(t,u) =0 (10.1)
u(0) = u(T) =0,

where f: [0,7] x Rt — R is a Carathéodory function such that f(¢,0) = 0.
We allow ¢t — f(t,s) to change its sign in order to cover the case of scalar
equations with indefinite weight. Roughly speaking, our main assumptions
require that f(t,s)/s is below the first eigenvalue as s — 0" and above the
first eigenvalue as s — +o00o. In particular, we can deal with the situation in
which f(¢,s) has a superlinear growth at zero and at infinity. We propose
a new approach based on the topological degree which provides multiplicity
of solutions. Next, applications are given for

f(t,5) = a)g(s),

with g(s)/s — 0 as s — 0" and g(s)/s — +oo as s — +oo, and with
a weight function a(t) which is allowed to change its sign on the interval
[0,T], so that we deal with a superlinear indefinite problem (covering the
classical superlinear equation with g(s) = sP for p > 1). We prove the
existence of 2™ — 1 positive solutions to u” + a(t)g(u) = 0, when a(t) has
m positive humps separated by negative ones and a~ (¢) is sufficiently large.
In this way, we solve the conjecture proposed by R. Gdémez-Renasco and
J. Lopez-Gémez in [I00].

The plan of the chapter is the following. In Section 1.1 we introduce
the key ingredients. In more detail we illustrate the problem, we define an
equivalent fixed point problem and we list the hypotheses we are going to

3



4 Chapter 1. Dirichlet boundary conditions

assume on f(t,s). Moreover, we prove some preliminary technical lemmas
that permit to compute the topological degree on suitable small and large
balls. In Section 1.2 we present existence theorems. Using the lemmas of
the previous section, we prove that there exists at least a positive solution
for (1.0.1). In Theorem 1.2.2 we weaken the hypothesis on the growth of
f(t,s)/s at infinity, by assuming the linear growth of f(t,s) in the subin-
tervals where the growth condition is not valid. Section 1.3 is devoted to
the proof of our main result, namely Theorem 1.3.1, which deals with the
multiplicity of solutions. By employing the Leray-Schauder topological de-
gree, we deduce the existence of 2" — 1 positive solutions of our boundary
value problem. In Section 1.4 we analyze boundary value problems of the
form (1.0.1) with f(¢,s) = a(t)g(s), as a special case. We discuss the re-
sults obtained in the previous sections in this particular context and, in this
way, we obtain the existence and multiplicity theorems we look for. We
finish that section with some remarks concerning radially symmetric solu-
tions for elliptic partial differential equations in annular domains. Possible
generalizations on the weight function a(t) are considered, too.

1.1 Preliminary results

In this section we collect some classical and basic facts which are then
applied in the proofs of our main results.

Let I C R be a nontrivial compact interval. Let f: I x Rt — R be an
L'-Carathéodory function, that is

e 1z f(t,s) is measurable for each s € RT;
e s f(t,s) is continuous for a.e. t € I;

e for each r > 0 there is v, € L*(I,RT) such that |f(t,s)] < v,.(t), for
a.e. t € [ and for all |s| <r.

Without loss of generality, in the sequel we suppose
I:=10,T)

and we stress that different choices of I can be made. We study the two-
point boundary value problem

"
{u + f(t,u) =0 (11.1)
u(0) =u(T) = 0.
A solution of (1.1.1) is an absolutely continuous function u: [0,7] — R™
such that its derivative u/(t) is absolutely continuous and wu(t) satisfies (1.1.1)
for a.e. t € [0,T]. We look for positive solutions of (1.1.1), that is solutions
u(t) such that u(t) > 0 for every t € ]0,T7[.
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We suppose
(/") f(t,0)=0, ae tel

Using a standard procedure, we extend f(t,s) to a function f:IxR—>R
defined as
. f(t,s), ifs>0;
t,s) =
ft.9) {O, if s <0;

and we study the modified boundary value problem

"4 f(t,u) =0
Wt ft ) (1.1.2)
u(0) =u(T) = 0.
As is well known, by a maximum principle (cf. Lemma C.1.1), all the possible
solutions of (1.1.2) are non-negative and hence solutions of (1.1.1).
In view of Lemma C.1.1, from now on, we suppose

(fy) there exists a function ¢ € L*(I,R") such that

t
lim inf f(ts) > —q_(t), uniformly a.e. t € I.
s—0t S

For the sequel we need to introduce a suitable notation concerning the
first eigenvalue of a linear problem with non-negative weight. Let J :=
[t1,t2] C I be a compact subinterval and ¢ € L'(J,RT) with ¢ # 0, namely
q > 0 a.e. on a set of positive measure. We denote by uf(q) the first
(positive) eigenvalue of

" + pq(t)p =0
vlos = 0.

Sturm theory (in the Carathéodory setting) guarantees that { (¢) is a simple
eigenvalue with an associated eigenfunction ¢ which is positive in the interior
of J and such that ¢'(t1) > 0 > ¢/(t2) (see, for instance, 62 Theorem 5.1,
pp. 456-457]). As a notational convention, when J = I = [0,T], we denote
the first eigenvalue simply by wu1(q).

Our approach to the search of positive solutions of (1.1.1) is based on
Leray-Schauder topological degree (cf. Appendix A). Accordingly, we trans-
form problem (1.1.2) into an equivalent fixed point problem for an associated
operator which is the classical one defined by means of the Green function
G(t,s) for the operator v — —u” with the two-point boundary conditions,
ie.

Gt ) = 1{t(T—s), ?f 0<t<s<T;
T |s(T—t), if0<s<t<T.
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Namely, we define ®: C(I) — C(I) by

/G t, O F(6,u())de, tel. (1.1.3)

The operator ® is completely continuous in C(I) endowed with the sup-norm
|| - oo (see, for instance, [@3] Proposition 2.1]).

Our goal is to find multiple fixed points for ® using a degree theoretic ap-
proach. To this aim, we present now some technical lemmas which are stated
in a form that is suitable to be subsequently applied for the computation of
the topological degree via homotopy procedures.

Lemma 1.1.1. Let f: I x RT — R be an L'-Carathéodory function satis-
fying (f*) and (fy). Suppose

(f) there exists a measurable function gy € L'(I,RY) with qo % 0, such

that .
lim sup 7f( .5)

< qo(t), wuniformly a.e. t €1,
s—0t s

and

p1(qo) > 1.

Then there exists 7o > 0 such that every solution u(t) > 0 of the two-point
boundary value problem

" = <P <1
{u +If(tu) =0, 0<0O<I, 114

u(0) =u(T) =0
satisfying maxger u(t) < ro is such that u(t) =0, for allt € I.

Proof. Let € > 0 be such that

foi=p(go+¢) > 1.

The existence of ¢ is ensured by the continuity of the first eigenvalue as a
function of the weight and by hypothesis (f;") (see (8], [63}, p. 44] or [I83)]).
By condition (f;), there exists rg > 0 such that

f(t,s)

S

<qo(t)+e, ae tel VO<s<ry.

Let ¢ be a positive eigenfunction of

{w” + filgo(t) + el =
©(0) = o(T) = 0.

Then ¢(t) > 0, for all ¢t € ]0,T[, and ¢'(0) > 0 > ¢'(T)).
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In order to prove the statement of our lemma, suppose, by contradiction,
that there exist ¥ € [0,1] and a solution u(¢) > 0 of (1.1.4) such that
maxyer u(t) = r for some 0 < r < ry. Notice that, by the choice of ry, we
have that

Of(t,u(t)) < (qo(t) +e)u(t), ae tel.

Using a Sturm comparison argument, we obtain

t=T
0= [u'u)so(t) - u<t>¢’<t>]t:o

a contradiction. O

A direct application of Lemma 1.1.1 permits to compute the degree on
small neighborhoods of the origin.

Lemma 1.1.2. Let f: I x Rt — R be an L'-Carathéodory function satis-
fying (f*), (fy) and (fy). Then there exists ro > 0 such that

degLS(Id_(I)7B(07T)7O):1, VO<T§T0.

Proof. Let rg be as in Lemma 1.1.1 and let us fix r € ]0,79]. If u € C(I)
satisfies u = 9P (u), for some 0 < ¥ < 1, then u is a solution of the equation
w' + I9f(t,u) = 0 with u(0) = u(T) = 0. Now, either u = 0, or (according
to Lemma C.1.1) u(t) > 0 for each t € ]0,T[. Therefore, u(t) is a solution
of (1.1.4). Hence, Lemma 1.1.1 and the choice of r imply that ||ulec # 7.
This, in turn, implies that

u#9P(u), V9Ie€]|0,1], Yue dB(0,r).

By the homotopic invariance property of the topological degree, we conclude
that

degLS(Id -, B(Ov 7’), O) = degLS(Id7 B(07 T’), 0) =L
This concludes the proof. ]
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As a next step, we give a result which will be used to compute the degree
on large balls. It follows from Lemma 1.1.3 below, where we assume suitable
conditions on f(t,s)/s for s > 0 and large.

Lemma 1.1.3. Let f: I x RT — R be an L'-Carathéodory function. Sup-
pose that there exists a closed interval J C I such that

f(t,s) >0, ae teld Vs>0
and there is a measurable function qoo € L'(J,RY) with goo #Z 0, such that

ft5) o

lim inf > qoo(t), uniformly a.e. t € J. (1.1.5)

s—+o0 S

Suppose
1] (goc) < 1.

Then there exists Ry > 0 such that for each L'-Carathéodory function
h:IxRT — R with

h(t,s) > f(t,s), a.e. t€ J ¥Vs>0,

every solution u(t) > 0 of the two-point boundary value problem

' + h(t,u) =0 (1.1.6)
u(0)=u(T)=0 o

satisfies maxe g u(t) < Ry.

We stress that the constant Ry does not depend on the function h(t, s).
Notice that our assumptions are “local” (in the spirit of [64] and [I49]), in
the sense that we do not require their validity on the whole domain.

Proof. Just to fix a notation along the proof, we set J := [t1,t2]. By
contradiction, suppose that there is not a constant Rj; with those prop-
erties. So, for all n > 0 there exists @, > 0 solution of (1.1.6) with
maxyej Up(t) =: R, > n.

Let ¢,,(t) be a monotone non-decreasing sequence of non-negative mea-
surable functions such that

flt,s) > qn(t)s, ae. telJ Vs>n,

and ¢, — (oo uniformly almost everywhere in J. The existence of such a
sequence comes from condition (1.1.5).
Fix
1— M{(QOO)

el ——m.
2
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Hence, there exists an integer N > 0 such that g, # 0 for each n > N and,

moreover,
U = pi(qn) <1—¢, ¥Yn>N.

Now we fix N as above and denote by ¢ the positive eigenfunction of
¢" +vngn(t)p =0
p(t1) = p(t2) =0,

with ||¢|lec = 1. Then ¢(t) > 0, for all t € Jt1,t2[, and ¢'(t1) > 0 > ¢'(t2).
For each n > N, let J], C J be the maximal closed interval, such that

tn(t) > N, VteJ..

By the concavity of the solution in the interval J and the definition of J],
we also have that
n(t) <N, VteJ\J,.

Another consequence of the concavity of %, on .J ensures that

~

TUn (t) > min{t — t1,ta —t}, VteJ,

Tt — 1
(see [@3] p. 420] for a similar estimate). Hence, if we take n > 2N, we find
that @,(t) > N, for all ¢ in the well-defined closed interval

N N
A, = [tl + 7 (ta —t1),t2 — B (t2 — tl)} C Jj,.

n n

By construction, |J \ J),| < |J\ 4, — 0 as n — oc.
Using a Sturm comparison argument, for each n > N, we obtain

0> in(t2)¢(t2) — (1) (1) = [an (D)6 (1) — @, (Dp(0)] t_t
= [ 03¢0 - weto)] a
= /J :—ﬁn<t)VNQN(t)g0(t) + h(t, ftn(t))w(t)} dt

_ /J [t n(£)) — v (1)iin(1)] () d

> [ [Ftt00) = oo @)ia(0)]ote) a
= [ [t o)~ avOm®]e e+ 1oy [ av@n@e d

’ ’
Jn n

* /J\J/ [f(t’ in(t)) = VNQN(t)an(t)} o(t) dt.

n
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Recalling that
f(t,s) > qn(t)s, ae. teJ ¥Vs>N,
we know that
f(t,an(t)) —qn(t)an(t) >0, ae ted,, Vn> N.
Then, using the Carathéodory assumption, which implies that
lf(t, )| < n(t), ae teJ VO<s<N,

where 7y is a suitably non-negative integrable function, we obtain
0> [ [#tiae) = o] ey at+ (1 =) [ an(a0p)
[ (7 @) a0 0 de
J\J.,

>eN [ an(t)elt)di + / [ (®) ~ Nowax ()] de

PAV/S

7
=N [ avedt—=N [ axetdr
J INJ,

- /J\J/ ['YN(t) + NVNQN(t)} dt.

Passing to the limit as n — oo and using the dominated convergence theo-
rem, we obtain

0> eN / av(t)e(t) dt >0,
J

a contradiction. O

Remark 1.1.1. We note that the boundary condition in problem (1.1.6)
has no role in the proof of Lemma 1.1.3. In fact, the key point is that we deal
with non-negative solutions of the equation u” + h(t,u) = 0. Consequently,
the same thesis holds also with any other boundary condition. <

Now, we assume a specific sign condition on the function f(¢,s). Such
condition will play an important role in all our applications.

H) There exist m > 1 intervals I, ..., I, closed and pairwise disjoint,
1 m
such that

f(t,s) >0, forae te U L' and for all s > 0;
=1

f(t,s) <0, forae tel\ U I and for all s > 0.

=1
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If m = 1, condition (H) simply requires that there exists a compact subin-

terval J C I such that for each s > 0 it holds that f(¢,s) > 0 for a.e. t € J

and f(t,s) <0 for a.e. t € I\ J (the possibility that J = I is not excluded).
An immediate consequence of Lemma 1.1.3 is the following result.

Lemma 1.1.4. Let f: I x RT — R be an L'-Carathéodory function satis-
fying (H) as well as (f*) and (fy ). Assume also

(fso) foralli =1,...,m there exists a measurable function ¢’ € Ll(I;’,RJF)
with ¢, # 0, such that
¢ 4
lim inf J(t,5) > gl (t), uniformly a.e. t € I,

S$—+00 S

and
JA
1y’ (g5) < 1.
Then there exists R* > 0 such that
deg;g(Id — ®,B(0,R),0) =0, VR>R".

Proof. Define
R*:= max R+ >0,

i=1,....m

with R+ > 0 defined as in Lemma 1.1.3. Let us also fix a radius R > R*.
We denote by 14 the indicator function of the set A := |J* | I;*. We set

v(t) := [; G(t,s)14(s)ds and we consider in C(I) the operator equation
u=®(u) + av, fora>0.

Clearly, any nontrivial solution u(t) of the above equation is a solution of
w4+ f(t,u) + ala(t) = 0 with w(0) = uw(T) = 0. By the first part of
Lemma C.1.1 we know that u(¢) > 0 for all ¢ € I. Hence, u is a non-negative
solution of (1.1.6) with

h(t,s) = f(t,s) + ala(t),

for a > 0. By definition, we have that h(t,s) > f(t,s) for a.e. t € A and for
all s > 0, and also h(t,s) = f(t,s) <0 fora.e.t € [\ Aandforall s >0. By
the convexity of the solutions of (1.1.6) in the intervals of I \ A, we obtain

t) = maxu(t
gD = e
and, as an application of Lemma 1.1.3 on each of the intervals I j , We con-

clude that
lullco < R* < R.

As a consequence,
u# ®(u)+ av, for all u € B(0,R) and o > 0,
and thus the thesis follows from the second part of Theorem A.2.1. O
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1.2 Existence results

In this section we present some existence results. We essentially reconsid-
ered in an explicit topological degree setting the existence results obtained
in @3] by means of lower and upper solutions techniques.

An immediate consequence of Lemma 1.1.2 and Lemma 1.1.4 is the fol-
lowing existence theorem which generalizes [03, Theorem 4.1].

Theorem 1.2.1. Let f: I x Rt — R be an L'-Carathéodory function sat-
isfying (f*), (fy), (f) and (H) with (fs). Then there exists at least a
positive solution of the two-point boundary value problem (1.1.1).

Proof. Let us take rg as in Lemma 1.1.2 and R* as in Lemma 1.1.4. Clearly
0<rg< R*<+0o0. Then

degLS<Id - (I)7 B(07 R*) \ B[()?TO]?O) =
= deg;g(Id — ®,B(0,R*),0) — deg;g(Id — @, B(0,719),0) =
—0-1=—1#0.

Hence a nontrivial fixed point of the operator ® exists and the claim follows
from Lemma C.1.1. O

The next result is a straightforward consequence of Theorem 1.2.1.

Corollary 1.2.1. Let f: I x Rt — R be an L'-Carathéodory function sat-
isfying

t,s
lim 1(t5) =0, wuniformly a.e. t € 1.
s—0t S
Assume (H) and suppose that, for each i € {1,...,m}, there exists a com-

pact interval J; C I;' such that

lim f(t:s)

Ss——+o0 S

=+o00, uniformly a.e. t € J;.

Then there exists at least a positive solution of the two-point boundary value
problem (1.1.1).

Proof. The assumption f(t,s)/s — 0 as s — 07 clearly implies (f*), (f)
and (fg7) with go(t) = Ko, where 0 < Ko < (7/L)%. Moreover, setting

; Ky, forte J
5o (t) =

0, for t € IV \ J;

with Ko > maxizl,m’m(w/|,]i|)2, we have (f) satisfied as well. The con-
clusion follows from Theorem 1.2.1. O



1.2. Existence results 13

Hypothesis (f) requires to control from below the growth of f(t,s)/s
at infinity, on each of the intervals I ;r . In this context, a natural question
which can be raised is whether a condition like (f) can be assumed only
on one of the intervals. As a partial answer we provide a result where we
consider a weaker condition in place of hypothesis (f), namely we assume
the condition only on a closed subinterval J C I, as in Lemma 1.1.3. In
order to achieve an existence result, we add a supplementary condition of
almost linear growth of f(¢,s) in I\ J.

Theorem 1.2.2. Let f: I x RT — R be an L'-Carathéodory function sat-
isfying (f*), (fy), (f). Let J C 1 be a closed subinterval such that

flt,s) >0, ae ted Vs>0.
Assume the following conditions:

(fL) there exists a measurable function qs € L*(J,RT) with g # 0, such

that ;
lim inf AGE)

s——+o0 S

> goo(t), uniformly a.e. t € J,

and
1 (goo) < 1;

(Q) there exist a,b € LY(I\ J,R") and C > 0 such that

|f(t,s)] <a(t)+0b(t)s, ae tel\J Vs>C.

Then there exists at least a positive solution of the two-point boundary value
problem (1.1.1).

Proof. As in Lemma 1.1.3, set J := [t1, t2]. We define the set
Qy:={ueC): |u(t) < Ry, foral teJ},

where Ry > 0 is as in Lemma 1.1.3. Note that € is open and not bounded
(unless we are in the trivial case J = I).

Define \; := u{(1) = (x/|J])%. Along the proof, we denote by ¢ the
positive eigenfunction of

"+ A =0
p(t1) = ¢(t2) = 0,

with ||¢]lec = 1. Then ¢(t) > 0, for all ¢ € ]t1,t2[, and ¢’ (t2) < 0 < @' (t1).
We denote by 1; the indicator function of the interval J. We set v(t) :=
J; G(t,s)p(s)1;(s) ds and we define F': C(I) x [0,+o00[ — C([), as

F(u,a) = ®(u) + av.
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To reach the conclusion as in Theorem 1.2.1, we have to prove that the
triplet (Id — ®,€Q,0) is admissible and

degrg(Id — ®,8;,0) = 0.

To this end we show that conditions (i), (i7), (i7i) of Theorem A.2.2 are
satisfied. It is obvious that F'(u,0) = ®(u), for all w € C(I). Hence (i) is
valid.

Preliminary to the proof of (i7) and (iii), we observe that any nontrivial
solution u € C(I) of the operator equation

u=®(u)+av, fora>0,

is a solution of u” + f(t,u) + cp(t)15(t) = 0 with u(0) = u(T) = 0. By the
first part of Lemma C.1.1 we know that u(t) > 0 for all ¢ € I. Hence u is a
non-negative solution of (1.1.6) with

h(t,s) = f(t,s) + ap(t)L;(t).

By definition, we have that h(t,s) > f(t,s) for a.e. t € J and for all s > 0,
and also h(t,s) = f(t,s) for a.e. t € I'\ J and for all s > 0.

Proof of (ii). Fix a > 0. Suppose that there exist v € Q; and ¢ €
[0, o] satisfying u = F(u,(). Clearly u € ;, by the choice of R; and by
Lemma 1.1.3. We first prove that |u/(¢)| is bounded on J. Using the fact
that

()] = |f(t,s) + Co®) Ly ()] < vr, (8) +, ae. t €,
we obtain that for all y1,ys € J

[ (y1) — o/ (y2)] <

Y2
/ (v, (€) + @) de| < vmy lasy + (s — 1),
Y1

Now we show that there exists ¢ € J such that

. Ry
"] < )
Gl

By contradiction, suppose that |u'(t)| > Ry /(ta —t1), for every t € J. With-
out loss of generality, suppose u’ > 0 on J (the opposite case is analogous).
Then

Ry

to
Ry= Pt t) < [ W(©de = ulta) - u(tr) < ufta) < Ry,
2 — U1 t1

a contradiction.
Then, for all t € J, we have

. A R
()] < D]+ () =D € 2+ o +altz = ) = K,
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where K is a constant depending on J, Ry and «. As a consequence,
|(u(t), v’ ()| < K*:=R;+ K, VtelJ,

where we use ||(£1,£)|| = |€1] + |&2| as a standard norm in R2.
Now, recalling the Carathéodory condition on |f(t,s)|, we rewrite hy-
pothesis (G) in this form:

(G") there exist ay,by € L'([0,t1],RT), as,by € L([ta, T],RY), such that,
for all s > 0,

f(t,s) < ar(t) +bi(t)s, a.e. t€[0,t];
|f(t,s)] < aa(t)+ba(t)s, a.e. te€[ta,T).

Suppose to < T. For all t € Jta, T we have 1;(¢t) = 0 and then
I(u(®), o' @) = lut)] + [v' ()] = ult) + [u'(t)] =

—ult) + [ (@ e+ |u(e2) + [ [-7(6u€) — Col©)1(6)] de

to t2

< [[(ulta), o (t2))]] + / @+ [ 176 u(©)]de

< K*+ t|u’(§)yd§+/t[a2(§)+bz(€)u(€)} 3

to to

t
< K* + lagl 1, 1)) +/t (b2(8) + DII(w(8), w'(8))] dE.
2
Define
Ry, o= (K" 4 [laal| s gy ) €210 2
(observe that K* depends on «). By Gronwall’s inequality, we have
0 < u(t) < |(u(t),«' ()] < R, Vte [t2,T].

If 1 > 0, we achieve a similar upper bound (denoted by R.) for u(t) on
[0,t1]. The proof is analogous and therefore is omitted. We conclude that
F satisfies condition (i) of Theorem A.2.2, with R, := max{R}, R2}.

Proof of (iii). Let us fix a constant ag > 0 with

AsRy(te —t1) + Ve, L1y
lellZ2

o >

Suppose by contradiction that there exist % € €y and & > o such that
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@ = F(@,&). Then, we obtain

0> a(ta)¢'(t2) — a(t1)¢'(t1) = [ﬂ(t)g@l(t) - a’(t)gp(t)}:i
- [l - aasw] a = [ [aos0 - o) a

= [ [Frstrete) + £t ae)eo +ae0)?] a
> —AsRy(ta —t1) = lve, 1y + @llel72es > 0,

a contradiction. Hence F satisfies (7).
We have thus verified all the conditions in Theorem A.2.2. This con-
cludes the proof. O

1.3 Multiplicity results

In this section we propose an approach based on the additivity and
excision properties of the Leray-Schauder degree, in order to provide sharp
multiplicity results for positive solutions of the Dirichlet problem (1.1.1)
and, moreover, to have more precise information about the localization of
the solutions.

Throughout the section we suppose that f(t,s) is an L'-Carathéodory
function satisfying (f*), (f5), (fo7) and (H) with (f~). Recall also that, in
view of the discussion in Section 1.1, the positive solutions of (1.1.1) are the
nontrivial fixed points of the completely continuous operator ®: C(I) — C(I)
defined in (1.1.3).

We introduce now some notation. Let Z C {1,...,m} be a subset of
indices (possibly empty) and let r, R be two fixed constants with

0<r<ro<R'<R,

where rg and R* are the constants obtained from Lemma 1.1.1 and from
Lemma 1.1.4, respectively. We define two families of open and possibly
unbounded sets

of = {u €C(I): max|u(t)] < R, i €T,

tert

max |u(t)] <r, i€ {l,....m}\T }
tert

and
AT = {UEC(I): r < max|u(t)] < R, i € T;

tert

max |u(t)| <7, i€ {l,....m}\Z }
tert

k3
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See Figure 1.1 for the representations of the sets QF and AT in the easiest
case m = 2.

Of1.2}

Figure 1.1: The figure represents the families of sets 7 and A%, when m = 2
and the subintervals of positivity I;” := [0,7] and I := [0, T] are arranged as in
the figure. The sets QF are made up of the continuous functions on [0, T] which
are in the blue area on the intervals I;* and I, while in the remaining interval
(of negativity) the functions have no constraints. The sets AT are made up of
the functions in Q7 such that the maximum on I;r , 1= 1,2, is in the green area.
Since a maximum principle ensures that the solutions of (1.1.1) are non-negative,
in the figure we consider only the non-negative functions belonging to Q% and AZ,
respectively.

We note that, for each Z C {1,...,m}, we have

of = U AJUU{UEQI: mai<|u(t)| :7‘}

JCT icT tel;

and the union (J ;7 A7 is disjoint, since AY N AT =0, for J' £ J".
We also observe that for Z = () we have
A =P = {u €C(I): max|u(t)| <r, i€ {1,...,m}} D B(0,r).

telr

7

By the maximum principle (cf. Lemma C.1.1) any solution u € cl(A@) of the
operator equation u = ®(u) is a (non-negative) solution of (1.1.1) such that
0<wu(t) <r, forall t € U, I;/. On the other hand, we know that u(t) is
convex in each interval contained in I\ Ji~, I;“ and thus we conclude that
0 <wu(t) <r foralltel,sothat u € B[0,r]. Lemma 1.1.1, Lemma 1.1.2

and the choice of r € ]0, 7] then imply
deg; (Id — ®, A% 0) = deg; g(Id — ®, B(0,7),0) = 1. (1.3.1)
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The above relation shows that even if A is an unbounded open set, then,
at least for Z = (), the topological degree is well-defined. The next result is
the key lemma to provide the existence of nontrivial fixed points (and hence
multiplicity results) whenever the topological degree is defined on the sets
AT and Q7.

Lemma 1.3.1. Let Z C {1,...,m} be a set of indices. Suppose that for all
J C T the triplets (Id — ®,AY,0) and (Id — ®,9Q7,0) are admissible with

degrs(Id — ®,027,0) =0, V0#JCT. (1.3.2)

Then
degps(Id — ®,A*,0) = (=1)#~. (1.3.3)

Proof. First of all, we notice that, in view of (1.3.1), the conclusion is triv-
ially satisfied when Z = (). Suppose now that m := #Z > 1. We are going to
prove our claim by using an inductive argument. More precisely, for every
integer k with 0 < k < m, we introduce the property (k) which reads as
follows.
P(k): The formula

deg;g(Id — @,A7,0) = (-1)#7

holds for each subset J of I having at most k elements.

In this manner, if we are able to prove &?(m), then (1.3.3) follows.
Verification of 22(0). See (1.3.1).

Verification of 2(1). 1If J = ( the result is already proved in (1.3.1). If
J ={j}, with j € Z, we have

degg(Id — ®,A7,0) = deg g(Id — ®, AU} 0)
= degpg(Id — @, QU \ A?, 0)
20_1:_1:(_1)#\7.

Verification of Z(k — 1) = P(k), for 1 < k < m. Assuming the validity
of Z(k — 1) we have that the formula is true for every subset of Z having
at most k — 1 elements. Therefore, in order to prove #(k), we have only to
check that the formula is true for an arbitrary subset J of Z with #J = k.
First, we write Q7 as the disjoint union

T _ AT K J. —
O =A UngA Uig{ueﬁ ?Elz};(]u(tﬂ—r}

and, since the degree is well-defined on the sets AX, we observe that there
is no fixed point of ® with u € J;c;{u € @7: max+ [u| = r}. Then, by
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the inductive hypothesis, we obtain

degLS(Id - (I)a AJ: 0) =
= degLS(Id - (I)a ij 0) - Z degLS(Id - (I),AIC7O)

KcT
=0— > (- == (—)FF 4+ (—)#
KeT Kcg

Observe now that

> (=)FE =0,

KcT

due to the fact that in a finite set there are so many subsets with even
cardinality as there are with odd cardinality. Thus we conclude that

deg; s(Id — ®,A7,0) = (-1)#7.

Therefore (k) is proved. O

In order to apply Lemma 1.3.1 we have to check assumption (1.3.2). To
this aim, we introduce a third family of unbounded sets, defined as follows

rt .= {uEC(I): max |u(t)| <, i€ {1,...,m}\I},

tert
where Z C {1,...,m}. See Figure 1.2 for the representation of I'" when
m = 2.
Y i 2} {2}
Re—r— BV B B
r Fe—— T Fe—— T Fer—— T - —
o0 ro T 0 r0 T 0 10 T 0 1o T

Figure 1.2: The figure represents the family of sets I'Z, when m = 2 and the
subintervals of positivity I;7 := [0,7] and I := [0,T] are arranged as in the
figure. The sets I'T are made up of the continuous functions on [0, 7] such that
the maximum on some of Ij‘, i =1,2, is in the yellow area, while in the remaining
interval the functions have no constraints. Notice that I = Q? = A?, while
{12} = C(I), because there are not constraints for the continuous functions. Since
a maximum principle ensures that the solutions of (1.1.1) are non-negative, we
consider only the non-negative function in I'Z.
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It is also convenient to consider L!-Carathéodory functions h: I x Rt — R
such that
h(t,s) > f(t,s), a.e. tEUI-J“,VSZO;
€L
h(t,s) = f(t,s), ae teI\|[JI}, Vs>o.
€L

(1.3.4)

Using a standard procedure, for any given h(t,s) as above, we define a
completely continuous operator ¥y : C(I) — C(I) as

(W)t /Gtg w(€))de, tel,

where

B(t ) h(t,s), if s> 0;
78 =
h(t,0), if s <O0.

Notice that h(t,0) = 0, for a.e. t ¢ |J;c7 I;7, while h(t,0) > 0, for a.e. t €
Usez ;- In this manner, the first part of Lemma C.1.1 applies for h(t,s).
The next result provides sufficient conditions for (1.3.2).

Lemma 1.3.2. Let Z C {1,...,m}, with T # (. Suppose that the triplet
(Id—Vy,,TZ,0) is admissible for every Carathéodory function h: I xRT — R
satisfying (1.3.4). Then

deg;o(Id — ®,9F,0) = 0.

Proof. The proof combines some arguments previously developed along the
proofs of Lemma 1. 1 4 and Theorem 1.2.2. In order to simplify the notation
we set A= ;7 I

+
For each index i € Z, we define A+ := ,u{i (1) = (7/|I;7])* and we denote
by ¢; the positive eigenfunction of

o'+ )\]T"SD =0
‘P|alj =0,

with [¢lle = 1. Then ¢;(t) > 0, for all t € I.". We denote by 1,+ the

indicator function of the interval If .

Next, we define

1€T

and introduce the operator F': C(I) x [0,4o00] — C(I), as

F(u,a) = ®(u) + aw.
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To prove our claim, we check (ii) and (ii7) of Theorem A.2.2 (clearly,
F(u,0) = ®(u), so that (7) is trivially satisfied).

Proof of (i7). Fix a > 0. By the definition of v(¢) and the first part of
Lemma C.1.1, any nontrivial solution u € cl(Q%) of

u=F(u,(), for¢e€][0,a],

is a non-negative solution of

(1.3.5)

{ u’ +h(t,u) =0
u(0) =u(T) =0

with
h(t,s) = f(t,8) +C D wilt)1+(8).
i€l

The hypothesis u € cl(QF) implies that 0 < u(t) <r for all t € I}, if i ¢ T,
and 0 <u(t) < Rforallt e I, ifi € T.

We first note that 0 < w(t) < R, for every t € A, by the choice of
R > R*. IfZ = {1,...,m}, clearly u € Q. Otherwise, the admissibility
of the triplets (Id — ¥, TZ,0) implies that any ¥}, has no fixed points on
OI'Z. Then each non-negative solution of (1.3.5) satisfies 0 < u(t) < r, for
all t € Ujgz I". We deduce that u € Q7.

Since h(t,s) = f(t,s) <0 for a.e. t € I\ |J*; I;" and for all s > 0, by
convexity, we conclude that

Julle = max ut) < R
Then (i7) is proved with R, := R.
Proof of (iii). Let us fix a constant ap > 0 with

A BT + lvellzr

Qo > max
= ||SOZ|‘%2(I+)
K2

Suppose, by contradiction, that there exist @ € cl(?) and & > ag such that

u = F(u,a) = ®(a) + av. Since (0) = 0, we have @ # 0 and, as in the
previous step, @(t) is a non-negative solution of (1.3.5) for

h(t,s) = f(t,s)+ay Pi(t) L+ ().

€L

By assumption, Z # (. So, let us fix an index k € Z and set I,j = [t1, o).
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Arguing as in the proof of Theorem 1.2.2, we obtain

02 alta)h(t2) — it k(1) = [alt)eh(®) — W Oelt)]

= /I ; %[wmu) - ﬁ’(t)cpk@)} dt = /I . [a(t)go',;(t) - a”@)@k(tﬂ dt

t=t1

:/ {—)\I;ﬂ(t)gok(t)+f(tvﬂ(t))90k(t)JF&(SOk(t))ﬂ dt

+
Ik

~ 2
z =ApR(tz = t1) = Rl ) + @llerllza gy > 0,
a contradiction. Hence F' satisfies (iii). O

Putting together Lemma 1.3.1 and Lemma 1.3.2 we can obtain results of
multiplicity of positive solutions provided that we are able to show that the
topological degree on certain open sets is well-defined. With this respect,
observe that from Lemma 1.1.3 we know that there are no positive solutions
u(t) with max,e+ u(t) > R. Thus, we only have to show that the level r is

not achieved by the solutions u(t) of u = ¥y (u) for ¢ in some of the intervals
I
(2

Theorem 1.3.1. Let f: I x Rt — R be an L'-Carathéodory function
satisfying (f*), (fy), (fo7) and (H) with (fx). Suppose that for every
Carathéodory function g: I x RT — R satisfying (1.3.4) and for every
0 AT C{l,...,m} the triplet (Id—V;,TZ 0) is admissible. Then there ex-
ist at least 2™ — 1 positive solutions of the two-point boundary value problem
(1.1.1).

Proof. First of all, we claim that the triplet (Id — ®, AZ,0) is admissible for
all Z C {1,...,m}. Indeed, if Z = (), this is clear from (1.3.1). If Z # 0,
the claim follows since all possible fixed points of ® are contained in B(0, R)
(as already observed) and they can not achieve the radius r by virtue of the
admissibility of (Id — ¥,,TZ,0) forall 9 #Z C {1,...,m}.

From Lemma 1.3.1 and Lemma 1.3.2 it follows that

deg;¢(Id — ®,AT,0) #0, forall ZC {1,...,m}.

Notice that 0 ¢ AT, for all § £ Z C {1,...,m}, and the sets AT are pairwise
disjoint. We obtain the claim using the fact that the number of nonempty
subsets of a set with m elements is 2™ — 1. O

1.4 A special case: f(t,s) = a(t)g(s)

In this section we provide an application of the existence and multiplicity
results obtained in Section 1.2 and Section 1.3 to the search of positive
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solutions for a two-point boundary value problem of the form

u 4+ a(t)g(u) =0 (1.4.1)
u(0) =u(T) =0, o

where we suppose that g: RT™ — R* is a continuous function such that
(9+) g(0) =0, g(s) >0 for s> 0.

With the aim of providing a simplified exposition of our main result, we
suppose that the weight function a: I — R is continuous. The more general
case of an L'-weight function can be treated as well with minor modifica-
tions in the statements of the theorems (this will be briefly discussed in
Section 1.4.4). Since we are looking for positive solutions of (1.4.1), in order
to avoid trivial situations, we suppose that

at(t) := max{a(t),0} Z 0. (1.4.2)

In the context of continuous functions this is just the same as to assume
a(zp) > 0 for some xy € I. As usual, we also set a™ (t) := max{—a(t),0}, so
that a(t) = a*(t) —a™(t).

In order to enter the general setting of the previous sections for

f(t,s) :=a(t)g(s), (1.4.3)
we suppose that

9(s) g(s)

go :=limsup == < 400 and ¢ :=liminf ——= > 0.
s—0t S s—too S
In such a situation, we can extend g(s) to the negative real line, by setting
g(s) = 0, for every s < 0. Then, Lemma C.1.1 ensures that any nontrivial
solution wu(t) of (1.4.1) satisfies u(t) > 0 for all ¢ € |0,7[ with «/'(0) >
0 > o/(T). Notice also that f(t,s) defined as in (1.4.3) satisifies (f; ) for
q-(t) = goa™ ().
Now, we translate condition (f;") in the new setting. From

f(t,s) — lim a(t)g(s

lim sup sup —2~2 < goat(t), uniformly for all ¢ € I,
s—0t S s—07F S

we immediately conclude that (f;") holds if and only if
9o < Ao,
where A\g > 0 is the first eigenvalue of the eigenvalue problem
¢+ At (t)p =0, (0)=¢(T)=0.

As a next step, we look for an equivalent formulation of conditions (H)
and (foo) for f(t,s) as in (1.4.3). Accordingly, we consider the following
hypothesis on the weight function.
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(ax) There ezists a finite sequence of 2m + 2 points in [0,T] (possibly coin-
cident)

0=1<0<n<n<n<..<on<Tmont1 =T

such that
e a(t) >0, forallt € [os, 7], i=1,...,m;
e a(t) <0, forallt €|r,oi41[, i=0,1,...,m.

By assuming (a.) we implicitly suppose that a(t) vanishes at the points
T =T1,02,...,Tm—1,0m. With ausual convention, if 7o = o1 (or 7, = Opn41)
the assumption a(t) < 0 on the first open interval (or on the last one,
respectively) is vacuously satisfied.

Remark 1.4.1. The sign condition on the weight function allows the pos-
sibility that a(t) may identically vanish in some subintervals of I (even
infinitely many). Figure 1.3 shows a possible graph which is in agreement
with assumption (a). <

LN /\\/\ I

Figure 1.3: The figure shows the graph of the continuous function a(t) :=
max{0, t(1 — ¢)sin(3/¢(1 — ¢))} — max{0, —sin(11¢w)/4} on ]0,1[ and defined as
0 at the endpoints. This is an example of weight function that satisfies (a.) for an
obvious choice of the points o; and 7; and, moreover, it has infinitely many humps.

Given any a(t) satisfying (a.), consistently with the notation introduced
in Section 1.1, we set

LM i=lo,m), i=1,....,m.

For such a choice of the weight function a(t), we have that (H) is satisfied
for f(t,s) as in (1.4.3). Moreover, for every i = 1,...,m, we obtain

lim inf 7f(t7 ) = liminf Lt)g(s)

> t iformly for all t € I,
s—+o00 s S—400 S Z Goo a( )7 unirormly I1or a Sy
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Thus we conclude that (f) holds provided that
a(t) #0 on I,L-+ and goo > A, Vi=1,...,m,
where X! > 0 is the first eigenvalue of the eigenvalue problem
©" + Xa(t)p =0, <p|ali+ =0.

Notice that, as a consequence of Sturm theory (see, for instance, [55 [83]),
we know that
X <A, Vi=1,...,m.

1.4.1 Existence of positive solutions

Now we are in a position to present some corollaries of the existence
results in Section 1.2 for problem (1.4.1). In this context, Theorem 1.2.1
implies the following one.

Theorem 1.4.1. Let g: RT™ — RT be a continuous function satisfying (gs)
and leta: I — R be a continuous function satisfying (a.). Moreover, suppose
that

go < Ao

and a(t) 0 on I;r, for eachi=1,...,m, with

goo > max M.

1=1,....m
Then problem (1.4.1) has at least a positive solution.

As an obvious corollary of Theorem 1.4.1, we have that if go = 0 and
Joo = +00, then a positive solution always exists, provided that a(t) # 0 on
I;" (see Corollary 1.2.1 and also compare to [33] Corollary 4.2]).

Remark 1.4.2. First of all, we observe that Theorem 1.4.1 (as well as
the more general Theorem 1.2.1) applies in a trivial manner if a(t) > 0
(and a(t) # 0) on I. Indeed, as already remarked after the introduction of
condition (H), such hypothesis is satisfied also when f(¢,s) > 0 for a.e. t € I
and for each s > 0.

In the case of a sign-changing weight function a(t), namely when a*(t) #
0 and also a™(t) # 0, the choice of the intervals I;" is mandatory when the
set a=1(0) = {t € I: a(t) = 0} is made by a finite number of simple zeros.
In such a situation, a(t) > 0 on Jo;, 7;[ and a(t) < 0 on |7, 0541[. The choice
of the intervals I j is also determined if a=!(0) is finite. However, generally
speaking, there is some arbitrariness in the choice of the way in which we
separate the intervals of non-negativity to the intervals of non-positivity
of a(t). This happens, for instance, when a~!(0) contains an interval. In
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such a situation, the manner in which we define the intervals If affects the
computation of the eigenvalues A; and hence the lower bound for go.

With this respect we exhibit a simple example. Let us consider the
following weight function

T T
17 f |:37_:| |:7 ) :|a
ifte (7)T2 frU 2+67T
as(t) = 9 0, ifte}g—a,i—i-a{; (1.4.4)

-1, iftelm2n];

where 0 < € < /2 is fixed (cf. Figure 1.4). For convenience, we have chosen
for our example a (discontinuous) step function, however, our argument can
be adapted in the continuous case via a smoothing procedure on a.(t).

as(t)
1

-1

Figure 1.4: The figure shows the graph of the function a.: [0,27] — R defined in
(1.4.4).

For this weight function we can take I = [o1,71] = [0,5 — €] and
I = [02,72) = [§ + &, m]. In this situation, we have a.(t) = 0 on |11, 02 =
5 —&,5 +¢eland ac(t) <0 on |1, 03] = |7, 27]. Moreover,

2 2
)&:/\%:<7r_2€> > 4.

On the other hand, for the same weight function, we can also take I;” =
[o01,71] = [0, 7] as unique interval of non-negativity. To compute A1, we have
to determine the first eigenvalue of ¢” + Aac(t)p = 0 with ¢(0) = p(7) = 0.
For ¢ > 0 very close to zero, we find that A} is close to 1 (and for sure
less than 4). As a consequence, with this second choice of the interval, we
provide a better lower bound for g.

The above example shows that Theorem 1.4.1 is a slightly more general
version of [@3] Theorem 4.1], in the sense that we can improve the lower
bound on g (at least for some particular weight functions which vanish on
their intervals of non-negativity). <
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Another way to improve the lower bound on go, of Theorem 1.4.1 is
feasible by applying Theorem 1.2.2. However, this requires to impose a
further growth assumption on g(s).

Theorem 1.4.2. Let g: RT — RT be a continuous function satisfying (gs«)
and leta: I — R be a continuous function satisfying (a). Moreover, suppose
that

go < Ao

and a(t) 0 on I;', for eachi=1,...,m, with

9(s)

Joo > Mmin )\"1 and limsup —= < +4o00.
1=1,....m s—+oo S

Then problem (1.4.1) has at least a positive solution.

Remark 1.4.3. We have stated Theorem 1.4.2 in a form which is suitable
for a comparison with Theorem 1.4.1. Actually, the result holds even we do
not assume (a,), but we just suppose that there exists an interval J C I
where a(t) > 0 and a(t) # 0, and goo > A{, where \{ is the first eigenvalue
of the eigenvalue problem ¢” + Aa(t)p = 0, ¢|ss = 0. <

We conclude this section with a direct corollary of Theorem 1.4.1.

Corollary 1.4.1. Let g: Rt — R™ be a continuous function satisfying (gs«)
and leta: I — R be a continuous function satisfying (a). Moreover, suppose
that

go=0 and g >0.

Then, there exists v* > 0 such that, for each v > v*, the boundary value
problem

{u” +va(t)g(u) =0
u(0) =u(T) =0

has at least a positive solution.

1.4.2 Multiplicity of positive solutions

Now we show how the main results of Section 1.3 can be applied when
f(t,s) = a(t)g(s). To this aim, besides (1.4.2), we also suppose

a () £ 0. (1.4.5)

Consistently with assumption (a.), we select, without loss of generality, the
endpoints of the intervals I;r in such a manner that

a(t) # 0 on each of the subintervals [o;,7;] and a(t) #Z 0 on all
left neighborhoods of o; and on all right neighborhoods of ;.
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In order to explain the rule that we have decided to follow so as to
determine the endpoints of the intervals, let us consider the following weight
function on the interval I = [0, 77]

at) { sint, ift e [0,n] U [3m, 47| U [67, 77]; (1.4.6)

0, if t € [mr, 37| U [47, 67];

(cf. Figure 1.5). Among the various possibilities that one could adopt to
choose the endpoints of the intervals according to condition (a, ), the follow-
ing choice would fit with the above convention: o1 = 0, 71 = 3w, 09 = 4,
To = TT.

a(t)

1

3 47 "

-1

Figure 1.5: The figure shows the graph of the continuous function a(t): [0,77] — R
defined in (1.4.6).

To discuss another example, let us consider a function with a graph as
that of Figure 1.3. It is clear that it satisfies (1.4.2) and (1.4.5), provided
that we adopt a suitable choice of the points ¢; and 7;. Typically, we shall
proceed in the following manner: if there is an interval where a(t) = 0
between an interval where a(t) > 0 and an interval where a(t) < 0, we
choose 0; and 7; in such a way that a(t) < 0 on |7, 0;41] and we merge the
interval where a(t) = 0 to an adjacent interval where a(t) > 0.

We need also to introduce a further notation. For any weight function
a(t) satisfying (a.) (with the endpoints o;, 7; chosen as described above), we
set

an(t) i= a*(t) — pa~ (1), t€[0,7],

where 1 > 0 is a parameter. Notice that a(t) = a,(t) for p = 1 and,
moreover, for every p > 0, it holds that a,(t) satisfies (a,) with the same o;
and 7; chosen for a(t).

The introduction of the parameter p is made only with the purpose to
clarify the role of the negative humps of a(t) in order to produce multiplicity
results. In other words, when we require that u > 0 is sufficiently large, we
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have a more precise manner to express the intuitive fact that the negative
humps of a(t) are great enough.

Now we are in a position to present our main multiplicity result for the
boundary value problem

v +au(t)g(u) =0 (1.4.7)
u(0) = u(T) = 0. o

Recall that we are assuming that a: I — R is a continuous weight function
satisfying (1.4.2), (1.4.5) and (as) with the convention described above.

Theorem 1.4.3. Let g: RT™ — R be a continuous function satisfying (gs)
and leta: I — R be a continuous function satisfying (ax). Moreover, suppose
that

go<Xo and a(t) #0 on each I} with goo > ,max AL

=1,....m

Then there exists u* > 0 such that, for each p > p*, problem (1.4.7) has at
least 2™ — 1 positive solutions.

Proof. From gg < Ag, we can choose § > 0 such that gg < A\g— 9. Let 79 > 0
be as in Lemma 1.1.2 and fix 0 < r < ry such that

gis)</\o—5, VOo<s<r. (1.4.8)

Let R* > 0 as in Lemma 1.1.4 and fix R > R*.

Let Z C {1,...,m}. Using the notation introduced in Section 1.3, con-
sider the open and unbounded set T'Z. Moreover, consider an arbitrary
L'-Carathéodory function h: I x R* — R such that

h(t,s) > a(t)g(s), a.e. te U I Vs >0
€L
h(t,s) =a(t)g(s), a.e. tel\ U LY, Vs >0;
€T

(1.4.9)

and, as usual, define the completely continuous operator ¥, : C(I) — C(I),

(Whu)(t) = /I Gt R u(€)) e, tel,

where
= h(t if s > 0;
Rt s) =  E8) s 20
h(t,0), if s <0.

We know that every fixed point of ¥y is a non-negative solution of

{u” + h(t,u) =0

4(0) = u(T) = 0. (1.4.10)
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To prove the claim, we use Theorem 1.3.1. In particular we have to show
that the triplet (I — ¥, T'Z,0) is admissible for each Carathéodory function
h satisfying (1.4.9) and for each ) #Z C {1,...,m}.

By the choice of R > R* and by the convexity of the solution of (1.4.10)
on each interval contained in I\ |J[%; I;", we know that every fixed point u
of Wy, is contained in the open ball B(0, R), with R > 0 independent of the
particular choice of h(t,s) (see Lemma 1.1.3). Consequently it is sufficient
to prove that ¥;, has no fixed points in (' N B(0, R)), for u sufficiently
large.

First, we note that if Z = {1,...,m} there is nothing to prove, since
all fixed points in T'Z = C(I) are contained in B(0, R). Then fix ) # T C
{1,...,m}. By contradiction, suppose that there is a fixed point u of ¥} in
O(I'T N B(0, R)). Due to what we have just remarked, this is equivalent to
assuming the existence of a solution u of (1.4.10) with

mafu(t) =r, for some index k€ {1,...,m}\Z,
ter]

and such that maxsc;u(t) < R. Clearly u # 0 and, moreover, by the
concavity of u(t) in I,", we also have

u(t) =
Tk — Ok

min{t — oy, 7, — t}, Vte I (1.4.11)
In order to prove that our assumption is contradictory and hence that
the topological degree is well-defined, we split our argument into three steps.

Step 1. A priori bounds for |u'(t)| on I,j. This part of the proof follows
by adapting a similar estimate obtained in Theorem 1.2.2. Notice that
h(t,u(t)) = a(t)g(u(t)) = a*(t)g(u(t)), for a.e. t € I,". Hence

W ()] < (1) := a™(t) max g(s), ae tel],

and, therefore
U (y1) — ' (y2)| < H7r||L1(];r)a Vy1,y2 € I]:r-

Let ¢ € I} = [0, 7% be such that |/ ()| < r/(7x—0y) (otherwise we have an
easy contradiction like in the proof of Theorem 1.2.2). Hence for all t € 1 ,j

[u/ (8)] < |/ (£)] + |/ (t) — o' (£)] < - + ||77’”Ll(1,j) =: M. (1.4.12)

— 0%

Step 2. Lower bounds for u(t) on the boundary ofI,j. Let o be the positive
eigenfunction on I," = [0, 7] of

"+ Neat(t)p =0
@‘6[}? = 07
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with ||¢rlleo = 1, where A¥ is the first eigenvalue. Then ¢y (t) > 0, for all
t € Lt o) > 0, for all t € Jog, [, and @) (o) > 0 > ¢ (7%) (hence

1€k lloc > 0).
By (1.4.8) and A\ < A¥, we know that

g(s) < (M =d)s, VO<s<r
Then, by (1.4.11), we have

16 lloo (u(on) 4 u(k)) >
> u(ow) @) (o) + u(m) |0k ()| = ulow)p(or) — u(Tr) @ (5)
)

= [0/ ®r(t) —u)ei(t)]

t=Tg

t=0’k

- /;k 94 [ 0eet) — utyghn) ar
= [ [ @ren® - uereiv)] a

= / ) :—h(t,u(t))cpk(t) + u(t)A’faﬂt)gok(t)} dt

= [ M) — gu)]a* @)er(t) at

r e, B n
> /I,j J <Tk o min{t — oy, 7k t})a (t)er(t) dt

=7 [ 0 min{t — o, 7, — t}at (t)pr(t) dt} .
Tk = Ok JIf

Hence, from the above inequality, we conclude that there exists a con-
stant ¢, > 0, depending on &, I;7 and a™(t), but independent of u(t) and r,
such that

u(ok) + u(t,) > cxr > 0.

As a consequence of the above inequality, we have that at least one of the
two inequalities
CLT CET

0< N <wu(mg) <, 0< 5 <ufog) <, (1.4.13)

holds.

Step 3. Contradiction on an adjacent interval for p large. Just to fix a case
for the rest of the proof, suppose that the first inequality in (1.4.13) is true.
In such a situation, we necessarily have 7, < T (as u(T) = 0). Now we
focus our attention on the right-adjacent interval [y, o%+1], where a(t) < 0.
Recall also that, by the convention we have adopted in defining the intervals
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L', we have that a(t) is not identically zero on all right neighborhoods of
Th-

Since g(s) > 0 for all s > 0, we can introduce the positive constant

vp = min g(s) >0
kL <s<R
and define
. CgT
52_ = m1n{ak+1 — Tk, M} > O,

where My, > 0 is the bound for |v/| obtained in (1.4.12) of Step 1. Then, by
the convexity of u(t) on [7x, okt1], we have that u(¢) is bounded from below
by the tangent line at (73, u(7%)), with slope «'(75) > —Mj. Therefore,

% <u(t) <R, Vté€E [rg, 1k —1—5;].

We prove that for 1 > 0 sufficiently large maxc[r, o, ,ju(t) > R (which
is a contradiction to the upper bound for u(t)).

Consider the interval [rg, 7% + 5,:“] C [rk,0k+1]. For all t € [, 7 + (5,':]
we have

W (t) = ' (my) + / pa=(€)g(u(€)) dé > M, + / o= (€) de,

then

u(t) = () + [ (€ de = B Mo =) + / t ( [a© dg) ds.

Tk Tk k

Hence, for t = 13, + ;"

N CpT N ‘rk—&-é,j s
RZU(Tk+5k)Z2—Mk5k+MVk/ </a (§)d§>ds.
Tk

Tk

This gives a contradiction if y is sufficiently large, say

where we have set

A= /:m'j (/ 0= (6) dg) ds > 0,

recalling that f:k a=(§)d¢ > 0 for each t € |1y, op11].
A similar argument (with obvious modifications) applies if the second
inequality in (1.4.13) is true (in such a case, we must have o5 > 0, as
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u(0) = 0). This time we focus our attention on the left-adjacent interval
[Tk—1,0%] where a(t) < 0. Recall also that, by the convention we have
adopted in defining the intervals I, we have that a(t) is not identically
zero on all left neighborhoods of .

If we define
0, = min{ak — Th_1, &ﬁ} > 0,

we obtain the same contradiction for

R+ ML
l/kA];

o [ ([ ow)e

At the end, we define

>y =

where we have set

o +
B A e
and we apply Theorem 1.3.1 with p > p*. The proof is completed. O

See Figure 1.6 for a numerical example concerning the multiplicity result
stated in Theorem 1.4.3.

An immediate consequence of Theorem 1.4.3 is the following result which
generalizes [94] Theorem 2.1].

Corollary 1.4.2. Let g: R™ — RY be a continuous function such that
g(0) =0 and g(s) > 0 for all s > 0. Suppose also that

lim @ =0 and lim @ = +00.
s—0t S s—+o00 S

Let a*: I — Rt be continuous functions such that for some 0 = 19 < o1 <
T <02<Te< ... <0Om <Tm < oms1 =T it holds that

at(t)#£0,a (t) =0, on [oj,7], i=1,...,m;
a (t)#0, at(t) =0, on [r,0i11], i =0,...,m.

Then there exists u* > 0 such that, for each p > p*, problem (1.4.7) has at
least 2™ — 1 positive solutions.

We conclude this section with a direct corollary of Theorem 1.4.3.
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S\

(B b

| witiney|

Figure 1.6: The figure shows an example of multiple positive solutions for problem
(1.4.7). For this numerical simulation we have chosen I = [0,1], a(t) = sin(77t),
= 20 and g¢(s) = max{0, 500 sarctan|s|}. Notice that the weight function a(t)
has 4 positive humps. We show the graphs of the 15 positive solutions of (1.4.7).

Corollary 1.4.3. Let g: Rt — R™ be a continuous function satisfying (gs)

and leta: I — R be a continuous function satisfying (a.). Moreover, suppose
that

go=0 and goo >0.

Then, there exists v* > 0 such that, for each v > v*, there exists u* =
w*(v) > 0 so that the boundary value problem

{u” + (vat(t) — pa=(t))g(u) =0
u(0) =u(T) =0

has at least 2™ — 1 positive solutions for each p > p*.
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1.4.3 Radially symmetric solutions

Let || - || be the Euclidean norm in RY (for N > 2) and let
Q:=B(0,Ry) \ B[0, R1] = {z e RY: Ry < ||z|| < R}

be an open annular domain, with 0 < Ry < Ry. Let A,,: [R1, R2] = R be a
continuous function defined as

A (r) == AT (r) — pA=(r), p>0.

We consider the problem of existence of positive solutions for the Dirich-
let boundary value problem

{ AU = A(2]) g@f)  inQ (1.4.14)

U=0 on 02,

namely classical solutions such that U(z) > 0 for all x € Q. If we look
for radially symmetric solutions of (1.4.14), we are led to the study of the
two-point boundary value problem

N -1
V" (r) +

V'(r) + Au(r)g(v(r)) =0, v(Ry) =v(R2) =0. (1.4.15)

Indeed, if v(r) is any solution of (1.4.15), then U(x) := v(]|z||) is a solution
of (1.4.14). Using the standard change of variable

t=h(r) = [ &N,
Ry

it is possible to transform (1.4.15) into the equivalent problem
u"(8) + (XD A () g(ult) =0, w(0) = u(T) =0,  (L4.16)

for

with the positions

R2
T:= gNde  and  r(t) :=h72)
Ry
(see Section C.2). Clearly, problem (1.4.16) is of the same form of (1.4.7)
with
ap(t) == r(t)*N VA1), te(0,T].

Then, the following results hold, for every continuous function g: R* — R*
such that g(0) = 0 and g(s) > 0 for all s > 0 and satisfying

lim ®:0 and lim @Z—i—oo

s—0t S s—>+oo S
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Theorem 1.4.4. Suppose that A, (r) changes its sign in [Ri, Ra] at most
a finite number of times and AT (r) # 0. Then, for every p > 0, problem
(1.4.14) has at least a positive radially symmetric (classical) solution.

Theorem 1.4.5. Suppose that for some Ry = 19 < 01 <11 < 02 < Tp <
coe < om < T < Omy1 = Ro it holds that

AT (r) 20, A (r)
A (r)#£0, AT(r) =0, on [r,0i41], i=0,...,m.

0, on [oy,7], i=1,...,m;

Then there exists u* > 0 such that, for each pu > p*, problem (1.4.14) has
at least 2™ — 1 positive radially symmetric (classical) solutions.

Theorem 1.4.4 and Theorem 1.4.5 can be seen as an extension of the
classical existence result of Bandle, Coffman and Marcus [I3] to the case
of a general sign-changing weight. It could be interesting to investigate
under which supplementary assumptions the above results are sharp (that
is, providing exactly one positive solution or exactly 2 —1 positive solutions,
respectively).

As a comment about the sign conditions on A, (), we observe that our
results apply to weight functions which may vanish in some sub-intervals of
[R1, R3] (even in infinitely many sub-intervals), see Remark 1.4.1. Concern-
ing the continuous nonlinearity g(s), we notice that, besides the positivity
and the conditions for s — 07 and for s — 400, no other assumptions (like
smoothness, monotonicity or homogeneity) are required.

1.4.4 Final remarks

For the study of problem (1.4.1) we have confined ourselves to the
case of a continuous weight function a(t). Since the general results for
problem (1.1.1) have been obtained under general Carathéodory assump-
tions on f(t,s), we can deal with the case of a € L'(I), too. With this
respect, Theorem 1.4.1 and Theorem 1.4.2 are still valid provided that
the assumption a(t) # 0 on I;" is meant in the sense that a(t) > 0 for
a.e. t € I and flj a(t) dt > 0. Concerning the variant of Theorem 1.4.3 for
au(t) = at(t) — pa=(t), with a* € L*(I) and a* > 0 almost everywhere, we
claim that our result still holds provided that the endpoints of the intervals
are selected so that thk a=(§)d¢ > 0forallt € |7, op41] and [7* a™(£)dE >0
for all t € [r—1, 0k (for each k = 1,...,m). In this manner, the constants
Af in Step 3 of the proof of Theorem 1.4.3 are all strictly positive. All the
other parts of the proof are exactly the same.

In [O3] a class of measurable weight functions which are possibly singular
at the endpoints of the interval I is considered. More precisely, therein one
can consider a function a € L (I) such that [, ¢(T — t)]a(t)| dt < +ooc.
The possibility of dealing with weight functions which are not in L'([)
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depends by the method of proof in [@3] based on the search of fixed points
for the operator associated with the Green function. Since in this chapter
we follow the same approach, we can also deal with such a wider class of
weight functions.

The main goal of this chapter is to present our topological approach. In
order to avoid unnecessary technicalities, we have dealt with the Dirichlet
problem associated with the easiest differential equation u” + a(t)g(u) = 0.
We underline that one can achieve the same existence and multiplicity results
also for a more general equation of the form

u” +c(t)u' + a(t)g(u) =0,

where c: [0,7] — R is a continuous function. Indeed, using a standard
change of variable (recalled in Section C.2), we are able to transform this
equation into the one that we have considered in this final section. We also
refer to Chapter 2, where other generalizations of the nonlinearity f(t,s) =
a(t)g(s) are considered.

Our topological approach can be adapted to the study of different bound-
ary value problems. For instance, like in [[I3], one can consider mixed
boundary conditions like «/(0) = u(T") = 0 or u(0) = «/(T') = 0, or more in
general a Sturm-Liouville boundary conditions of the form

{ au(0) — Bu'(0) =

where a, 8,7, > 0 with yS4+ay+ad > 0 (see Section 2.4 and the subsequent
sections, where this type of problems are considered).

Finally, we underline that the advantage in using a topological degree
approach lies also on the fact that, once we have found an open bounded set
where the degree is non-zero, we know that such a result is stable under small
perturbations of the operator. Thus our theorems also apply to equations
which are small perturbations of the equation in (1.4.1). For example, we
could even add to the equation small terms of a functional form, such as
terms of (nonlocal) integral type or with a delay. Of course, in such a case, to
provide positive solutions, one should look for a suitable maximum principle.
In particular, the existence and multiplicity results hold for equations of the
form

u” + a(t)g(u) + eh(t,u,u') =0,

for |e| small enough.
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Chapter

More general nonlinearities f(t, s)

This chapter is devoted to some further investigations on the nonlinear
second order differential equation

u” + f(t,u) = 0. (2.0.1)

More precisely, we show how the topological approach introduced in the
previous chapter can be used to obtain existence and multiplicity results for
positive solutions when considering more general nonlinearities f(¢,s).

In the first part of this chapter (from Section 2.1 to Section 2.3) we deal
with a nonlinearity of the form

f(t,5) = a(t)g(s),

where both the functions a(t) and g¢(s) are allowed to change sign. We
assume that the function g(s) is continuous and satisfies suitable growth
conditions, including the superlinear case g(s) = sP, with p > 1. In particu-
lar, with respect to the situation considered in Section 1.4, we still suppose
that g(s)/s is small near zero and large at infinity, but we do not require
that g(s) is non-negative in a neighborhood of zero. We give an existence
result for positive solutions to the Dirichlet problem associated with (2.0.1).

In the second part (from Section 2.4 to Section 2.8) we study positive so-
lutions of a Sturm-Liouville boundary value problem associated with (2.0.1)
when the nonlinearity is of the form

m+1

F(ts) =3 cuai(t)gi(s) = 3 Bibs(t)ky(s).
i=1 j=0

where oy, 5; > 0, a;(t), bj(t) are non-negative Lebesgue integrable functions
defined in [0,77], and the nonlinearities g;(s), k;(s) are continuous, positive

39
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and satisfy suitable growth conditions, as to cover the classical superlinear
equation u” + a(t)uP = 0, with p > 1. When the positive parameters j; are
sufficiently large, we prove the existence of at least 2" — 1 positive solutions.

In both parts, with positive solution we mean a solution in the Carathéo-
dory sense and such that u(t) > 0 for every ¢t € 10, T7.

2.1 Sign-changing nonlinearities: introduction

In this first part we are interested in the study of positive solutions for
the nonlinear two-point boundary value problem

u’ +a(t)g(u) =0 (2.1.1)
u(0) =u(T) =0, o

where a: [0,7] — R is a Lebesgue integrable function and g: R™ — R is a
continuous function. Asin Section 1.4.1, we focus on the existence of at least
a positive solution of (2.1.1), but, with respect to Chapter 1, we improve
the conditions on the nonlinearity g(s).

Our assumptions allow the weight function a(f) to change its sign a
finite number of times and, concerning the nonlinearity, we suppose that
g(s) can change its sign, even an infinite number of times, and that, roughly
speaking, it has a superlinear growth at zero and at infinity. In more detail,
with respect to the growth of g(s)/s at zero, we assume a very general
condition (cf. hypothesis (hyrr)) which depends on the sign of ¢(s) in a right
neighborhood of zero.

Our main result states that, under the conditions just presented, problem
(2.1.1) has at least a positive solution. Our theorem clearly covers the case
g(s) = sP, with p > 1. Moreover, the results concerning the BVP (2.1.1)
where is assumed that a(t)g(s) > 0 for a.e. t € [0,7] and for all s > 0
(see [0 MI3] 46]) or that g(s) > 0 for all s > 0, when a(t) is allowed to
change sign (see [271 B3] and also Section 1.4), do not contain our result and,
in some cases, are easy consequences of it.

Figure 2.1 and Figure 2.2 show examples of nonlinearities g(s) satisfying
our assumptions and which are not covered by previous results.

Now we state the hypotheses on a(t) and on g(s), we recall some classical
results and we prove two preliminary lemmas that are then employed in
Section 2.2 for the main result.

We consider the nontrivial closed interval [0,77], pointing out that dif-
ferent choices of a nontrivial compact interval contained in R can be made.
Let a: [0,7] — R be an L'-weight function. Clearly the case of a continuous
function can also be treated. We assume that
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D% -

Figure 2.1: The figure shows a numerical simulation obtained by setting a(t) =
sin(37t) in [0,1] and g(s) = min{20s%/°> — 65> 4 s*,400 s arctan(s)}, for s > 0. On
the left we have shown the graph of g(s). We underline that g(s) changes sign
and g(s)/s 4 400 as s = +oo. On the right we have represented the image of
the segment {0} x [0, 12] through the Poincaré map in the phase-plane (u,u’). Tt
intersects the negative part of the u/-axis in a point, hence there is a positive initial
slope at t = 0 from which departs a solution which is positive on ]0, 1] and vanishes
at t = 1.

NAN

RN ]

Figure 2.2: The figure shows a numerical simulation obtained by setting a(t) =
sin(77t) in [0, 1] and g(s) = s3 + s?sin(1/s), for s > 0. On the left we have shown
the graph of g(s). The nonlinearity g(s) changes sign an infinite number of times
in every neighborhood of zero. On the right we have represented the image of the
segment {0} x [0, 16] through the Poincaré map in the phase-plane (u,u’).

(hr) there exist m > 1 intervals If, .., It closed and pairwise disjoint,
such that

m
a(t) >0, a.e te UI;F;
i=1

m
a(t) <0, ae tel0,T]\|JI
i=1
We underline that assumption (k) trivially includes the case where a(t) > 0
for a.e. t € [0, 7], taking m = 1 and I;" = [0, 7).
Concerning the nonlinearity, we suppose that g: Rt — R is a continuous
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function such that

(h1r) 9(0)=0 and g#0.
We set
inf g . g(s) sup . q: g(S)
9o ° = liminf == > —o0, gp = = limsup —— < 400
s—0t S s—0+ S

and

oo i= liminfﬁ > 0.

s—4oo 8

We emphasize that we do not suppose g(s) > 0 on R* and, in particular,
it is not required that g(s) > 0 for all s > 0 (as in [[@ O3] 013] and also
in Section 1.4). Consequently, the nonlinearity g(s) could be non-negative,
non-positive or it could change sign, even an infinite number of times, on a
compact neighborhood of zero.

Now we show how the superlinearity of g(s) is expressed at zero and at
infinity. Our first step is to impose a condition on the growth of g(s)/s at
0, depending on the sign of g(s). Precisely we assume that

(hrrr) o if there exists 6 > 0 such that g(s) > 0, for all s € [0,6], it holds
that
at(t)Z£0on [0,T] and g3 <AJ,

where )\(J{ > 0 is the first eigenvalue of the eigenvalue problem
"+ Xat () =0, ¢(0)=p(T)=0;

e if there exists 6 > 0 such that g(s) <0, for all s € [0,6], it holds
that '
a~(t)Z0on[0,T] and g™ >-);,

where Ay > 0 is the first eigenvalue of the eigenvalue problem
¢+ Xa” () =0, ¢(0)=p(T)=0;

e if g(s) changes sign an infinite number of times in every neigh-
borhood of zero, it holds that

a(t) 0 on [0,T] and — X< génf < g5 < Ao,
where A\g > 0 is the first eigenvalue of the eigenvalue problem

"+ Ma(t)¢ =0, ©(0)=¢(T)=0.

The functions a(t) and g(s) introduced in Figure 2.1 satisfy the first condi-
tion of hypothesis (hyr), while the example shown in Figure 2.2 corresponds
to the third case.

As a second step we define the superlinear behavior at infinity. We
suppose that
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(hry) forallie {1,...,m}
a(t)Z0 on I} and  geo > N,
where \Y > 0 is the first eigenvalue of the eigenvalue problem in I;r

"+ Xat(t) =0, |+ =0.

Now we describe the topological approach we adopt to face problem
(2.1.1). Our first goal is to introduce a completely continuous operator and
to define an equivalent fixed point problem.

Let g: R — R be the standard extension of g(s) defined as

.y Jals), ifs>0;
ﬂ$_{m if s <0.

(2.1.2)

From conditions (hy7) and (hzr7) and by a standard maximum principle, it
follows that all possible solutions of (2.1.2) are non-negative. Moreover, if
these solutions are nontrivial, then they are strictly positive on 0,7 and
hence positive solutions of (2.1.1).

The next step is to define the classical operator ®: C([0,7]) — C([0,T7])
by

T
(u) (1) = /O Gl &)a(©)g(u(e) de, te0.T],  (213)

where G(t,s) is the Green function for the differential operator u — —u”
with the two-point boundary condition. The map ® is completely contin-
uous in C([0,7]), endowed with the sup-norm || - ||, and such that u is a
fixed point of ® if and only if u is a solution of (2.1.2). Therefore we have
transformed problem (2.1.1) into an equivalent fixed point problem.

We close this section by proving two technical lemmas that allow us to
find a nontrivial fixed point of ®, hence a positive solution of (2.1.1). The
proofs are similar to those of the analogous results proved in the previous
chapter.

Using the next lemma we are able to compute the degree of Id — ® on
small balls.

Lemma 2.1.1. There exists rg > 0 such that

deg;g(Id — ®,B(0,r),0) =1, V0<r <ry.



44 Chapter 2. More general nonlinearities f(t,s)

Proof. We divide the proof in two steps.

Step 1. We prove that there exists 7o > 0 such that every solution u(t) > 0
of the two-point BVP

(2.1.4)

{u" +da(t)g(u) =0, 0<9<1,
u(0) =u(T) =0

satisfying maxe(o ) u(t) < ro is such that u(t) = 0, for all t € [0,T].

The proof of this first step is given only when there exists § > 0 such
that g(s) > 0, for all s € [0,6]. The two remaining cases can be treated in
an analogous way.

Using condition (hysr), we fix 0 < rg < ¢ such that

g9(s)

—<)\6r, V0 < s <.
s

Now, suppose by contradiction that there exist ¥ € [0,1] and a positive
solution u(t) # 0 of (2.1.4) such that max;c(o ) u(t) = r for some 0 < r < 7o.
The choice of g and the strong maximum principle imply that

0 < dg(u(t)) < \ju(t), forallte]0,TI.
Let ¢ be a positive eigenfunction of
@'+ Afat(t)p=0
p(0) = o(T) = 0.

We emphasize that ¢(t) > 0, for all ¢ € ]0,7]. Using a Sturm comparison
argument, we attain

a contradiction.

Step 2. Computation of the degree. Let us fix 0 < ¢ < 1. As stated when
we introduced the operator ®, the maximum principle ensures that every
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fixed point in C([0,7]) of the operator J® is non-negative and, moreover,
u € C([0,T]) satisfies u = 9®(u) if and only if u is a solution of the equation
(2.1.4). Therefore, setting r € ]0,7¢], Step 1 implies that ||u|l. 7# 7 and
hence

u#9®(u), Vvel0,1], Vue dB(0,r).

By the homotopic invariance property of the topological degree, we obtain
that
degLS(Id - (1)7 B(07 7”), 0) = degLS(Id7 B(07 T), O) =1

This concludes the proof of the lemma. O
Now we compute the topological degree on large balls.

Lemma 2.1.2. There exists R* > 0 such that
degLS(Id_q)>B(07R)7O):0> VRZR*

Proof. We divide the proof in two steps.

Step 1. A priori bounds for w on each I;'. For each i € {1,...,m}, we
prove that there exists R; > 0 such that for each L!'-Carathéodory function
h: [0,T] x Rt — R with

h(t,s) > a(t)g(s), ae. te L}, Vs>0,
every solution u(t) > 0 of the two-point BVP
"+ h(t,u) =0
'+ hit,w) (2.1.5)
u(0) =u(T) =0

satisfies max, + u(t) < R;.
We fix an index i € {1,...,m} and set I := [0;,73]. Let 0 < & <
(1 — 03)/2 be fixed such that
at(t)#0 on ;"%

where [ :r 1= [0y +¢&,7; — €], and such that the first positive eigenvalue A of
the eigenvalue problem

{ it Aat(t)p =0 (2.1.6)

(70’8];—’5 =0
is such that
0< A< goo-

The existence of ¢ is ensured by the continuity of the first eigenvalue as a
function of the boundary condition (see [63] [83]) and by hypothesis (hry).
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From the previous inequality it follows that there exists a constant R > 0
such that B
g(s) > As, Vs> R.

By contradiction, suppose there is no constant R; > 0 with the properties
listed above. So, for each integer n > 0 there exists a solution u, > 0 of
(2.1.5) with max,_ + un(t) =: Ry > n.

We claim that there exists an integer N > R such that u,(t) > R for
every t € I, ¢ and n > N. If it is not true, for every integer n > R there
is an integer 7 > n and t; € I;° such that u(t;) = R. We note that
the solution u;(t) is concave on each subinterval of I;” where ug(t) > R,
since a(t)g(s) > 0 for a.e. t € I;" and for all s > R. Then without loss of
generality, we can assume that there exists a maximum point #; € IZ of uj
such that up(t) > R for all t between t; and #; (if necessary, we change the
choice of t;). From the assumptions, it follows that

. . th -
n < Rﬁ = Uﬁ(tﬁ) = Uﬁ(tﬁ) +/t U%(f) df S R + (Ti - O',)|u%(tﬁ)’ (2.1.7)

T

We fix a constant C' > 0 such that

R
C > — +|a|p max |g(s)].
€ 0<s<R

Using (2.1.7), we have that for every n > (1i—0;)C+ R there exists 7 > n and
ts € I.7° such that up(ts) = R and |u (t5)] > C. We fix n > (1, —0;)C + R,
n>n and ty € IJr with the properties just listed. Suppose that u/, (t;) > C
and consider the interval [oy,t5]. If w)(t5) < —C we proceed similarly
dealing with the interval [t;, 7;]. For every t € [0y, 4]

(1) = )y (t4) — / " () dE = ul(t) + / " h(E un(©)) de
> ul(ta) + / " a()g(uan©)) de,

then

)>C — / &)|g(un (&) de.

From this inequality we derive that us(t) < R, for all t € [oy,t5], and
therefore

R for all t € [O’i,tﬁ].

Then, we obtain

~ R ta >
R< g( —0;) < /U up () d§ = ua(ta) — un(oi) < ua(ta) = R,
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a contradiction. Hence the claim is proved. So, we can fix an integer N > R
such that u,(t) > R for every t € I;”° and for n > N.

We denote by ¢ the positive eigenfunction of the eigenvalue problem
(2.1.6) with [|¢|lcc = 1. Then ¢(t) > 0, for every t € Jo; +¢e,7; — €],
and ¢'(0; +¢) > 0 > ¢'(1; — ). We emphasize that u,(c; +¢) > 0 and
up(7; —€) > 0, for every integer n, employing the maximum principle.

Using a Sturm comparison argument, for each n > N, we obtain

0> up(ri — )¢’ (s — €) — un(o; + €)' (05 + €)

= [t — e

= [ o~ uoe] a

ite dt

t=T1;—¢

[ [0 0) = wierote)] ae
.

~

—un(OAaT (£)p(t) + hlt un(£) ()| dt

Il

+
)

N

ot un(8)) = Aa* (tun(®)] () dt

N

~

> [ Jatglun() = Aa* (@)un(t)| o(t) dt
= |, [9tmn(®) = Aun(0)]a* () (1)
>0 Z

a contradiction.

Step 2. Computation of the degree. We stress that the constant R;, for
i €{1,...,m}, does not depend on the function h(t,s). Define

R*:= max R;+R>0
i=1,....m
and fix a radius R > R*.
We denote by 14 the indicator function of the set A := JI%; I.". Let us

define v(t) := fOT G(t,s)1a(s)ds. By the second part of Theorem A.2.1, if
we show that

u# ®(u) + av, forall u € 0B(0,R) and a > 0, (2.1.8)

our result is proved.
Let a > 0. The maximum principle ensures that any nontrivial solution
u € C([0,T]) of u = ®(u) + av is a non-negative solution of the equation



48 Chapter 2. More general nonlinearities f(t,s)

u’+a(t)g(u)+ala(t) = 0 with u(0) = u(T) = 0. Hence, u is a non-negative
solution of (2.1.5) with

h(t,s) =a(t)g(s) + ala(t).

By definition, we have h(t, s) > a(t)g(s), for a.e. t € A and for all s > 0, and
h(t,s) = a(t)g(s), for a.e. t € [0,T] \ A and for all s > 0. By the convexity
of the solution u on the intervals of [0, 7] \ A where u(t) > R, we obtain

- < RL
e = mmace u(t) < maxc{ max u(t), R}

From Step 1 and the definition of R, we deduce that [|ullc < R* < R. Then
(2.1.8) is proved and the lemma follows. O

2.2 Sign-changing nonlinearities: the main result

In this section we apply the two technical lemmas just proved to obtain
the existence of a positive solution to the two-point boundary value problem
(2.1.1). In more detail we use the additivity of the topological degree to
provide the existence of a nontrivial fixed point of the operator ® defined in
(2.1.3).

A first immediate consequence of Lemma 2.1.1 and Lemma 2.1.2 is our
main theorem.

Theorem 2.2.1. Let a: [0,T] — R be an L'-function and g: R* — R be
a continuous function satisfying (hr), (hrr), (hrrr) and (hry). Then there

exists at least a positive solution of the two-point boundary value problem
(2.1.1).

Proof. Let rg be as in Lemma 2.1.1 and R* be as in Lemma 2.1.2. We
observe that 0 < rg < R* < 400. From the additivity property and the two
preliminary lemmas it follows that

degLS(Id — @,B(O,R*) \B[O,To],O) =
= deg;g(Id — ®,B(0,R"),0) — degrg(Id — ®, B(0,719),0) =
=0—1=-1#0.

Then there exists a nontrivial fixed point of ® and hence a corresponding
positive solution of (2.1.1), as already stated. O

From Theorem 2.2.1 we easily achieve the following two results.

Corollary 2.2.1. Let a: [0,T] — R be an L'-function and g: Rt — R be a
continuous function satisfying (hr) and (hrr). Moreover, assume that
g(s)

go := lim —= =0, Joo = lim —* = +o0,

s—0t+ S s—>+oo S
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and a(t) £ 0 on I, for each i € {1,...,m}. Then there exists at least a
positive solution of the two-point BVP (2.1.1).

Corollary 2.2.2. Let a: [0,T] — R be an L'-function satisfying (h;) and
such that a(t) £ 0 on I, for each i € {1,...,m}. Let g: RT — R be a
continuous function satisfying (hrr) and such that go =0 and goo = A > 0.
Then there exists \* > 0 such that, for each A > X*, the two-point BVP

u’ 4+ Xa(t)g(u) =0
u(0) =u(T)=0
has at least a positive solution.

Although hypothesis (hr) is more interesting when the set [0, ]\, I;"
is not negligible, we can consider a weight a(t) > 0 for a.e. t € [0,T], as
previously observed. In that situation Corollary 2.2.1 ensures the existence
of a positive solution in the superlinear case, provided that a #Z 0. No sign
condition on the function g¢(s) is required. Thus, with a different proof,
we can extend [f6] Theorem 1], which was obtained as an application of
Krasnosel’skii fixed point Theorem.

Remark 2.2.1. Our approach is based on the definition of a fixed point
problem which is equivalent to the boundary value problem we considered.
It is clear we could deal with different conditions at the boundary of [0, T
like v/ (0) = w(T) = 0 or w(0) = «/(T) = 0, since a suitable maximum
principle and a Green function (cf. [76]) are available to define an equivalent
fixed point problem and to adapt the scheme shown above (compare to
Section 1.4.4 and the second part of the present chapter). <

2.3 Sign-changing nonlinearities: radial solutions
We denote by || - || the Euclidean norm in RY (for N > 2). Let
Q:= B(0,Rs) \ B[0, R] = {z e RY: Ry < ||z|| < Ra}

be an open annular domain, with 0 < Ry < Ry. Let a: [R1, R2] — R be
a continuous function. In this section we consider the Dirichlet boundary
value problem

{ —Au=a(|z]) g(u) inQ (2.3.1)

u=20 on 0f)

and we are interested in the existence of positive solutions of (2.3.1), namely
classical solutions such that u(z) > 0 for all x € Q.

Looking for radially symmetric solutions of (2.3.1), our study can be
reduced to the search of positive solutions of the two-point boundary value
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problem

N -1
T

w”(r) + w'(r) +a(r)g(w(r)) =0, w(R)) =w(Re) =0. (2.3.2)

Indeed, if w(r) is a solution of (2.3.2), then u(z) := w(]||z||) is a solution of
(2.3.1). As described in Section C.2, using the standard change of variable

t = h(r) = /R N ae

and by defining

R2
T .= i N, rt):=h"Yt) and w(t) = w(r(t)),

we transform (2.3.2) into the equivalent problem
0" () + () N Va(rt)g(v(t)) =0, v(0) =v(T) = 0. (2.3.3)

Consequently, the two-point boundary value problem (2.3.3) is the same as
(2.1.1) considering r(t)2N~Da(r(t)) as weight function.
Clearly the following result holds.

Theorem 2.3.1. Let a: [Ry, Ro] — R and g: RT — R be continuous func-
tions satisfying (hr), (hrr), (hrrr) and (hpy). Then problem (2.3.1) has at
least a positive radially symmetric (classical) solution.

2.4 Conflicting nonlinearities: introduction

In this second part we study positive solutions to Sturm-Liouville bound-
ary value problems associated with nonlinear second order ODEs. To de-
scribe our results, throughout this introductive section we focus our atten-
tion on the equation

u” + a(t)g(uw) — pb(t)k(u) =0 (2.4.1)

defined on the nontrivial compact interval [0,7]. We assume that p > 0 is a
real parameter, a,b: [0,7] — RT are measurable maps and g,k: Rt — R*
are continuous functions such that

g(s) >0, fors>0,

0,
(i1)
k(0) =0,  k(s) >0, fors>0.

Referring to [I&], we can say that equation (2.4.1) exhibits conflicting non-
linearities. Moreover, we can look at (2.4.1) as an indefinite equation.
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Our main goal is to provide multiplicity results of positive solutions
to equation (2.4.1) together with the Sturm-Liouville boundary conditions,
namely conditions of the form

{ au(0) — fu/(0) =0 (2.4.2)
~yu(T) + 6u/(T) = 0,

where «, 8,7,d > 0 with v56 + ay + ad > 0. We notice that for a = v =1
and 8 = 6 = 0, we obtain the Dirichlet boundary conditions.

Starting from the Seventies, these types of problems have received a
remarkable attention in the research area of nonlinear differential equations.
One of the early work was due to Anderson (cf. [I0]) who has proved that
the equation
3

—Au=u®—pu® —u inRY

has a solution if 0 < p < 3/16, while there are no solutions for p > 3/16.
Other two relevant contributions to the autonomous case are [§ 2IJ. In
[Z1] Berestycki and Lions have analyzed the more general equation

—Au = vfulP"ru — plulf 'y — du in RY,

where N >3, v,u, A >0and 1 < ¢ <p < (N+2)/(N —2), and they proved
existence and nonexistence results in dependence of the parameter p > 0.
In [8] Ambrosetti, Brezis and Cerami proved that there is a positive solution
of

—Au=duf+uP in Q

u=>0 on 01,

with 0 < ¢ < 1 < p, for A > 0 small enough and no solution for A\ large.
We refer to [I6I] for a further result in this direction and for a more
complete presentation and bibliography on the subject.

A motivation for this second part of the chapter is given by the papers
[@ OF], where non-autonomous differential equations on bounded domains
are taken into account. The boundedness of the domain enables the authors
to deal with more general equations (with respect to those considered in
R 0O 21]) and, in particular, to consider non-negative weight functions in
place of the positive coeflicients in front of the nonlinearities.

In @ Alama and Tarantello studied positive solutions of the Dirichlet
boundary value problem

—Au = M+ k(z)u? — h(z)uP? in Q
u=20 on 0,

where Q C RY (with N > 3) is an open bounded set with smooth boundary,
the functions h,k € L'(Q) are non-negative and 1 < ¢ < p. They proved
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existence, nonexistence and multiplicity results depending on A € R and
according to the properties of the ratio kP~ /h~1.
In [0F Girao and Gomes dealt with nodal solutions to
—Au=a*(z)( M+ f(z,u)) — pat(z)g(z,u) inQ
u=20 on 0f),

where Q C RV (with N > 1) is an open bounded set with smooth boundary.
They proved existence of nodal solutions for p > 0 sufficiently large.

The main goal of this second part is to present a multiplicity result
for positive solutions to (2.4.1)-(2.4.2) in dependence of the number of the
intervals where a(t) > 0 and thus giving a contribution to [ B§]. In order to
explain our achievement, we now introduce it in a slightly easier framework.

Let a,b: [0,T] — R™ be continuous functions such that

(i2) there exist two zeros 7,0 with 0 < 7 < ¢ < T such that

a(t) >0 onl0,7[U]o,T[, a(t)=0 on |7, 0],
b(t) >0 on |0l b(t)=0 on [0,7]U]o,T].

Our main multiplicity result is the following. See Figure 2.3 for a nu-
merical example.

Theorem 2.4.1. Let a,b: [0,T] — R be continuous functions satisfying
(iz). Let g, k: RT — RT be continuous functions satisfying (i1). Moreover,
assume that

9(s) g(s)

limsup == =0, liminf == = 400,
50+ S s—>+oo 8§
and
) k(s)
limsup —= < +o0.
s—0t S

Then there exists p* > 0 such that for every pu > p* the boundary value
problem (2.4.1)-(2.4.2) has at least 3 positive solutions.

We notice that, under the hypotheses of Theorem 2.4.1, the function
g(s) is superlinear, thus covering the classical case g(s) = s” with p > 1. On
the other hand, we do not impose any growth condition on k(s). Hence, the
case considered in [ is clearly included in our setting (cf. Section 2.8 for
other remarks in this direction).

As remarked above, Theorem 2.4.1 is a special case of the main result of
this part (cf. Theorem 2.6.1), where we deal with more general (Lebesgue
integrable) coefficients a(t) and b(t) and weaker growth conditions on g;(s).
Roughly speaking, we consider a weight function a: [0,7] — R™ (belonging
to the “positive” part of the nonlinearity) which is positive on m intervals,
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Figure 2.3: The figure shows an example of 3 positive solutions to the Dirichlet
problem associated with (2.4.1) on [0,3r], where 7 = 7w, ¢ = 27, T = 3m, a(t) =
sin(¢), b(t) = sin” () (as in the upper part of the figure), g(s) = s2, k(s) = s3
(for s > 0). For . = 1, Theorem 2.4.1 ensures the existence of 3 positive solutions,
whose graphs are located in the lower part of the figure.

so a(t) has m positive humps. In this framework we prove the existence of
2™ — 1 positive solutions of (2.4.1)-(2.4.2) when b(t) is “sufficiently large”,
namely 8 > 0. We refer to the next section, where we introduce all the
hypotheses on the elements involved in (2.4.1)-(2.4.2) which are assumed
for the rest of the chapter.

2.5 Conflicting nonlinearities: setting and nota-
tion

In this section we present the main elements involved in the study of the
positive solutions to the boundary value problem

u + f(t,u) =0
au(0) — pu/(0) =0 (2.5.1)
yu(T) + 6u'(T) = 0,

where f: [0,7] x Rt — R is a function of the form

m+1

F(ts) = aiai(t)gi(s) — > Bibi(t)k;(s), (2.5.2)
i=1 j=0

with m > 1, and «, 8,7,0 > 0 with v8 + ay + ad > 0.
The following hypotheses and positions will be assumed from now on.
Let m > 1 be an integer. Let a; > 0, for i = 1,...,m, and 3; > 0, for
7 =0,...,m+ 1, be real parameters.
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Let a;: [0,T] — R*, for i = 1,...,m, and b;: [0,T] — R*, for j =
0,...,m + 1, be (non-negative) Lebesgue integrable functions. Moreover,
we assume that

(h1) there exist 2m+2 closed and pairwise disjoint intervals I, ..., Iy, and
Joy -y Im+1 (Jo and Jpq1 possibly empty), such that

a; 20 onl;, a;=0 on[0,T)\L;, i=1,...,m;
bj?é() Oan, bjEO OTL[O,T]\Jj, j=0,1,...,m+1.

Without loss of generality, up to a relabelling of the indices, we can assume
that max I; < min I}, for all ¢ < k; max J; < min Jy, for all j < k; maxI; <
min Jj, for all ¢ < j; between two intervals I; and I; 1 there is an interval J;;
between two intervals J; and Jj41 there is an interval I;. Moreover, even-
tually extending the functions a;(t) as 0 on ([0,77 \ ;) N [max J;, min J;41]
(with I; between J; and Jj11), we can also suppose that

m+1

UIiU U Jj= [0, 7.
i=1 =0

Summarizing all the conventions, it is not restrictive to label the intervals
I; and J; following the natural order given by the standard orientation of
the real line and thus determine 2m + 2 points

0=1<01 <M <3< <..<O0m-1<Tm-1<0m<Tmony1=1T,
so that
I :=o,m), i=1,...,m, and J;:=][1,0541], j=0,...,m+1.

Finally, consistently with assumption (h;) and without loss of generality,
we select the points o; and 7; in such a manner that b;(t) # 0 on all right
neighborhoods of 7; and on all left neighborhoods of ¢;41. In other words,
if there is an interval K contained in [0,7T] where a(t) = 0, we choose the
points o; and 7; so that K is contained in one of the I; or K is contained in
the interior of one of the J;.

Let g;: Rt — R*, for ¢ = 1,...,m, and k;: R" — RT, for j =
0,...,m 4+ 1, be continuous functions and such that

9:(0) =0, gi(s) >0, fors>D0, 1=1,...,m;

h
(h2) k;(0) =0, kj(s) >0, fors>0, j=0,...,m+ 1.
We define

gé := lim sup gi(s)’ géo := lim inf gi(s)’ i=1,...,m,

s—0+ S s—+oc0 8§
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and L
kg:zlimsupﬂ, j=0,....m+1
s—0t S
Foralli=1,...,m and for all j =0,...,m+ 1, we suppose
(h3) gé < 400, gio > 0, k:é < 400.

We denote with A\ the first (positive) eigenvalue of the eigenvalue problem

¢+ AL ai()] e =0

ap(0) — B¢’ (0) =0

Yp(T) + 64/ (T') = 0,
and, for i = 1,...,m, with A\{ the first eigenvalue of the eigenvalue problem
in Il

{ ¢ + Aa;(t)p = 0
¢lor, = 0.

If 9 =01 =0o0r 7, = omy1 =1, we denote with )\’i (with i =1 or i = m,
respectively) the first eigenvalue of the eigenvalue problem

" + Aai(t)p =0 " + Nai(t)p =0
ap(0) — B'(0) =0 or p(om) =0
¢(r1) =0 Ye(T) +0¢'(T) = 0,

respectively. Clearly, if 3 = 0 or § = 0, respectively, the definition of \{ is
the same as before. Using the assumptions on a;(t), in any case, we obtain
that A > 0 foreach ¢ =1,...,m.

Now, we briefly review Theorem 1.3.1 in the context of a Sturm-Liouville
boundary value problem. We stress that Chapter 1 (and in particular The-
orem 1.3.1) concerns the Dirichlet boundary value problem (i.e. problem
(2.5.1) with « =y =1 and 8 = 6 = 0), but in Section 1.4.4 we observed
that the approach presented therein could be adapted to the study of differ-
ent boundary conditions, for example u(0) = v/(T") = 0 or «/(0) = u(T) = 0,
which are clearly covered by the Sturm-Liouville ones. Since there are
some difference in considering the Sturm-Liouville boundary conditions, we
present the modification of Theorem 1.3.1 needed in this chapter.

Let us consider a general map f: [0,7] x RT — R and suppose that
f(t,s) is an L'-Carathéodory function. In order to state the multiplicity
result we list the following hypotheses that will be assumed.

(f*) f(t,0) =0, for a.e. t € [0,T].
(f5") There exists a function g_ € L'([0,T],RT) such that

lim inf AGE)

s—0t S

> —q_(t), uniformly a.e. t € [0,T].
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(fo7) There exists a function g € L'([0,7],RT) with gy # 0 such that

lim sup M

s—07F S

< qo(t), uniformly a.e. t € [0,T],

and
p(qo) > 1,

where 11(qo) is the first positive eigenvalue of the eigenvalue problem
¢" +ua(t)p =0,  ¢(0)=¢(T)=0.

(H) There exist m > 1 intervals I, ..., I, closed and pairwise disjoint,
such that

m
f(t,s) >0, forae. te U I; and for all s > 0;

=1

f(t,s) <0, forae. te0,T]\ U I; and for all s > 0.
i=1

(fs) For all i = 1,...,m there exists a function ¢’, € L'(I;,R") with
¢’ # 0 such that

lim inf M

> ¢’ (t), uniformly a.e. t € I,
S$——+00 S

o0

and
() <1,
where u{i (¢%,) is the first positive eigenvalue of the eigenvalue problem
in I;
¢+ gkt =0, ¢lor, =0.

We observe that, since f(t, s) satisfies condition ("), from the continuity
of the eigenvalue 11(go) as a function of gy we can derive that there exists
ro > 0 such that

(ho) the following inequality holds

t
ft:s) <qo(t)+e, ae tel0,T], VO<s<rg,
s
for every € > 0 such that pi(qo +¢) > 1.

Now we can state the multiplicity result for positive solutions of the
boundary value problem (2.5.1).
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Theorem 2.5.1. Let f: [0,7] x Rt — R be an L'-Carathéodory function

satisfying (£*), (fy), (f5), (H) and (fx). Let o > 0 satisfy (ho). Suppose
that

(¥) there exists r € |0,79] such that for every 0 # Z C {1,...,m} and
every L'-Carathéodory function h: [0,T] x RT — R satisfying

hit,s) > f(t,s), ae te| ], Vs>0,
€L
h(t,s) = f(t,s), ae t€[0,T)\| ]I Vs>0,
i€l
any non-negative solution u(t) of
u’ 4+ h(t,u) =0

satisfies maxier, u(t) # r for every i € {1,...,m} \ Z.

Then there exist at least 2™ — 1 positive solutions of the boundary value
problem (2.5.1).

The proof of the above result is analogous to the one presented in Sec-
tion 1.3 dealing with the Dirichlet problem. We only underline that, when
we reduce our study to an equivalent fixed point problem, we have to con-
sider the Green function associated to the equation u” + u = 0 with the
Sturm-Liouville boundary conditions (cf. [70] [76]), that is

Gl s) 1 (y+5—78)(B+at), f 0<t<s<1;

) S = .
VB+ay+ad | (y+6—t)(B+as), if 0<s<t<1.

The computations of the degree for the map @, defined as in (1.1.3), are
analogous. Therefore, we omit the proof.

2.6 Conflicting nonlinearities: the main result

Recalling the setting and the notation introduced in Section 2.5, now we
state and prove the following main result.

Theorem 2.6.1. Let m > 1 be an integer. Let a;: [0,T] — RT, for i =
1,...,m, and b;: [0,T] — RT, for j =0,...,m+ 1, be Lebesgue integrable
functions satisfying (h1). Let g;: Rt — RT, fori=1,...,m, and k;: Rt —
R*, for j =0,...,m+ 1, be continuous functions satisfying (ha) and (hs3).
Let a; > 0, for alli=1,...,m. Moreover, suppose that

aigh < Xo, forall i=1,...,m, (2.6.1)
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and ' A
aiges > A, forall i=1,...,m. (2.6.2)

Then there exists B > 0 such that, if
Bj > pB*, forall j=0,...,m+1,

the boundary value problem (2.5.1) with f(t,s) defined in (2.5.2) has at least
2™ — 1 positive solutions.

Proof. In order to prove the theorem, we are going to enter the setting of
Theorem 2.5.1 and to check that all its hypotheses are satisfied for 8; > 0
sufficiently large.

First of all, we observe that the map f(¢,s) defined as in (2.5.2) is an
L!-Carathéodory function and, moreover, satisfies (f*), due to condition
(h2). From

m—+1 m—+1

liminff(i’s) > > Bibs(t) liminf — () _ _ > Bibi(t)k),
j=0 Jj=0

s—0t+ s—0+ S

for a.e. t € [0, 7], and from the last assumption in (h3), we deduce that (f;)
holds with ¢_ € L'([0, T],R") defined as

m+1

g-(t):= Y Bibj()k), te[0,T].
j=0

For i = 1,...,m, by hypothesis (2.6.1) let us fix g% > 0 such that g} < ¢¢ <
Ao/a;. Next, we define

qo(t) := Zaiai(t)gi, te0,T].
i=1
We observe that go € L'([0,T],R*), qo #Z 0 and

m
. )\0
p1(qo) = pa <( max aigi) g ai(t)> = —>1
i=1,....m e . I{laX gl
- 1=1,....m

Then condition (fy) is valid. Concerning the sign of a(t), we observe that
hypothesis (H) directly follows from condition (hy). Furthermore, defining

gt (t) == oyai(t)gl,, tel;, fori=1,...,m,
and observing that ¢¢, € L'(I;,RT), ¢, # 0 and
Al

I/ i .
i = <1, i=1,....m,
Ml (QOO) aigéo ? m
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(by conditions (hs3) and (2.6.2)), we obtain that (fs) holds.

As a second step, we prove that hypothesis (%) is valid. By condition
(2.6.1), for all i = 1,...,m, we can choose p; > 0 such that g§ < Ao — p;. As
observed in Section 2.5, by hypothesis ( fgr ) we can take 1o > 0 satisfying
(ho) (as in Theorem 2.5.1). Next, we fix 0 < r < r¢ such that

aigiis) <A—pi, VO<s<r, (2.6.3)

(for i« = 1,...,m). We claim that (3) holds for r satisfying (2.6.3) and
taking the parameters (; sufficiently large. Let us consider an arbitrary set
of indices §) # Z C {1,...,m} and an arbitrary L!-Carathéodory function
h(t,s) as in (% ). Suppose by contradiction that there exists a non-negative
solution u(t) of v’ + h(t,u) = 0 such that

rtnaluxu(t) =r, for someindex ¢ € {1,...,m}\Z.
€ly

If Z = {1,...,m}, there is nothing to prove. Then fix ) # Z C
{1,...,m}. By the concavity of u(t) in Iy, we have

u(t) >

> min{t — op, 7y — t}, YVt € Iy = [oy, T, (2.6.4)
Ty — 0¢

(cf. @3 p. 420] for a similar estimate)
In order to prove that our assumption is contradictory, we split our
argument into three steps.

Step 1. A priori bounds for |u/(t)| on I;. Analogously to Step 1 in the proof
of Theorem 1.4.3, we obtain the existence of My > 0 such that

[u'(t)] < My, VtelI. (2.6.5)

Step 2. Lower bounds for u(t) on the boundary of I;. Let @g(t) be the
positive eigenfunction of the eigenvalue problem on I,

¢+ Mat)p =0, ¢lar, =0,

with [¢¢]lec = 1, where A{ > 0 is the first eigenvalue. Then ¢,(t) > 0, for
all t € Iy, pe(t) > 0, for all t € |og, [, and ¢y(or) > 0 > ¢)(1y) (hence
¢l > 0).

By (2.6.3) and the fact that A\g < \{, we know that

apge(s) < ()\li —pe)s, Y0O<s<r.
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Then, using (2.6.4), we have

lpelloo (u(oe) + ulre)) >
> u(o) (o) + ulte)l@h(me)| = u(or)py(oe) — ulTe) pi(e)

=7

= [u/(t%@é(t) - U(t)%(t)}z;
B / S ®edt) - uerte)]

4

" (B)pelt) — ()} ()] dt

_ /IZ
= [ [-httu@nea + wptagan)
:/1 :/\{U(t) —aege(u(t))]ag(t)w(t) dt

>/ Pe( d min{t—%Te—75})@@(75)@@(75)6”
I T¢ — Oy

=r [ pe min{t — o, 7 — t}hae(t)pe(t) dt} .
Te—0eJrI

Hence, from the above inequality, we conclude that there exists a constant
¢¢ > 0, depending on py, I; and ay(t), but independent on u(t) and r, such
that

u(og) + u(ty) > cor > 0.

As a consequence of the above inequality, we have that at least one of the
two inequalities

0< %r <wu(m) <, 0< % < (o) <, (2.6.6)

holds.
The two inequalities in (2.6.6) reduce to a single one, if o7 = 0 and
B8>0,orif r, =T and § > 0. Indeed, if o1 =0 and 8 > 0, we have

W (Op1(0) — u(t)el(0)]
= u'(01)p1(01) — u(or)@(o1) — v/ (11)@1(11) + u(r1)p) (11)
= (01) 5¢1(71) — wlon)ph(on) + u(r)el(n)
= u(r)éh(n) < ¢} locu(r).
Analogously, if 7, = T and § > 0, we have
W (O1(0) ~ ()] < ghuloetlom).

=0m
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Finally, as a consequence of the previous inequalities, we obtain that

0< % <u(n)<r or 0< %T < u(op) <7 (2.6.7)

holds, respectively.

Step 8. Contradiction on an adjacent interval for By large. As a first case,
we suppose that the first inequality in (2.6.6) is true. If 7y = T', then § > 0 in
the boundary conditions (otherwise u(7y) = 0, a contradiction) and we deal
with the second inequality in (2.6.7) (see the discussion of the second case
below). Consequently, whenever 7, < T', we can focus our attention on the
right-adjacent interval [y, 0p41], where f(t,u(t)) = —Bebe(t)ke(u(t)) < 0.
Recall also that, by the convention adopted in defining the intervals I; and
J;, we have that by(t) is not identically zero on all right neighborhoods of
0.

We observe that there exists R > r such that max,co 7 u(t) < R. This
is a consequence of (f*), (fy ), (H) and (f), as described in Lemma 1.1.3.

Since k¢(s) > 0 for all s > 0, we can introduce the positive constant

ve:= min ky(s) >0
U <s<R

and define

. cor
0f :=mind o — 71, —— ¢ >0
Y 41 2 AM, 3

where M, > 0 is the bound for |u/(t)| obtained in (2.6.5) of Step 1. Then,
by the convexity of u(t) on Jy, we have that u(t) is bounded from below by
the tangent line at (74, u(7¢)), with slope '(7;) > —Mj,. Therefore,

% <u(t) <R, Vte|rm+6/].

We are going to prove that max;cj, u(t) > R for 3, > 0 sufficiently large
(which is a contradiction with respect to the upper bound R > 0 for u(t)).

Consider the interval [ry, ¢ + 5;] C Jy. Proceeding as in Step 3 in the
proof of Theorem 1.4.3, we can deduce

cor Tg+6é+ s
R>u(rg+0)) > — — M/ +ﬁew/ (/ be(§) df) ds.
2 Te Te
This gives a contradiction if 5, is sufficiently large, say
R+ M,T

6@ > 62_ = T ’
ve [T [ bul€) dé ds

recalling that ffi be(&) d§ > 0 for each t € |7y, op11].
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A similar argument (with obvious modifications) applies if the second
inequality in (2.6.6) is true. If oy = 0, then # > 0 in the boundary conditions
(otherwise u(oy) = 0, a contradiction) and we deal with the first inequality
in (2.6.7) (see the discussion of the first case above). Consequently, whenever
op > 0, we can focus our attention on the left-adjacent interval Jy,_; where
f(t,u(t)) = —Be—1be—1(t)ke—1(u(t)) < 0. Recall also that, by the convention
adopted in defining the intervals I; and J;, we have that b,_;(t) is not
identically zero on all left neighborhoods of ay.

If we define

0, == min{ag —Tr_1, 465;;4} > 0,

we obtain a similar contradiction for

_ R+ M,T
ﬂﬁ > 6 = T o :
C Jor—s J$ be-1(€) dE ds
At the end, defining
B = k:HllaXmﬂzt,

condition (%) holds taking 3; > *, for all j =0,...,m+1. Finally, we can
apply Theorem 2.5.1 and the proof is completed. O

From the statement of Theorem 2.6.1, one can easily notice that the pa-
rameters «; > 0 are involved only in hypotheses (2.6.1) and (2.6.2), therefore
there is no real condition on those constants (since they can be considered
as part of the functions g;). In a moment, the role of the parameters «;
will become more clear. Indeed, investigating more on conditions (2.6.1)
and (2.6.2), we can state the following corollaries (the obvious proofs are
omitted).

Corollary 2.6.1. Let m > 1 be an integer. Let a;: [0,T] — R, for i =
1,...,m, and b;: [0,T] — R™, for j =0,...,m + 1, be Lebesgue integrable
functions satisfying (h1). Let gi: Rt = RY, fori=1,...,m, and k;: R™ —
R*, for j =0,...,m+ 1, be continuous functions satisfying (ha) and (hs).
Moreover, suppose that

gézO, forall 1=1,...,m.
Then there exists o > 0 such that if
a; >a*, forall i=1,...,m,
there exists B* = B*(aq,...,am) > 0 so that, if
B;>pB*, forall j=0,...,m+1,

then the boundary value problem (2.5.1) with f(t,s) defined in (2.5.2) has at
least 2™ — 1 positive solutions.
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Corollary 2.6.2. Let m > 1 be an integer. Let a;: [0,T] — RT, fori =
1,...,m, and b;: [0,T] — RT, for j =0,...,m+ 1, be Lebesgue integrable
functions satisfying (h1). Let g;: Rt = RT, fori=1,...,m, and k;: Rt —
R*, for j =0,...,m+ 1, be continuous functions satisfying (ha) and (h3).
Moreover, suppose that

gf,o =+o0, forall i=1,...,m.
Then there exists a, > 0 such that if

O0<a; <ay, foral i=1,...,m,
there exists f* = B*(aq,...,am) > 0 so that, if

B >p*, forall j=0,...,m+1,

then the boundary value problem (2.5.1) with f(t,s) defined in (2.5.2) has at
least 2™ — 1 positive solutions.

2.7 Conflicting nonlinearities: radial solutions

As a consequence of Theorem 2.6.1, we can give a multiplicity result for
positive radially symmetric solutions to boundary value problems associated
with elliptic PDEs on an annular domain.

We briefly describe the setting, referring to the notation introduced in
Section 2.5. Let 0 < Ry < Rs and consider the open annulus around the
origin

Q:={zeRY: Ry < ||z| < Ra},

where | - || is the Euclidean norm in RY (for N > 2). We define
m m+1
F(z,s):= Zai.Ai(a:)gi(s) — Z B;iBj(z)k;(s), x€Q, seRT,
i—1 =0

with m > 1. Fort=1,...,mand j =0,1,...,m+1, let o; >0, 3; > 0,
and moreover let g;: RT — R* and kj: RT — R be continuous functions
satisfying conditions (h2) and (h3). Let A;: Q@ — R*, fori =1,...,m, and
Bj: Q=R for j=0,1,...,m+ 1.

We deal with the Dirichlet boundary value problem associated with an
elliptic partial differential equation

(2.7.1)

—Au = F(z,u) inQ
u=20 on 0f).

For simplicity, we look for classical solutions to (2.7.1), namely, u € C2(€).
Accordingly, we assume that A;(x) and Bj(x) are continuous functions.
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Moreover, we suppose that A;(z) and B;(x) are radially symmetric function,
L.e. there exist continuous functions A;, B;: [Ry, Re] — R such that

Ai(z) = Ai(lz])),  Bi(x) = Bi(l|l=l)), Ve Q. (2.7.2)

In this way, we can transform the partial differential equation in (2.7.1)
into a second order ordinary differential equation as the one in (2.5.1), as
described in Section C.2.

Preliminarily, we introduce the function

m m+1

F(r,s) = ZaiAi(r)gi(s) - Z B;iBj(r)k;(s), r€[Ri, R, s€R".
j=0

i=1

A radially symmetric (classical) solutions to (2.7.1) is a solution of the form
u(z) = U(||z]|), where U(r) is a scalar function defined on [R;, Ra]. Conse-
quently, we can convert (2.7.1) into

{ (rN1 M’)/ +rNTLE(rU) =0 (2.73)

U(Ry) = U(Ry) = 0.

Via the change of variable
t = h(r) :_/ ¢ dg
Rq

and the positions

R
T .= / eNde, r(t) =h7HE), w(t) =U(r()),

Ry

we can transform (2.7.3) into the Dirichlet problem

{v”+ f(t,v)=0
v(0) =v(T) =0,

where
F(t,v) :=r@)*VVE@(t),v), te€l0,T], veR".

In this setting, a straightforward consequence of Theorem 2.6.1 is the
following result. In the statement below, when we introduce condition (h})
and the points o; and 7;, we implicitly assume the convention adopted in
defining the intervals I; and J; in Section 2.5.

Theorem 2.7.1. Let m > 1 be an integer. Let A;: Q — RT, for i =
1,...,m, and B;: Q — R*, for j = 0,...,m + 1, be Lebesque integrable
functions satisfying the following condition:
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(hy) there exist 2m + 2 points (with m > 1)
Ri=1n<o<n<02<...<Tm-1<0m < Tm < omt1 = Ro,

such that A; 20 on [0, 7], fori=1,....,m, and B; 0 on [1;,0i+1],
forj=1,...,m+1,

where A;, Bj: Q@ — RT are defined as in (2.7.2). Let a; > 0, for all i =
1,...,m. Let gi: R" — Rt fori = 1,...,m, and kj: Rt — R, for
j=0,...,m+1, be continuous functions satisfying (ha), (hs), (2.6.1) and
(2.6.2). Then there exists B* > 0 such that, if

B >p*, forall j=0,...,m+1,

the Dirichlet boundary value problem (2.7.1) has at least 2™ — 1 positive
radially symmetric (classical) solutions.

Clearly, from Corollary 2.6.1 and Corollary 2.6.2 we also derive the fol-
lowing result.

Corollary 2.7.1. Let m > 1 be an integer. Let A;: Q — R*, fori =
1,...,m, and Bj: Q@ — RY, for j = 0,...,m + 1, be Lebesque integrable
functions satisfying (h}). Let gi: Rt — RT, fori=1,...,m, and kj: Rt —
RT, for j =0,...,m+ 1, be continuous functions satisfying (hs) and (hs).

o [If '
9o=0, forall i=1,...,m.

Then there exists a* > 0 such that if
a; >a, foral i=1,...,m,
there exists B* = B*(aq,...,am) > 0 so that, if
B >pB*, forall j=0,...,m+1,

then the Dirichlet boundary value problem (2.7.1) has at least 2™ — 1
positive radially symmetric (classical) solutions.

o [If 4
Joo = 00, forall i=1,...,m.

Then there exists a, > 0 such that if

O<a;<ay, foral i=1,...,m,
there exists B* = B*(aq,...,am) > 0 so that, if

B >pB*, forall j=0,...,m+1,

then the Dirichlet boundary value problem (2.7.1) has at least 2™ — 1
positive radially symmetric (classical) solutions.
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We conclude this discussion by observing that the multiplicity results
given in Theorem 2.7.1 and in its corollary are also valid considering different
boundary conditions of the form

0
u=0 on {a:GRN: |z| = R1} and 8—1;:0 on {:UERN: |z|| = R},
or
ou N N
EZO on {z eR": |lz]| =R} and w=0 on {zeR":|z| =Ry},

where r = ||z|| and Ou/Or denotes the differentiation in the radial direction
(compare also to [[I3] I80], where an existence result for positive solutions
is given for this type of conditions).

2.8 Conflicting nonlinearities: final remarks

We conclude this second part by presenting some consequences and dis-
cussions that naturally arise from our main result.

As the first point, in order to better explain our contribution to indefinite
problems, we compare Theorem 2.6.1 to Theorem 1.4.3. In Chapter 1 we
have presented an application of Theorem 2.5.1 (i.e. Theorem 1.3.1) to an
indefinite equation of the form

u” +a(t)g(u) =0, (2.8.1)

where a(t) > 0 on m pairwise disjoint intervals and a(t) < 0 on the com-
plement in [0,7]. According to the notation of the present chapter, setting
a; := alr, and b; := al;,, one can easily see that Theorem 1.4.3 is an imme-
diate consequence of Theorem 2.6.1. Furthermore, we observe that in the
special case of (2.8.1) Theorem 2.6.1 generalizes Theorem 1.4.3. Indeed, in
(2.5.2), the positive part and the negative part of the weight are associated
with different nonlinearities, that is g;(s) and k;(s). This fact allows us to
impose growth conditions only on the nonlinearities that have actually a
role in the proof. More precisely, we assume superlinear growth conditions
at zero and at infinity on the nonlinearities g;(s) (that multiply the positive
part of the weight), while there are no growth conditions on the nonlinear-
ities associated with the non-negative part. Indeed, besides the standard
sign condition (hg), we assume only that k) < +oc (in (hs)) in order to
apply a standard maximum principle. In Figure 2.4 we show an example of
equation which does not enter the setting of Theorem 1.4.3, while it satisfies
all the hypotheses of Theorem 2.6.1.

One of the advantages in using an approach based on the topological
degree is the fact that the degree is stable with respect to small perturba-
tion of the operator and hence our multiplicity result is valid also when we
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/NN

Figure 2.4: The figure shows an example of 3 positive solutions to the equation
w’ +aqa1(t)gr(u) — B1b1(t)k1(u) + azaz(t)ge(u) = 0 on [0,5] with w(0) = u/(5) = 0,
whose graphs are located in the lower part of the figure. For this simulation we have
chosen a1 = 10, as = 2, f; = 20 and the weight functions as in the upper part of
the figure, that is a1(t) =1 in [0, 2], —b1(t) = —sin(xt) in [2, 3], a2(t) = 0 in [3,4],
as(t) = —sin(nt) in [4, 5]. Moreover, we have taken ¢1(s) = g2(s) = sarctan(s) and
ki(s) = s/(1 + s?) (for s > 0). Notice that k;(s) has not a superlinear behavior,
since limg_,o+ k1(s)/s =1 > 0 and lims_, o k1(s)/s = 0. Then Theorem 1.4.3 does
not, apply, contrary to Theorem 2.6.1.

D

consider an equation of the form
u” +ep(t,u,u') + f(t,u) =0,

for || sufficiently small.
From this remark we immediately obtain that we can deal with the
equation
" + M+ f(t,u) =0

for || small enough and thus providing a contribution to H] (compare to the
discussion in Section 2.4). Moreover, we can consider the Sturm-Liouville
problem associated with

' +cu' + f(t,u) =0, (2.8.2)

where ¢ € R is a constant, with |c| small enough. The above equation has no
Hamiltonian structure. An interesting question is whether Theorem 2.6.1
is still valid for an arbitrary ¢ € R. With Dirichlet boundary conditions
or mixed boundary conditions of the form «'(0) = u(T) = 0 or u(0) =
v (T) = 0, a standard change of variable allows to reduce equation (2.8.2)
to an equation of the form as in (2.5.1); while for the general case of Sturm-
Liouville boundary conditions one can adapt the approach developed in the
forthcoming chapters.

In the forthcoming chapters we will also develop a technique that will
enable to deal with Neumann and periodic boundary conditions and with
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maps that, roughly speaking, have a superlinear growth at zero and a sub-
linear growth at infinity. In this super-sublinear case, hypotheses (2.6.1)
and (2.6.2) of Theorem 2.6.1 are replaced by

gé:g?‘)o:o, forallizl,...,m.

We shall prove the existence of 3" — 1 positive solutions when «; and ; are
sufficiently large.



Chapter

Neumann and periodic boundary
conditions: existence results

In the present chapter we study the second order nonlinear boundary

value problem

v +a(t)g(u) =0, 0<t<T,

(2) :
PB(u,u') = 0.

As linear boundary operator we take
% (u,u') = (u'(0),4(T))

or

B(u,u') = (u(T) = u(0),u'(T) — u'(0)),

so that we consider the Neumann and the periodic boundary value problems.
The nonlinearity g: Rt — RT is a continuous function such that

(9+) g(0) =0, g(s) >0 for s> 0,

and the weight a(t) is a Lebesgue integrable function defined on [0, 7).

A solution of (2) is a continuously differentiable function u: [0,7] — R
such that its derivative u/(¢) is absolutely continuous and u(t) satisfies (&)
for a.e. t € [0,T]. We look for positive solutions of (&), that is solutions u
such that u(t) > 0 for every t € [0,7]. In relation to the Neumann and the
periodic boundary value problems, assumption (g ), which requires that g(s)
never vanishes on ]Rar, is essential to guarantee that the positive solutions
we find are not constant.

69
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If u(t) is any positive solution to the boundary value problem (£?), then
an integration on [0, 7] yields

T
| attatuna <o

and this fact, in connection with (g.), implies that the weight function a(t)
(if not identically zero) must change its sign. A second relation can be
derived when g(s) is continuously differentiable on Rg. Indeed, dividing the
equation by g(u(t)) and integrating by parts, we obtain

[ oG- [ v

(cf. I8 B6]). From this relation, if ¢(s) > 0 on R, we find that a necessary
condition for the existence of positive solutions is

T
/ a(t)dt < 0.
0

The above remarks suggest that, if we want to find nontrivial positive
solutions for (£?) with nonlinearities which include as a particular possibility
the case of g(s) strictly monotone, we have to study problem (%) considering
sign-indefinite weight functions with negative mean value on [0,7]. This
latter condition on the mean value is new with respect to the Dirichlet
problems investigated in the previous chapters.

In this chapter we study the case of nonlinearities ¢g(s) which have a su-
perlinear growth at zero and at infinity (i.e. superlinear indefinite boundary
value problems) and we prove the existence of positive solutions to (). In
more detail, necessary and sufficient conditions for the existence of nontrivial
solutions are obtained.

With respect to problem (), the linear differential operator u — —u”
has a nontrivial kernel made up of the constant functions. In such a situation
the operator is not invertible and we cannot proceed in the same manner as
described in Chapter 1 (dealing with an equivalent fixed point problem in a
suitable Banach space and applying directly some degree theoretical argu-
ments). In this case, we have found it very useful to apply the coincidence
degree theory developed by J. Mawhin (see Appendix B), which allows to
study equations of the form Lu = Nu, where L is a linear operator with
nontrivial kernel and N is a nonlinear one.

We remark that the existence results presented in this chapter give a
solution to a problem raised by G. J. Butler in 1976 in the proof of 3]
Corollary|, where the author pointed out that the equation

u +w)|ulflu=0, p>1,



3.1. An abstract existence result via coincidence degree 71

has infinitely many T-periodic solutions, assuming that w(t) is a continuous
T-periodic function with only isolated zeros and which is somewhere positive.
It was also noted that all these solutions oscillate (have arbitrarily large
zeros) if fOTw(t) dt > 0. Since condition

T
/ w(t) dt < 0 (3.0.1)
0

implies the existence of non-oscillatory solutions (cf. [8]]), it was raised the
question (see H9l p. 477]) whether there can exist non-oscillatory periodic
solutions if (3.0.1) holds. Since in the present chapter we prove the exis-
tence of positive (i.e. non-oscillatory) T-periodic solutions under the average
condition (3.0.1), we give a complete answer to Butler’s question.

The plan of the chapter is the following. In Section 3.1 we apply coin-
cidence degree theory to provide an existence theorem (see Theorem 3.1.1)
for positive solutions to a general problem of the form

u' + f(tu,u') =0, 0<t<T,
PB(u,u') = 0.

The results of Section 3.1 are then employed in Section 3.2 in order to obtain
two main existence theorems for problem (&) under different conditions
on the behavior of ¢g(s) near zero (see Theorem 3.2.1 and Theorem 3.2.2).
Various corollaries and applications are also derived. In Section 3.3 we
present two different applications where we treat separately the Neumann
and the periodic problem. More precisely, in Section 3.3.1 we prove an
existence result of positive radially symmetric solutions for a superlinear
PDE subject to Neumann boundary conditions in annular domains, while
in Section 3.3.2 we provide positive periodic solutions to a Liénard type
equation. We stress that in this latter case we can give an application of our
method to a non-variational setting, indeed the associated equation has not
an Hamiltonian structure. Throughout the chapter we focus our study only
on the existence of nontrivial solutions, while in Chapter 4 we combine the
methods developed in Chapter 1 with those of the present chapter in order
to achieve multiplicity results of positive solutions to the boundary value
problem (£2).

3.1 An abstract existence result via coincidence
degree

In this section we provide an existence result for the second order bound-
ary value problem

"y ftu,u) = t<T
{u + flt,u,u’) =0, 0<t<T, (3.1.1)

Blu,u’) =0,
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which includes (2?) as well as the case of more general nonlinear terms. We
recall that by %(u,u’) = 0 we mean the Neumann or the periodic boundary
conditions on a fixed interval [0, 7).

Let X := C!([0,T]) be the Banach space of continuously differentiable
real valued functions wu(t) defined on [0, 7] endowed with the norm

lull := llullo + 4"l

and let Z := L'(][0, T]) be the space of Lebesgue integrable functions defined
on [0, 7] with the L'-norm (denoted by || - ||11)-
We define L: dom L — Z as

(Lu)(t) == —u"(t), € [0,7],
and take as dom L C X the vector subspace
dom L := {u € X: v € AC and ZB(u,u') = Q},

where v/ € AC means that v’ is absolutely continuous. In this situation,
ker L = R is made by the constant functions and

Im L = {w €z /OTw(t)dt:O}.

A natural choice of the projections is given by

1 (T
P,Q:Ub—>/ u(t) dt,
T Jo

so that coker L = R and ker P is given by the continuously differentiable
functions with mean value zero. With such a choice of the projection, the
right inverse linear operator K p is the map which to any w € L*([0, T]) with
fOT w(t) dt = 0 associates the unique solution u(t) of

T
o +w(t) =0, HBu,u') =0, / u(t) dt = 0.
0

Finally, we take as a linear isomorphism J: coker L — ker L the identity in
R.

We are ready now to introduce the nonlinear operator N: X — Z. First
we give some assumptions on f(¢, s, &) which will be considered throughout
the section.

Let f:[0,7] x RT x R — R be an LP-Carathéodory function, for some
1 <p< oo (cf. [[04]), satisfying the following conditions

(f1) f(t,0,€) =0, for a.e. t € [0, T] and for all £ € R;
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(f2) there exists a non-negative function k € L'([0,T]) and a constant p > 0
such that

[f(t,s, ) < k() (Is] + (&),
for a.e. t € [0,T], for all0 < s < p and [£] < p.

Besides the above hypotheses, we suppose also that f(t,s,&) satisfies a
Bernstein-Nagumo type condition in order to have a priori bounds on |u/(¢)|
whenever bounds on u(t) are obtained. Typically, Bernstein-Nagumo as-
sumptions are expressed in terms of growth restrictions on f(¢,s,£) with
respect to the &-variable. However, depending on the given boundary value
problems and on the nonlinearity, more general conditions can be consid-
ered, too. The interested reader can find in [[29] a very general discussion
for the periodic problem (cf. [I82] for a broad list of references). See also
[IT7 and [I31] for interesting remarks and applications to different bound-
ary value problems. For the purposes of the present chapter, we do not
consider the more general situation and we confine ourselves to the classical
estimate for the LP-Carathéodory setting given in [62] § 4.4]. Accordingly,
we assume that

(f3) for each n > 0 there exists a continuous function

qb:gbn:]R"'—)]R"', with /mfb(;dfzoo,

and a function 1 =, € LP([0,T],R") such that

[F(t 5,0 < (®)o([E]),  for ae. t€0,T], Vs €[0,7], VE € R.

For technical reasons, when dealing with Nagumo functions ¢(&) as above,
we always assume further that

lim inf ¢(¢) > 0.

E—+o0

This prevents the possibility of pathological examples like that in [62] pp. 46—
47] and does not affect our applications.

As a first step we extend f to a Carathéodory function f defined on
[0, 7] x R?, by setting

r t? ) ) if 207
f(t,s,f)::{‘i(ssg) o

and denote by N: X — Z the Nemytskii operator induced by f , that is

(Nu)(t) := f(t,u(t),d'(t), tel0,T)].
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In this setting, u is a solution of the coincidence equation
Lu= Nu, uwe€domlL, (3.1.2)

if and only if it is a solution to the boundary value problem

{u”+f(t w,u’)=0, 0<t<T, (3.1.3)

B(u,u') = 0.

Moreover, from the definition of f for s < 0 and conditions (f;) and (fa),
one can easily check by a maximum principle argument (see Lemma C.1.2
and Remark C.1.1) that if u # 0, then wu(t) is strictly positive and hence a
(positive) solution of problem (3.1.1).

Now, as an application of Lemma B.2.1 and Lemma B.2.3, we have the
following result.

Theorem 3.1.1. Let f: [0, T]xRT xR — R be an LP-Carathéodory function
(for some 1 < p < o0) satisfying (f1), (f2), (f3). Suppose that there exist
two constants r, R > 0, with r # R, such that the following hypotheses hold.

(Hy,) The average condition

T
/ F(t,r,0)dt <0
0

is satisfied. Moreover, any solution u(t) of the boundary value problem

{u”+19f(t,u,u’) =0 (3.1.4)

PB(u,u') =0,
for 0 <9 <1, such that u(t) >0 on [0,T], satisfies ||ullcc # -

(HE) There exist a non-negative function v € LP([0,T]) with v Z 0 and a
constant oy > 0, such that every solution u(t) > 0 of the boundary
value problem

'@(u7 u,) =0,

for a € [0, ], satisfies ||u|loc # R. Moreover, there are no solutions
u(t) of (3.1.5) for a = g with 0 < u(t) < R, for all t € [0,T].

Then problem (3.1.1) has at least a positive solution u(t) with

min{r, R} < max u(t) < max{r, R}.
t€[0,T]
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Proof. As we have already observed, from the choice of the spaces X, dom L,
Z and the operators L: u — —u” and N (the Nemytskii operator induced by
f), we have that (3.1.2) is equivalent to the boundary value problem (3.1.3).
All the structural assumptions required by Mawhin’s theory (that is L is
Fredholm of index zero and N is L-completely continuous) are satisfied by
standard facts (see [130]).

For the proof, we confine ourselves to the case
0<r<R,

which is the interesting one for our applications. The complementary case
in which 0 < R < r can be studied with minor changes in the proof and it
will be briefly described at the end.

The coincidence equation

Lu=9Y9Nu, wue€domlL, (3.1.6)

is equivalent to

{ u” +9f(t,u,u’) =0 (3.1.7)

B(u,u’) = 0.

Let u be any solution of (3.1.6) for some ¥ > 0. From the definition of
f for s < 0 and the maximum principle, we have that u(t) > 0 for every
t € [0,7] and hence u is a solution of (3.1.4). Moreover, by (f2), if u # 0,
then u(t) > 0 for all t € [0, 7.

According to condition (f3), let ¢ = ¢,.: Rt — RT and ¢ = 9, €
LP([0,T]) be such that |f(t,s,§)] < ¥(t)p([€]), for ae. t € [0,T], for all
s € [0,7] and £ € R. By Nagumo lemma (cf. [62 § 4.4, Proposition 4.7]),
there exists a constant M = M, > 0 (depending on r, as well as on ¢ and ¥,
but not depending on u(t) and ¥ € ]0,1]) such that any solution of (3.1.7)
or, equivalently, any (non-negative) solution of (3.1.4) (for some ¢ € ]0, 1])
satisfying ||u|oc < 7 is such that [[u/[|oc < M;. Hence, condition (H,) implies

that, for the open and bounded set €2, in X defined as
Q= {ue X: Julw <7, [lloc < M},
it holds that
Lu # YNu, YuéedomLNa,, YiIe|o,1].

Consider now u € 99, Nker L. In this case, u = k € R, with |k| = r, and

1 [T
—JQNu:—T/O f(t, k,0)dt.

Notice also that , Nker L = ]—r, r[.
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By the definition of f for s < 0, we have that

1 T
1 T _ - if .
# S) = _T/O f(t,S,O)dt: T/O f(t,S,O)dt, 1 S>07
S,

if s <0.
Therefore, QNu # 0 for each u € 9€),. N ker L and, moreover,
degp(f#,]=rr[,0) =1,
since f#(—r) <0< f#(r). By Lemma B.2.1 we conclude that
Dp(L - N,Q,) =1. (3.1.8)
Now we study the operator equation
Lu= Nu+av, wu&domlL, (3.1.9)

for some o > 0, with v as in (H R). This equation is equivalent to
(3.1.10)

Let u be any solution of (3.1.9) for some a > 0. From the definition of f for
s < 0 and the maximum principle, we have that u(t) > 0 for every ¢ € [0, T
and hence u is a solution of (3.1.5).

According to condition (f3), let ¢ = ¢r: RT — RT and ¢ = g €
LP([0,T]) be such that |f(t,s,&)| < ¥(t)p(|¢]), for ae. t € [0,T7], for all
s € [0, R] and £ € R. If we take a € [0, ], we obtain that

|£(t,5,€) + av(t)] < ¥(H)(1€]) + aov(t) < D) ([€])
holds for a.e. t € [0,T] and for all s € [0, R] and £ € R, with

D(t) = () +agu(t) and  G(&) = $(€) + 1

Observe also that ¢ € LP([0,T]) and [*° £P=D/P /(&) dE = oo.
By Nagumo lemma, there exists a positive constant M = Mg > M,
(depending on R, as well as on ¢ and ¥, but not depending on u(t) and
€ [0, ap]) such that any solution of (3.1.10) or, equivalently, any (non-
negative) solution of (3.1.5) (for some « € [0, ap]) satisfying |lullcc < R is
such that ||u/||.c < Mpg. Hence, condition (H?) implies that, for the open
and bounded set Qi in X defined as

Qp = {u € X: lulloo < R, [|Jt/]|oo < MR},
it holds that

Lu# Nu+ av, Yu€domLNINg, Va € [0, ).
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Moreover, the last hypothesis in (H) also implies that
Lu # Nu+ agv, Vu € domLNQg.
According to Lemma B.2.3 we have that
DL(L - N,Qg) =0. (3.1.11)

In conclusion, from (3.1.8), (3.1.11) and the additivity property of the coin-
cidence degree, we find that

DL(L — N, QR \ Cl(QT)) =—1.

This ensures the existence of a (nontrivial) solution @ to (3.1.2) with @ €
Qr \ cl(©). Since @ is a nontrivial solution of (3.1.3), by the (strong)
maximum principle (following from the definition of f for s < 0, (f1) and
(f2)), we have that @ is a solution of (3.1.1) with @(t) > 0 for all t € [0,T].

If we are in the case
O<R<m,

we proceed in an analogous manner. With respect to the previous situation,
the only relevant changes are the following. First we fix a constant M =
Mp > 0 and, for the set Qr, we obtain (3.1.11). As a next step, we repeat
the first part of the above proof, we fix a constant M, > Mp and, for the
set ,, we obtain (3.1.8). Now we have

DL(L — N, Qr \ Cl(QR)) =1.

This ensures the existence of a (nontrivial) solution @ to (3.1.2) with a €
Q, \ cl(Qr) and then we conclude as above, showing that @(t) > 0 for all
t € [0,7] (by the strong maximum principle). O

Remark 3.1.1. If we consider as boundary conditions the periodic ones,
namely with Z(u,u’) = 0 written as

then Theorem 3.1.1 holds true also if, in place of the differential operator
u — —u”, we take a linear differential operator of the form u — —u” — cu/,
with ¢ € R a fixed constant. <

Remark 3.1.2. The condition (f2) is required only to assure that a non-
negative solution is strictly positive. If we do not assume (f3), with the
same proof, we can provide a variant of Theorem 3.1.1 in which we obtain
the existence of nontrivial non-negative solutions. In this case, condition
(H,) should be modified requiring that any u(t) > 0 satisfies ||ulloc # 7. <
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3.2 Existence results for problem (&)

In this section we give an application of Theorem 3.1.1 to the existence
of positive solutions for problem (£?). Throughout the section, we suppose
that g: RT — R is a continuous function such that

(9+) g(0) =0, g(s) >0 for s>0.

Moreover, we suppose that g(s) (satisfying (gs)) is regularly oscillating at
zero, that is
lim 9(ws)

s—0t g(s)
w—1

=1

This definition is the natural transposition for s — 0% of the usual definition
of regularly oscillating (at infinity) considered by several authors (see 22]).
Regular oscillating functions are a class of maps related to the study of
Karamata regular variation theory and its many ramifications (cf. [25] [[63]).
They naturally appear in many different areas of real analysis like probability
theory and qualitative theory of ODEs (see [TIl § 1] for a brief historical
survey about this subject).
The weight coefficient a: [0,7] — R is an L!-function such that

(ax) there exist m > 1 intervals I1+, ..., It closed and pairwise disjoint,
such that

a(t) >0, ae tel’

7 )

with a(t) 0 on I (i=1,...,m);

a(t) <0, ae te€0,T]\ 6[;;

i=1
e
(ay) a:= — a(t)dt < 0.
T Jo
Let )\’i, i =1,...,m, be the first eigenvalue of the eigenvalue problem
¢+ Xa(t)p =0, ¢|y+ =0. (3.2.1)

From the assumptions on a(t) in I;" it clearly follows that A\Y > 0 for each
1 =1,...,m. In the sequel, if necessary, it will be not restrictive to label the
intervals I f following the natural order given by the standard orientation of
the real line.

Theorem 3.2.1. Let a: [0,7] — R be an integrable function satisfying (a.)
and (ay). Let g: RY — RT be a continuous function satisfying (g«). Suppose
also that g(s) is reqularly oscillating at zero and satisfies

(90 tim 9 g

s—0t S



3.2. Existence results for problem (&) 79

and

. S i
(9s0) 9oo := lim Inf g(s) > e Al

Then problem () has at least a positive solution.

Proof. In order to enter the setting of Theorem 3.1.1 we define

f(t7 875) = f(t7 S) = a(t)g(s)

and observe that f is an L'-Carathéodory function. The basic hypotheses
required on f(t,s,£) are all satisfied. In fact, (f;) follows from ¢(0) = 0
and (f2) is an obvious consequence of the fact that g(s)/s is bounded on a
right neighborhood of s = 0 and a € L'([0,T]). By the continuity of g(s)
and the integrability of a(t), the Nagumo condition (f3) is trivially satisfied
since f does not depend on £. Indeed, we can take p = 1, ¢(§) = 1 and

() = |a(t)] maxo<s<n 9(s)-
Verification of (H,). First of all, we observe that (g.) and (ax) imply that

T
/ f(t,s,0)dt <0, Vs>0. (3.2.2)
0

We claim that there exists rg > 0 such that for all 0 < r < rg and for all
9 € ]0,1] there are no solutions wu(t) of (3.1.4) such that u(¢) > 0 on [0, 7]
and [|ulleo = 7.

By contradiction, suppose the claim is not true. Then for all n € N there
exist 0 < r, < 1/n, ¥, € ]0,1] and uy,(t) solution of

' +Ipa(t)g(u) =0, PBlu,u') =0, (3.2.3)

such that u,(t) > 0 on [0,T] and ||up|lcc = 7n-
Integrating on [0,7] the differential equation in (3.2.3) and using the
boundary conditions, we obtain

T T
0= —/0 W (0) dt:ﬂn/o a(1) g (1) dt.
Then T
/O a(8) g (1)) dt = 0 (3.2.4)

follows. We define
“n(t)

)
|t | oo

v (t) := te[0,T7],

and, dividing (3.2.3) by r,, = ||un/c0, We get

9unld)) 1y — o, (3.2.5)

VI (t) + Inalt) (D)
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By (go), for every € > 0 there exists J. > 0 such that

0<gf)<e, V0 < s < 0.

For n > 1/J. we have 0 < u,(t) <, < . for all t € [0,T], so that

g(un(t))
0< wn () <e, Vtelo,T].

This proves that

9(un(t))

n—0o0 Uy (t)

=0, uniformly on [0,7]. (3.2.6)

We fix tp € [0,7] such that v}, (to) = 0. With the Neumann boundary
condition, we choose tg = 0 (or to = T'), while, in the periodic case, the exis-
tence of such a ¢y (possibly depending on n) is ensured by Rolle’s theorem.
Integrating (3.2.5), we have

i) = =0, [ a© 2 as, vee .1
hence .
el < [ a0l . (3.2.7)

Since a € L([0,T]), by (3.2.6) and the dominated convergence theorem, we
find that v),(t) — 0 (as n — o) uniformly on [0, 7.

Since ||vp||oo = 1, there exists z1 € [0, 7] (possibly depending on n) such
that vy, (z1) = 1. From

@) = i) ~ [ i@t vie T

we conclude that

lim v,(¢) =1, uniformly on [0,T]. (3.2.8)

n—oo

Now, we write (3.2.4) as

Il
N
S
—
Q
—~
~
S—
<Q
—~
=
3
S—
+
Q
—~
~
S—
Ne)
—
=
3
[
3
—
~
S—
S—
Q
—~~
=
3
=
N
o9
~

T
0= /0 a(t)g(un(t)) dt

Since g(ry,) > 0, then
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Consequently, by (ax),

9(rnwn)

9(rn)

where wy, := v, (t,,), for a suitable choice of t,, € [0,T], and also w,, — 1 (as
n — o0) by (3.2.8). Using the fact that g(s) is regularly oscillating at zero,
we obtain a contradiction as n — oo.

The claim is thus proved and, recalling also (3.2.2), we have that (H,)
holds for any r € |0, ro].

g(rnvn(t))
9(rn)

0<—a<—||a||L1 max -1,

te[0,T]

1= Lyjal
—TCLLl

Verification of (H?). First of all, we fix a nontrivial function v € L([0,T7),
with v(¢) # 0 on [0,77], such that

m
v(t) >0, ae te U I
i=1

v(t) =0, ae. tel0,T]\ 6 I
i=1

For example, as v(t) we can take the indicator function of the set

A= GI;“
i=1

Secondly, we observe that a(t) > 0 on each interval I;', so that

1) -

lim inf > a(t)geo, uniformly a.e. t € I,
S—r+00 S

Moreover, condition (go) implies that the first eigenvalue of the eigenvalue
problem
"+ Agoca(t)p =0, lyr+ =0,

is strictly less than 1, for all i = 1,...,m. Thus, we can apply Lemma 1.1.3
(see also Remark 1.1.1) on each interval I;" (with f(¢,s) := a(t)g(s) and
doo(t) := a(t)gso). Therefore, for each i = 1,...,m, we obtain the exis-
tence of a constant R+ > 0 such that for each L!-Carathéodory function

h: [0,T] x RT — R with
h(t,s) > a(t)g(s), ae. te L}, Vs>0,

every solution u(t) > 0 of the boundary value problem

{ “”<+ hf; :)0 (3.2.9)
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satisfies max, .+ u(t) < R +.
Then, we ﬁ;c a constanlt R > rg (with ro coming from the first part of
the proof) such that
R > max le (3.2.10)

i=1,....m

and another constant o > 0 such that

a1 maxo<s<r 9(s)
[0l s

ap > (3.2.11)

We take o € [0, ap]. We observe that any solution u(t) > 0 of problem
(3.1.5) is a solution of (3.2.9) with

h(t,s) = a(t)g(s) + av(t).

By definition, we have that h(t,s) > a(t)g(s) for a.e. t € A and for all s > 0,
and also h(t,s) = a(t)g(s) <0 for a.e. t € [0,T]\ A and for all s > 0. By the
convexity of the solutions of (3.2.9) on the intervals of [0,7] \ A, we obtain

max u(t) = maxu(t
t€[0,T ( ) teA ( )

and, as an application of Lemma 1.1.3 (see also Remark 1.1.1) on each of
the intervals Ii+ , we conclude that

lu|loo < R.

This proves the first part of (H'?).

It remains to verify that for & = ag defined in (3.2.11) there are no
solutions u(t) of (3.1.5) with 0 < u(t) < R on [0,7]. Indeed, if u is a
solution of (3.1.5), or equivalently of

u’ 4+ a(t)g(u) + av(t) =0
Bu,u') =0,

with 0 < u(t) < R, then, integrating on [0, 7] the differential equation and
using the boundary conditions, we obtain

T T
alloll = a / o(t)dt < / la(®)lg(ut)) dt < |l max g(s),

0<s<R

which leads to a contradiction with respect to the choice of ag. Thus (H*)
is verified.

Having verified (H,) and (H®), the thesis follows from Theorem 3.1.1. [
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Remark 3.2.1. From the verification of condition (H') performed in the
above proof, it is clear that the assumption go, > max; A} is employed in
connection with Lemma 1.1.3 (see also Remark 1.1.1) in order to obtain the
a priori bounds R;+ on the intervals I;r . In turn, this step in the proof
is based on a Sturm comparison argument involving the eigenfunctions of
(3.2.1). If among the intervals I there is one of the form I = [0, o] or one
of the form I}, = [r,T] (both cases are also possible), then the choice of the
eigenvalues can be made in a more refined manner in order to improve the
lower bound for g.,. More precisely, whenever such a situation occurs, we
can proceed as follows.

For the Neumann problem, if I 1+ = [0, 0] we take as A} the first positive
eigenvalue of the eigenvalue problem

¢+ Aa(t)p =0, ¢'(0)=p(0)=0.

Similarly, if I} = [r,T] we take as A" the first positive eigenvalue of the
eigenvalue problem

"+ Xa(t)p =0, o(r)=¢'(T)=0.

For the periodic problem, we can extend the coefficient by T-periodicity
on the whole real line and, after a shift on the t-variable, we consider an
equivalent problem where the weight function is negative in a neighborhood
of the endpoints. We try to clarify this concept with an example. Suppose
that we are interested in the search of 27-periodic solutions of equation

u” + (=k + cos(t))g(u) = 0,

where 0 < k£ < 1 is a fixed constant. In this case, setting the problem on the
interval [0, 27|, we should consider the eigenvalue problem (3.2.1) on the two
intervals I;" = [0,arccos k] and I = [27 — arccos k, 2], where the weight
function is positive. On the other hand, since we are looking for 2m-periodic
solutions, we could work on any interval of length 27, for instance [, 37].
This is equivalent to consider the periodic boundary conditions on [0, 27]
for the equation
V" 4+ (=k + cos(t — 7))g(v) = 0.

In this latter case, the weight is negative at the endpoints t = 0 and ¢t = 27
and there is only one interval of non-negativity, so that we have to consider
the eigenvalue problem (3.2.1) only on I;” = [r — arccosk, T + arccos k.
In this way we can produce a better lower bound for g., by studying an
equivalent problem.

The same remarks as those just made above apply in any subsequent
variant of Theorem 3.2.1, for instance, we can refine the choice of the con-
stants \¢ in Corollary 3.2.4 below. g
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The following corollaries are direct consequences of Theorem 3.2.1.

Corollary 3.2.1. Let a: [0,T] — R be an integrable function satisfying
(ax) and (ay). Let g: RT — RT be a continuous function satisfying (gs).
Suppose also that g(s) is reqularly oscillating at zero and satisfies

9(s)

lim @ =0 and lim =% = 4o0.

s—0tT S s—>+o0 8§
Then problem () has at least a positive solution.

Corollary 3.2.2. Let a: [0,T] — R be an integrable function satisfying
(ax) and (ay). Let g: RT — RT be a continuous function satisfying (gs).
Suppose also that g(s) is reqularly oscillating at zero and satisfies

lim MzO and  goo > 0.

s—0t S

Then there exists v* > 0 such that the boundary value problem

(Zv)

v +va(t)glu) =0, 0<t<T,
PB(u,u') =0

has at least a positive solution for each v > v*.

The following consequence of Theorem 3.2.1 provides a necessary and
sufficient condition for the existence of positive solutions to problem (2?)
when g(s) = s7 for 4 > 1. It can be viewed as a version of [20] Theorem 1]
for the periodic case (in [20] the authors already obtained the same result
for the Neumann problem for PDEs).

Corollary 3.2.3. The superlinear boundary value problem

' +a(t)u’ =0, v>1,
PB(u,u') =0,

with a integrable weight function a: [0,T] — R satisfying (a.), has a positive
solution if and only if the average condition (ay) holds.

Proof. The necessary part of the statement is a consequence of the fact that
g(s) := 87, for v > 1, has a positive derivative on RJ. For the sufficient
part we apply Corollary 3.2.1, observing that g(s) is regularly oscillating at
Z€ro. O

As one can clearly notice from the proof, the condition g, > max; A} in
Theorem 3.2.1 is required in order to obtain suitable a priori bounds R+ for

the maximum of the solutions on each of the intervals I;“ , where a > 0 and
a # 0. Hence we can choose a constant R satisfying (3.2.10) and have (H %)



3.2. Existence results for problem (&) 85

verified. As observed in Theorem 1.4.2, if g(s)/s is bounded (for s large),
it is sufficient to obtain an a priori bound only on one of the intervals I;r
and the existence of a global upper bound follows from standard ODEs
arguments related to the classical Gronwall’s inequality. Similarly, also in
the present situation, following the proof of Theorem 1.2.2, we can obtain
the next result.

Corollary 3.2.4. Let a: [0,T7] — R be an integrable function satisfying
(ax) and (ay). Let g: RT — RT be a continuous function satisfying (gs).
Suppose also that g(s) is reqularly oscillating at zero and satisfies

g(s)

s
lim @ =0, goo> min A] and limsup——= < +o0.
s—0t S 1=1,....,m s—+o0 S

Then problem () has at least a positive solution.

Actually, this result could be even improved with respect to assumption
(a4), in the sense that it would be sufficient only to find an interval J C [0, 7]
where ¢ > 0 and a # 0 and then we can ignore completely the behavior of
a(t) on [0, T]\J. If we know that go is greater than the first eigenvalue of the
Dirichlet problem in J (i.e. " + Aa(t)p = 0, ¢|s; = 0), we get the upper
bound R; as in Lemma 1.1.3 (see also Remark 1.1.1) and hence a global
upper bound via Gronwall’s inequality. Thus we can prove the following
corollary which combines Corollary 3.2.2 with Corollary 3.2.4.

Corollary 3.2.5. Let a: [0,T7] — R be an integrable function and assume
there exists an interval J C [0,T] where a(t) > 0 for a.e. t € J and also

/OTa(t) dt <0< /Ja(t) dt.

Suppose that g: R™ — RT is a continuous function, reqularly oscillating at
zero, satisfying (g«) and such that

lim @ =0 and 0< liminfﬁ < limsupﬁ < 4o00.

s—0t s s—otoo S s—+o0 S
Then there exists v* > 0 such that the boundary value problem (£2,) has at
least a positive solution for each v > v*.

Remark 3.2.2. The condition of regularly oscillation at zero required on
g(s) is useful in order to conclude the verification of (H,) in Theorem 3.2.1.
Nevertheless, there is a disadvantage in assuming such a condition, as it
does not allow to consider functions as

g(s) = s exp(—1/s) for s >0 (y>1), g(0)=0, (3.2.12)

which are not regularly oscillating at zero.
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With this respect we observe that, from a careful reading of the first
part of the proof of Theorem 3.2.1, the key point is to demonstrate that
g(rpwn)/g(rn) — 1, for r, — 0% and w,, = v(t,) — 1 (for a suitable choice
of t, € [0,T]). In our proof, the sequence wy, is not an arbitrary sequence
tending to 1, since 0 < w, < 1, and, moreover, from (3.2.7) we can easily
provide the estimate

9(s)

0<1—-w,<C sup =——=
0<s<ry, S
(for C' > 0 a suitable constant independent on 7, and wy). Therefore, the
faster g(ry)/ryn tends to zero, the more w, tends to one.

Using this observation, we can apply our result also to some not regularly
oscillating functions g(s), provided that they tend to zero sufficiently fast.
In this manner, for instance, Corollary 3.2.1 holds also for a function g(s)
as in (3.2.12) (the easy verification is omitted).

Another way to avoid the hypothesis of regular oscillation at the origin
is described in Theorem 3.2.2. <

A variant of Theorem 3.2.1 is the following result. Basically, we replace
the computations for the verification of (H,) given in the proof of The-
orem 3.2.1 with a different argument which is essentially inspired by the
approach in H0].

Theorem 3.2.2. Let a: [0,T] — R be an integrable function satisfying (a)
and (ay). Let g: RT — R be a continuous function satisfying (g«), (go)
and (goo). Suppose also that g(s) is continuously differentiable on a right
neighborhood [0,e0] of s = 0. Then problem () has at least a positive
solution.

Proof. As in the proof of Theorem 3.2.1, we enter the setting of Theo-
rem 3.1.1 by defining

f(tv Saé‘) - f(ta 3) = a<t)g(s)'

Verification of (H,). First of all, we observe that (g.) and (a4) imply that

T
/ f(t,s,0)dt <0, Vs>0. (3.2.13)
0

We claim that there exists 79 € |0, e[ such that for all 0 < r < ry and for all
¥ € ]0,1] there are no solutions u(t) of (3.1.4) such that u(¢) > 0 on [0, 7]
and [|ul|ec = 7.

By contradiction, suppose the claim is not true. Then for all n € N
there exist 0 < r, < 1/n, 9, € ]0,1] and u,(t) solution of (3.2.3) such that
un(t) >0 on [0,7] and ||up|lcc = 7o By condition (go), note also that

lim ¢'(un(t)) =0, uniformly on [0, 7.
n—o0
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Using the identity

we obtain the following relation
2 (1) + ¢ (un(t)22(t) = —9pa(t), for ae. t € [0,T). (3.2.14)
The boundary conditions (of Neumann or periodic type) on u,(t) imply that
2n(0) = 2,(T) and 3t €[0,T]: z,(t;,) =0 (3.2.15)

(obviously, we can take ¢} = 0 in the case of the Neumann boundary con-
ditions, while the existence of such a point in the periodic case follows from
Rolle’s theorem).

We fix a positive constant M > ||a||;1 and then a constant 6 with

M — [laf| g1

By the continuity of ¢’(s) on [0,g0[ and ¢’(0) = 0 (which corresponds to
condition (go)), we find € € ]0, o[ such that

lg'(s)| <6, VO<s<e.

Let n > 1/e. In this case, we have that 0 < u,(t) < € on [0,T] and we claim
that
[znlloc < 9nM. (3.2.17)

Indeed, if by contradiction we suppose that (3.2.17) is not true (for some
n > 1/e), then, using the fact that z,(¢) vanishes at some point ¢ of [0, T,
we can find a maximal interval .J,, of the form [¢},7,] or [, )] such that
|zn ()] < 9, M for all t € J,, and |z,(t)| > ¥, M for some ¢ ¢ .J,, or, more
precisely, with 7, <t < T or 0 <t < 7,, respectively. By the maximality of
the interval J,,, we also know that |z, (7,)| = ¥, M.

Integrating (3.2.14) on J,, and passing to the absolute value, we obtain

UM = |2n(T0)| = |2n(Tn) — Zn(trz”
]/ (un(1))230) ] + D]

< (519%M2‘Tn —t*| 4+ Inlal|
< ﬁn(6M2T+ Ha||L1)
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(recall that 0 < 9, < 1). Dividing the above inequality by ¥,, > 0, we find
a contradiction with the choice of § in (3.2.16). In this manner, we have
verified that (3.2.17) is true.

Now, integrating (3.2.14) on [0,7T], recalling that z,(T") — z,(0) = 0
(according to (3.2.15)) and using (3.2.17), we obtain that

T T
= /U 22
o, / a(t) dt = / o (un (1)) 22 (1) dt

< T2 M? [ ax I’ (s)|

<s<rp
< 9, TM? '
< 9nTM” max |g'(s)
holds for every n > 1/e. From this,

0< —a< M? ! 2.18
<—a < M” max |g(s)| (3.2.18)
follows. Using the continuity of ¢/(s) at s = 0T, we get a contradiction, as
n — oo.

The claim is thus proved and, recalling also (3.2.13), we have that (H,)
holds for any r € |0, ro].

Verification of (H'). This has been already checked in the second part of
the proof of Theorem 3.2.1. No change is needed.

As last step, we conclude exactly as in the proof of Theorem 3.2.1, via
Theorem 3.1.1. O

From Theorem 3.2.2, we can derive the same corollaries as above in
which the condition of regularly oscillation at zero of g(s) is systematically
replaced by the smoothness of g(s) on a right neighborhood [0, o[ of zero.
In particular, an obvious improvement of Corollary 3.2.3 is the following.

Corollary 3.2.6. Let g: Rt — R™ be a continuously differentiable function
satisfying (g«), such that ¢'(s) > 0 for all s > 0 and

lim @ =0, lim @ = +400.

s—0+t S s—+oo S
Let a: [0,T] — R be an integrable function satisfying (a.). Then problem
(Z) has at least a positive solution if and only if (ay) holds.

For the Neumann problem this result improves H{ § 3, Corollary 1] to
a more general class of weight functions a(t). It also extends such a result
to the periodic case.

Remark 3.2.3. In Theorem 3.2.1 and Theorem 3.2.2 we have two differ-
ent conditions that are required on g(s) as s — 0*. It can be interesting
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to provide examples in which one of the two results applies, while for the
other the conditions on g(s) are not fulfilled. For this discussion, we confine
ourselves only to the behavior of g(s) on a right neighborhood [0, 1] of zero
and we do not care about a(t) or the behavior of g(s) as s — +oo.

Take any function o: [0,1] — R which is continuous but not differen-
tiable (for instance, one could even choose a nowhere differentiable function
of Weierstrass type) and define

g(s) =o(s)s”, ~v>1.

Such a function g(s) is regularly oscillating at zero (note that o(0) > 0) and
it fits for Theorem 3.2.1, but it is not suitable for Theorem 3.2.2.
As second example, we consider a function as

g(s) = s7sin?(1/s) + s°, for s€]0,1] (8>~ >2), ¢(0)=0.

Such a function g(s) is continuously differentiable on [0,1] and it fits for
Theorem 3.2.2, but it is not suitable for Theorem 3.2.1 since g(s) is not
regularly oscillating at zero.

See Figure 3.1 for a graphical representation of the above examples.

Figure 3.1: The figure on the left shows the graph of g(s) := o(s)s® on [0, 1], where
o(s) =3+ . sin(rl5"s)/2" is the Weierstrass function. On the right we show
the graph of g(s) := s%!sin?(1/s) + s> on [0,1/5]. As explained in Remark 3.2.3,
for these two functions only one of our two main existence theorems applies.

Both the above examples can be easily generalized in order to construct
broad classes of nonlinearities where only one of the two existence theorems
applies. <

We end this section by presenting a variant of Corollary 3.2.5 in the
smooth case and observing that the argument employed in the proof of
Theorem 3.2.2 can be used to provide a nonexistence result for positive
solutions when g(s) is smooth on RT and with sufficiently small derivative.
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Corollary 3.2.7. Let a: [0,T] — R be an integrable function and assume
there exists an interval J C [0,T] where a(t) > 0 for a.e. t € J and also

/OT a(t)dt <0< /Ja(t) dt.

Suppose also that g: RT™ — R* is a continuously differentiable function
satisfying (g«) and such that

gd(0)=0 and 0<liminfg'(s) <limsupg'(s) < +oo.
s§—r+00

S——+00

Then there exists v* > 0 such that the boundary value problem (£2,) has at
least a positive solution for each v > v*.

Clearly, Corollary 3.2.7 applies also if g(s) is a continuously differentiable
function satisfying (g.) and

9'(0) =0 < g'(+00) < +o0.
Indeed, using the generalized de I’Hopital’s rule, we have

liminf ¢’(s) < liminf 9() < lim sup 9(5) < limsup ¢'(s).
s—+00 s—+oo S s—4oo0 S s—+00

Proposition 3.2.1. Let g: R(; — Rg be a continuously differentiable func-
tion with bounded derivative on R{. Let a € L([0,T]) satisfy condition
(ay). Then there exists v, > 0 such that the boundary value problem (2,)
has no positive solutions for each 0 < v < vy.

Proof. The proof follows substantially the same argument employed in the
proof of Theorem 3.2.2 from (3.2.14) to (3.2.18).
We fix two positive constants M and D such that

M > la|lpr and  |¢'(s)| < D, Vs>0,

(recall that, by assumption, g(s) has bounded derivative on R{) and define

(M=l —a
* DM?2T ' DM? |’

We shall prove that for 0 < v < v, problem (£2,) has no positive solution.
Let us suppose by contradiction that w(¢) > 0 for all ¢ € [0,7] is a
solution of problem (£2,). Setting z(t) := u/(t)/vg(u(t)), we find

2 (t) + vy (u(t)22(t) = —al(t). (3.2.19)

As a consequence of the boundary conditions, we also have that z(0) = z(T)
and there exists t* € [0,T] (with ¢* depending on the solution u(t)) with
z(t*) = 0.
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First of all, we claim that
[[2]loc < M. (3.2.20)

Indeed, if by contradiction we suppose that (3.2.20) is not true, then using
the fact that z(¢) vanishes at some point of [0,7], we can find a maximal
interval J of the form [t*, 7| or [7,t*] such that |2(¢)| < M for all t € J and
|z(t)] > M for some t ¢ J. By the maximality of the interval J, we also
know that |z(7)] = M. Integrating (3.2.19) on J and passing to the absolute
value, we obtain

M = [2(1) — 2(t")] <

/J vg (u(t)22(t) dt| + a1
< vDM?T + ||a||» < M,

a contradiction. In this manner, we have verified that (3.2.20) is true.
Now, integrating (3.2.19) on [0, T, recalling that z(7) — z(0) = 0 and
using (3.2.20), we reach

_ 1 T 1 r / 2 2 =
G = —— a(t)dt = — vy (u(t))z*(t)dt <vDM* < —a,
T 0 T 0

a contradiction. This concludes the proof. O

Remark 3.2.4. The same proof as above works to prove the nonexistence
of solution to problem (£2,) with range in a given open interval |a, 8], for
g: la, B[ = R§ a smooth function with bounded derivative. In some recent
papers (see [B3] B4 BA]) similar nonexistence results have been obtained
under different conditions on the function g(s). <

Remark 3.2.5. From a careful reading of the proof of Theorem 3.2.2, one
can notice that in that result and in its corollaries condition (go) can be
slightly improved to a condition of the form

lim @

< s,
s—0t+ S

where )\, is a positive constant that satisfies

as can be deduced from formula (3.2.16), observing that the continuous
map M + (M — |a|/z1)/(TM?) (for M > 0) attains its maximum for
M =2||al| 1. <
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3.3 More general examples and applications

In Section 3.2 we have applied our abstract result Theorem 3.1.1, which
deals with a general second order equation of the form

" + f(t,u,u’) =0,
to the simpler case given by
u” +a(t)g(u) = 0.

In this section, we show how our result can be extended to a broader class
of equations. Up to this point, by % (u,u’) = 0, we have considered together
the two different boundary conditions. Now we present two different appli-
cations, one for the Neumann problem and another for periodic solutions.

For simplicity in the exposition, in our applications we will suppose that
the weight function is continuous, in order to obtain classical positive solu-
tions.

3.3.1 The Neumann problem: radially symmetric solutions

Let || - || be the Euclidean norm in RY (for N > 2) and let
Q:= B(0,Ry) \ B0, Ri] = {z ¢ RY: Ry < ||z|| < Ry}

be an open annular domain, with 0 < Ry < Rs. Let ¢: 2 — R be a contin-
uous function which is radially symmetric, namely there exists a continuous
scalar function Q: [Ry, R2] — R such that

q(z) = Q(llz])), VzeQ.
In this section we consider the Neumann boundary value problem

—Au = q(z)g(u) in Q

3.3.1
@ = on 0N ( )

and we are interested in the existence of radially symmetric positive solutions
of (3.3.1), namely classical solutions such that u(z) > 0 for all x € Q and
also u(z’) = u(z”) whenever ||2/|| = ||2”|.

Since we look for radially symmetric solutions of (3.3.1), our study can
be reduced to the search of positive solutions of the Neumann boundary
value problem

w” (r) + ?w’(r) +9(r)g(w(r)) =0, w'(Ry)=w'(Ry)=0. (3.3.2)
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Indeed, if w(r) is a solution of (3.3.2), then u(z) := w(||z||) is a solution of
(3.3.1). As illustrated in Section C.2, using the standard change of variable

t=nh(r):= / 1N g
Ry
and defining
Ry
T := eNag, r(t) :=h7Ht) and w(t) = w(r(t)),

Ry
we transform (3.3.2) into the equivalent problem
v +a(t)g(v) =0, ' (0)=(T)=0, (3.3.3)
with
a(t) = r)*VDQ(r(t), te[0,T].

Consequently, the Neumann boundary value problem (3.3.3) is of the same
form of (£?) and we can apply the results of Section 3.2.

Since 7(t)>!=1 > 0 on [0, T], condition (a.) is satisfied provided that a
similar condition holds for Q(r) on [R;, Ra]. Accordingly, we assume

(q«) there exist m > 1 intervals J; ,..., -, closed and pairwise disjoint,
such that such that

Q(r) >0, forevery r € J, with max Q(r)>0 (i=1,...,m);
reJ;

Q(r) <0, forevery r € [Ry, Ro]\ U i
i=1

Condition (ay) reads as
T Ro
0> / P20 Q1)) dt = / PN LQ(r) dr.
0 Ry

Up to a multiplicative constant, the latter integral is the integral of ¢(x)
on {2, using the change of variable formula for radially symmetric functions
(cf. Bol). Thus, a(t) satisfies (ay) if and only if

(q4) /Qq(:r) dz < 0.

The following theorems are easy corollaries of the results presented in
Section 3.2.
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Theorem 3.3.1. Let g: Rt — R™ be a continuous function, reqularly os-
cillating at zero and satisfying (g«). Assume

lim @ =0 and lim @ = +4o00.

s—0t S s—+oo S
Let q(x) = Q(||z]|) be a continuous radially symmetric function satisfying
(g+) and (q4). Then problem (3.3.1) has at least a positive radially symmet-
ric solution.

Theorem 3.3.2. Let g: Rt — R™ be a continuous function, regularly os-
cillating at zero and satisfying (g«). Assume

lim @ =0 and liminf @ > 0.

s—0t S s—+oo  §
Let q(x) = Q(||z]|) be a continuous radially symmetric function satisfying
(g+) and (q4). Then there exists v* > 0 such that problem

—Au=vq(z)g(u) inQ
ou (3.3.4)
— =0 on OS2

On
has at least a positive radially symmetric solution for each v > v*.

Clearly, Theorem 3.3.1 and Theorem 3.3.2 correspond to Corollary 3.2.1
and Corollary 3.2.2; respectively. The next result follows from the same
argument that led to Corollary 3.2.5.

Theorem 3.3.3. Let g: R™ — R™ be a continuous function, reqularly os-
cillating at zero and satisfying (g«). Assume
i 96) 9(s) g(s)

=~ =0 and 0 <liminf=>== <limsup == < +4o0.
s—0t S S$—+00 S s——4o00 S

Let q(x) = Q(||z]|) be a continuous radially symmetric function satisfying
(g#) and such that q(xo) > 0 for some xo € 2. Then there exists v* > 0
such that problem (3.3.4) has at least a positive radially symmetric solution
for each v > v*,

Note that, with respect to Theorem 3.3.2, in the above result we do
not assume condition (¢.) on the weight function. In this manner, we can
consider functions Q(r) with infinitely many changes of sign in [R1, Ro].

All the above three theorems can be stated in a version where the regu-
larly oscillating assumption at zero is replaced with the hypothesis that g(s)
is continuously differentiable on a right neighborhood of zero, according to
Theorem 3.2.2. For instance, the corresponding version of Theorem 3.3.1
reads as follows.
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Theorem 3.3.4. Let g: RT™ — R be a continuous function satisfying (gs)
and such that g(s) is continuously differentiable on a right neighborhood of
s =0. Assume
g (0)=0 and lim 9(s) = +o00.
s—+oo 8§

Let q(x) = Q(||x||) be a continuous radially symmetric function satisfying
(g+) and (q4). Then problem (3.3.1) has at least a positive radially symmet-
ric solution.

If we also suppose that g(s) is continuously differentiable on R with
g'(s) > 0 for all s > 0, then condition (g4 ) is also necessary for the existence
of a positive solution. On the other hand, as already observed, also the fact
that the weight function must change its sign is necessary for the existence
of solutions. With this respect, the following corollary can be derived from
the smooth version of Theorem 3.3.3 (see also Corollary 3.2.7).

Corollary 3.3.1. Let g: RT — R* be a continuously differentiable function
such that ¢'(s) > 0 for all s > 0. Assume

g(0)=4g(0)=0 and ¢ (+00)=¢>0.

Let q(x) = Q(||x||) be a continuous radially symmetric function. Then there
exists v* > 0 such that problem (3.3.4) has at least a positive radially sym-
metric solution for each v > v* if and only if

+CL' an T T .
g (x) #0 d/Qq()d<O

Note also that, under the assumptions of Corollary 3.3.1 there is also
a constant v, > 0 such that for each 0 < v < v, problem (3.3.4) has no
positive radial solutions (cf. Proposition 3.2.1).

Possible examples of functions satisfying the above conditions are

g(s) = Ksarctan(s"™!) for s >0 (v>1, K>0)

and ,

s
K— 2
syl 4+ M
Remark 3.3.1. In [I9], Berestycki, Capuzzo-Dolcetta and Nirenberg ob-
tained an existence result of positive solutions for the Neumann problem
(3.3.1) in the superlinear indefinite case for € a bounded domain with
smooth boundary. In [[9 Theorem 3| the main assumptions require that
g(s) has a precise power-like growth at infinity, that is g(s)/s? — [ > 0 (as
s — 4o00) for some p € |1, (N +2)/(N —1)[, and that V¢(z) does not vanish

on the points of

g(s) = for s >0 (y>1, K,M > 0).

F'={xeQ:q(z)>0}Nn{zreQ:qx) <0} CQ.
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Our setting is much more simplified as we consider an annular domain and
a radially symmetric weight function. On the other hand, our growth con-
dition at infinity is more general (allowing a nonlinearity which is not nec-
essarily of power-like type) and, moreover, no condition on the zeros of ¢(x)
is required. <

3.3.2 The periodic problem: a Liénard type equation

In this section we deal with the existence of periodic positive solutions
to a Liénard type equation, namely positive solutions of

0<t<T,

{ u” + h(u)u' + a(t)g(u) (3.3.5)

=0,
u(0) =uw(T), '(0)=u(T),

where h: Rt — R is a continuous function. As a preliminary remark, we
observe that, if u(t) > 0 is any solution of (3.3.5), then fOT h(u(t))u'(t)dt =0
and also fOT h(u(t))u'(t)/g(u(t)) dt = 0. Consequently, the condition that
a(t) changes sign with negative average, which is necessary for (£?) (when
g'(s) > 0), is still necessary for (3.3.5).

For simplicity, in this section we present only an extension of Corol-
lary 3.2.1 to the Liénard equation. In particular, we do not consider the
alternative approach of Theorem 3.2.2 for g(s) smooth. Accordingly, apply-
ing the results in Section 3.1, we prove the following theorem.

Theorem 3.3.5. Let h: RT™ — R be continuous and bounded. Let g: RT —
R™ be a continuous function, reqularly oscillating at zero and satisfying (gs).

Assume
lim 9(s) =0 and lim 9() = +o0. (3.3.6)

s—0t S s—+oo S8

Let a: [0,T] — R be a continuous function satisfying (a.) and (ay). Then
problem (3.3.5) has at least a positive solution.

Proof. We follow the same pattern as the proof of Theorem 3.2.1. In partic-
ular, we are going to show how to achieve the same main steps and formulas
in that proof.

First of all, we define f: [0,7] x RT x R — R as

f(t,s,&) = (h(s) — )¢ +a(t)g(s), with ¢:= h(0),

and we remark that f is an L!-Carathéodory function satisfying (f1), (f2)
and (f3). In this manner, problem (3.3.5) is of the form

u'+eu + f(tu,d) =0, 0<t<T,
u(0) =uw(T), u'(0)=u(T),
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which is of the same type of (3.1.1) with u — —(u” + cu') as differential
operator. The thesis will be reached using Theorem 3.1.1 with Remark 3.1.1.
In order to avoid unnecessary repetitions, from now on in the proof, all the
solutions that we consider satisfy the T-periodic boundary conditions.

Verification of (H,). Observe that (3.2.2) is satisfied. We claim that there
exists ro > 0 such that for all 0 < r < ry and for all ¥ € ]0, 1] there are no
positive solutions u(t) of

u 4+ eu +I9f(tu,u’) =0

such that ||u||oc = 7. By contradiction, suppose the claim is not true. Then
for all n € N there exist 0 < r, < 1/n, 9, € ]0,1] and wuy,(t) positive solution
of

u” + cu' + 9, (h(u) — e)u' + Ipa(t)g(u) =0 (3.3.7)

such that [|up|leco = 7n.
Integrating (3.3.7) on [0, 7] and using the periodic boundary conditions,
we obtain again (3.2.4). We define

ont) = D)

- )
”unHoo

te[0,T7,

and, dividing (3.3.7) by r, = ||un]|co, We get
v+ cvl, + In(h(un(t)) — e)v), + Ina(t)q(un(t))v, =0, (3.3.8)

where h(un(t)) —c¢ — 0 and q(un(t)) := g(un(t))/un(t) — 0, uniformly on
[0,T] as n — oo. Multiplying equation (3.3.8) by v, and integrating on
[0,T], we obtain

lvnll7z < llallzr sup [q(un(t)] =0, as n— oo
t€[0,T]

Using this information on (3.3.8), we see that [[v]/]|;1 — 0 as n — oo.
From this fact and observing that v/, must vanish at some point (by Rolle’s
theorem), we obtain that v}, (t) — 0 (as n — oo) uniformly on [0,7] and
thus (3.2.8) follows. From (3.2.4) and (3.2.8) we conclude exactly as in the
verification of (H,) in the proof of Theorem 3.2.1.

Verification of (H®). We choose the same function v(t) as in the proof of
Theorem 3.2.1 and observe that the equation in (3.1.5) now reads as

u” + h(u)u' + a(t)g(u) + av(t) = 0. (3.3.9)
We also fix a constant C > 0 such that

|h(s)| < C, Vs>0. (3.3.10)
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Following the proof of Theorem 3.2.1, we choose an interval J among the
intervals I;r . We look for a bound Rj > 0 such that any non-negative solu-
tion wu(t) of (3.3.9), with o > 0, satisfies max;c s u(t) < Ry. For notational
convenience, we set J = [0, 7] and let 0 < ¢ < (7 — 0)/2 be fixed such that

a(t) Z0 on J°,

where J¢ := [0¢, 0] C [0, 7] with 0g —0 =7 — 19 = €.

We claim that u'(t) < u(t)eCT /e, for all ¢t € [0, 7] such that u'(t) > 0,
and also v/ (t)| < u(t)eT /e, for all t € [0, 9] such that u'(t) < 0. The proof
is based on the fact that the auxiliary function

Tt /(1) exp </Ot h(u(&)) dg)

is non-increasing on J. Indeed, in order to prove the first inequality, let us
fix t € [0g, 7] such that «/(t) > 0. The result is trivially true if «/(t) = 0.
Suppose that «/(t) > 0. Since T is non-increasing on [0, t] C J, we have

W (€) > o (t) exp ( /E h(u(©)) dg) > (1)), Ve € [o,1].

Integrating on [o, t], we obtain

u(t) > u(t) —u(o) > o' (®)e D (t — o) >/ (t)e e,

Therefore, the first inequality follows. The second one can be obtained with
an analogous argument.
Let A be the first (positive) eigenvalue of the eigenvalue problem

{( Cly ’): e a(t)p = 0

¢(o0) = ¢(70) = 0.
We fix a constant M > 0 such that
M >\
From (3.3.6) it follows that there exists a constant R = R(M) > 0 such that
g(s) > Ms, VYs>R.
By contradiction, suppose there is not a constant R; > 0 with the prop-
erties listed above. So, for each integer n > 0 there exists a solution wu, > 0

of (3.3.9) with maxge J un(t) =: R, > n. For each n > R we take &, € J
such that u,(f,) = R, and let ]¢,,wn[ € J be the intersection with ]o, 7]
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of the maximal open interval containing £, and such that u,(t) > R for all
t € Jon,wn[. We fix an integer N such that

R T€2CT
g

N>R+

and we claim that |¢,,w,[ 2 [00,70], for each n > N. Suppose by contra-
diction that oo < ,. In this case, we find that u,(s,) = R and u/,(s,) > 0.
Moreover, u/,(s,) < ReC” /e. Using the monotonicity of T, Y(t) < T(s,) for
every t € [¢n, 1] and therefore, using also (3.3.10), we find u'(t) < Re?¢T /e
for every t € [¢,,%,]. Finally, an integration on [g,, f,] yields

. RTe2CT
Ry BT

n<R,= un(fn) .

IN

hence a contradiction, since n > N. A symmetric argument provides a
contradiction if we suppose that w, < 19. This proves the claim.

So, we can fix an integer N > R such that u,(t) > R for every t € J¢
and for n > N. The function u,(t), being a solution of equation (3.3.9),
also satisfies

T )
Yo (t) = —Hy(t, un (1)),
where ,
palt) = exp< | #tun) dg)
and

(t1a(0) = exp [ bl (€ ) (al0hgunle) + av(0).
Passing to the polar coordinates, via a Priifer transformation, we consider
pr(t)ul,(t) = rp(t) cos 9, (t), U (t) = o (t) sin ¥y, (1),

and obtain, for every ¢ € J¢, that

o cosPUn () Hp(t, un(t))
ST T w

cos? Uy, (t) sin?
= pn(t) + Mpn(t)a(t) ﬂn(t)'

sin? 9, ()

We also consider the linear equation

(eCtu')/ +e ““Ma(t)u=0 (3.3.11)
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and its associated angular coordinate ¥(t) (via the Priifer transformation),
which satisfies
cos? V()

' (t) = —r e~ Ma(t) sin 9(t).

Note also that the angular functions 9, and ¥ are non-decreasing in J°.
Using a classical comparison result in the frame of Sturm’s theory (cf. [B5,
ch. 8, Theorem 1.2]), we find that

On(t) > 9(t), Vte J°, (3.3.12)

if we choose ¥(0g) = ¥ (00). Consider now a fixed n > N. Since u,(t) > R
for every t € J¢, we must have

Da(t) €10,7], Vte Jo (3.3.13)

On the other hand, by the choice of M > 0, we know that any non-negative
solution u(t) of (3.3.11) with u(op) > 0 must vanish at some point in |og, 70|
(see [B3 ch. 8, Theorem 1.1]). Therefore, from ¥(op) = ¥, (09) € |0, 7], we
conclude that there exists t* € |og, 0] such that J(¢t*) = =. By (3.3.12) we
have that 9, (t*) > 7, which contradicts (3.3.13).

By the arbitrary choice of J among the intervals If“ ,..., It for each
i = 1,...,m we obtain the existence of a constant R,+ > 0 such that

any non-negative solution u(t) of equation (3.3.9), with a > 0, satisfies
max,+ u(t) < R;+. Finally, let us fix a constant R > 7o (with ro coming

from the first par‘é of the proof) as in (3.2.10), so that R > RIj for all
1=1,...,m.

Consider now a (maximal) interval J contained in [0, 7]\ ", I;” where
a(t) < 0. For simplicity in the exposition, we suppose that J lies between
two intervals I;” where a(t) > 0, so that J = ]7/,¢’[, with 7/ € I," and
o' et

Let u(t) be a non-negative solution of (3.3.9). For ¢ € J, equation (3.3.9)
reads as

u" 4+ h(u)u' + a(t)g(u) =0

and therefore the auxiliary function Y is non-decreasing on J. If u/(t*) > 0,
for some t* € [7/,0’[, then u/(t) > 0 for all ¢ € [t*, 0’], hence u(t*) < u(o’) <
R (because ¢’ belongs to some interval I;7, where u(t) is bounded by R).
Similarly, if «’(¢*) < 0, for some t* € |7/, 0'], then «/(¢) < 0 for all t € [1/,t*],
hence u(t*) < u(r') < R (because 7’ belongs to some interval I;"). Thus, we
easily deduce that u(t) < R for all ¢t € cl(J) = [7/,0']. The same argument
can be easily adapted if J = [0,0'[ or J = |7/, T] (with, respectively, o’ € I}
or 7' € I,})), using the T-periodic boundary conditions.

In this manner, we have found a constant R > rg such that any non-
negative solution u(t) of (3.3.9), with a > 0, satisfies

lulloe < R.
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This shows that the first part of (H%) is valid independently of the choice
of Q.

Now we fix ag as in (3.2.11). It remains to verify that for a = o there
are no solutions wu(t) of (3.3.9) with 0 < u(t) < R on [0,7]. Indeed, if there
were, integrating on [0, 7| the differential equation and using the boundary
conditions, we obtain

T T
ol = [ o< [ lalolatute) dt < ol max, o)

which leads to a contradiction with respect to the choice of . Thus (H Ry
is verified.

Having verified (H,.) and (H?), the thesis follows from Theorem 3.1.1 with
Remark 3.1.1. n
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Chapter

Neumann and periodic boundary
conditions: multiplicity results

In this chapter we continue the study of the Neumann and periodic
boundary value problems associated with indefinite equations, introduced
in Chapter 3, dealing with multiplicity results for positive solutions. Unlike
the previous chapter, now we prefer to focus our attention on the periodic
problem, in order to simplify our discussion and to state our theorems in
a form which is suitable for the subsequent application to the search of
subharmonic solutions (see Chapter 5). We stress that our results apply
also to Neumann boundary conditions.

Accordingly, we study the periodic boundary value problem associated
with the second order nonlinear differential equation

(&) u' +cu' + (a™(t) — pa” (t))g(u) =0,

where g(u) is a continuous function with superlinear growth at zero and at
infinity, a(t) is a T-periodic locally integrable sign-changing weight, ¢ € R
and p > 0 is a real parameter. Notice that for ¢ # 0 we lose the Hamiltonian
structure if we pass to the natural equivalent system in the phase-plane

W=y, Y =—cy—(a"(t) = pa”(1))g(w).

As main multiplicity result of this chapter, we prove the existence of
2™ — 1 positive solutions when a(t) has m positive humps separated by m
negative ones (in a periodicity interval) and p is sufficiently large. Hence, we
continue the investigation on the conjecture proposed by R. Gémez-Renasco
and J. Lopez-Gomez (for the Dirichlet boundary value problem), and finally
we give a complete solution to the problem raised by G. J. Butler in 1976,
too.

103



104 Chapter 4. Neumann and periodic conditions: multiplicity results

The technique we employ in this chapter exploits and combines the ap-
proaches introduced in Chapter 1 and in Chapter 3. Particularly, as in
Chapter 3, since the linear differential operator v — —u” — cu’ is not in-
vertible, our proofs are based on the extension of Mawhin’s coincidence
degree defined in open and possibly unbounded sets (cf. Appendix B). In
this manner, our results are stable with respect to small perturbations and,
for instance, we can also extend them to equations like

u +cu +eu+t (at(t) — pa” (t))g(uw) =0,
with |e] < g9, where ¢q is a sufficiently small constant depending on .

The plan of the chapter is as follows. In Section 4.1 we list the hy-
potheses on a(t) and on g(s) that we assume for the rest of the chapter
and we introduce an useful notation. Section 4.2 is devoted to the applica-
tion of coincidence degree theory to our problem. In more detail, we define
an equivalent operator problem and we present three technical lemmas es-
sential for the computation of the degree in the proof of our main result
(Theorem 4.3.1), which is stated and proved in Section 4.3. In Section 4.4
we present various consequences and applications of the main theorem, in-
cluding also a nonexistence result (cf. Corollary 4.4.5). Even if we focus
our main attention to the study of the periodic problem, in Section 4.5 we
observe that variants of our main results can be given for the Neumann prob-
lem. Therein we also provide an application to radially symmetric solutions
of PDEs on annular domains.

4.1 Setting and notation

In this section we present the main elements involved in the study of the
positive T-periodic solutions of the equation (&),). For p > 0, we set

au(t) :==at(t)—pa (), te[0,T).

The hypotheses that will follow will be assumed from now on in the chapter.
Let g: R™ — R™ be a continuous function such that

(g+) g(0) =0, g(s) >0 for s> 0.
Suppose also that

(91) go = limsup@ <400 and g := liminf@ > 0.
s—0+ S s—+oco 8§

The weight coefficient a: R — R is a locally integrable T-periodic func-
tion such that, in a time-interval of length T', there exists a finite number
of closed pairwise disjoint intervals where a(t) > 0, separated by closed in-
tervals where a(t) < 0. In this case, thanks to the periodicity of a(t), we
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can suitably choose an interval [to, to + T'], which we identify with [0, 7] for
notational convenience, such that the following condition (a) holds.

(ax) There exist m > 2 closed and pairwise disjoint intervals 17, ..., I}
separated by m closed intervals I, , ..., I, such that
a(t) =0 on I, a(t) <0 on I,

and, moreover,
m m
UrtuvJrn =01
i=1 i=1

To explain this fact with an example, suppose that we take a(t) = cos(2t)
as a 2m-periodic function. In this case, on [0,27] we have three positive
humps and two negative ones. However, in order to enter the setting of (a.)
and hence to look at the weight as a function with two positive humps sep-
arated by two negative ones in a time-interval of length 27, we can choose
[to,to + 27|, for tg = 3mw/4, as interval of periodicity. When, for conve-
nience in the exposition, we say that we work with the standard period
interval [0, 27|, we are in fact considering a shift of ¢y of the weight function,
e.g. taking cos(2t + 2t() as effective coefficient. Clearly, this does not affect
our considerations as long as we are interested in 27-periodic solutions. In
the same example, let us fix an integer £ > 2 and consider the coefficient
cos(2t + 2tp) = sin(2t) as a 2kmw-periodic function. In the period interval
[0, 2k7] the weight has m = 2k intervals of positivity separated by 2k in-
tervals of negativity. We will consider again a similar example dealing with
subharmonic solutions in Chapter 5.

In the sequel, it will be not restrictive to label the intervals If and I,
following the natural order given by the standard orientation of the real line
and thus determine 2m + 1 points

0=01 < <02<m<...<0m-1<Tm-1<0m <Tm <Omt1 =1,
so that, fort=1,...,m,

I;L =loy, 7] and I = [, 0041

Finally, as in the previous chapters, consistently with assumption (a.) and
without loss of generality, we select the points o; and 7; in such a manner
that a(t) Z 0 on all left neighborhoods of o; (for ¢ > 1) and on all right
neighborhoods of 7;. In other words, if there is an interval J contained in
[0, T] where a(t) = 0, we choose the points o; and 7; so that J is contained
in one of the I;r or J is contained in the interior of one of the I;".

We denote by \i, i = 1,...,m, the first eigenvalue of the eigenvalue
problem in IZ-+

o+ e’ + Xa(t)p =0, 90|8Ii+ =0.
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From the assumptions on a(t) in I;, it clearly follows that A} > 0 for each
1=1,...,m.

We introduce some other useful notations. Let Z C {1,...,m} be a
subset of indices (possibly empty) and let d, D be two fixed positive real
numbers with d < D. Similarly to Section 1.3, we define two families of

open unbounded sets

QF = {u € C([0,T]): max|u(t)| < D, i€ T,
’ telf

(4.1.1)
max |u(t)| <d,ie{l,...,m}\Z }
telf
and
Ag,D = {u €C([0,T)):d < ma§|u(t)| <D,iel
I;
el (4.1.2)

max |u(t)| <d,ie{l,...,m}\Z }
ter;

k3

In the sequel, once the constants d and D are fixed, we simply use the
symbols Q7 and AZ to denote Qg p and Ag p» respectively. See Figure 1.1

for the representations of the sets Qi p and Ai p When m = 2.

4.2 The abstract setting of the coincidence degree

In this section we apply the coincidence degree theory (see Appendix B)
to study the periodic problem associated with equation (&,). We follow the
same approach presented in [I30].

Accordingly, let X := C([0,T]) be the Banach space of continuous func-
tions u: [0,T] — R, endowed with the sup-norm

[uflo == max |u(t)],

t€[0,7]

and let Z := L1([0,T]) be the space of integrable functions w: [0,T] — R,
endowed with the norm

T
ol i= [ ote)at.
We consider the linear differential operator L: dom L — Z defined as
(Lu)(t) = —"(t) — (), t€[0,T],

where dom L is determined by the functions of X which are continuously dif-
ferentiable with absolutely continuous derivative and satisfying the periodic
boundary condition

u(0) = u(T), u'(0) = /(7). (4.2.1)
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Therefore, L is a Fredholm map of index zero, ker L and coker L are made
up of the constant functions and

ImL = {wE Z: /OTw(t)dt:O}.

As projectors P: X — ker L and Q: Z — coker L associated with L we
choose the average operators

T
Pu=Qu:= ;/0 u(t) dt.

Notice that ker P is given by the continuous functions with mean value zero.
Finally, let Kp: Im L — dom L Nker P be the right inverse of L, which is
the operator that to any function w € Z with f(;r w(t) dt = 0 associates the
unique solution u of

T
w4+ cu' +w(t) =0, with / u(t)dt =0,
0

and satisfying the boundary condition (4.2.1).
Thereafter, on R? we define the L'-Carathéodory function

2 v Jau®g(s), ifs>0;
f(t,s) ._{S, o

and observe that f(t +T,s) = f(t,s) for a.e. t € R and for all s € R. Let
N: X — Z be the Nemytskii operator induced by f, that is

(Nu)(t) = f(t.u(t)), te0,T].
According to the above positions, if u is a T-periodic solution of
u' + e + f(t,u) =0, (4.2.2)
then u|(p 7 is a solution of the coincidence equation
Lu= Nu, wu € dom L. (4.2.3)

Conversely, any solution u of (4.2.3) can be extended by T-periodicity to a
T-periodic solution of (4.2.2). Moreover, from the definition of f and condi-
tions (g«) and (g1), one can easily verify by a maximum principle argument
(cf. Lemma C.1.2) that if u # 0 is a solution of (4.2.3), then u(t) is strictly
positive and hence a positive T-periodic solution of (&},) (once extended by
T-periodicity to the whole real line).

As remarked in Appendix B, the operator equation (4.2.3) is equivalent
to the fixed point problem

u=®u:=Pu+QNu+ Kp(Id — Q)Nu, ue€X,
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where we have chosen the identity on R as linear orientation-preserving
isomorphism J from coker L to ker L (both identified with R).

Now we are interested in computing the coincidence degree of L and N in
some open domains. For this purpose, we will consider some modifications
of (4.2.2) which correspond to operator equations of the form (4.2.3) for
the associated Nemytskii operators N. In the sequel we will also identify
the T-periodic solutions with solutions defined on [0,T] and satisfying the
boundary condition (4.2.1). We also denote by L% the space of locally
integrable and T-periodic functions w: R — R (which can be identified with
7).

The subsequent two lemmas give conditions for the computation of the
degree on some open balls and are direct applications of Lemma B.2.1 and
Lemma B.2.3, respectively. We refer to the analogous result Theorem 3.1.1
for the standard proofs.

Lemma 4.2.1. Let pt > 0 be such that fOT a,(t)dt < 0. Assume that there
exists a constant d > 0 such that the following property holds.

(Hg) If v €]0,1] and u(t) is any non-negative T -periodic solution of
u" + e’ + da,(t)g(u) =0, (4.2.4)
then maxe(o ) u(t) # d.

Then
Drp(L— N,B(0,d)) = 1.

Lemma 4.2.2. Assume that there exists a constant D > 0 such that the
following property holds.

(HP) There exist a non-negative function v € L%p with v # 0 and a constant
ag > 0, such that every T-periodic solution u(t) > 0 of the boundary
value problem

u" + cu’ + ay,(t)g(u) + av(t) =0, (4.2.5)

for a € [0, ap], satisfies ||ul|co # D. Moreover, there are no solutions
u(t) of (4.2.5) for o = g with 0 < w(t) < D, for all t € R.

Then
Dr(L—- N,B(0,D)) =0.

In order to achieve our multiplicity result, in Section 4.3 we will fix
d,D > 0 satisfying (Hy) and (HP), respectively, and compute the coinci-
dence degree in the open and unbounded sets AiD, for Z C {1,...,m}. To
this aim the following lemma is of utmost importance (see Lemma 6.2.1 for
a similar statement). In the next result we consider again equation (4.2.5)
of the previous lemma.
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Lemma 4.2.3. Let J C {1,...,m} be a nonempty subset of indices, let
d > 0 be a constant and v € LlT a non-negative nontrivial function, such
that the following properties hold.

(Ag.7) If o > 0, then any non-negative T-periodic solution u(t) of (4.2.5)
satisfies max,;+ u(t) # d, for all j € J.
J

(Bg,7) For every > 0 there exists a constant Dg > d such that if a €
[0, 5] and u(t) is any non-negative T-periodic solution of (4.2.5) with
max, .+ u(t) < d, for all j € J, then max;cjomu(t) < Dg.

J

(Ca,g) There exists oy > 0 such that equation (4.2.5), with o = a, does not
have any non-negative T'-periodic solution u(t) with max, + u(t) < d,
J

forallje J.
Then
Dp(L—N,Ty7)=0,
where
Lgg:= {u € C([0,17): ma1<|u(t)\ <d,je j}. (4.2.6)
tEIj

Proof. According to the setting presented in the present section, conditions
(Ag,7), (Bgs) and (Cy,7) are equivalent to conditions (¢), (4) and (i) of
Theorem B.2.1 with respect to the open set {1 :=I'y 7. Therefore, the thesis
of Lemma 4.2.3 follows. O

Remark 4.2.1. From a theoretical point of view, the choice of the set of
indices J with 0 # J C {1,...,m} is arbitrary. However, as we will see
in the next section, in the actual applications of Lemma 4.2.3 we shall take
J € {1,...,m} because, in our setting, the case J = {1,...,m} will be
discussed in the frame of Lemma 4.2.1. <

4.3 The main multiplicity result

In this section we use all the tools just presented in the previous sections
to prove the following main result.

Theorem 4.3.1. Let a: R — R be a T-periodic locally integrable function
satisfying (as). Let g: RT — RT be a continuous function satisfying (g.),

go=0 and g > max /\Zi.

i=1,....m

Then there exists p* > 0 such that for all p > p* equation (&),) has at least
2™ — 1 positive T -periodic solutions.
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Remark 4.3.1. The 2™ — 1 positive T-periodic solutions are obtained as
follows. Along the proof we provide two constants 0 < r < R (with r small
and R large) such that if 4 > p*, given any nonempty set of indices Z C
{1,...,m}, there exists at least one positive T-periodic solution uz € A% R
of (&,). Namely, uz(t) is small for all t € I;” when i ¢ Z, and, on the other
hand, r < uz(t) < R for some ¢t € I" when i € Z. We will also prove
that, when p is sufficiently large, all these solutions are small in the I,
intervals (see Section 4.3.5). Compare to the numerical example presented
in Figure 4.1. <

Remark 4.3.2. The assumption gy = 0 in Theorem 4.3.1 can be slightly
improved to a condition of the form

gU < )‘*7
where A, is a positive constant which satisfies

0< A< min X
i=1,....m
A lower bound for A, (although not sharp) is explicitly given by the con-
stant 1/K( provided in (4.3.15) in Section 4.3.2 (see also Remark 4.3.5 for
more details). When ¢ = 0 it is easy to check that 1/K) is strictly less than
4/(|L7| [r+ a™(t) dt) (for all i = 1,...,m), which are the constants corre-
sponding to the application of Lyapunov inequality to each of the intervals
of positivity (cf. [I05, ch. XIJ). <

4.3.1 General strategy and proof of Theorem 4.3.1

In this section, we describe the main steps that define the proof of The-
orem 4.3.1. The details can be found in the three following sections.

First of all, in Section 4.3.2, from go = 0 we fix a (small) constant r > 0
such that

n(r) := sup 9(s) (4.3.1)

is sufficiently small (cf. condition (4.3.15)). For this fixed r, we determine a
constant ., with
T
4 _ Jo at(t)dt
ST a=(t)dt’
such that condition (H,) of Lemma 4.2.1 is satisfied for every pu > p, and
therefore

oy > (4.3.2)

Dy (L - N,B(0,r)) = 1. (4.3.3)

It is important to notice that, for the validity of (4.3.3), it is necessary to
take y > p* in order to have fOT a,(t)dt <O.
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~PL

Figure 4.1: The figure shows an example of multiple positive solutions for the
T-periodic boundary value problem associated with (&),). For this numerical
simulation we have chosen I = [0,1], ¢ = 0, a(t) = sin(6nt), p = 20 and
g(s) = max{0,400 sarctan |s|}. Notice that the weight function a(t) has 3 posi-
tive humps. We show the graphs of the 7 positive T-periodic solutions of (&},).

As a second step, in Section 4.3.3, we show that there exists a constant
R*, with 0 < 7 < R*, such that, for any nontrivial function v € L([0,T7)
satisfying

v(t) >0 on Glj, v(t)=0 on [ JI;, (4.3.4)
=1
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and for all @ > 0, it holds that any non-negative solution u(t) of (4.2.5) is
bounded by R*, namely

t * 4.3.
trer?&g}]u( )< R (4.3.5)

This result is proved using the lower bound of g, and the constant R* can
be chosen independently on the functions v(t) satisfying (4.3.4).

In this manner (for & = 0) we obtain also a priori bound for all non-
negative T-periodic solutions of (&,). Then, we verify that condition (HT)
of Lemma 4.2.2 is satisfied for all R > R*. Hence, we have

Dy(L—N,B(0,R)) =0, VR>R" (4.3.6)

It is important to notice that, in order to prove (4.3.5) and consequently
(4.3.6), we only use information about a*(t). Hence R* can be chosen
independently on u > 0.

Remark 4.3.3. Using the additivity property of the coincidence degree,
from (4.3.3) and (4.3.6), we reach the following equality

Dr(L — N, B(0,R*)\ B[0,r]) = —1.

Then, we obtain the existence of at least a nontrivial solution u of (4.2.3),
provided that g > p,. Using a standard maximum principle argument, it
is easy to prove that u is a positive T-periodic solution of (&),) (cf. Theo-
rem 3.2.1, Theorem 3.2.2 and also Remark 4.3.6). <

At this point, we fix a constant R with
0<r<R'<R

and, for all sets of indices Z C {1,...,m}, we consider the open and un-
bounded sets
of = Q%,R and AT := A%,R

introduced in (4.1.1) and in (4.1.2), respectively.
As a third step, we will prove that

Dp(L—N,A%)#0, forall ZC{1,...,m}. (4.3.7)

Before the proof of (4.3.7), we make the following observation which
plays a crucial role in various subsequent steps.

Remark 4.3.4. Writing equation (&},) as
(eCtu')/ + eCtau(t)g(u) =0,

we find that (e“‘u/(t))’ < 0 for almost every t € I} and (e“v/(t)) > 0 for
almost every ¢t € I;” (where u(t) > 0 is any solution). Then, the map

t e e/ (1)
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is non-increasing on each I;r and non-decreasing on each I;”. This property

replaces the convexity of u(t) on I, which is an obvious fact when ¢ = 0.

For an arbitrary ¢ € R we can still preserve some convexity type properties.

In particular, for all i = 1,...,m, we have that
max u(t) = max u(t) = max{u(n;), u(cit1)}, (4.3.8)
tel; tedl;”

which is nothing but a one-dimensional form of a maximum principle for the
differential operator L. We verify now this fact since this property, although
elementary, will be used several times in the sequel. Indeed, observe that
if «/(t*) > 0, for some t* € [1;,0i41], then ¥/ (t) > 0 for all t € [t*, 0i41],
hence u(t*) < u(oitq1). Similarly, if «/(¢*) < 0, for some t* € |7;,0441], then
u'(t) <0 for all t € [r,t*], hence u(t*) < u(7;). From these remarks, (4.3.8)
follows immediately. <

In order to prove (4.3.7), first of all we consider Z = (). Accordingly, we
have that

Dp(L—N,Q% =Dy (L—N,A" =Dy (L—N,B(0,r)) =1.  (4.3.9)

The first identity in (4.3.9) is trivial from the definitions of the sets, since
OV = AP It is also obvious that B(0,7) € QP Conversely, let u be a
T-periodic solution of (4.2.2) belonging to 0% By the maximum principle,
we know that u is a (non-negative) T-periodic solution of (&),). Moreover,
u(t) < rforalt € I', i = 1,...,m. Then, from (4.3.8) we have that
u(t) < r for all t € [0,7]. (In the application of formula (4.3.8) we have
considered the interval I, as an interval between I; and I + T, by virtue
of the T-periodicity of the solution.) Finally, by the excision property of the
coincidence degree and (4.3.3), formula (4.3.9) follows.

Next, we consider a nonempty subset of indices Z C {1,...,m}. In
Section 4.3.4, choosing d = r, J = {1,...,m} \ Z # () and a nontrivial
function v € L([0, T]) such that

v(t) =0 on [ JIf,  w(t)=0 otherwise, (4.3.10)
1€L
we verify that the three conditions of Lemma 4.2.3 hold, for u sufficiently
large. In more detail, we provide a lower bound p7 > 0, with 7 independent
on a, such that condition (A, 7) is satisfied for all g > p%. Then, we fix an
arbitrary p > p% and show that conditions (B, 7) and (C, 7) are satisfied
as well.

Since R is an upper bound for all the solutions of (4.2.5) (cf. (4.3.5)),
comparing the definitions (4.1.1) and (4.2.6), we see that u € Q7 if and only
if u € T',. 7, for each solution u. Hence, applying the excision property of
the coincidence degree and Lemma 4.2.3, we obtain

Dp(L—N,Q%)=Dp(L—N,T,7) =0, forall 9 #£7ZC{1,...,m}.
(4.3.11)
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Using again (4.3.8) in Remark 4.3.4 and arguing as above for r, we can
check that R is an a priori bound for the solutions on the whole domain. In
this manner, by (4.3.6), if Z = {1,...,m} we obtain

Dp(L - N,Q%) = Dy(L — N,B(0,R)) = 0.

In conclusion, putting together this latter relation with (4.3.11), we find
that

DrL(L—N,Q%) =0, forall 0#£ZC{1,...,m}. (4.3.12)

Finally, we define

i o= gV max{ps: 0 £ T C {1, m}},

where, as usual, “V” denotes the maximum between two numbers. As a
byproduct of the proof of (Ay,) in Section 4.3.4 (for @ = 0) we also have
that for each u > pu* the degree Dy (L — N, A?) is well-defined for all Z C
{1,...,m} (technically, the matter is to observe that for y sufficiently large
the are no T-periodic solutions touching the level 7 on some intervals I;").

At this point, following the same inductive argument as in proving
Lemma 1.3.1, we easily obtain the following result.

Lemma 4.3.1. Let Z C {1,...,n} be a set of indices. Suppose that for all
J C T the coincidence degree is defined on the sets A7 and Q7 , with

Dr(L—N,0% =Dy(L - N,A" =1

and
DL(L—N,Q7)y=0, V0#JCTI.

Then
Dy(L — N,A%) = (—1)#L.

Therefore, from (4.3.9) and (4.3.12), we have that
Dp(L—N,AT) = (-1)#T, forall ZC {1,...,m},

holds for each p > p*. In this manner, (4.3.7) is verified.

In conclusion, since the coincidence degree is non-zero in each AZ, there
exists a solution u € AT of (4.2.3), for all Z C {1,...,m}. Notice that
0 ¢ AT forall ) # 7 C {1,...,m}. As remarked in Section 4.2, by a
maximum principle argument, for Z # () the solution u € AT of (4.2.3) is a
positive T-periodic solution of (&,). Moreover, by (4.3.8), we also deduce
that ||u|lec < R. At this moment, we can summarize what we have proved
as follows.
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For each nonempty set of indices T C {1,...,m}, there exists
at least a T-periodic solution uz of (&,) with ur € AT and such
that 0 < uz(t) < R for all t € R.

Finally, since the number of nonempty subsets of a set with m elements is
2™ — 1 and the sets AT are pairwise disjoint, we conclude that there are at
least 2™ —1 positive T-periodic solutions of (&},). The thesis of Theorem 4.3.1
follows. O

Having already outlined the scheme of the proof, we provide now all the
missing technical details.

4.3.2 Proof of (H,) for r small

In this section we find a sufficiently small real number r > 0 such that
(H,) is satisfied for all y large enough.

Let us start by introducing some constants that are crucial for our next
estimates. Define

;= [l gy i=1. 0 m, (4.3.13)

and -
Kp:=2 max Ki (|| + et o). (4.3.14)
i=1,...,
By (g«) and go = 0, we know that n(s) — 07 as s — 07 (where n(s) is
defined in (4.3.1)). So, we fix 7 > 0 such that

n(r) < ;0 (4.3.15)

Then, we fix a positive constant j, > p# such that

. KoeldlTl e
CTo e (€) dedty(r)

forall i=1,...,m, (4.3.16)

where we have set

4(r) := min —=.

We verify that condition (Hy) of Lemma 4.2.1 is satisfied for d = r,
chosen as in (4.3.15), and for all ;> p,. Accordingly, we claim that there
is no non-negative solution wu(t) of (4.2.4), for some ¢ € ]0,1] and p > u,,
with ||u]jec = 7.

Arguing by contradiction, let us suppose that, for some ¥ and p with
0< ¥ <1and p > p,, there exists a T-periodic solution u(t) of

u"(t) + e (t) + Ya,u(t)g(u(t)) =0, (4.3.17)
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with 0 < u(t) < maxeomu(t) = r. Reasoning as in Remark 4.3.4, we
observe that the solution w(¢) in the interval of non-positivity attains its
maximum at an endpoint. Thus, there is an index j € {1,...,m} such that

r = max u(t) = maxu(t) = u(t;), for some t; € IT = [o;,7:].
g u(®) = maxu(t) = u(h) € If = [y,

Next, we notice that u/(£;) = 0. Indeed, if u'(t) # 0 for all t € If such that
u(t) =r, thent = oj or t = 7;. If t = 75, then «/(7;) > 0 and, since the map
t + e“u/(t) is non-decreasing on I; (cf. Remark 4.3.4), we have u'(t) >
u'(17)ei ) > 0, for all ¢ € I;7. Then we obtain r = u(7j) < u(0j+1),
a contradiction with respect to ||ullc = r. If t = 0}, one can obtain an
analogous contradiction considering the interval I i1 (if j = 1, we deal with
I — T, by T-periodicity).
Writing (4.3.17) on I;r as

(e (1)) = —da™ (D)g(ult))e,

integrating between fj and t and using u’(fj) = 0, we obtain

A1) =0 [ a (©alu(©)eED de, Vierr

t
Hence,
| pry < 19Ha+HLl(I;)n(T)relC”Ij | = 9K n(r)r. (4.3.18)
We conclude that
r > u(ry) = u(fy) + /{Tj W(€)de > r(1—IKm)IF]).  (4.3.19)

J

Now we consider the subsequent (adjacent) interval I;” = [7}, 0;11] where
the weight is non-positive. Since (as just remarked) the map ¢ — e/ (t) is
non-decreasing on I, we have e“v/(t) > e/ (7)), for all t € I;. Therefore,
recalling also (4.3.18), we get

W (t) > e (1) > el WK n(r)r, Vi e I
Integrating on [r;,¢] C I, and using (4.3.19), we have that
r>u(t) > u(ry) — |I;|e|C||IJ'_|19Kj77(7‘)r

> (1= 9K (11| + 17 1 () (4.3.20)

> r<1 —ﬂ?ﬂ@) > r<1 - Z) > g
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holds for all ¢ € 7. Writing (4.3.17) on I as

(et (1))’ = o™ () g u(t))e
and integrating on [7;,t] C I;", we have
t
W(0) = O () 40 [ ©alu(©)e O de, Vi

75

Then, using (4.3.18) and recalling the definition of y(r), we find
u'(t) zm(—elclljf(m( )+ (e L / ) vtel;.

Finally, integrating on I ;o we obtain
Tj+1 ,
ulogi) =u(m) + [ () de

7j

> r (1 — 9K (r)|IF | — 9|17 |V i (r)
w2 U )l / / dgdt>

a contradiction with respect to the choice of © > pu, (cf. (4.3.16)). O

>,

Remark 4.3.5. From the proof it is clear that we do not really need that
go = 0, but we only use the fact that » > 0 can be chosen so that (4.3.15)
is satisfied. Accordingly, our result is still valid if we assume that gg is
sufficiently small. Clearly, some smallness condition on gy has to be required
for the validity of our estimates. Indeed, the same argument of the proof
(if applied to g(s) = As) shows that 1/Ky must be strictly less to all the
first eigenvalues ! as well as to all the first eigenvalues of the Dirichlet-
Neumann problems (or focal point problems) relative to the intervals I.". As
a consequence, we could slightly improve condition gg = 0 of Theorem 4.3.1
to an assumption of the form gy < A., where the optimal choice for A,
would be that of a suitable positive constant satisfying A, < min; A{ (as well
as other similar conditions). The constant 1/K( found in the proof could
be improved by choosing a smaller value for Ky in (4.3.14). Indeed, note
that the factor 2 in (4.3.14) corresponds to the lower bound u(t) > r/2 in
(4.3.20). We do not investigate further this aspect as it is not prominent for
our results. Technical estimates related to Lyapunov type inequalities and
lower bounds for the first eigenvalue of Dirichlet-Neumann problems with
weights have been studied, for instance, in [43] [74] [I56]. <
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Remark 4.3.6. We stress that in the above proof we have used only the
continuity of ¢g(s) (near s = 0), condition (g.) and the hypothesis go = 0. In
Chapter 3, we have obtained the existence of at least a T-periodic solution of
equation (&},), proving the existence of an r > 0 small such that (H,) holds
for all 0 < d < r, provided that the mean value of the weight is negative.
In our case, such condition on the weight is equivalent to p > p#, which is
a better condition than p > u, given here in our proof. However, in order
to use a weaker assumption on the weight, in Chapter 3 we have to require
a stronger hypothesis on the nonlinearity g(s) near zero. In particular, we
have to suppose that g(s) is regularly oscillating at zero (cf. Theorem 3.2.1)
or that g(s) is continuously differentiable on a right neighborhood of s = 0
(cf. Theorem 3.2.2).

With regard to this topic, we observe that even if we have proved the
existence of a sufficiently small r such that (H,) holds, we can also verify
that (Hg) holds for all 0 < d < r under supplementary assumptions on ¢(s)
near zero. For instance, this claim can be proved if we suppose that g(s)
satisfies

lim inf 9(os)

>0, forall o >1,
s—07+ g(s)

(cf. (4.3.16)). The above hypothesis is also called a lower o-condition at
zero and it is dual with respect to the more classical Ao-condition at infinity
considered in the theory of Orlicz-Sobolev spaces (cf. [2 ch. VIII]). We refer
to [B [0 for a discussion about these ones and related growth assumptions
at infinity, as well as for a comparison between different Karamata type
conditions. <

4.3.3 The a priori bound R*

Consider an arbitrary function v € L*([0,T]) as in (4.3.4). For example,
as v(t) we can take the indicator function of the set

A= Glj
i=1

We will show that there exists R* > 0 such that, for each a > 0, every

non-negative T-periodic solution u(t) of (4.2.5) satisfies max;e 4 u(t) < R*.
First of all, for each i = 1,...,m, we look for a bound R; > 0 such that

any non-negative T-periodic solution u(t) of (4.2.5), with o > 0, satisfies

max u(t) < R;. (4.3.21)
el

Let us fix i € {1,...,m}. Let 0 < e < (7, — 0;)/2 be fixed such that

a(t)Z0 on[o;+¢e,7—¢e] C I
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and the first (positive) eigenvalue )\ of the eigenvalue problem

¢+’ +Aalt)p =0
oo +e)=¢(ri—e)=0

satisfies
Joo > A

For notational convenience, we set 0. := 0;+¢ and 7. := 1;—e. The existence
of € is ensured by the continuity of the first eigenvalue as a function of the
boundary points and by hypothesis goo > M.

We fix a constant M > 0 such that

Joo > M > .
It follows that there exists a constant R = R(M) > 0 such that
g(s) > Ms, Vs>R.

Arguing as in Section 3.3.2, we have that

le|T
u'(t) < ult) ‘ ,  forall t € [0, 7] such that u'(t) > 0;

- €
JJelT (4.3.22)

|u' ()] < u(t) o for all t € [0y, 7] such that u/(t) < 0.

To prove (4.3.22), we note that the result is trivial if «/(t) = 0. Then, we
deal separately with the cases u/(t) > 0 and u/(t) < 0. Let us fix t € [0, 7]
with u/(¢) > 0. Since the map ¢ — e/ (€) is non-increasing on I;7, we find
that

u'() > u/ (e, Ve € [0 1.

Integrating on [0y, t], we obtain
u(t) > u(t) — u(oy) > o' (t)e 17Dt — ;) >/ (t)e 1N e

and therefore the first inequality follows. If t € [0y, 7] and u/(t) < 0, we
obtain the second inequality in (4.3.22), after an integration on [¢, 7;]. Hence,
(4.3.22) is proved.

We are ready now to prove (4.3.21). By contradiction, suppose there is
not a constant R; > 0 with the properties listed above. So, for each integer
n > 0 there exists a solution u, > 0 of (4.2.5) with max,  + un(t) =: R, > n.

For each n > R we take £, € If such that u, (,) = R, and let Jsn,wn] C I;r

be the intersection with Jo;, 7| of the maximal open interval containing £,
and such that u,(t) > R for all ¢ € ]¢,,w,[. We fix an integer N such that

. RTe2lT
N>R+
13
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and we claim that |¢,,w,[ D [oe, 7|, for each n > N. Suppose by contra-
diction that o. < ,. In this case, we find that u,(s,) = R and ul,(sn) > 0.
Moreover, u!,(s,) < RelT/e. Using the monotonicity of ¢t — e®u/(t),
we get eu/(t) < e“nu'(s,) for every t € [¢n,t,] and therefore we find
u'(t) < Re?dT /e for every t € [g,,t,]. Finally, an integration on [cy, ]
yields B
2|c|T

n < Ry = un(tn) gR+RT‘;,
hence a contradiction, since n > N. A symmetric argument provides a
contradiction if we suppose that w, < 7.. This proves the claim.

So, we can fix an integer N > R such that u,(t) > R for every t € [o., 7]
and n > N. The function wu,(t), being a solution of equation (4.2.5) or
equivalently of

(eCtu')/ + e (au(t)g(u) + av(t)) =0,

satisfies
Uy, () = e yn(t)
Yn(t) = =€ (au(t)g(un(t)) + av(t)).
Via a Priifer transformation, we pass to the polar coordinates
e“ul (t) = rp(t) cos Uy (1), Un () = rp(t) sin 9y, (t),

and obtain, for every ¢ € [0, 7.], that

e (at (t)g(un(t)) + av(t))

9 (1) = e cos® I, () + (D) sin? 9, ()
> e cos? O, (t) + e Ma™ (t) sin? 9, (t).
We also consider the linear equation
(e“u/) + e Ma™ (t)u = 0 (4.3.23)

and its associated angular coordinate 9(t) (via the Priifer transformation),
which satisfies

V' (t) = e cos® I(t) + e Ma™ (t) sin? 9(t).

Note also that the angular functions 1,, and ¥ are non-decreasing in [o, 7¢].
Using a classical comparison result in the frame of Sturm’s theory (cf. [B5,
ch. 8, Theorem 1.2]), we find that

In(t) = 9(t), Vi€ o7, (4.3.24)

if we choose ¥(0.) = U (0e). Consider now a fixed n > N. Since u,(t) > R
for every t € [o¢, 7.], we must have

Un(t) €10, 7], Vte€ oe, 1] (4.3.25)
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On the other hand, by the choice of M > 0, we know that any non-negative
solution u(t) of (4.3.23) with u(o.) > 0 must vanish at some point in Jo., 7|
(see [B3) ch. 8, Theorem 1.1]). Therefore, from J(o.) = ¥y (0:) € ]0, 7], we
conclude that there exists t* € |o., 7.[ such that ¥(t*) = 7. By (4.3.24) we
have that 9, (¢*) > m, which contradicts (4.3.25).

We conclude that for each ¢ = 1,...,m there is a constant R; > 0
such that any non-negative T-periodic solution u(t) of (4.2.5), with o > 0,
satisfies max, .+ u(t) < R;.

Now we can take as R* any constant such that R* > r (with r as in
Section 4.3.2) and

R*>R;, foralli=1,...,m. (4.3.26)

Thus maxe4 u(t) < R* is proved. Notice that R* does not depend on v(t)
and on pu, since for the constants R; we have used only information about
a®(t).

Finally, using (4.3.8) in Remark 4.3.4 and reasoning as in the proof of
(4.3.9) (we just need to repeat verbatim the same argument, by replacing r
with R*), we can check that R* is an a priori bound for the solutions on the
whole domain. In this manner (4.3.5) is proved.

Remark 4.3.7. If ¢ = 0 in equation (4.2.5), the existence of the upper
bound R* can be obtained in a different manner, still using a Sturm com-
parison argument (see the proof of Lemma 1.1.3 and Remark 1.1.1). N

Remark 4.3.8. A careful reading of the proof of the a priori bound shows
that the inequality u(t) < R* for all ¢ € [0, T] has been proved independently
on the assumption of T-periodicity of u(t). Hence, the same a priori bound
on [0, T is valid for any non-negative solution u(t) of (&),), with u(t) defined
on an interval containing [0,7]. We claim now that the following stronger
property holds.

If w(t) is a non-negative solution of (&,) (not necessarily peri-
odic), then
w(t) < R*, VteR.

To check this assertion, suppose by contradiction that there exists t* € R
such that w(t*) > R*. Let also ¢ € Z be such that t* € [(T, (¢ + 1)T.
In this case, thanks to the T-periodicity of the weight coefficient a,(t), the
function w(t) := w(t + ¢T) is still a (non-negative) solution of (&),) with
max,e(o,r) U(t) > u(t” —4T) = w(t*) > R*, a contradiction with respect to
the previous established a priori bound of u(t) on [0,7]. <

Verification of (H?) for R > R*.  We have found a constant R* > r
such that any non-negative solution w(t) of (4.2.5), with o > 0, satisfies
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|ulloo < R*. Then, for R > R*, the first part of (H%) is valid independently
of the choice of «ag.
Let ag > 0 be fixed such that

uHa_ HLl maxo<s<Rr g(S)
[v][ 2

oy >

We verify that for o = ag there are no T-periodic solutions u(t) of (4.2.5)
with 0 < u(t) < R on [0,T]. Indeed, if there were, integrating on [0, 7] the
differential equation and using the boundary conditions, we obtain

0<s<R

T T
allvllz = a /0 oft) dt = — /0 ap(Dg(u(t)) dt < plla~ [ max_g(s),

which leads to a contradiction with respect to the choice of ag. Thus (HT)

is verified for all R > R*. O

4.3.4 Checking the assumptions of Lemma 4.2.3 for u large

Let Z C {1,...,m} be a nonempty subset of indices and let r > 0 be as in
Section 4.3.2, in particular r satisfies (4.3.15). Setd =r, J :={1,...,m}\Z
and let v € L([0,T]) be an arbitrary nontrivial function satisfying (4.3.10).

For example, as v(t) we can take the indicator function of the set | ;.7 1"

In this section we verify that (A7 ,), (Bgz,) and (Cy ) (of Lemma 4.2.3)
hold for p sufficiently large.

Verification of (Agz,). Let o > 0. We claim that there exists p5 > 0
such that for ;1 > p7 any non-negative T-periodic solution u of (4.2.5), or
equivalently of

(eCtu')/ + e (au(t)g(u) + av(t)) =0, (4.3.27)
is such that max, ,+ u(t) # r, for all i ¢ 7.

By contradiction, suppose that there is a solution u(t) of (4.2.5) with
maicu(t) =r, for some index j € J. (4.3.28)
tEIj

Lett; € I;L = [0, 7] be such that u(f;) = r. If {; = 75, then clearly u(r;) = r
and u'(1;) > 0. If t; = 0, then u(o;) = r and u/(c;) < 0. Suppose now that

oj < t; < 7;. By conditions (a.) and (4.3.10), the solution u(t) satisfies the
following initial value problem on IJ'-"

(ecu!) + etat (t)g(u) = 0
u(fj) =r
u'(fj) =0.



4.3. The main multiplicity result 123

Then, we have
t
w(t) = - [ 0 ©Oglue)ds, Ve,
tj

and hence, recalling (4.3.13) and (4.3.15), we obtain this a priori bound for
|u/(t)] on Ij:

T T
r< K; = ,
UK 2l

+
|U/(t)| < e|C||1j ||’a+||L1(I;)17(7“) Vte Ij_.

Therefore, the following inequality holds

r T

1~ 9
2IF| 2

w(ry) = uli;) +/ “W(ydt > — |17
t

J

Thus we have a lower bound for u(7;).
As a first case, suppose that o; < fj < 7. Above, we have proved that

r

N> -

and /(1) > (4.3.29)

N3

(this is also true in a trivial manner if ; = 7;). By the initial convention in
Section 4.1 about the selection of the points ¢; and 7; in order to separate the
intervals of positivity and negativity, we know that a(t) < 0 on every right
neighborhood of 7;. Accordingly, we can fix 5;7 > (0, with 0 < 5;7 < 0jy1—Tj,
such that

5t |6 ‘I;r|

and a(t) < 0 on [rj,7; + (5]+] C I; . Since t e'u/(t) is non-decreasing on

I, we have

o () > T (1) > — el Vit € [, 7+ 67,

+ )
2|Ij |
then

r

—_— >
_l’_
2|15 ]

! r cl6t r
u(t) = u(r)) +/ u'(§)de > 5~ g el T Vtelm T+
i

We deduce that ,
1< u(t) < R* on [rj,7; + 5?},

where R* is the upper bound defined in Section 4.3.3.
Let us fix
v:= min g(s) > 0. (4.3.31)

R
T <s<R*
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We prove that for p > 0 sufficiently large max,.; 5+ u(t) > R* (which
Tito;
is a contradiction to the upper bound for u(t)).

Note that for t € [j,7; + 5;“] C I}, equation (4.3.27) reads as

(e (1)) = peta ()g(u(t)).

Hence, for all ¢ € [1j, 7; + (5]+] we have

' (t) = T (1) + / pe©Pa(€)g(u(8)) dg

g X .
=lelsf / o™ (€) de.

J

> _e\c|6f o

= + pe
+
2|Ij ]

then

Therefore, for ¢ = 7; + 5}' we get

. " N KA I L
R* > u(rj +6]) > pe J'y/ /a (&) d¢ | ds.

J J

This gives a contradiction if y is sufficiently large, say

R* |6
> uj = Se ’ , (4.3.32)
V7T (S am(€) dg) ds
recalling that f:] a” (&) d€ > 0 for each t € |75, 0541].

As a second case, if fj = 0}, we consider the interval I i1 (if j =1, we

deal with I, —T, by T-periodicity). We define 6; in a similar manner, using
the fact that a(t) is not identically zero on all left neighborhoods of o;. We
obtain a contradiction for

R* e|c\5]-_

’yf:jj—éj_( saj a- (g) df) ds’ (4333)

B>y =

At the end, we define
= max uT
Kz et H;

and we obtain a contradiction if 4 > p%. Hence condition (A ,) is verified.
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Remark 4.3.9. We emphasize the fact that the constant u7 is chosen in-
dependently on the solution u(t) for which we have made the estimates. In
fact, the numbers ujﬁ depend only on absolute constants, like R*, v (de-
pending only on ¢(s)), the constants 5;5 defined as in (4.3.30) and, finally,
the integrals of the negative part of the weight function. Observe also that,
in order to have non-vanishing denominators in the definition of the ,uj-[, we
had to be sure that a(t) < 0 on each right neighborhood of 7; as well as on
each left neighborhood of ¢;, consistently with the choice we made at the
beginning. <

Remark 4.3.10. A careful reading of the above proof shows that the result
does not involve the periodicity of the function u(t), since we have only
analyzed the behavior of the solution on an interval of positivity of the
weight and on the adjacent intervals of negativity. Indeed, we claim that
the following result holds.

There exists a constant p* > 0 such that, for every pu > u*,
any non-negative solution w(t) of (&,) (not necessarily periodic),
with w(t) < R* for allt € R, is such that

max{w(t): t € I} + (T} #r, Vie{l,...,m}, VI€ZL

To check this assertion, we proceed by contradiction, assuming that there ex-
ist i € {1,...,m} and £ € Z such that max{w(t): t € I;" + (T} = r. Thanks
to the T-periodicity of the weight coefficient a,(t), the function u(t) :=
w(t + £T) is still a (non-negative) solution of (&,) with max,_;+u(t) = r.
So, we are in the same situation like at the beginning of the verification of
(Ag,) (cf. (4.3.28)). From now on, we proceed exactly the same as in that
proof and obtain a contradiction with respect to the bound u(t) < R* (for
all t) taking > max{p;, u; }. Hence the result is proved for u sufficiently
large, namely p > max; ;. <

Now, we fix p > p% and we prove that conditions (By,) and (Cz,) hold
(independently of the coefficient p previously fixed).

Verification of (Bg,). Let u(t) be any non-negative T-periodic solution

of (4.2.5) with max,;+ u(t) < r, for all j € J. Notice that R* is an upper
J

bound for all the solutions of (4.2.5) and R* is independent on the functions

v € L'([0,T)) satisfying (4.3.4) (and hence (4.3.10)). So condition (B ) is

verified with Dg = R*, for every 8 > 0.

Verification of (C7,). Recalling the choice of v(t) in (4.3.10), we take an
index i € Z = {1,...,m}\ J such that v # 0 on I;" and we also fix ¢ > 0
such that

v(t)#Z0 on|o;+e,7 — €l
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We claim that (C7 ) is satisfied for o such that

R* <2€cT | |>
o > : +|c| ).
T s\ e

o;+e

To prove our assertion, first of all we observe that if u(t) is any non-
negative solution of (4.2.5), then

el
|u’(zs)|gu(z:)e6 . Vite o +em—el (4.3.34)

Such inequality has been already proved and used in Section 4.3.3 (see the
inequalities in (4.3.22)).
Let u(t) be a non-negative T-periodic solution of (4.2.5), which reads as

av(t) = —u" —cu' —a™ (t)g(u)

on the interval I.". Recall also that ||ufe < R* (cf. (4.3.5)). Integrating the
equation on [o; 4+ €, 7; — €], for @ = g, we obtain

T;—€
ozo/ v(t)dt =

ite
=u(o;+e)—u(r—¢e)+c(ulo;+e) —u(r —¢)) — / Z at(t)g(u(t)) dt
oi+e
R* T;—€
< 2=l 4 |¢|R* < ao/ v(t) dt,
€ oite

a contradiction. Hence (Cy ) is verified.

Remark 4.3.11. Note that for the verification of (Bs,) and (Cz,) the
small constant r has no played any relevant role. In fact, we used only
the information about the existence of the a priori bound R* obtained in
Section 4.3.3. pe

In conclusion, all the assumptions of Lemma 4.2.3 have been verified for a
fixed r and for u > p7. O

4.3.5 A posteriori bounds

Let Z C {1,...,m} be a nonempty subset of indices and let  and R be
fixed as explained in Section 4.3.1. Theorem 4.3.1 ensures the existence of
at least a T-periodic positive solution u(t) of (&,) with u € A%’R. In more
detail, the solution u(t) is such that r < u(f;) < R for some t; € Ij, ifieT,
and 0 < u(t) <rforallte I}, ifi¢Z.

As premised in Remark 4.3.1, in this section we prove that, for p suffi-
ciently large, it holds that 0 < u(¢) < r also on the non-positivity intervals
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I, . First of all, by (4.3.8), we observe that the solution u(t) in the interval of
non-positivity attains its maximum at an endpoint. Therefore it is sufficient
to show that

u(o;) <r and wu(rm)<r, forall i=1,...,m.

If i ¢ Z, there is nothing to prove, because u(t) < r on I;” = [0;,7;]. Let us
deal with the case ¢ € Z and, by contradiction, suppose that

u(r) >
Proceeding as in Section 4.3.4, one can prove that

!
N> K.
w(r) 2 —Ki max g(s)
and hence (using estimates analogous to those following after (4.3.29)) that
there exists 5? > 0 such that, for t = 7; + (517F € I; and p sufficiently large,

we obtain
u(r; + (5;") > R*,

a contradiction.
A similar argument generates a contradiction also assuming u(o;) > r,
fori e 7.

Finally, repeating again the argument in Section 4.3.4, we can also check
that if u(t) = u,(t) is a positive T-periodic solution of (&),) (belonging to a
set of the form Ai r), then, for 1 — 400, u, tends uniformly to zero on the
intervals 1.

Remark 4.3.12. Notice that the same arguments work for any arbitrary
non-negative solution which is upper bounded by R* (at any effect this ob-
servation is analogous to Remark 4.3.10, since it only involves the behavior of
the solution in the intervals where the weight is negative, without requiring
the periodicity of the solution). Indeed, the following result holds.

There exists a constant pu** > 0 such that, for every p > p**,
any non-negative solution w(t) of (&,) (not necessarily periodic),
with w(t) < R* for allt € R, is such that

max{w(t): t € I; +(T} <r, Vie{l,...,m}, VL€ L.

To check this assertion, we proceed by contradiction, assuming that there ex-
ist i € {1,...,m} and £ € Z such that max{w(t): t € I, +¢T} > r. Thanks
to the T-periodicity of the weight coefficient a,(t), the function u(t) :=
w(t + T') is still a (non-negative) solution of (&),) with max, ., u(t) > r.
This means that u(o;) > r or u(r;) > r. At this point we achieve a contra-
diction exactly as above. <
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4.4 Related results

In this section we deal with corollaries, variants and applications of The-
orem 4.3.1. We also analyze the case of a nonlinearity g(s) which is smooth
in order to give a nonexistence result, too.

The following corollaries are obtained as direct applications of Theo-
rem 4.3.1.

Corollary 4.4.1. Let a: R — R be a T-periodic locally integrable function
satisfying (ax). Let g: RT™ — RY be a continuous function satisfying (g«),

go=0 and go >0.

Then there exists v* > 0 such that for all v > v* there exists p* = p*(v)
such that for p > p* there exist at least 2™ — 1 positive T-periodic solutions
of

u' +cu + (va™(t) — pa” (t))g(u) = 0. (4.4.1)

The constant v* will be chosen so that v*g,, > max; )\il. The lower
bound for g, in the main theorem is automatically satisfied when go, = +00.
Accordingly, we have.

Corollary 4.4.2. Let a: R — R be a T-periodic locally integrable function
satisfying (as). Let g: RT™ — RT be a continuous function satisfying (gs),

go=0 and goo = +00.

Then there exists p* > 0 such that for all p > p* equation (&,) has at least
2™ — 1 positive T -periodic solutions.

A typical case in which the above corollary applies is for the power
nonlinearity g(s) = s” (for p > 1), so that the next result holds.

Corollary 4.4.3. Let a: R — R be a T-periodic locally integrable function
satisfying (ay). Then there exists p* > 0 such that for all pn > p* there exist
at least 2™ — 1 positive T-periodic solutions of

u’ +cu' + (at(t) — pa= ()P =0, p>1.

Using Remark 4.3.2, we can also obtain the following result which, in
some sense, is dual with respect to Corollary 4.4.1.

Corollary 4.4.4. Let a: R — R be a T-periodic locally integrable function
satisfying (ax). Let g: RT™ — RY be a continuous function satisfying (g«),

go>0 and goo = +00.

Then there exists v, > 0 such that for all 0 < v < v, there exists p* = p*(v)
such that for p > p* there exist at least 2™ — 1 positive T-periodic solutions
of equation (4.4.1).
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Combining Theorem 4.3.1 with Proposition 3.2.1, the following result
can be obtained.

Corollary 4.4.5. Let a: R — R be a T-periodic locally integrable function
satisfying (a.). Let g: RT™ — RY be a continuously differentiable function

satisfying (g.),
go=0 and g >0.

Then for all p > 0 such that fOT a,(t) dt < O there exist two constants
0 < we < w* (depending on u) such that equation

v+ +v(at(t) — pa(t)g(u) =0 (4.4.2)

has no positive T-periodic solutions for 0 < v < wy and at least one positive
T-periodic solution for v > w*. Moreover there exists v* > 0 such that for
all v > v* there exists p* = p*(v) such that for p > p* equation (4.4.2) has
at least 2™ — 1 positive T-periodic solutions.

Equation (4.4.2) is substantially equivalent to (4.4.1). We have preferred
to write it in a slightly different form for sake of convenience in stating
Corollary 4.4.5.

4.5 The Neumann boundary value problem

In this section we briefly describe how to obtain the results of Section 4.3
and Section 4.4 for the Neumann boundary value problem (see also Sec-
tion 3.3.1). For the sake of simplicity, we deal with the case ¢ = 0. If ¢ # 0,
we can produce analogous results writing equation (&),) as

(u'eCt)/ +a,(t)g(u) =0, with a@,(t) == a,(t)e”,

and entering in the setting of coincidence degree theory for the linear opera-
tor L: u+ —(u'et)’. Accordingly, we consider the boundary value problem

" —
{ v ““(t,)g(”) =0 (4.5.1)
u'(0) = u(T) =0,

where a: [0,7] — R is an integrable function satisfying condition (a.) and
g(s) fulfils the same conditions as in the previous sections. In particular,
when we assume (a,) we suppose that there exist m > 2 subintervals of [0, T']
where the weight is non-negative separated by m — 1 subintervals where the
weight is non-positive, namely there are 2m + 2 points

0=1<01 < <...<0;<Ti<...<0m <Tm<omy1=T

such that a(t) > 0 on [0y, 73] and a(t) < 0 on [r4, oj41].
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In this case, the abstract setting of Section 4.2 can be reproduced almost
verbatim with X := C([0,7]), Z := L*([0,T]) and L: u + —u", by taking
in dom L the functions of X which are continuously differentiable with ab-
solutely continuous derivative and such that «/(0) = «/(T") = 0. With the
above positions ker . =2 R, Im L, as well as the projectors P and ) are
exactly the same as in Section 4.2. Then Theorem 4.3.1 can be restated as
follows.

Theorem 4.5.1. Let a: [0,T] — R be an integrable function satisfying (a.).
Let g: RT — R™ be a continuous function satisfying (g«),

go=0 and goo > max )\il.
i

=1,....m

Then there exists p* > 0 such that for all p > p* problem (4.5.1) has at least
2™ — 1 positive solutions.

As in Theorem 4.3.1, the 2™ — 1 positive solutions are discriminated by
the fact that max,_,+ u(t) < r or 7 < max,_,+ u(t) < R, where I;" = [0, 73]
is the i-th interval where the weight is non—nelgative (cf. Remark 4.3.1). The
constants A} (for i = 1,...,m) are the first eigenvalues of the eigenvalue
problems in Ii+

O+ Xa(t)p =0, §0|an =0.

If o1 = 70 = 0 (that is a(t) starts with a first interval of non-negativity), we
can take Al as the first eigenvalue of the eigenvalue problem

¢+ xa(t)p =0, ¢'(0)=¢(m) =0,

while if 7,,, = o041 = T (that is a(t) ends with a last interval of non-
negativity), we can take \{* as the first eigenvalue of the eigenvalue problem

"+ Xa(t)p =0, @(om)=¢'(T)=0.

Compare also to Remark 3.2.1
Clearly, for the Neumann problem (4.5.1) we can also reestablish the
corollaries in Section 4.4. In particular, Corollary 4.4.2 reads as follows.

Corollary 4.5.1. Leta: [0,T] — R be an integrable function satisfying (a.).
Let g: RT™ — RT be a continuous function satisfying (gs),

go=0 and goo = +00.

Then there exists * > 0 such that for all p > p* problem (4.5.1) has at least
2™ — 1 positive solutions.

In the sequel we are going to use also a variant for the Neumann problem
of Corollary 4.4.5 that we do not state here explicitly.
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4.5.1 Radially symmetric solutions

We show now a consequence of the above results to the study of a PDE
in an annular domain. In order to simplify the exposition, we assume the
continuity of the weight function. In this manner, the solutions we find are
the “classical” ones (at least two times continuously differentiable). Now,
proceeding in the same manner as in Section 3.3.1, we are going to complete
that discussion, presenting the multiplicity results.

Let || - || be the Euclidean norm in RY (for N > 2) and let

Q:= B(0,Rs) \ B[0, R] = {z e RY: Ry < ||z|| < Ro}

be an open annular domain, with 0 < Ry < Rs.
We deal with the Neumann boundary value problem

—Au = gu(x)g(u) inQ

4.5.2
u _ on 99, (45.2)
on

where ¢: © — R is a continuous function which is radially symmetric,
namely there exists a continuous scalar function Q: [R1, Ra] — R such that

q(z) = Q(llz])), VzeQ,
and
Gu(@) = q" (@) —pg~(z),  Qu(r) = Q" (r) — nQ ().
We look for existence/nonexistence and multiplicity of radially symmetric
positive solutions of (4.5.2), that are classical solutions such that u(z) > 0
for all x € Q and also u(x) = U(||z||), where U is a scalar function defined
on [Rl, RQ]

Accordingly, our study can be reduced to the search of positive solutions
of the Neumann boundary value problem

Uu'(r) + ?U’(ﬂ + Qu(rgU(r)) =0, U'(Ry)=U'(Ry)=0. (4.5.3)

Using the standard change of variable illustrated in Section C.2
t=hir)i= [ €N de
Ry
and defining
Ro
T:= Nde, r(t):=h7L(t) and w(t) =U(r(t)),
Ry

we transform (4.5.3) into the equivalent problem

" +a,(t)gv) =0, o'(0)=2"(T)=0, (4.5.4)
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with
a(t) == r(t)*NVQ(r(t)), te[0,T).
Consequently, the Neumann boundary value problem (4.5.4) is of the same

form of (4.5.1) and we can apply the previous results.
Accordingly, suppose also that

(g«) there exist 2m + 2 points Ry = 19 < 01 < 11 < ... < oy < Ty <
Om+1 = Ro such that

Q(r) >0 on o[, i=1,...,m;
Q(?‘) <0 on ]Ti70i+1[; 1=0,...,m.

Notice that condition .
/ a,(t)dt <0 (4.5.5)
0

reads as

0> /O U 0N (r(t)) dt = / PN () dr.

Ry

Up to a multiplicative constant, the latter integral is the integral of ¢, (z)
on §), using the change of variable formula for radially symmetric functions.
Thus, p > 0 satisfies (4.5.5) if and only if u satisfies

(q4) /Qq”(x) dz < 0.

Similarly, the integral in (4.5.5) is sufficiently negative (depending on pu) if
and only if the integral in (¢4) is negative enough (depending on p). With
these premises, Corollary 4.5.1 yields the following result.

Theorem 4.5.2. Let q(x) be a continuous (radial) weight function as above.
Let g: RT — R™ be a continuous function satisfying (g«),

go=0 and goo = +o00.

Then there exists u* > 0 such that for each pu > p* problem (4.5.2) has at
least 2™ — 1 positive radially symmetric solutions.

Corollary 4.5.1 and Theorem 4.5.2 represent an extension of 28], where
the same result was obtained (with a shooting type approach) for m = 2.
Another extension of 28], for an arbitrary m > 2, has been recently achieved
in [I7 (using a variational approach) for a power type nonlinearity g(s).

Adding the smoothness of g(s), from Corollary 4.4.5 we obtain the next
result.
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Theorem 4.5.3. Let q(x) be a continuous (radial) weight function as above.
Let g: R™ — RT be a continuously differentiable function satisfying (g«),

go = 0 and Joo = +00.

Then, for all > 0 such that (q4) holds, there exist two constants 0 < w, <
w* (depending on p) such that the Neumann boundary value problem

—Au =vq,(x)g(u) inQ
0 4.5.6
Ao on 0N ( )
On
has no positive radially symmetric solutions for 0 < v < ws and at least
one positive radially symmetric solution for v > w*. Moreover there exists
v* > 0 such that for all v > v* there exists p* = p*(v) such that for p > p*
problem (4.5.6) has at least 2™ — 1 positive radially symmetric solutions.
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Chapter

Subharmonic solutions and
symbolic dynamics

In this chapter we deal with subharmonic solutions for superlinear in-
definite equations.

In the first part of this chapter (from Section 5.1 to Section 5.3) we
continue the study of the superlinear indefinite second order equation

(&) u' +cu' + (a™(t) — pa” (t))g(u) =0,

that we have considered in Chapter 4 (we refer to the notation introduced
therein). Our goal is to apply the results therein concerning the existence
and multiplicity of periodic solutions to the search of subharmonic solutions.
Then, we shall use the information obtained on the subharmonics to pro-
duce bounded positive solutions which are not necessarily periodic and can
reproduce an arbitrary coin-tossing sequence. More precisely, in Section 5.1
we prove the existence of infinitely many subharmonic solutions for (&),) if
the negative part of the weight is sufficiently strong (i.e. when p > 0 is large
enough). This result follows from Theorem 4.3.1 applied to an interval of
the form [0, kT] and a careful verification that the constants needed for the
proof are independent on k. Next, in Section 5.2 we discuss the number of
subharmonics of a given order and in Section 5.3 we sketch how to produce
bounded solutions on the real line which are not necessarily periodic.

In the second part of this chapter (from Section 5.4 to Section 5.8) we
deal with a class of indefinite equations which covers the classical superlinear
one

u” + a(t)uf =0,

where p > 1 and a(t) is a T-periodic sign-changing function satisfying the
(sharp) mean value condition fOT a(t) dt < 0. We prove that there exist

135
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positive subharmonic solutions of order k for any large integer k. The proof
combines coincidence degree theory (yielding a positive harmonic solution)
with the Poincaré-Birkhoff fixed point theorem (giving subharmonic solu-
tions oscillating around it).

We conclude this introduction by recalling the definition of subharmonic
solution (to the above equations) that we assume throughout the chapter.
We say that u € I/Vli’cl (R) is a subharmonic solution of order k, with k > 2
an integer number, if u(t) is a kT-periodic solution of the equation which is
not [T-periodic for any integer [ = 1,...,k — 1, that is, kT is the minimal
period of u(t) in the class of the integer multiples of 7.

This is the most natural definition of subharmonic solution to an equa-
tion like

u” + h(t,u) =0, (5.0.1)

when just the T-periodicity of ¢t +— h(t,s) is assumed. On the lines of
[[37], if additional conditions on this time dependence are imposed, further
information on the minimality of the period can be given. For example, if
h(t,s) = a(t)g(s), with g(s) > 0 for s > 0, one can notice that all the positive
subharmonic solutions of order k to (5.0.1) actually have minimal period kT
if we further assume that 7' > 0 is the mimimal period of a(t). This is easily
seen by writing the equation in the equivalent form a(t) = —u”(t)/g(u(t)).
Let us also notice that if u(t) is a subharmonic solution of order k, the k — 1
functions u(- +IT'), for [ = 1,...,k — 1, are subharmonic solutions of order
k too. Then, whenever it happens that we find a subharmonic solution
of order k, we also find other k — 1 subharmonic solutions (of the same
order). These solutions, though distinct, have to be considered equivalent
from the point of view of the counting of subharmonics. Accordingly, given
uy(t),uz(t) subharmonic solutions of order k, we say that ui(t) and ua(t)
are not in the same periodicity class if ui(-) # ua(- + {T) for any integer
[=0,...,k—1.

Throughout this chapter, for the sake of simplicity in the exposition,
when not explicitly stated we assume that k is an integer such that k > 2.

5.1 Subharmonic solutions of (&),)

In Chapter 4 we have studied existence and multiplicity of T-periodic
solutions to (&),), assuming that the weight coefficient a(t) is a T-period
function. Since any T-periodic coefficient can be though as a kT-periodic
function, with the same technique we can look for the existence of kT-
periodic solutions (with k& an integer).

Generally speaking, if 2:(¢) is a kT-periodic solution of a differential sys-
tem o’ = f(t,z) in RY, with f(t + T,z) = f(t,x) for all t € R and = € RY,
the information that x(t) is not [T-periodic, for any integer { = 1,..., k—1,
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is not enough to conclude that k7T is actually the minimal positive period of
the solution. However, in many significant situations, it is possible to derive
such a conclusion, under suitable conditions on the vector field f(¢,z). For
instance, in case of (&,) and for g(s) satisfying (g«), it is easy to check that
any positive subharmonic solution of order & is a solution of minimal period
kT provided that T is the minimal period of the weight function. The prob-
lem of minimality of the period in the study of subharmonic solutions is a
topic of considerable importance in this area of research and different ap-
proaches have been proposed depending also on the nature of the techniques
adopted to obtain the solutions. See, for instance, [39 Bl 68 37 057 for
some pertinent remarks. It may be also interesting to observe that equations
of the form (&),), with a(t) a non-constant T-periodic coefficient, do not pos-
sess exceptional solutions, i.e. solutions having a minimal period which has
an irrational ratio with 7" (cf. [I62 ch. I, § 4]). In view of all these premises,
throughout this section, Section 5.2 and Section 5.3, we suppose that the
function a(t) is a periodic function having 7" > 0 as a minimal period.

In order to present in a simplified manner our main multiplicity results
for subharmonic solutions, we first take a class of weights of special form,
namely we suppose that

a: R = R is a continuous periodic sign-changing function with
simple zeros and with minimal period T, such that there exist
two consecutive zeros o, f with a < f < a+ T so that a(t) > 0
for allt € |a, B[ and a(t) <0 for allt € ]5,a+T1.

That is a(t) has only one positive hump and one negative one in a period
interval. In such a simplified situation, the following result holds.

Theorem 5.1.1. Let g: RT — R* be a continuous function satisfying (g.),
go=0 and goo = +00.

Then there exists pu* > 0 such that, for all p > p* and for every integer
k > 2, equation (&,) has a subharmonic solution of order k.

Proof. Without loss of generality (if necessary, we can make a shift by « in
the time variable), we suppose that

a(t) >0, forall 0<t<7:=p—a, and a(t)<0, forall 7 <t<T.

Let us fix an integer k > 2 and consider the T-periodic function a(t) as
a kT-periodic weight on the interval [0, k7). In such an interval we have
condition (a,) satisfied with

LF=[i-1)T,7+ (i—1T] and I =[r+ (i —1)T,iT),

(2
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for i =1,...,k. With respect to the notation introduced in Section 4.1, we
also have m =k, 01 =0, op4+1 = kT and

O<m=7<0=T<..<og=Fk-1)T<mn=7+k-1)T <kT.

In this setting we can apply Corollary 4.4.2, which ensures the existence
of 2¥ — 1 positive solutions which are also kT-periodic, provided that s is
sufficiently large.

Even if we have found kT-periodic solutions, our proof is not yet com-
plete. In fact we still have to verify that u* (found in the proof of Theo-
rem 4.3.1) is independent on k and, moreover, that among the 2¥ —1 periodic
solutions there is at least one subharmonic of order k.

For the first question, we need to check how the bounds obtained in
the proof of Theorem 4.3.1 depend on the weight function. First of all
we underline that, by the T-periodicity of a(t), the constants K; defined
in (4.3.13) are all equal for i = 1,...,k, then Ky does not depend on k
(cf. (4.3.14)). Consequently condition (4.3.15) reads as

n(r) 2lla’| g1 o€ (7 +eTTI(T - 1)) < 1

and thus the small constant » > 0 is absolute and depends only on c,
lla* |l L1 (jo,-), T and 7, but it does not depend on &.

Once that we have fixed » > 0, using again the T-periodicity of the
weight, we notice also that the lower bounds p# and p, do not depend on
k (cf. (4.3.2) and (4.3.16)).

The constant R* is chosen in (4.3.26) and depends on the a priori bounds
R;, which in turn depend on the properties of a(t) restricted to the interval
I;r . In our case, by the T-periodicity of the coefficient a(t), we can choose
R; as constant with respect to ¢. Therefore, R* is independent on k and
then also the constant  defined in (4.3.31) does not depend on k. By
the periodicity of a(t), the constants 5;7 introduced in Section 4.3.4 (see
(4.3.30)) can be also taken all equal to a common value 6+ = § such that
0 <6 <T-—7and el < 7/2. The same choice can be made for ¢; in
order to have (5; = § for all j. From these choices of the constants R*, ~y

and 0, for all j =1,...,k we take ,uji, according to (4.3.32) and (4.3.33), as

* clé
r Rl
H; B T+6

777 e (€) de) ds

and
R* e|c|6

(T a @ de) ds

respectively. Therefore, setting

By =H

= pe Vmax{p", p”},
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we have found an absolute constant which is independent on &k and also does
not depend on the set of indices Z. This solves the first question.

To complete the proof, we show how to produce at least one subharmonic
solution. It is sufficient to take Z := {1}. As explained in Remark 4.3.1
and also at the end of Section 4.3.1, there exists a positive kT-periodic
solution u(t) for (&),) such that u € Ai}}%' This implies that there exists
t; € It = [0,7] such that r < u(f;) < R and, if i # 1, 0 < u(t) < r for
all t € I. Then u(t1) # u(t) for all t € I; with i # 1, and hence u is not
[T-periodic for all [ = 1,...,k — 1. We conclude that u is a subharmonic
solution of order k. O

Remark 5.1.1. The fact that the weight coefficient has simple zeros has
been assumed only for convenience in the exposition. The same result holds
true if we suppose that there are o, 8 with o < < a+T such that a(t) > 0
on [a, f], a(t) < 0 on [B,a + T] and a(t) is not identically zero on all left
neighborhoods of o and on all right neighborhoods of 3. The possibility of
more changes of sign of a(t) in a period can be considered as well. <

Remark 5.1.2. We stress the fact that p* is chosen independent on & and
also independent on the set of indices Z. This is a crucial observation if one
wants to prove the existence of bounded solutions defined on the whole real
line and with any prescribed behavior as a limit of subharmonic solutions
(see Section 5.3 and [IT]). <

5.2 Counting the subharmonic solutions of (&),)

Theorem 5.1.1 guarantees the existence of at least a subharmonic solu-
tion of order k for (&),), but, in general, there are many solutions of this
kind. Even if in the statement we have not described the number of subhar-
monics and their behavior, this can be achieved (with the same proof) just
exploiting more deeply the content of Theorem 4.3.1. In this section, given
an integer k > 2, we look for an estimate on the number of subharmonic
solutions of order k. To this purpose, we adapt to our setting some consid-
erations which are typical in the area of dynamical systems, combinatorics
and graph theory.

First of all, we need to introduce a notation, which is borrowed from
[I7]. We start with an alphabet of two symbols, conventionally indicated as
{0,1}, and denote by {0, 1}* the set of the k-tuples of {0, 1}, that is the set
of finite words of length k. We also denote by 0¥ the 0-string in {0, 1}*.

For simplicity, we still consider the special weight coefficient as in the
setting of Theorem 5.1.1. Recalling the definitions of Iii, fori=1,...,k,
given by

F=[G—-1)T,7+ (G —1T) and I =[r+(i—1)T,i],

(2
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and reworking as in the proof of Theorem 5.1.1, we have the following result.

Theorem 5.2.1. Let g: RT — R™ be a continuous function satisfying (gs),
go=0 and goo =+00.

Then there exist 0 < r < R and p** > 0 such that, for all p > p** and
for every integer k > 2, given any k-tuple S = (si)i=1,...k € {0, 1}F with
SW £ 0l there exists at least a kT-periodic positive solution of equation
(&) such that ||ullsc < R and

e 0 <u(t)<ronlIt

7 7

ifSi:O,'
o r < u(t;) < R for some tiell, ifsi=1;
e O<u(t)<ronl,, foralli=1,... k.

Proof. We proceed exactly as in the proof of Theorem 5.1.1 till to the final
step where we chose the set of indices Z. At this moment r, R and u* are
determined and we are free to take any p > p*. Let us consider an arbitrary
integer k > 2. Observe that we took Z = {1} in order to be sure to have
a subharmonic, however, Theorem 4.3.1 provides the existence of a positive
kT-periodic solution in A%’ p for any nonempty subset Z of {1,...,k}.

Given an arbitrary k-tuple SI¥ = (si)i=1,..k € {0, 1}* with Sl £ lk],
using a typical bijection between {0,1}* and the power set Z({1,..., k}),
we associate to S¥I the set

IS[k] = {iE{l,...,k}: Sz:l}

Now, applying Theorem 4.3.1, we have guaranteed the existence of at least
one kT-periodic solution u(t) which is positive and belongs to the set Ai%k] .
Recalling the definition of A% g in (4.1.2), we find that wu(t) satisfies the
first two conditions in the statement of the theorem. The latter condition,
concerning the smallness of w(t) on the intervals I;”, follows from the result
in Section 4.3.5 provided that p is sufficiently large, say p > p**. Arguing

as in the proof of Theorem 5.1.1, it is easy to note that u** does not depend
on k. O

The above theorem provides the existence of 2¥ — 1 distinct kT-periodic
solutions of (&),) which are positive and uniformly bounded in R. Our goal
now is to detect among these solutions the “true” subharmonics of order
k which do not belong to the same periodicity class. Figure 5.1 gives an
explanation of what we are looking for.

In order to count the k-tuples corresponding to subharmonic solutions
of order k which are not equal up to translation (geometrically distinct),
we notice that the number we are looking for coincides with the number of
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W

Figure 5.1: At the top we have shown the graph of the function a,(t), where a(t) =
sin(27t) and p = 7. Using a numerical simulation we have studied the subharmonic
solutions of order k = 2 of equation (&),) with g(s) = max{0,100 s arctan |s|}.
Clearly, T = 1. In the lower part, the figure shows the graphs of three 2-periodic
positive solutions, whose existence is consistent with Theorem 5.2.1. The first two
solutions are subharmonic solutions of order 2 and the third one is a 1-periodic
solution. As subharmonic solutions of order 2, we consider only the first one, since
the second one is a translation by 1 of the first solution.

binary Lyndon words of length k, that is the number of binary strings in-
equivalent modulo rotation (cyclic permutation) of the digits and not having
a period smaller than k. Usually, in each equivalence class one selects the
minimal element in the lexicographic ordering. For instance, for the al-
phabet & = {a,b} and k = 4, the corresponding binary Lyndon words of
length 4 are aaab, aabb, abbb. Note that the string abab is not acceptable as
it represents a sequence of period 2 and the string bbaa is already counted
as aabb. To give a formal definition, consider an alphabet ./ which, in our
context, is a nonempty totally ordered set of n > 2 symbols. A n-ary Lyn-
don word of length k is a string of k digits of & which is strictly smaller in
the lexicographic ordering than all of its nontrivial rotations.

The number of n-ary Lyndon words of length & is given by Witt’s formula

Lo(k) = % Sty nt, (5.2.1)

1|k

where p(-) is the Mébius function, defined on N\ {0} by u(1) =1, p(l) =
(—1)® if  is the product of s distinct primes and p(l) = 0 otherwise (cf. [[19]
§ 5.1]). Formula (5.2.1) can be obtained by the Mdbius inversion formula,
which is strictly related with the classical inclusion-exclusion principle.

For instance, the values of L£5(k) (number of binary Lyndon words of
length k) for k =2,...,10 are 1, 2, 3, 6, 9, 18, 30, 56, 99.
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The following proposition provides an explicit formula of £, (k) (for ar-
bitrary integers n, k > 2), depending on the prime factorization of k.

Proposition 5.2.1. Let n, k > 2 be two integers. If the prime factorization
of k is

S
k=piteps?pst o = o

where s is the number of distinct prime factors of k, then the following
formula holds

k
Lafk) = 1t + o Z S aEe

Jde{]"? 75}

J1<j2<..<Jji
Proof. First of all, we observe that the divisors [ of the integer k such that
p(l) # 0 are the square-free factors of k, hence [ = 1 (with p(1) = 1) and the
integers of the form [ = p;, - ... pj, for ja € {1,...,s} (with u(l) = (-1)?).
The above formula immediately follows from (5.2.1). O

Remark 5.2.1. Although in this context formula (5.2.1) and the more
explicit one in Proposition 5.2.1 are related to the number of Lyndon words
of length k in an alphabet of size n, these formulas come out in different
areas of mathematics. Now we provide an overview of the several meanings
of (5.2.1).

Still in combinatorics, it is not difficult to see that L, (k) is also the
number of aperiodic necklaces that can be made by arranging k beads whose
color is chosen from a list of n colors (see Figure 5.2). The notions of Lyn-
don words and necklaces are also strictly related to de Bruijn sequences. We
recall that a n-ary de Bruijn sequence of order k is a circular string of char-
acters chosen in an alphabet of size n, for which every possible subsequence
of length k appears as a substring of consecutive characters exactly once.
For more details about these concepts and other aspects of the formula in
the context of combinatorics on words, we refer to [I19 [2I] and the very
interesting historical survey 23] § 4].

The number £, (k) has several meanings even outside combinatorics. For
instance, the integer Lo(k) (of binary Lyndon words of length k) corresponds
to the number of periodic points with minimal period & in the iteration of the
tent map f(z) := 2min{z, 1 — x} on the unit interval (cf. [2], also for more
general formulas) and to the number of distinct cycles of minimal period & in
a shift dynamical system associated with a totally disconnected hyperbolic
iterated function system (cf. [I60 Lemma 1, p. 171]). Concerning the more
general formula for £, (k), we just mention two other meanings. The classical
Witt’s formula (proved in 1937), which is still widely studied in algebra,
gives the dimensions of the homogeneous components of degree k of the
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900 900

0P VOV
0P Voo

Figure 5.2: The figure shows the aperiodic necklaces made by arranging k beads
whose color is chosen from a list of n colors, when n, k € {2,3}.

free Lie algebra over a finite set with n elements (cf. [IT9 Corollary 5.3.5]).
Moreover, in Galois theory, £, (k) is also the number of monic irreducible
polynomials of degree k over the finite field IF,,, when n is a prime power (in
this context (5.2.1) is also known as Gauss formula; we refer to [I3 ch. 14,
p. 588] for a possible proof).

It is not possible to mention here all the other several implications of
formula (5.2.1), for example in symbolic dynamics, algebra, number theory
and chaos theory. For this latter topic, we only recall the recent paper [I09]
where such numbers appear in connection with the study of period-doubling
cascades.

Further information and references can be found in @7, [I1} I70]. <

Using the above discussion, we achieve the following result.

Theorem 5.2.2. Let a: R — R be a T-periodic continuous function with
minimal period T such that there exist two consecutive zeros a, B with a <
B < a+T sothat a(t) > 0 for allt € |a, B[ and a(t) < 0 for allt € |8, a+T1.
Let g: RY — R™ be a continuous function satisfying (g«),

go=0 and goo = +00.

Then there exists pu* > 0 such that, for all p > p* and for every k > 2,
equation (&,) has at least Lo(k) positive subharmonic solutions of order k.

Proof. We have to detect the subharmonic solutions of order k among the
2k — 1 distinct kT-periodic positive solutions of (&) provided by Theo-
rem 5.2.1. As remarked above, the number we are looking for is La(k).
Therefore the thesis immediately follows. O
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For the sake of simplicity, above we have considered only the particular
case of a continuous periodic sign-changing function a(¢) with minimal pe-
riod T and such that it has only one positive hump and one negative one
in a period interval. Moreover, we have taken a superlinear function g(s).
We conclude this section by stating the analogous result for more general
functions a(t) and g(s).

Theorem 5.2.3. Let a: R — R be a T-periodic locally integrable function
satisfying (as) with minimal period T. Let g: RT — R be a continuous
function satisfying (g«),

go=0 and goo > max )\il.
i=1,....,m
Then there exists u* > 0 such that, for all p > p* and for every k > 2,
equation (&),) has at least Lom (k) positive subharmonic solutions of order k.

Proof. We only sketch the proof which is mimicked from those of Theo-
rem 5.1.1 and of Theorem 5.2.1, using Theorem 4.3.1. To start, we need
to be careful with the notation. For this reason, we call J1+, ooy b the m
intervals of positivity for a(t) in the interval [0,7] and J;,...,J,, the m
intervals of negativity for a(t), according to assumption (a*). Consider an
arbitrary integer k > 2. The function a(t) restricted to the interval [0, kT
satisfies again an assumption of the form (a*), with respect to mk intervals

of positivity /negativity that we denote now with I f[, R § ik, defined as
+ + .
Ij+£m:Jj + 0T, j=1....m, £=0,...,k—1.

In other terms, in the interval [0, k7] there are mk closed subintervals where
a(t) = 0, separated by closed subintervals where a(t) < 0. Then we can
apply Theorem 4.3.1, looking for kT-periodic solutions. In fact, by our
main result, we have at least 2™ —1 positive periodic solutions of period kT
(which up to now is not necessarily the minimal period for the solutions).
More precisely, as in Theorem 5.2.1, there exist 0 < r < R and p** > 0
(depending on m but not on k) such that, for all 4 > p**, given any nontrivial
k-tuple S = (8¢)¢=o0,... k—1 in the alphabet &7 := {0,1}" of size 2™ (hence,
for £=0,...,k—1, sy = (sz)jzlywm), there exists at least one kT-periodic
positive solution
ult) = ugi (1

of equation (&),) such that |lulj- < R and
if sé =0;

e 0 <u(t)<ron Ij++£m’

e r < u(t) < R for some t € I;;em, if sg =1;

e O0<u(t)<ronl , foralli=1,...,mk.
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It remains to see whether, on the basis of the information we have on u(t),
we are able first to determine the minimality of the period and next to dis-
tinguish among solutions do not belonging to the same periodicity class. In
view of the above listed properties of the solution u(t), our first problem
is equivalent to choosing a string S/¥ having k as a minimal period (when
repeated cyclically). For the second question, given any string of this kind,
we count as the same all those strings (of length k) which are equivalent by
cyclic permutations. To choose exactly one string in each of these equiva-
lence classes, we can take the minimal one in the lexicographic order. As
a consequence, we can conclude that there are so many nonequivalent £7-
periodic solutions which are not pT-periodic for every p = 1,...,k — 1, as
many 2"-ary Lyndon words of length k. Since we know that the equation
does not possess exceptional solutions, we find that for these subharmonic
solutions kT is precisely the minimal period. O

We have listed before some values of L2(k) which give the number of sub-
harmonic solutions in the setting of Theorem 5.2.2. Concerning the general
case addressed in Theorem 5.2.3, we observe that the number Lom (k), with
m > 2, grows very fast with k. For instance, the values of Ly2(k) (number
of quaternary Lyndon words of length k) for k = 2,...,10 are 6, 20, 60, 204,
670, 2340, 8160, 29120, 104754.

5.3 Positive solutions with complex behavior

In this section we just outline a possible procedure in order to obtain
the existence of solutions which follow any preassigned coding described by
two symbols, say 0 and 1, that in our context will be interpreted as “small”
and, respectively, “large” in the intervals where the weight is positive. In
other terms we are looking for the presence of a Bernoulli shift as a factor
within the set of positive and bounded solutions. Results in this direction
are classical in the theory of dynamical systems (cf. [67 [41] I'71]) and have
been achieved in the variational setting as well (see, for instance, [4I] B0l
[I66]). Even if the obtention of chaotic dynamics using topological degree or
index theories is an established technique (see [B4] I74] and the references
therein), the achievement of similar results with our approach seems new in
the literature.

Our proof is based on the above results about subharmonic solutions
and on the following diagonal lemma, which is typical in this context.
Lemma 5.3.1 is adapted from [[12] Lemma 8.1] and [I33] Lemma 4].

Lemma 5.3.1. Let f: R x RY — R? be an L'-Carathéodory function. Let
(tn)nen be an increasing sequence of positive numbers and (Tp)nen be a
sequence of functions from R to R* with the following properties:

(i) tn, — 400 asn — oo;
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(7i) for each n € N, z,(t) is a solution of
' = f(t,x) (5.3.1)
defined on [—tn, ty];

(iii) for every N € N there exists a bounded set By C R? such that, for
each n > N, it holds that x,(t) € Bn for every t € [—tn,tn].

Then there exists a subsequence (Zn)nen Of (Tn)nen which converges uni-
formly on the compact subsets of R to a solution Z(t) of system (5.3.1); in
particular Z(t) is defined on R and, for each N € N, it holds that Z(t) € By
for allt € [—tn,tN].

Proof. This result is classical and perhaps a proof is not needed. We give a

sketch of the proof for the reader’s convenience, following [I33] Lemma 4].
First of all we observe that, by the Carathéodory assumption, for each

N € N there exists a measurable function py € L'([~ty,tx],R") such that

|f(t, )] < pn(t), forae. te[—ty,tn] and for all z € By.

For every N € N we also introduce the absolutely continuous function

My (t) = /OtpN(f)df, £ [—tn,tn].

By hypothesis (i), we have that

n(t) = 2,(0) +/0 f(& xn(€)dE, Vite|[—ty, tyn], YR €N,

and, by hypothesis (iii), for every N € N it follows that
|20 (') — 2, (") < [ Mn(E) = Mn(t")], V" € [—tn,tn], VR > N,

(cf. [I04] p. 29]). Consequently, the sequence (xy,)nen restricted to the in-
terval [—tg, to] is uniformly bounded (by any constant which bounds in the
Euclidean norm the set By) and equicontinuous. By Ascoli-Arzela theorem,
it has a subsequence (z),cn which converges uniformly on [—tg,%o] to a
continuous function named Zg. Similarly, the sequence (x%)nzl restricted
to [—t1,t1] is a uniformly bounded and equicontinuous sequence and has
a subsequence (r1),>1 which converges uniformly on [—t1,1] to a contin-
uous function #; such that 1(¢t) = &o(t) for all t € [—tp,to]. Proceeding
inductively in this way, we construct a sequence of sequences (a:,]y Jn>N SO
that (x)),>n is a subsequence of (zY¥~1),>n_1 and converges uniformly
on [—ty,ty] to a continuous function &y such that Zy(t) = Zx_1(t) for
all t € [~ty_1,tn_1]. By construction, we have that Zxy(t) € By for all
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t € [—tn,tn]. The diagonal sequence (ZTp)nen := (7] )nen converges uni-
formly on every compact interval to a function # defined on R and such
that Z(t) = #n(t) for all t € [~ty,tn] and therefore, #(t) € By for all
t € [~tn,ty]. It remains to prove that Z(¢) is a solution of (5.3.1) on R.
Indeed, let ¢ € R be arbitrary but fixed and let us fix N € N such that
t € [—tn,ty]. Passing to the limit as n — oo in the identity

hﬁﬁﬁA®+Af@@£»%,vnzN

via the dominated convergence theorem, we obtain

ﬂwzam+Af@ﬂoma

For the arbitrariness of ¢ € R and the above integral relation, we con-
clude that Z(t) is absolutely continuous and a solution of (5.3.1) (in the
Carathéodory sense). O

If there exists a bounded set B such that By C B for all N € N, then we
have the stronger conclusion that #(¢) € B for all t € R (which is precisely
the result of [I12] Lemma 8.1] and [I33] Lemma 4]).

An application of Lemma 5.3.1 to the planar system

u’ =y
{ Y =—cy— (a™(t) — pa=(t))g(w) (5.3.2)

will produce bounded solutions with any prescribed complex behavior. In
order to simplify the exposition, we suppose that the coefficient a(t) is a
continuous T-periodic function of minimal period T" having a positive hump
followed by a negative one in a period interval (these are the same assump-
tions for the weight coefficient as in Theorem 5.1.1). In this framework, the
next result follows.

Theorem 5.3.1. Let a: R — R be a T-periodic continuous function with
minimal period T such that there exist two consecutive zeros a, § with a <
B < a+T sothat a(t) > 0 for allt € |a, B] and a(t) < 0 for allt € |3, a+T].
Let g: RY — RT be a continuous function satisfying (g«),

go=0 and g = +00.

Then there exist 0 < r < R and p** > 0 such that, for all p > p**, given
any two-sided sequence S = (si)icz € {0,1}% which is not identically zero,
there exists at least a positive solution u(t) = us(t) of equation (&) such
that ||ullec < R and

e 0 <u(t)<rona+il,B+iT], if s; =0;
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o 7 < u(t;) < R for some t; € [a+iT, 3 +iT), if s; = 1;
e O0<u(t)<ron|[f+iT,a+ (i+1)T)], for alli € Z.

Proof. Without loss of generality, we suppose that « = 0 and set 7 := S —a,
so that a(t) > 0 on |0,7[ and a(t) < 0 on |7,T[. We also introduce the
intervals

LM =T, 7 +iT), I :=[r+il,(i+1)T], i€Z. (5.3.3)

(2

Let 0 < r < R and p* > 0 as in Theorem 5.1.1 and Theorem 5.2.1.
One more time, we wish to emphasize the fact that, once we have fixed
r, R and u > pu**, we can produce kT-periodic solutions following any k-
periodic sequence of two symbols, independently on k. Accordingly, from
this moment to the end of the proof, r, R and p > p** are fixed.

Consider now an arbitrary sequence S = (s;)icz € {0,1}* which is not
identically zero. We fix a positive integer ng such that there is at least
an index ¢ € {—ng,...,no} such that s; = 1. Then, for each n > nyg
we consider the (2n + 1)-periodic sequence S™ = (s}); € {0,1}% which is
obtained by truncating S between —n and n, and then repeating that string
by periodicity. An application of Theorem 5.2.1 on the periodicity interval
[-nT, (n + 1)T] ensures the existence of a positive periodic solution wuy,(t)
such that un,(t+ (2n+1)T") = u,(t) for all t € R and ||up||cc < R. According
to Theorem 5.2.1, we also know that u,(t) < r for all t € I, if s, = 0,

un(t) > r for some t € I", if s; = 1, and max, ;- u,(t) < r (for each i € Z).
Notice that, for C':= maxg<s<pr g(s), we have that

un ()] < lellup, (B)] + (la™ (@) + pla”@)])C, VEER,

and hence,
@]
L+ Jug, (7)]

where we have set ¢, (t) := || + (lat(t)| + pla™ (¢)])C.

Since the truncated string 8™ contains at least one s, = s; = 1, with
i € {—no,...,no}, we know that each periodic function u,(t) has at least a
local maximum point #, € |—noT,neT + 7| and then u,(f,) = 0. Suppose
now that N > ng is fixed and define the constant

<¥u(t), VteR, (5.3.4)

T
Ky = exp<(2N+ 1)/ Pu(t) dt).
0
We claim that
lul, ()] < Ky, Vte|[-NT,(N+1)T], Vn> N. (5.3.5)

Our claim follows from a Nagumo type argument as in [62] ch. I, § 4].
Suppose, by contradiction, that (5.3.5) is not true. Hence, there exist some
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n > N and a point ¢, € [-NT, (N +1)T] such that u),(¢t}) > Ky or u,,(t}) <
—Ky. In the first case there exists a maximal interval J C [-NT, (N +1)T
such that one of the following two possibilities occurs:

o J = [&,&] and u), (&) = 0, ul, (&) > Ky with u) (t) > 0 for all
te ]50751];

o J = [&,&)] and ul, (&) = 0, u, (&) > Ky with w,(t) > 0 for all
t € [&, 60l

Integrating u!' /(1 + |u,|) on J and using (5.3.4), we obtain
log(1-+ K) < log(1 + [u, (60)) < [ wu(t)de
J

(N+1)T T
< / bu(t) dt = (2N +1) /0 Bu(t) dt = log(Kx),

—NT

a contradiction. We have achieved a contradiction by assuming u/, (t) >
Ky. A similar argument gives a contradiction if u/, (t}) < —Kx.

Now we write equation (&),) as a planar system (5.3.2). From the above
remarks, one can see that (up to a reparametrization of indices, counting
from ng) assumptions (i), (i¢) and (¢i¢) of Lemma 5.3.1 are satisfied, taking

tn :=nT, f(t,x) = (y, —cy — (™ (t) — pa™(t))g(u)), with = (u,y), and
BN::{.’L‘ER220<$1<R, ‘$2|§KN}, N e N,

as bounded set in R2. By Lemma 5.3.1, there is a solution %(t) of equation

(&,,) which is defined on R and such that 0 < @(t) < Rforallt € [-NT, NT],

for each N € N. Then ||4]l.c < R. Moreover, such a solution u(t) is the

limit of a subsequence (4, ), of the sequence of the periodic solutions u,,(t).
We claim that

e 0<a(t)<ronlI,ifs =0;
or<a(fi)<Rf0rsomefi€.fi+,ifsi:1;
e 0<a(t)<ronl, ,foralliecZ.

To prove our claim, let us fix ¢ € Z and consider the interval I;’ introduced
in (5.3.3). For each n > [i| (and n > ng) the periodic solution wu,(t) is
defined on R and such that 0 < u,(t) < r for all t € I;", if s, = 0, or
max, .+ up(t) > r, if s; = 1. Passing to the limit on the subsequence (i),
we obtain that

0<a(t)<r, Vtel, ifs; =0,

or

maxu(t) >r, if s; =1,
telt
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respectively. With the same argument we also prove that
0<au(t)<r, Vtel ,Viel.

By Remark 4.3.8 we get that @(t) < R* < R, for all t € R. Moreover, since
there exists at least one index ¢ € Z such that s; = 1, we know that « is
not identically zero. Hence, a maximum principle argument shows that @(t)
never vanishes. In conclusion, we have proved that

0<a(t) <R, VteR.
Next, we observe that

maxu(t) #r, Vi€ Z.
telf

Indeed, this is a consequence of Remark 4.3.10, using the fact that the
solution @(t) is upper bounded by R* and, at the beginning, u has been
chosen large enough (note also that we apply that result in the case m =1
and therefore the sets If + ¢T of Remark 4.3.10 reduce, in our case, to the
intervals [0, 7] + ¢T"). Finally, using Remark 4.3.12 we also deduce that

a(t) <r, Vtel ,Vicl.
Our claim is thus verified and this completes the proof of the theorem. [

For the equation
u’ + (at(t) — pa” (t))u® =0,

a version of Theorem 5.3.1 has been recently obtained in [I7], under the
supplementary condition that in the strings of symbols the consecutive se-
quences of zeros are bounded in length. The proof of [[7 Theorem 2.1] and
ours are completely different (the former one relies on variational techniques,
ours on degree theory). Our new contribution is twofold: on one side, we
can deal with non Hamiltonian systems (indeed we can consider also a term
of the form cu’) and with a nonlinearity g(s) which is not positively homo-
geneous; on the other hand, our approach allows to remove the condition on
bounded sequences of consecutive zeros. In any case, the two results are not
completely comparable since the way to associate a solution to a given string
of symbols is different: the symbols 0 and 1 in our case are associated to the
maximum of a solution on I;7, while in [I7, Theorem 2.1] are associated to
an integral norm on the same interval.

We remark that Theorem 5.3.1 can be generalized at the same extent
like Theorem 5.2.3 generalizes Theorem 5.2.2. Indeed, combining the proofs
of Theorem 5.2.3 and Theorem 5.3.1, we can obtain the following result (the
proof is omitted).
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Theorem 5.3.2. Let a: R — R be a T-periodic locally integrable function
satisfying (as) with minimal period T. Let g: RT — R be a continuous
function satisfying (g«),
go=0 and goo > max M.
i=1,....m

Then there exist 0 < r < R and p** > 0 such that, for all p > p**,
given any two-sided sequence S = (sp)ecz in the alphabet of := {0,1}™ and
not identically zero, there exists at least a positive solution u(t) = us(t) of
equation (&,) such that ||ullsc < R and the following properties hold (where
we set sy = (sz)izl’,_ﬂm for each L € 7):

e 0<u(t)<ronlI +(T, if s, =0;
o r <u(t) <R for somet e [T + (T, if s = 1;

o 0 <u(t)<ronl +LT, foralliec {1,...,m} and for all £ € 7Z.

5.4 Obtaining subharmonic solutions by means of
the Poincaré-Birkhoff fixed point theorem

In this second part of the chapter, we present a different approach that
provides existence of positive subharmonic solutions for nonlinear second
order ODEs with indefinite weight. To describe our results, throughout this
introductory section we focus our attention on the superlinear indefinite
equation

u" + a(t)u? =0, (5.4.1)

with a(t) a sign-changing T-periodic function and p > 1, which has been
indeed the main motivation for our investigation.

A first crucial observation is that a mean value condition on a(t) turns
out to be necessary for the existence of positive kT -periodic solutions (with
k > 1 an integer number); indeed, dividing equation (5.4.1) by u(¢)P and
integrating on [0, kT, one readily obtains

/OkT a(t)dt = —p /OkT <Z;gi) 2u(t)p_1 dt,

so that (recalling that a(t) is T-periodic)

T
/ a(t)dt < 0. (5.4.2)
0

This fact was already observed in the introduction of Chapter 3.

In Chapter 3, a topological approach (based on Mawhin’s coincidence
degree) was introduced to prove that the mean value condition (5.4.2) guar-
antees the existence of a positive T-periodic solution for a large class of
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indefinite equations including (5.4.1). On one hand, this result seems to be
optimal (in the sense that no more than one T-periodic solution can be ex-
pected for a general weight function with negative mean value); on the other
hand, however, it is known that positive solutions to (5.4.1) can exhibit com-
plex behavior for special choices of the weight function a(t), as shown in the
first part of the present chapter. Namely, whenever a(t) has large negative
part, equation (5.4.1) has infinitely many positive subharmonic solutions,
as well as globally defined positive solutions with chaotic-like multibumb
behavior.

It appears therefore a quite natural question if the sharp mean value
condition (5.4.2), besides implying the existence of a positive T-periodic
solution to (5.4.1), also guarantees the existence of positive subharmonic
solutions. Quite unexpectedly, as a corollary of our main results, we are
able to show that the answer is always affirmative .

Theorem 5.4.1. Assume that a: R — R is a sign-changing continuous and
T-periodic function, having a finite number of zeros in [0, T] and satisfying
the mean value condition (5.4.2). Then, equation (5.4.1) has a positive T -
periodic solution, as well as positive subharmonic solutions of order k, for
any large integer number k.

Actually, the assumptions on the weight function a(t) can be consider-
ably weakened and the conclusion about the number of subharmonic solu-
tions obtained can be made much more precise. We refer to Section 5.6 for
more general statements.

Let us emphasize that investigating the existence of subharmonic solu-
tions for time-periodic ODEs is often a quite delicate issue, the more difficult
point being the proof of the minimality of the period. In Theorem 5.4.1,
kET-periodic solutions u(t) are found (for k large enough) oscillating around
a T-periodic solution u*(¢) and a precise information on the number of zeros
of ug(t) — u*(t) is the key point in showing that k7 is the minimal period
of ug(t). This approach, based on the celebrated Poincaré-Birkhoff fixed
point theorem (cf. [57 B7 06 [14]), was introduced (and then applied to
Ambrosetti-Prodi type periodic problems) in the paper [B9], to which we also
refer for a quite complete bibliography about the theme of subharmonic solu-
tions. It is worth noticing, however, that the application to equation (5.4.1)
of the method described in [B9] is not straightforward. First, due to the
superlinear character of the nonlinearity, we cannot guarantee (as needed
for the application of dynamical systems techniques) the global continuabil-
ity of solutions to (5.4.1) (see 1) and some careful a priori bounds have
to be performed. Second, due to the indefinite character of the equation,
it seems impossible to perform explicit estimates on the solutions in order
to prove the needed twist-condition of the Poincaré-Birkhoff theorem. To
overcome this difficulty, we first use an idea from [B3] to develop an abstract
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variant of the main result in [39], replacing an explicit estimate on the pos-
itive T-periodic solution w*(¢) with an information about its Morse index.
Using a clever trick by Brown and Hess (cf. [d4]), such an information is
then easily achieved. We emphasize this simple property here, since it is the
crucial point for our arguments: any positive T-periodic solution of (5.4.1)
has non-zero Morse index.

Let us finally recall that variational methods can be an alternative tool
for the study of subharmonic solutions. In this case, information about the
minimality of the period can be often achieved with careful level estimates
(see, among others, [80] [[67]). Maybe this technique can be successfully
applied also to the superlinear indefinite equation (5.4.1); however, it has to
be noticed that usually results obtained via a symplectic approach (namely,
using the Poincaré-Birkhoff theorem) give sharper information (see B3] B9]).

In Section 5.5 we present, on the lines of [B5 B9], an auxiliary result en-
suring, for a quite broad class of nonlinearities, the existence of subharmonic
solutions oscillating around a T-periodic solution with non-zero Morse in-
dex. In Section 5.6 we state our main results, dealing with equations of
the type v’ + a(t)g(u) = 0 with a(t) satisfying (5.4.2) and g(u) defined on
a (possibly bounded) interval of the type [0, d[; roughly speaking, we have
that the existence of positive subharmonic solutions (oscillating around a
positive T-periodic solution) is always guaranteed whenever g(u) is super-
linear at zero and strictly convex, with g(u)/u large enough near u = d.
Applications are given to equations superlinear at infinity (thus generalizing
Theorem 5.4.1), to equations with a singularity as well as to parameter-
dependent equations. In Section 5.7 we give the proof of these results; in
more detail, we first prove (using a degree approach, together with the trick
in [44]) the existence of a positive T-periodic solution with non-zero Morse
index and we then apply the results of Section 5.5 to obtain the desired
positive subharmonic solutions around it. Section 5.8 is devoted to some
conclusive comments about our investigation.

5.5 Morse index, Poincaré-Birkhoff theorem, sub-
harmonics

In this section, we present our auxiliary result for the search of subhar-
monic solutions to scalar second order ODEs of the type

u’ 4+ h(t,u) =0, (5.5.1)

where h: R x R — R is a function T-periodic in the first variable (for some
T > 0). Motivated by the applications to equations like (5.4.1) with a €
LY([0,TY), we set up our result in a Carathéodory setting. More precisely, we
assume that the function h(¢, u) is measurable in the t-variable, continuously
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differentiable in the u-variable and satisfies the following condition: for any
r > 0, there exists m, € L*([0,T]) such that |h(t,u)| + |0uh(t, u)] < m,(t)
for a.e t € [0,7T] and for every u € R with |u| < r. Of course, in view of
this assumption, solutions to (5.5.1) will be meant in the generalized sense,
ie. W/IQO’(}—functions satisfying equation (5.5.1) for a.e. t.

Finally, we introduce the following notation. For any ¢ € L'([0,T7]), we
denote by Ag(gq) the principal eigenvalue of the linear problem

"+ (A +q(t)v =0, (5.5.2)

with T-periodic boundary conditions. As well known (see, for instance,
BA ch. 8, Theorem 2.1] and [[22] Theorem 2.1]) Ag(q) exists and is the
unique real number such that the linear equation (5.5.2) admits one-signed
T-periodic solutions. Recalling that, by definition, the Morse index m(q)
of the linear equation v” + ¢(t)v = 0 is the number of (strictly) negative
T-periodic eigenvalues of (5.5.2), we immediately see that \op(q) < 0 if and
only if m(q) > 1.

We are now in position to state the following result.

Proposition 5.5.1. Let h(t,u) be as above and assume that the global con-
tinuability for the solutions to (5.5.1) is guaranteed. Moreover, suppose that:

(1) there exists a T-periodic solution u*(t) of (5.5.1) satisfying

No(Buh(t, u* (1)) < 0; (5.5.3)

(ii) there exists a T-periodic function o € VVlicl (R) satisfying
" (t) + h(t,at)) >0, forae. teR, (5.5.4)

and
a(t) <u*(t), foranyteR.

Then there exists k* > 1 such that for any integer k > k* there exists an
integer my, > 1 such that, for any integer j relatively prime with k and such
that 1 < j < myg, equation (5.5.1) has two subharmonic solutions ug]).(t),

ug])(t) of order k (not belonging to the same periodicity class), such that,

fori=1,2, u](j)j (t) — u*(t) has exactly 2j zeros in the interval [0, kT| and

at) < u,(;)J(t), for any t € R. (5.5.5)

Incidentally, we observe that Proposition 5.5.1 in particular ensures that
equation (5.5.1) has two subharmonic solutions of order k& (not belonging to
the same periodicity class) for any large integer k& (just, take j = 1 in the
above statement).
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Remark 5.5.1. Let us recall that a T-periodic function o € I/Vlic1 (R) satis-
fying (5.5.4) is a lower solution for the T-periodic problem associated with
(5.5.1) (weaker notions of lower/upper solutions could be introduced in the
Carathéodory setting, see [6I]). Clearly, if a(t) is a T-periodic solution of
(5.5.1), then «(t) is a T-periodic lower solution; in this case, due to the
uniqueness for the Cauchy problems, (5.5.5) implies that a(t) < u,(;)] (t) for
any t. <

Proposition 5.5.1 is a variant of [B9, Theorem 2.2] (actually, [39 Theo-
rem 2.2] deals with the symmetric case assuming the existence of an upper
solution B(t) > u*(t)). However, some care is needed in comparing the two
results. First, B9 Theorem 2.2] is stated for h(¢,u) smooth; the general-
ization to the Carathéodory setting in this case is not completely straight-
forward. Second, the assumption corresponding to (i) in [39, Theorem 2.2]
reads as

/T@uumu»ﬁ>u (5.5.6)
0

The possibility of replacing this explicit condition with the abstract assump-
tion Ag(Oyh(t,u*(t))) < 0 has been discussed in B Theorem 2.1] (actually,
in B3 Theorem 2.1] the case u*(t) = 0 is taken into account, but, the two
situations are equivalent via the linear change of variable given in the proof
of B9 Proposition 1]). In that paper the assumption p(9,h(t,u*(t))) > 0
is used, where p(q) is the Moser rotation number (see [I42]) of the linear
equation v” + ¢(t)v = 0. However, it is very well known in the theory of the
Hill’s equation (see, for instance, [@I] Proposition 2.1]) that p(g) > 0 if and
only if M\p(¢) < 0 (that is, if and only if the equation v + ¢(t)v = 0 is not
disconjugate).

Related results, yielding the existence and the multiplicity of harmonic
(i.e. T-periodic) solutions according to the interaction of the nonlinearity
with (non-principal) eigenvalues, can be found in [I25 [[26] I8T].

Now, we provide just a sketch of the proof of Proposition 5.5.1, based
on the Poincaré-Birkhoff fixed point theorem, referring to previous papers
(in particular, to [B5 B9]) for the most standard steps.

Sketch of the proof of Proposition 5.5.1. We define the truncated function

h(t,u) := h(t,a(t), ifu<a(t);
U b)), ifu> ab);

and we set
h*(t,v) == h(t,u*(t) + v) — h(t,u*(t)), (t,v) € R2.
Then, we consider the equation

v + h*(t,v) = 0. (5.5.7)
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The following fact is easily proved, using maximum principle-type arguments
(see [BY p. 95]).

() If v(t) is a sign-changing kT-period solutions of (5.5.7) (for some in-
teger k > 1) then v(t) > a(t) — u*(t) for any ¢t € R.

Now, we observe that both uniqueness and global continuability for the solu-
tions to the Cauchy problems associated with (5.5.7) are ensured; moreover,
since u*(t) > «(t), the constant function v = 0 is a solution of (5.5.7).
We can therefore transform (5.5.7) into an equivalent first order system
in R? \ {0}, passing to clockwise polar coordinates v(t) = r(t)cos6(t),
V' (t) = —r(t)sin6(¢).

We claim that:

(A1) there exists an integer k* > 1 such that, for any integer k£ > k*, there
exist an integer my > 1 and r, > 0 such that any solution (r(t),0(t))
with r(0) = r, satisfies 0(kT) — 6(0) > 2mwmy;

(A2) for any integer k > k* there exists R, > r, such that any solution
(r(t),0(t)) with 7(0) = R, satisfies §(kT") — 6(0) < 2.

From the above facts, it follows that the Poincaré-Birkhoff theorem (in the
generalized version for non-invariant annuli, see [69}, [59] and also B8] § 5))
can be applied, giving, for any k > k* and any 1 < j < my, the existence
of two kT-periodic solutions v,(;}(t) (1 = 1,2) to equation (5.5.7) having
exactly 25 zeros on [0,kT[. Using (%), it is then immediate to see that
u,(;)](t) = v](fg(t) +u*(t) is a kT-periodic solution of (5.5.1), satisfying (5.5.5)
and such that u,(;)j(t) —u*(t) has exactly 27 zeros in the interval [0, kT'[. The
fact that, for j and k relatively prime, ug)](t) is a subharmonic solution

of order k is also easily verified, while ug])(t) and ugfj)(t) are not in the
same periodicity class due to a standard corollary of the Poincaré-Birkhoff
theorem for the iterates of a map. For more details on the application of
this method, we refer to [29] [26] IXT].

To conclude the proof, we then have to verify the claims (A1) and (A2).
As for the first one, it can be proved exactly as in [33] Proof of Theorem 2.1]
(see also B3 Remark 2.2]). The fact that we are working in a Carathéodory
setting does not cause here serious difficulties, since the dominated conver-
gence theorem easily yields h*(-,v)/v — O,h(-,u*(+)) in L1([0, T]) for v — 0,
and this is enough to use continuous dependence arguments as in [B5. On
the other hand, the proof of (A2) is more delicate (especially when dealing
with Carathéodory functions) and we prefer to give some more details. We
are going to use a trick based on modified polar coordinates, introduced in
[ (see also [29]). More precisely, for any p > 0, we write

o(t) = ”;Et) cosOu(t), ' (t) = —r,(t) sin0,(t);
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for further convenience we also compute

V' ()2 — v(t)v"(t)
pro(t)? +v'(¢)?
The angular coordinates 6 and 6, are in general different. However, the

angular width of any quadrant of the plane is 7/2 also if measured using
the angle 6,,. As a consequence, recalling (5.5.8) we can write the formula

6,(t) = i (5.5.8)

1o [P0()? — () (b)
TR O RO 55

valid whenever t1,ty are such that t; < ta, v(t1) = 0 = v/(¢2) (or viceversa)
and (v(t),v'(t)) belongs to the same quadrant for t € [t1,t2]. We stress that
(5.5.9) holds for any u > 0.

We can now give the proof. Preliminarily, we observe that, using the
Carathéodory condition together with the definition of h*(¢,v), we can ob-
tain

|h*(t,v)] < b(t), ae. te€]0,T], Yv<0, (5.5.10)

where b € L1([0,T]). We now fix an integer k > k* and take p > 0 so small
that
WET 1
2r 7 16
In view of the global continuability of the solutions, there exists R, > 0
large enough such that r(0) = R, implies that

(5.5.11)

8k|1b]] 1 (fo,17)

™

2

ru(t)? = pPu(t)? + ' (1) > ( ) , Vtel0,kT). (5.5.12)
At this point, assume by contradiction that 8(kT) —0(0) > 2 for a solution
with r(0) = R.. Then it is not difficult to see that there exist ¢,ts € [0, kT
with ¢1 < t3 and such that either v(t1) = 0 = v(t2) and (v(¢),v’(t)) belongs
to the third quadrant for ¢ € [t1,t2] or V(1) = 0 = v(t2) and (v(t),v'(t))
belongs to the fourth quadrant for ¢ € [t1,t2]. As a consequence, on one
hand (5.5.9) holds true; on the other hand, since v(t) < 0 for ¢ € [t1,t2] we
can use (5.5.10) so as to obtain

o) ()] < b(t)|v(t)], ae. teE [ti,ts]
Combining these two facts, we find

1 _ L t2 U'(t)2

" e L[ B0 st 1)
47 21 Jy, pPo(t)? 4 v'(t)? 27 Jy, ru(t)?

k||b
KT 101 (0,17 . _
o 27 minge(o 7 7 ()

dt

Using (5.5.11) and (5.5.12), we finally obtain % <t 4+ L= %, a contradic-
tion. O
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Remark 5.5.2. We underline that, although related, conditions (5.5.3) and
(5.5.6) are not equivalent. More precisely, given a general weight function
g € L([0,7]),

/ q(t)dt >0 = Ao(q) <0 (5.5.13)
0

as an easy consequence of the variational characterization of the principal
eigenvalue (see [[22] Theorem 4.2])

WP = ) dt
/\O(q)_vlel}ff% : S u(t)? dt

(5.5.14)

(just, take v = 1 in the above formula; H:}, denotes the Sobolev space of
T-periodic HL -functions). Of course, (5.5.14) also implies that

loc

qt) <0 = X(g) >0

but there exist (sign-changing) weights ¢(¢) such that fOT q(t) dt < 0 and
Mo(gq) < 0, showing that the converse of (5.5.13) is not true. Explicit exam-
ples can be constructed, for instance, as in [29, Remark 3.5]. An even more
interesting example will be given later (see Remark 5.7.3), showing that the
possibility of replacing (5.5.6) with the weaker assumption (5.5.3) is crucial
for our purposes. <

5.6 Statement of the existence results

In this section, we state our main results, dealing with positive solutions
to equations of the type
u” +a(t)g(u) = 0. (5.6.1)
We always assume that g € C*(I), with I C Rt a right neighborhood of
s = 0, and satisfies the following conditions:

(91) 9(0) =0
(92) g'(0)=0
(g3) g"(s) >0, foreverysel\{0}.

Hence, g(s) is superlinear at zero and strictly convex. Incidentally, notice
that from (g1), (g2) and (g3) it follows that g(s) is strictly increasing; in
particular

g(s) >0, forevery s € I\ {0},

which implies that the only constant solution to (5.6.1) is the trivial one,
ie.u=0.

As for the weight function, we suppose that a: R — R is a T-periodic
and locally integrable function satisfying the following condition.
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(as) There exist m > 1 intervals I}, ..., I}, closed and pairwise disjoint

in the quotient space R/TZ, such that

a(t) >0, a.e.teI;“, a(t)£0 onI;7, fori=1,...,m;

at) <0, ae te (R/TZ)\ 6 It
=1

Moreover, motivated by the discussion in the introductive Section 5.4, we
suppose that the mean value condition

T
(ax) /0 a(t)dt <0

holds true.

Of course, by a solution to equation (5.6.1) we mean a function u € I/Vlicl,
with u(t) € I for any ¢ and solving (5.6.1) for a.e. t. Notice that, since
I C R*, any solution is a non-negative function; as usual, we say that a

solution is positive if u(t) > 0 for any t.

As a first result, we provide a statement generalizing Theorem 5.4.1
given for equation (5.4.1). More precisely, we show that the existence of
positive subharmonic solutions to (5.6.1) is ensured for any function g(s)
which satisfies (g1), (g2), (g3) for I = RT and which is superlinear at infinity.
Needless to say, this is the case for the model nonlinearity g(s) = s with
p>1.

Theorem 5.6.1. Let a: R — R be a T-periodic locally integrable function
satisfying (ax) and (ay). Let g € C3(RT) satisfy (g1), (g2) and (g3), as well
as
_g(s) _

(94) Jim == = +oo.

Then, there exists a positive T-periodic solution u*(t) of (5.6.1); moreover,
there exists k™ > 1 such that for any integer k > k* there exists an integer
myg > 1 such that, for any integer j relatively prime with k and such that
1 < j < my, equation (5.6.1) has two positive subharmonic solutions u,(;)] (t)
(i =1,2) of order k (not belonging to the same periodicity class), such that

u,(;)](t) —u*(t) has exactly 2j zeros in the interval [0, kTY.

In our second result, we deal with the case I = [0,d[, with ¢ > 0 finite,
assuming a singular behavior for g(s) when s — 6.

Theorem 5.6.2. Let a: R — R be a T-periodic locally integrable function
satisfying (ax) and (ay). Let g € C*([0,68]) (for some § > 0 finite) satisfy
(91), (g2) and (g3), as well as

(g1) lim g(s) = +o0.

s—0~
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Then, there exists a positive T-periodic solution u*(t) of (5.6.1); moreover,
there exists k™ > 1 such that for any integer k > k* there exists an integer
my > 1 such that, for any integer j relatively prime with k and such that
1 < j < my, equation (5.6.1) has two positive subharmonic solutions u,(;)J(t)
(i =1,2) of order k (not belonging to the same periodicity class), such that
ug)j(t) —u*(t) has exactly 2j zeros in the interval [0, kTY.

We mention that singular equations with indefinite weight were consid-
ered in [2] [76 IT7. More precisely, these papers deal with equations like
u” 4+ a(t)/u” = 0, where o > 0. Our setting is different and Theorem 5.6.2
applies for instance to the equation

el

! t =0 5.6.2
W'+ alt) o =0, (562

for v > 1 and ¢ > 1. To the best of our knowledge, even the mere existence
of a positive T-periodic solution to (5.6.2) is a fact which has never been
noticed.

Finally, we give a purely local result. More precisely, we just assume
(91), (g2) and (g3) in a bounded interval I = [0, p|, with p > 0 finite; on the
other hand, we deal with an equation depending on a real parameter and
we manage to obtain the result by varying it.

Theorem 5.6.3. Let a: R — R be a T'-periodic locally integrable function
satisfying (ax) and (ay). Let g € C*([0,p]) (for some p > 0) satisfy (g1),
(g92) and (g3). Then, there exists \* > 0 such that for any X > \* there exists
a positive T-periodic solution u*(t) of the parameter-dependent equation

u” + Xa(t)g(u) =0 (5.6.3)

satisfying maxycr u*(t) < p. Moreover, there exists k* > 1 such that for any
integer k > k* there exists an integer my > 1 such that, for any integer j
relatively prime with k and such that 1 < j < myg, equation (5.6.3) has two
positive subharmonic solutions u,(;)](t) (i =1,2) of order k (not belonging to
the same periodicity class), with maxcg ug)](t) < p and such that u,(cZ)J (t) —
u*(t) has exactly 2j zeros in the interval [0, KT

Of course, in the above statement g(s) may be defined also for s > p,
but no assumptions on its behavior are made. For instance, we can apply
Theorem 5.6.3 to parameter-dependent equations like

gl

"4 Na(t) — = 6.4
W Nat) T =0, (5.6.4)

with ¢ > v — 1 > 0, obtaining the following: for any p > 0 small enough,
there exists A* = A*(p) > 0 such that for any A > A\* equation (5.6.4) has
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a positive T-periodic solution as well as positive subharmonic solutions of
any large order; all these periodic solutions, moreover, have maximum less
than p. In such a way, in the direction of proving the existence of posi-
tive subharmonics, we can complement recent results dealing with positive
harmonic solutions in the asymptotically linear case o = v — 1 (see Corol-
lary 3.2.7) and in the sublinear one o > v —1 (see Chapter 6 and [B@]). It is
worth noticing that, according to Theorem 6.5.3, in this latter case a further
positive T-periodic solution (having maximum greater than p) to (5.6.4) ap-
pears. This second solution is expected to have typically zero Morse index,
and no positive subharmonic solutions oscillating around it.

5.7 Proof of the existence results

In this section we provide the proof of the results presented in Section 5.6.
Actually, we are going to give and prove a further statement, which looks
slightly more technical but has the advantage of unifying all the situations
considered in Theorem 5.6.1, Theorem 5.6.2 and Theorem 5.6.3.

Henceforth, we deal with the equation

u” +a(t)f(u) =0, (5.7.1)

where f € C%([0, p]), for some p > 0 finite, and satisfies:

(f1) f(0)=0
(f2) f'(0)=0
(f3) f"(s) >0, forevery s €]0,p.

. . : . 2,1
Accordingly, by a solution to equation (5.7.1) we mean a function u € W,

with 0 < u(t) < p for any t and solving (5.7.1) in the Carathéodory sense; a
solution is said to be positive if u(t) > 0 for any t.

In this setting, the following result can be given.

Theorem 5.7.1. Let a: R — R be a T-periodic locally integrable function
satisfying (a.) and (ay). Then there exist two real constants My € ]0,1[ and
My > 0 such that, for any p > 0 and for any f € C*([0, p|) satisfying (f1),

(f2), (f3) and

f(Mip)

(fa) Mip

> Mo,

the following holds true: there exists a positive T-periodic solution u*(t)
of (5.7.1) with maxser u*(t) < p; moreover, there exists k* > 1 such that
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for any integer k > k* there exists an integer my > 1 such that, for any
integer j relatively prime with k and such that 1 < j < my, equation (5.7.1)

has two positive subharmonic solutions u,(;)J(t) (i = 1,2) of order k (not
belonging to the same periodicity class), with maxcr u,(;)j(t) < p and such
that “1(;)3 (t) — u*(t) has exactly 2j zeros in the interval [0, kT'.

It is clear that all the theorems in Section 5.6 follows from Theorem 5.7.1.
More precisely:

e in order to obtain Theorem 5.6.1, we take f = g and p > 0 large

enough: then (f1)7 (f2)7 (f3) correspond to (gl)a (92)7 (93)7 while (f4)
comes from (g4);

e in order to obtain Theorem 5.6.2, we take f = g and p < § with § —p

small enough: then (f1), (f2), (f3) correspond to (g1), (g2), (g3), while
(f4) comes from (g});

e in order to obtain Theorem 5.6.3, we take f = Ag: then (f1), (f2), (f3)
correspond to (g1), (92), (g3) (independently on A\ > 0), while (f;) is
certainly satisfied for A > 0 large enough.

Now we are going to prove Theorem 5.7.1. Wishing to apply Propo-
sition 5.5.1, we proceed as follows. First, we define an extension f (s) of
f(s) for s > p, having linear growth at infinity and thus ensuring the global
continuability of the (positive) solutions of v + a(t)f(u); in doing this, we
need to check that any periodic solution of this modified equation is actually
smaller than p, thus solving the original equation u” + a(t)f(u) = 0. This
is the most technical part of the proof (producing the constants M, M,
appearing in assumption (fy)) and is developed in Section 5.7.1. Second, in
Section 5.7.2, using a degree theoretic approach (and taking advantage of
the a priori bound given in the previous section), we prove the existence of
a positive T-periodic solution of u” + a(t)f(u) = 0. Third, in Section 5.7.3
we provide the desired Morse index information. The easy conclusion of
the proof is finally given in Section 5.7.4 (we just notice here that the exis-
tence of a lower solution a(t) < u*(t) is straightforward, since we can take
a(t) =0).

It is worth noticing that condition (f3) (requiring in particular that f €
C?) will be essential only in Section 5.7.3. For this reason, we carry out the
discussion in Section 5.7.1 and Section 5.7.2 (containing results which may
have some independent interests) in a slightly more general setting than the
one in Theorem 5.7.1.

5.7.1 The a priori bound

In this section, we prove an a priori bound valid for periodic solutions
of (5.7.1) as well as for periodic solutions of a related equation (see (5.7.3)
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below). This will be useful both for the application of Proposition 5.5.1
(requiring a globally defined nonlinearity) and for the degree approach dis-
cussed in the Section 5.7.2.

As already anticipated, in this section we do not assume all the conditions
on f(s) required in Theorem 5.7.1. More precisely, we are going to deal with
continuously differentiable functions f: [0, p] — R satisfying (f1) and the
following condition

(fs) f(s) >0, forevery s € ]0,pl.

Moreover, instead of (f3) we just suppose that f(s) is a convez function,
namely

f(Ws1+ (1 —139)s2) <If(s1)+ (1 —1)f(s2), Vsi,82 €]0,p], VI €[0,1].

For further convenience, we observe that from the above conditions it
follows that f(s) is non-decreasing and such that s — f(s)/s is a non-
decreasing map in |0, p]. Indeed, let 0 < s1 < s9 and let ¥ € [0, 1] be such
that s; = ¥s9. Then, we have

Fls1) = f(@s2+ (1 — 9)0) < 0f (s2) + (1 — 0) f(0) = %f(@)

and thus the map s — f(s)/s is non-decreasing in ]0, p]. Consequently, we
immediately obtain that s +— f(s) is a non-decreasing map in [0, p|, since it
is the product of two non-decreasing positive maps in ]0, p].

We also recall that a function f € C1([0, p]) is convex if and only if f(s)
lies above all of its tangents, hence

f(s1) > f(s2) + f'(s2) (51 = s2), Vs1,52 €[0,p].

Using (f1), (f«) and the above inequality (with s; = 0 and sy = p), we
immediately obtain

f(p) > o)y
)

With this in mind, we introduce the extension f : RT — R defined as

f(s) = {f(s)’ ifs € 10.7] (5.7.2)

fp)+ f'(p)(s—p), ifs€]p,+ool.

It is easily seen that the map f (s) is continuously differentiable, convex,
non-decreasing and such that f(s) > 0 for all s > 0. Then, arguing as
above, we immediately obtain that the map s — f(s)/s is non-decreasing
as well.
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We are now in a position to state our technical result (whose proof
benefits from some arguments developed in [3] p. 421] and in Lemma 7.4.1)
giving a priori bounds for periodic solutions of the equation

u" + a(t) f(u) + vlm p+(t) =0, (5.7.3)

A

where v > 0 and 1 jm IF denotes the indicator function of the set J;, I,

Incidentally, notice that neither the mean value condition (a4) nor the su-
perlinearity assumption at zero (f3) are required in the statement below.

Lemma 5.7.1. Let a: R — R be a T-periodic locally integrable function
satisfying (ax). Then there exist two real constants My € ]0,1] and My > 0
such that, for every p > 0, for every convex function f € C*([0, p|) satisfying
(f1), (f«) and (f4), for every v > 0 and for every integer k > 1, any kT -
periodic solution u(t) to (5.7.3) satisfies maxycr u(t) < p.

Proof. According to condition (ay), we can find 2m + 1 points
01<M<..<0 < T <.o.<0Om <Tm <0Omeg1, With opyp1 —o1 =T,

such that

If =loy,m], i=1,....,m.

We then fix € > 0 such that
1
€< —* and / at(t)dt >0, forall i € {1,...,m};
2 oite
so that the constant
Ti—¢&
Ne = min / at(t)dt
1=1,....m oite

is well-defined and positive. Next, we define the constants

€ 2
My = and My =
! max |L7] ? Miene
i=1,....m

Notice that M € ]0,1], since e < |I;7], for all i = 1,...,m. We stress that
M; and My depend only on the weight function a(t).
Let us consider an arbitrary v > 0 and an arbitrary convex function
f € c(]o, p]) satisfying (f1), (f«) and (f4). By contradiction, we suppose
that u(t) is a kT-periodic solution of (5.7.3) such that
t) =:p" > p.
max u(t) =: p* = p
Setting I, := I' 4+ 4T (for i = 1,...,m and £ € Z), the convexity of u(t) on
RA\U; 01 -1, ensures that the maximum is attained in some I;!,. Accordingly,
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we can suppose that there is an index ¢ € {1,...,m} and £ € {0,...,k—1}
such that

max u(t) = p*.

telf,
Up to a relabeling of the intervals Iﬁ, we can also suppose ¢ = 0 (notice
that the constants M; and My do not change since a(t) is T-periodic). From
now on, we therefore assume that

max u(t) = p*.

el
From this fact, together with the concavity of u(t) on I;", we obtain

*

u(t) > p min{t — o;,7; — t}, Vte I;r,

Ial
(cf. @3 p. 420] for a similar estimate) and hence
u(t) > —F—— = My, Vel (5.7.4)
max ||
i=1,...m

On the other hand, arguing as in Section 3.3.2 and Section 4.3.3 (with ¢ = 0),
from .
W< vie e mn—d

we deduce .

lW'(t)| <=, Vte€loi+em—e¢. (5.7.5)

o |

Integrating equation (5.7.3) on [0; + ¢, 7; — €] and using (5.7.4), (5.7.5)
and the monotonicity of s — f(s), we have

fane) [ arwars [Tt = [ (e v

i+e oite oite

~—

*

2p
—

=u(oi+e)—u(ri—e)—v(n—0—2) <

Dividing by M p*n. the above inequality and using the monotonicity of the
map s — f(s)/s, we obtain
fMhp) _ f(Mip)  fMp") 2
Mip Mip My p* Men.

a contradiction with respect to hypothesis (f4). O

Remark 5.7.1. It is worth noticing that, in the above proof, the fact that
u(t) is kT-periodic is used only to ensure, via a convexity argument, that
its maximum is achieved in some positivity interval IZ-+ . Accordingly, it
is easily seen that the conclusion of Lemma 5.7.1 still holds true for any
globally defined bounded solution of (5.7.3), as well as for solutions defined
on compact intervals and satisfying Dirichlet/Neumann conditions at the
boundary. <
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5.7.2 Existence of T-periodic solutions: a degree approach

In this section, using the topological degree approach introduced in the
previous chapters, we prove the existence of a positive T-periodic solution
of (5.7.1).

Since we are going to take advantage of the a priori bound developed
in Lemma 5.7.1, we assume again that f(s) is a convex function satisfying
(f1), (f«) and (f4); moreover, now also the superlinearity at zero condition
(f2) and the mean value assumption (ax) play a crucial role.

Proposition 5.7.1. Leta: R — R be a T-periodic locally integrable function
satisfying (a.) and (ay). Let f € CX([0,p]) be a convex function satisfying
(f1), (f2), (f«) and (f1) with My € ]0,1[ and My > 0 the constants given
in Lemma 5.7.1. Then there exists a positive T-periodic solution u*(t) of
(5.7.1) such that maxycr u*(t) < p.

Proof. Since this proposition is not a direct consequence of the existence re-
sults of Chapter 3, we prefer to sketch the proof (which is based on Mawhin’s
coincidence degree theory).

First of all, taking into account condition (f;), we introduce the L!-
Carathéodory function

—s, if s <0;
f(t,s)=q a(t)f(s), if0<s<p;
a(t)f(p), if s> p;

and we consider the T-periodic problem associated with
u" + f(t,u) = 0. (5.7.6)

A standard maximum principle ensures that every T-periodic solution of
(5.7.6) is non-negative; moreover, in view of (f2), if u(t) is a T-periodic
solution of (5.7.6) with u # 0, then u(t) > 0 for all ¢ (see Lemma C.1.2).
Next, we write the T-periodic problem associated with (5.7.6) as a coin-
ctdence equation
Lu= Nu, wué€domlL. (5.7.7)

As a first observation, let us recall that finding a T-periodic solution of
(5.7.6) is equivalent to solving equation (5.7.6) on [0, 7] together with the
periodic boundary condition

Accordingly, let X := C(]0,T]) be the Banach space of continuous functions
u: [0,T] — R, endowed with the sup-norm ||ullo := max,c(o 7y [u(t)], and
let Z := L'([0,T]) be the Banach space of Lebesgue integrable functions
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v: [0,7] — R, endowed with the norm |jv||p:1 = fOT\v(t)] dt. Next we
consider the differential operator

L:uw— —u",
defined on
dom L := {u € W>'([0,T]): u(0) = u(T), v'(0) = u/(T)} C X.

It is easy to prove that L is a linear Fredholm map of index zero. Moreover, in
order to enter the coincidence degree setting, we have to define the projectors
P: X - kerL 2R, Q: Z — coker L = Z/ImL = R, the right inverse
Kp:ImL — domL Nker P of L, and the linear (orientation-preserving)
isomorphism J: coker L — ker L. For the standard positions we refer to
Section 3.1 or to Section 4.2. Finally, let us denote by N: X — Z the
Nemytskii operator induced by the function f(t, s), that is

(Nu)(t) := f(t,u(t)), tel0,T).

With this position, now we prove that there exists an open (bounded)
set Q C X, with
QC B(0,p)\ {0}, (5.7.8)

such that the coincidence degree Dy, (L—N, Q) of L and N in 2 is defined and
different from zero. In this manner, by the existence property of the degree,
there exists at least a nontrivial solution u* of (5.7.7) with ||u*||x < p.
Hence, u*(t) is a T-periodic solution of (5.7.6). As a consequence of the
maximum principle, as already noticed, this solution is positive; moreover,
being u*(t) < p for any t, it solves the original equation (5.7.1).

We split our argument into three steps. In the following, when referring
to a solution u(t) of (5.7.9) and (5.7.10) we implicitly assume that 0 < u(t) <
p, for all t € R, since f(s) is defined on [0, p].

Step 1. There exists a constant r € ]0, p| such that any T-periodic solution

u(t) of
u” 4+ Ya(t) f(u) =0, (5.7.9)

for 0 <9 <1, satisfies ||ul|oo # 7.
Indeed, since condition (f2) can be written in the equivalent form

s—0t S

we can proceed (by contradiction) exactly as in the proof of Theorem 3.2.2
(thus, we omit the proof).

Step 2. There exists a constant vg > 0 such that any T-periodic solution
u(t) of
' +a(t)f(u) + VﬂU”il +(t) =0, (5.7.10)
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for v € [0,1], satisfies ||u|loc # p. Moreover, there are no T -periodic solu-
tions u(t) of (5.7.10) for v = 1.

From Lemma 5.7.1 we deduce that, for any v > 0, every T-periodic
solution u(t) of (5.7.10) satisfies ||u|/c 7# p (notice that the definition of the
extension f(t, s) for s > p has no role in this proof). Next, we fix a constant
1o > 0 such that
lallr maxo<s<p f(s)

>ty 1T
We have only to verify that, for v = 1, there are no T-periodic solutions
u(t) of (5.7.10). Indeed, if u(t) is a T-periodic solution of (5.7.10) then,
integrating (5.7.10) on [0, 7], we obtain

v M= [ @< [ a1 < ol goas, 76),

<s<p

a contradiction with respect to the choice of 1.

Step 8. Computation of the degree. First of all, we compute the coincidence
degree on B(0,r). From [I32] Theorem 2.4] and Step I, we obtain that

T
Di(L— N, B(0,r)) = deg s (-%/O Ft)dt]—r, 7], 0) ~1 (5711

For the details, we refer to the proof of Theorem 3.1.1.
Secondly, we compute the coincidence degree on B(0, p). From the ho-
motopy invariance of the degree and Step 2, we obtain that

Dy (L — N,B(0,p)) = 0. (5.7.12)

For the details, we refer to the proof of Theorem 3.1.1.
In conclusion, from (5.7.11), (5.7.12) and the additivity property of the
coincidence degree, we find that

This ensures the existence of a nontrivial solution u* to (5.7.7) with
u* € Q:= B(0,p)\ B[0,r].

Recalling (5.7.8) and the argument explained therein, the proof is concluded.
O

Remark 5.7.2. The above existence of a positive T-periodic solution to
(5.7.1) could likely be proved under less restrictive assumptions of f(s). In
particular, as shown in Chapter 3, the conclusion in Step 1 is still valid
when f(s) is only continuous and regularly oscillating at zero; on the other
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hand, we expect that Step 2 can be proved (with slightly different argu-
ments) under alternative assumptions not requiring the convexity of f(s).
We have chosen however to take advantage of the a priori bound devel-
oped in Lemma 5.7.1, therefore giving the proof in this simplified setting,
since a convexity assumption will be in any case essential in the subsequent
Section 5.7.3. g

5.7.3 The Morse index computation

In this section we present the (crucial) Morse index computation. As
remarked in Section 5.4, it is based on an algebraic trick already employed
in the proof of [@4] Theorem 1], exploiting in an essential way the strict con-
vexity assumption (f3) (together with the sign condition (f.)). Notice that
all the other assumptions on f(s) and a(t) are not required in Lemma 5.7.2
below, which is indeed an a priori Morse index estimate, valid for positive
T-periodic solutions of (5.7.1) independently of their existence.

Lemma 5.7.2. Leta: R — R be a T-periodic locally integrable function. Let
f € C([0, p)) satisfy (f«) and (f3). If u(t) is a positive T-periodic solution
of (5.7.1), then

Xo(a(t) f'(u(t)) <0,

where Ao(a(t)f'(u(t))) denotes (as in Section 5.5) the principal eigenvalue
of the T-periodic problem associated with v" + (XA + a(t) f'(u(t)))v = 0.

Proof. Let u(t) be a positive T-periodic solution of (5.7.1) and let wv(t)
be a positive eigenfunction associated to the principal eigenvalue \g =
Xo(a(t) f'(u(t))). Then, v(t) satisfies

v" + (Xo + alt) f'(u(t))v =0, (5.7.13)

is T-periodic and v(t) > 0 for all t € R (cf. [53]).
By multiplying (5.7.1) by f/(u)v we obtain

W fi(w)v + a(t) f(u) f'(w)v =0
and, respectively, by multiplying (5.7.13) by f(u) we have
V" f(u) + (Xo + a(t) f'(w)vf(u) =0.

From the above equalities, we therefore immediately deduce

Aov(t) f(u(t)) = —a(t) f(u(®)) £ (u(®)v(t) — v" () f (u(t)
=u" () f (u(®))v(t) = 0" () f(u(t), VteR.
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Integrating by parts this equality, we obtain

T T
Yo [ oOs®)at = [ @ OF )t -0 sw) d

0

T

+ /0 (" ()1 (u(t))o () + o (O) " (u(t)u (1)) dt
T

- /0 (" () ' (u(t))o(t) + ' (0) (u(t)u (1)) dt.

Via a further integration by parts, we find

T
/0 (0t) £ ()" (1) + ' (8) F (u(t) ) (1))t

t=T

= [v@ s (e (1)

t=0

T
- /0 o) ()l (1) dt
T
== [ v o ap a.

In conclusion,

T T
=— v(t) 7 (u(t) (t)? dt.
Xo / o(t) flu(t)) di = / (1" (ult) )l (1)? dt

Observing now that both the above integrals are positive, since v(t) > 0 for
all t € R and f(s) satisfies (f3) and (f) (notice that «'(t) # 0, again in view
of (f«)), we immediately deduce that

Ao = Ao (a(t)f’(u(t))) < 0.
The lemma is thus proved. O

Remark 5.7.3. We observe that Lemma 5.7.2 in particular applies to the
function f(s) = s? with p > 1, implying that, whenever u(t) is a positive
T-periodic solution of v’ +a(t)uP = 0, the Morse index of the linear equation

v+ pa(t)u(t)? v =0

is non-zero. On the other hand, it is worth noticing that

T
/ a(t)u(t)P~tdt < 0,
0

as it can be easily seen by writing a(t)u(t)?~t = u”(t)/(pu(t)) and inte-
grating by parts (compare with the computation leading to (5.4.2) in Sec-
tion 5.4). This provides an elegant proof of the claim made in Remark 5.5.2,
that is, for a linear equation v” 4 ¢(t)v = 0, with ¢(¢) sign-changing, the
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mean value condition fOT q(t) dt < 0 does not imply that the Morse index
is zero. Furthermore, this fact shows that the main result in [B9 is not
applicable to the equation v’ + a(t)u? = 0, emphasizing the essential role
of its abstract variant given in Proposition 5.5.1 (see again the discussion in
Remark 5.5.2). <

Remark 5.7.4. Recalling that the Morse index of a positive T-periodic
solution u(t) of equation (5.7.1) is the Morse index of the linear equation
V" + a(t)f (u(t))v = 0, Lemma 5.7.2 asserts that any positive T-periodic
solution of (5.7.1) has non-zero Morse index. From a variational point of
view, this implies that u(t), as a critical point of the action functional

s = | T(lu’a)? —aOF(u(t) ) dr, where Fu)i= [ 7€) e

2
is not a local minimum. We stress again that this is an a priori information,
valid for any positive T-periodic solution of (5.7.1); on the other hand, it
requires the global convexity assumption ( f3), which is usually not needed for
existence results (see Remark 5.7.2). It appears therefore a natural question
if it is possible to prove, using variational arguments of mountain pass type
(on the lines of [ B0]), the existence of at least one positive T-periodic
solution with non-zero Morse index, under less restrictive assumptions on
f(s). This however does not seem to be an easy task, since (thought the
local topological structure of a functional near a min-max critical point can
be analyzed) estimates from below for the Morse index are usually possible
only under non-denegeracy assumptions (see, for instance, [95] [08]). N

5.7.4 Conclusion of the proof

We are now in a position to easily complete the proof of Theorem 5.7.1.
Of course, we assume henceforth that (f1), (f2), (f3) and (f4) are satisfied,
with Mj, My the constants given by Lemma 5.7.1. As a consequence, f(s)
is (strictly) convex and the sign condition (f.) holds true, so that all the
results in Section 5.7.1, Section 5.7.2 and Section 5.7.3 can be used.

Let us define, for (¢,s) € R?,

ht.5) i 0, if s < 0;
T awfs), ifs >0

where f(s) is given by (5.7.2). Using (f1) and (f2), it is easy to see that
the function h(t,s) satisfies the smoothness conditions required in Propo-
sition 5.5.1. Moreover, since f (s) has linear growth at infinity, the global
continuability for the solutions of

u” + h(t,u) =0 (5.7.14)
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is guaranteed. We now claim that both the assumptions (¢) and (ii) of
Proposition 5.5.1 are satisfied.

Indeed, Proposition 5.7.1 implies the existence of a T-periodic function
u*(t), solving (5.7.1) and such that 0 < u*(t) < p for any ¢t € R; moreover,
from Lemma 5.7.2 we know that

Mo (a(t) f'(u () < 0.

Since h(t,s) = a(t)f(s) for 0 < s < p, we have thus obtained a T-periodic
solution of (5.7.14) satisfying (5.5.3). Hence, condition (i) is fulfilled.
As for condition (i), we simply take a(t) = 0, due to the fact that «(t)
is a (trivial) solution of (5.7.14), and 0 = «(t) < w*(¢) for any ¢t € R.
Proposition 5.5.1 thus ensures that there exists k* > 1 such that, for any
integer k > k*, there exists an integer my > 1 such that, for any integer j
relatively prime with & and such that 1 < j < myg, equation (5.7.14) has

two subharmonic solutions u,(;)] (t) (i = 1,2) of order k (not belonging to

the same periodicity class), such that u,(;)J (t) — u*(t) has exactly 2j zeros in
the interval [0,kT[. From the fact that (5.5.5) holds true (with a(t) = 0)
together with Remark 5.5.1, we obtain that u,(;)J(t) > 0 for any t € R. We
finally use Lemma 5.7.1 (with v = 0) to ensure that u,(;)](t) < p for any
t € R. Thus “1(;)] (t) is a positive subharmonic solutions of equation (5.7.1)
and the proof is concluded. O

Remark 5.7.5. Reading more carefully the proof of Lemma 5.7.2, one can
notice that we do not use the fact that the interval [0, p| is a right neighbor-
hood of zero. Indeed, the same conclusion holds true by taking an interval
J C R in place of [0, p]. Accordingly, we can state the following result.

Let a: R — R be a T-periodic locally integrable function. Let
J C R be an interval. Let f € C*(J) satisfy f(s) > 0 and
f"(s) > 0 for any s € J. If u(t) is a T-periodic solution of
u" + a(t)f(u) =0 (thus, in particular, u(t) € J for any t), then
No(alt) F/(u(t))) < 0.

Although less general, Lemma 5.7.2 is the version more suitable to be
subsequently applied to the search of positive subharmonics with range in
10, p[. However, a natural question arises. Suppose to consider a nonlinearity
f(s) as above, namely a C2-function which is positive and strictly convex in
an interval J C R. Given a T-periodic solution u*(t) to u” + a(t)f(u) = 0
(with u*(t) € J for any t), which additional conditions on f(s) guarantee
the applicability of the method adopted in this second part of the chapter
to find subharmonics of order k? <
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5.8 Final remarks

We conclude this investigation on subharmonic solutions with a brief
discussion about some natural questions which our result may suggest, if
compared to the existing literature. As in the introductive Section 5.4, we
focus our attention on the model superlinear equation

" +a(t)u? =0, (5.8.1)

with a(t) satisfying (ax) and (ax), and p > 1.
In the first part of the present chapter and in [I7] it was shown that,
assuming to deal with a parameter-dependent weight

an(t) == q"(t) — pg~(t),

equation (5.8.1) with a(t) = a,(t) has positive subharmonic solutions (of
any order) whenever p > 0 (i.e. when the weight function a(t) has “large”
negative part). Such a result, which may be interpreted in the context
of singular perturbation problems, provides indeed positive subharmonic
solutions which can be characterized by the fact of being either “small” or
“large” on the intervals of positivity of the weight function (according to a
chaotic-like multibump behavior). A careful comparison between this result
and Theorem 5.4.1 could deserve some interest.

In a similar spirit, it is worth recalling that, again according to Chapter 4
and [T, whenever (a.) holds with m > 2, equation (5.8.1) with a(t) = a,(t)
and p > 0 has at least 2™ —1 distinct positive T-periodic solutions, say u (t)
fori=1,...,2™ — 1. Since Lemma 5.7.2 implies that any of these periodic
solutions has non-zero Morse index, Proposition 5.5.1 can be in principle
applied 2™ — 1 times to obtain positive subharmonic solutions oscillating
around each u}(t). It seems however a quite delicate question to understand
if these subharmonic solutions are actually distinct or not.

Finally, we observe that it appears very natural to consider the damped
version of (5.8.1), namely

" +cu + a(t)u? =0, (5.8.2)

where ¢ € R is an arbitrary constant. Indeed, it was shown in Chapter 3
that conditions (a.) and (ay) also guarantee the existence of a positive T-
periodic solution to (5.8.2). What about positive suhharmonic solutions? It
is generally expected that the periodic solutions provided by the Poincaré-
Birkhoff fixed point theorem disappear for (even small) perturbations de-
stroying the Hamiltonian structure, but maybe this is not the case for the
positive subharmonic solutions to (5.8.2). Let us observe, for instance, that
the multibump subharmonics constructed in the first part of this chapter
via degree theory for a(t) = a,(t) (and p large) still exist for ¢ # 0. Since
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both the symplectic approach and the variational one are useless in a non-
Hamiltonian setting, investigating the general case of an arbitrary weight
function with a negative mean value seems to be a difficult problem.
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Super-sublinear indefinite
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Chapter

Existence results

In this chapter we deal with boundary value problems associated with
the nonlinear second order ordinary differential equation

(&) o’ + cu' + Na(t)g(u) = 0,

where ¢ € R, A > 0 is a real parameter, a(t) is a sign-changing weight and
g(s) has superlinear growth at zero and sublinear growth at infinity. We refer
to (&)\) as a super-sublinear indefinite equation. The main contribution of the
present chapter is to provide an existence result for pairs of positive solutions
to equation (&) in the possibly non-variational setting (when ¢ # 0).

As in Chapter 4, we focus our attention on the periodic problem asso-
ciated with (&) and then we discuss other boundary conditions. For the
periodic problem, we prove the existence of two positive T-periodic solutions
when fOT a(t)dt < 0 and A > 0 is sufficiently large. Our approach is based
on Mawhin’s coincidence degree theory and index computations.

The plan of the chapter is the following. In Section 6.1 we list the
hypotheses on a(t) and on g(s) that we assume for the rest of the chapter
and we present our main result (Theorem 6.1.1). In Section 6.2 we state
two lemmas for the computation of the coincidence degree (see Lemma 6.2.1
and Lemma 6.2.2), that are then employed in the proof of Theorem 6.1.1,
as explained in Section 6.3 where we provide the main steps of the proof.
The tecnical details are performed in Section 6.4. We present in Section 6.5
some consequences and variants of the main theorem (including existence of
small/large solutions using only conditions for g(s) near zero/near infinity,
respectively). In the same section we also deal with the smooth case and give
a nonexistence result. Section 6.6 is devoted to a brief description of how all
the results can be adapted to the Dirichlet and Neumann problems, including
a final application to radially symmetric solutions on annular domains.

179
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6.1 The main existence result

In this section we present our main existence results for positive T'-
periodic solutions to (&), namely functions u(t) satisfying (&)) in the Cara-
théodory sense and such that u(t + 7)) = u(t) > 0 for all t € R.

We suppose that a: R — R is a locally integrable T-periodic function
and the nonlinear map g: RT™ — R™ is continuous and such that

(9+) g(0) =0, g(s) >0 for s> 0.

The real constant c is arbitrary and results will be given depending on the
parameter A > 0.

As main assumptions on the nonlinearity we require that g(s) tends to
zero for s — 07 faster than linearly and it has a sublinear growth at infinity,
that is

(QO) sl—l>r(1)1+ ? =0
and
(goo) lim @ =0.

s—+00 8

When g(s) is continuously differentiable with ¢'(s) > 0 for all s > 0,
using the same argument as in Chapter 3 (when ¢ = 0), we deduce that
condition

T
(ax) /0 a(t)dt < 0.

is necessary for the existence of positive T-periodic solutions to (&) with
an arbitrary c € R.

Before stating our main result, we recall that a continuous function
h: ]Rar — Rg is said to be regularly oscillating at zero if

lim hlws)

s—0t h(S)
w—1

=1.

Analogously, we say that h is reqularly oscillating at infinity if

lim @S g
S—+00 h(s)
w—1

We refer to Chapter 3 for a discussion on regularly oscillating functions.

Now we are in position to state our main result.
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Theorem 6.1.1. Let g: RT — R™ be a continuous function satisfying (gs).
Suppose also that g is reqularly oscillating at zero and at infinity and satisfies
(90) and (goo). Let a: R — R be a locally integrable T-periodic function
satisfying the average condition (ay). Furthermore, suppose that there exists
an interval I C [0,T] such that a(t) > 0 for a.e. t € I and [;a(t)dt > 0.
Then there exists \* > 0 such that for each A > \* equation (&)\) has at least
two positive T -periodic solutions.

As will become clear from the proof, the constant A* can be chosen
depending (besides on ¢ and g(s)) only on the behavior of a(t) on the interval
1. This remark allows to obtain the following corollary for the related two-
parameter equation

v+ cu' + (Aat(t) — pa= (1)) g(u) =0, (6.1.1)
with A, > 0.

Corollary 6.1.1. Let g(s) be as above and let a(t) be a T-periodic function
with a* € LY([0,T]) and a~ # 0. Suppose also that there exists an interval
I C[0,T] such that

/Ia(t) dt =0 < /Icﬁ(t) dt.

Then there exists \* > 0 such that for each X\ > \* and for each

equation (6.1.1) has at least two positive T-periodic solutions.

Our results are sharp in the sense that there are examples of functions
g(s) satisfying all the assumptions of Theorem 6.1.1 or of Corollary 6.1.1
and such that there are no positive T-periodic solutions if A > 0 is small or
if (a4) is not satisfied. For this remark see B8l § 2], where the assertions
were proved in the case ¢ = (. One can easily check that those results can
be extended to the case of an arbitrary ¢ € R (see also Section 6.5.4).

Another sharp result can be given when ¢(s) is smooth. Indeed, first
of all we produce a variant of Theorem 6.1.1 by replacing the hypothesis of
regular oscillation of g at zero or at infinity with the condition of continuous
differentiability of g(s) in a neighborhood of s = 0 or, respectively, near
infinity (see Theorem 6.5.3). Next, in the smooth case and further assuming
that |¢/(s)| is bounded on R, we can also provide a nonexistence result for
A > 0 small (see Theorem 6.5.4). As a consequence of these results, the
following variant of Theorem 6.1.1 can be stated. We denote by ¢'(c0) =

lims—s 400 g'(8).
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Theorem 6.1.2. Let g: Rt — RT be a continuously differentiable function
satisfying (g«) and such that ¢'(0) = 0 and ¢'(0) = 0. Let a: R — R
be a locally integrable T-periodic function satisfying the average condition
(ay). Furthermore, suppose that there exists an interval I C [0,T] such that
a(t) > 0 for a.e. t € I and [;a(t)dt > 0. Then there exists Ax > 0 such
that for each 0 < A < A\ equation (&\) has no positive T-periodic solution.
Moreover, there exists \* > 0 such that for each X > \* equation (&) has
at least two positive T-periodic solutions. Condition (ay) is also necessary
if g'(s) >0 for s > 0.

To show a simple example of applicability of Theorem 6.1.2, we consider
the T-periodic boundary value problem

(6.1.2)

{ u’ + cu’ + A(sin(t) + ) g(u) =0
u(2r) — u(0) = o' (27) — u/(0) = 0,

where § € R and
g(s) = arctan(s®), with o > 1,

(other examples of functions g(s) can be easily produced). Since ¢'(s) > 0
for all s > 0, we know that there are positive T-periodic solutions only if
—1 < 6 < 0. Moreover, for any fixed 0 € |—1,0[ there exist two constants
0< s < A9 guch that for 0 < \ < As,s there are no positive solutions for
problem (6.1.2), while for A > A\*? there are at least two positive solutions.
Estimates for A\, s and A9 can be given for any specific equation.

Figure 6.1 below illustrates another example of existence of two positive
T-periodic solutions to (&)), when the weight function possesses a positive
hump separated by a negative one.

Figure 6.1: The figure shows an example of pairs of positive T-periodic solutions
to (&), with ¢ = 0. For this simulation we have chosen the interval [0,T] with
T =2m, A=1, a(t) :=sin™ (t) — 5sin~ (¢), g(s) := s2/(1 + s?) for s > 0.
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6.2 The abstract setting of the coincidence degree

Let X := Cr be the Banach space of continuous and 7T-periodic functions
u: R — R, endowed with the norm

= t)| = t
lulloo := meve fu(t)] = maxfu(t)],

and let Z := L%F be the Banach space of measurable and T-periodic functions
v: R — R which are integrable on [0, 7], endowed with the norm

T
ol = [ lot0)] .
0
The linear differential operator
L:uw— —u" —ct

is a (linear) Fredholm map of index zero defined on dom L := Wr_,%’l C X,

ImL:{veZ:ATwwﬁ:O}

Associated with L we have the projectors

with range

P: X = kerL 2R, Q:Z —coker L= Z/Im L =R,

that, in our situation, can be chosen as the average operators

T
Pu=Qu:= ;/0 u(t) dt.

Finally, let
Kp:ImL — dom L Nker P

be the right inverse of L, which is the operator that to any function v € L%w
with fOTv(t) dt = 0 associates the unique T-periodic solution u of

T
W +cu' +v(t) =0, with / u(t) dt = 0.
0

Next, we define the L'-Carathéodory function

—s, if s <0;
f)\(t, S) = .
Aa(t)g(s), ifs>0;

where a: R — R is a T-periodic and locally integrable function, g: RT — RT
is a continuous function with ¢g(0) = 0 and A > 0 is a fixed parameter. Let
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us denote by Ny: X — Z the Nemytskii operator induced by the function
>, that is
(Nau)(t) == fa(t,u(t), teR.

By coincidence degree theory we know that the equation
Lu= Nyu, u € domlL, (6.2.1)
is equivalent to the fixed point problem
u=®\u:=Pu+ QNyu+ Kp(Id— Q)Nyu, ueX.

Technically, the term QNyu in the above formula should be more correctly
written as JQNu, where J is a linear (orientation-preserving) isomorphism
from coker L to ker L. However, in our situation, we can take as J the
identity on R, having identified coker L, as well as ker L, with R. It is
standard to verify that ®,: X — X is a completely continuous operator.
In such a situation, we usually say that Ny is L-completely continuous (see
[[30], where the treatment has been given for the most general cases).

Within the framework introduced above, we present now two auxiliary
semi-abstract results which are useful for the computation of the coincidence
degree (see also Theorem 3.1.1 and Lemma 4.2.3). For Lemma 6.2.1 and
Lemma 6.2.2 we do not require all the assumptions on a(t) and g(s) stated
in Theorem 6.1.1. In this way we hope that the two results may have an
independent interest beyond that of providing a proof of Theorem 6.1.1.

Lemma 6.2.1. Let A > 0. Let g: Rt — R* be a continuous function such
that g(0) = 0. Suppose a € LY. Assume that there exists a constant d > 0
and a compact interval T C [0,T] such that the following properties hold.

(Agz) If > 0, then any non-negative T-periodic solution u(t) of
" + cu' + Xa(t)g(u) + a =0 (6.2.2)
satisfies maxyer u(t) # d.

(Baz) For every B > 0 there exists a constant Dg > d such that if a € [0, ]
and u(t) is any non-negative T-periodic solution of equation (6.2.2)
with maxez u(t) < d, then max,coru(t) < Dg.

(Caz) There exists a* > 0 such that equation (6.2.2), with o = o, does not
have any non-negative T-periodic solution u(t) with maxser u(t) < d.

Then
Dr(L — Ny,Qq71) =0,

where

Qu1 = { X: }
4.z u € max lu(t)| < d
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Notice that €47 is open but not bounded (unless Z = [0, T7).

Proof. For a fixed constant d > 0 and a compact interval Z C [0,7] as in
the statement, let us consider the open set {147 defined above. We study
the equation

" + e + fat,u) +a =0, (6.2.3)

for a > 0, which can be written as a coincidence equation in the space X
Lu= Nyu+al, u€domlL,

where 1 € X is the constant function 1(¢) = 1.
As a first step, we check that Dr(L — Ny — al1,8,7) is well-defined for
any a > 0. To this aim, suppose that o > 0 is fixed and consider the set

Ra = {u € cl(Qgz) Ndom L: Lu = Nyu + al}
= {u € Cl(Qd,Z): u = Pru+ al}.

We have that u € R, if and only if u(t) is a T-periodic solution of (6.2.3)
such that |u(t)] < d for every t € Z. By a standard application of the
maximum principle, we find that u(¢) > 0 for all ¢ € R and, indeed, u(t)
solves (6.2.2), with maxyc7 u(t) < d. Condition (By 1) gives a constant D,
such that ||ullcc < Do and so R, is bounded. The complete continuity
of the operator ®, ensures the compactness of R,. Moreover, condition
(Agz) guarantees that |u(t)| < d for all t € 7 and then we conclude that
Ra € Qg7. In this manner we have proved that the coincidence degree
Dr(L — Ny — al,Q47) is well-defined for any a > 0.

Now, condition (Cy ), together with the property of existence of solu-
tions when the degree Dy, is non-zero, implies that there exists a® > 0 such
that

DL(L — N)\ — a*l, Qd,I) =0.

On the other hand, from condition (Byz) applied on the interval [0, f] :=
[0, a*], by repeating the same argument as in the first step above, we find
that the set

S = U Ra = U {chl(QdJ)ﬂdomL:Lu:N,\u—i—al}

a€0,a*] a€l0,a*]

= U {uEC](le): u:<I>>\u+oz1}

a€(0,a%]

is a compact subset of €);7. Hence, by the homotopic invariance of the
coincidence degree, we have that

DL(L — Ny, Qd’l') = DL(L — Ny — a1, Qd,I) = 0.

This concludes the proof. ]
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Lemma 6.2.2. Let A > 0. Let g: Rt — R™ be a continuous function such
that g(0) = 0. Suppose a € Lk with fOT a(t)dt < 0. Assume that there exists
a constant d > 0 such that g(d) > 0 and the following property holds.
(Hg) If v €]0,1] and u(t) is any non-negative T -periodic solution of

" + cu +Ia(t)g(u) = 0, (6.2.4)

then maxe(o ) u(t) # d.
Then
Dp(L — Ny, B(0,d)) = 1.

Proof. The proof follows substantially the same argument employed in the
proof of Theorem 3.1.1. First of all, we claim that there are no solutions to
the parameterized coincidence equation

Lu=9Y9Nyu, ue€dB(0,dNdomL, 0<v<I1.
Indeed, if any such a solution wu exists, it is a T-periodic solution of
u” + cu +I9f\(t,u) =0,

with [|ullcc = d. By the definition of fy(¢,s) and a standard applica-
tion of the maximum principle, we easily get that u(t) > 0 for every t €
R. Therefore, u(t) is a non-negative T-periodic solution of (6.2.4) with
maxe(o,7) U(t) = d. This contradicts property (Hg) and the claim is thus
proved.

As a second step, we consider QNyu for u € ker L. Since ker L. =2 R, we
have

1 (T
QN\u = T/ fa(t,s)dt, for u = constant = s € R.
0
For notational convenience, we set

-8, if s <0;

s L [T _ T
£ (s) '_T/o falt,s)dt = )\<;/0 a(t)dt>g(s), if s > 0.

Note that s ff (s) < 0 for each s # 0. As a consequence, we find that
QNyu # 0 for each v € 9B(0,d) Nker L.

An important result from Mawhin’s continuation theorem (see [I32] The-
orem 2.4] and also [I27], where the result was previously given in the context
of the periodic problem for ODEs) guarantees that

DL(L — Ny, B(O, d)) = degB(—QNAh(erL, B(O, d) Nker L, 0)
= degp(—f{,]—d, d[,0).
This latter degree is clearly equal to 1 as

T
—ff(—d)——d<0<)\(—;/o a(t)dt)g(d)—— #(d).

This concludes the proof. O
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6.3 Proof of Theorem 6.1.1: the general strategy

With the aid of the two lemmas proved in the Section 6.2, we can prove
Theorem 6.1.1. Omitting the technical details and estimates (presented in
Section 6.4), in this section we show the general strategy of the proof.

From now on, all the assumptions on a(t) and g(s) in Theorem 6.1.1 are
implicitly assumed.

We fix a constant p > 0 and consider, for Z := I, the open set
Q,1:= { € X: t)| < }
pl = U max |u(t)] < p

First of all, we show that condition (A, ) is satisfied provided that A > 0
is sufficiently large, say A > A* := A7 ;. Such lower bound for A does not
depend on «. Then, we fix an arbitrary A > A\* and show that conditions
(Bp,r) and (C, 1) are satisfied as well. In particular, for 5 = 0, we find a
constant Dy = Dy(p, I, A) > p such that any possible solution of

Lu= Nyu, wuecl(Q,;)NdomL,

satisfies
[ulls < De.

In this manner, we have that
B(0,p) €Q,r and Fix(®y,Q,7) € B(0,R), VR > Dy.
Moreover,
Dr(L— Nx,Q,1) =Dr(L— Ny Q,NB(0,R)) =0, VR>D,.

As a next step, using (gop) and the regular oscillation of g(s) at zero, we
find a positive constant ro < p such that for each r € ]0, 7] condition (H,)
(of Lemma 6.2.2) is satisfied and therefore

DL(L—N)\,B(O,T)):L VO <7 <rg.

With a similar argument, using (goo) and the regular oscillation of g(s) at
infinity, we find a positive constant Ry > Dy such that for each R > Ry
condition (Hp) is satisfied too and therefore

Dp(L—Ny,B(0,R))=1, VRZ>Rjy.
By the additivity property of the coincidence degree we obtain
Dr(L =Ny, Q,r\ B[0,r]) =—1, VO0<7r<r, (6.3.1)
and

Dr(L - Nx,B(0,R)\ cl(Q,NB(0,Ry))) =1, YR>Ry.  (6.3.2)
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Thus, in conclusion, we find a first solution v of (6.2.1) with u € Q, 1\ B[0, 7]
(using (6.3.1) for a fixed r € ]0,rg]) and a second solution @ of (6.2.1) with
w e B(0,R)\ cl(Q, 7N B(0,Ry)) (using (6.3.2) for a fixed R > Ry). Both
u(t) and u(t) are nontrivial T-periodic solutions of

u' 4+ e + fa(t,u) =0

and, by the maximum principle, they are actually non-negative solutions of
(&\). Finally, since by condition (go) we know that a(t)g(s)/s is L'-bounded
in a right neighborhood of s = 0, it is immediate to prove (by an elementary
form of the strong maximum principle) that such solutions are in fact strictly
positive (cf. Lemma C.1.2).

6.4 Proof of Theorem 6.1.1: the technical details

In this section we give a proof of Theorem 6.1.1 by following the steps
described in Section 6.3. To this aim, it is sufficient to check separately the
validity of the assumptions in Lemma 6.2.1, for Z := [ and d = p > 0 a fixed
number, and the ones in Lemma 6.2.2, for d = r > 0 small (0 < r < r9) and
for d = R > 0 large (R > Ry). Notice that 7o and Ry are chosen after both
p and A > 0 have been fixed.

Throughout the section, for the sake of simplicity, we suppose the validity
of all the assumptions in Theorem 6.1.1. However, from a careful checking
of the proofs below, one can see that not all of them are needed for the
verification of each single lemma.

6.4.1 Checking the assumptions of Lemma 6.2.1 for )\ large

Let p > 0 be fixed. Let I := [o,7] C [0,7] be such that a(t) > 0 for
a.e. t € I and [;a(t)dt > 0. We fix ¢ > 0 such that for

op:=0+e<T—€=Ty

70
/ a(t)dt > 0.

0

it holds that

Let us consider the non-negative solutions of equation (6.2.2) for ¢t € I.
Such an equation takes the form

" +cu' + h(t,u) =0, (6.4.1)
where we have set (for notational convenience)
h(t,s) = haa(t, s) == Aa(t)g(s) + a,

where A > 0 and o > 0. Note that h(t,s) > 0 for a.e. t € I and for all s > 0.
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Writing equation (6.4.1) as
(eCtu’)/ + e h(t,u) =0,

we find that (e“w/(t))’ < 0 for a.e. t € I, so that the map t — e“u/(t) is
non-increasing on I.
We split the proof into different steps.

Step 1. A general estimate. For every non-negative solution u(t) of (6.4.1)
the following estimate holds:

W/ (t)] < “S) T vt e o0, 7). (6.4.2)
Such inequality has been already proved and used in Chapter 4. The proof
is based on the fact that the map & — e“u/(€) is non-increasing on I Z+ and
we refer to Section 4.3.3 for the details (cf. equations (4.3.22) and (4.3.34)).
Observe that only a condition on the sign of h(t, s) is used and, therefore,
the estimate is valid independently on A > 0 and « > 0.

Step 2. Verification of (A1) for X > X*, with X* depending on p and I but
not on . Suppose that u(t) is a non-negative T-periodic solution of (6.2.2)
with

t) = p.
max u(t) = p

Let tg € I be such that u(tg) = p and observe that u/(tp) = 0, if 0 < to < T,
while u/(tg) <0, if tg = o, and u/(tg) > 0, if o = 7.
First of all, we prove the existence of a constant ¢ € |0, 1[ such that

min u(t) > dp. (6.4.3)

t€[oo,70]

This follows from the estimate (6.4.2). Indeed, if ¢, € |00, 0] is such that
u(ts) = minge|y, - u(t), we obtain that

/()] < “(z*) elelT. (6.4.4)

On the other hand, by the monotonicity of the function ¢ — e“u/(t) in [0, 7],
u'(€)e® > (t)e™, V€€ [o,t], (6.4.5)

and
u'(€)e® < u'(te)et, VEE [t 7] (6.4.6)

From the properties about u/(¢g) listed above, we deduce that if ¢y > t,,
then u/(to) > 0 and, therefore, we must have u/(¢,) > 0. Similarly, if to < t,,
then u/(tp) < 0 and, therefore, we must have u/(¢.) < 0. The case in which



190 Chapter 6. Existence results

t, = ty can be handled in a trivial way and we do not consider it. In this
manner, we have that one of the two following situations occurs: either

o <ty <ty€log,T0), ulte)=p, u' (&) <0, VEE /[ty t, (6.4.7)
or
T >ty >ts € [00,70], ulty) =p, (&) >0, VEE [t to]. (6.4.8)

Suppose that (6.4.7) holds. In this situation, from (6.4.5) we have —u/(§) <
—u/(t,)e®=8) for all € € [tg,t.] and thus, integrating on [to,t,] and using
(6.4.4), we obtain

u(ty)
€

p—u(te) < Ju'(t)] e (8 — tg) < =2 2T,

This gives (6.4.3) for
€

T et e2dTT
We get exactly the same estimate in case of (6.4.8), by using (6.4.6) and
then integrating on [t.,to]. Observe that the constant 6 € |0, 1[ does not
depend on A and a.

Having found the constant §, we now define

0.

n =n(p) := min{g(s): s € [6p, p] }.

Then, integrating equation (6.2.2) on [0, 9] and using (6.4.2) (for ¢t = oo
and t = 1), we obtain

)\n / P a(t)dt < A / " a®g(ult)) dt

= u'(00) — ' (10) + c(u(oo) — u(m0)) — a (10 — 00)

< 2PeldT 4 2|c|p.
£

Now, we define
. 2p(ele] +eldT)
A :: 7—0—.
en [, a(t) dt
Arguing by contradiction, we immediately conclude that there are no (non-

negative) T-periodic solutions u(t) of (6.2.2) with maxcr u(t) = pif A > A*.
Thus condition (A, 1) is proved.

(6.4.9)

Step 3. Verification of (B, ). Let u(t) be any non-negative T-periodic
solution of (6.2.2) with maxse;u(t) < p. Let us fix an instant £ € [og, o).
By (6.4.2), we know that

' (F)] < LelelT,
&
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Using the fact that
|h(t,s)| < M(t)|s|+ N(t), forae. tel[0,T],VseR, Vae|0,7d],

with suitable M, N € LlT (depending on f3), from a standard application
of the (generalized) Gronwall’s inequality (cf. [I04]), we find a constant
Dg = Dg(p, A) such that

t)] + ' (t)]) < Dg.
tgﬁ?x](‘“( )|+ [u'(8)]) B
So condition (B, r) is verified.

Step 4. Verification of (Cp ). Let u(t) be an arbitrary non-negative T-
periodic solution of (6.2.2) with maxsc;u(t) < p. Integrating (6.2.2) on
[00, 0] and using (6.4.2) (for t = o and t = 7p), we obtain

70

a (10— 00) = u/(00) — u'(10) + c(u(oo) — u(m)) — )‘</

< 2PeldT 2clp =: K = K(p,e).
€

a(t)g(u(t))dt)

0

This yields a contradiction if o > 0 is sufficiently large. Hence (C, 1) is
verified, by taking a* > K /(19 — 0y).

In conclusion, all the assumptions of Lemma 6.2.1 have been verified for a
fixed p > 0 and for A > A\*. O

Remark 6.4.1. Notice that, among the assumptions of Theorem 6.1.1, in
this part of the proof we have used only the following ones: g(s) > 0 for all
s €10, p], limsup,_, . |g(s)|/s < +o0, a € L} and a(t) > 0 for a.e. t € I,
with [, a(t) dt > 0. <

6.4.2 Checking the assumptions of Lemma 6.2.2 for r small

We prove that condition (Hg;) of Lemma 6.2.2 is satisfied for d = r
sufficiently small. We proceed as in the proof of Theorem 3.2.1. Indeed,
we claim that there exists g > 0 such that there is no non-negative T-
periodic solution u(t) of (6.2.4) for some ¢ € |0, 1] with ||u|lcc = 7 € |0, 70].
Arguing by contradiction, we suppose that there exists a sequence of T-
periodic functions u, (t) with u,(¢) > 0 for all ¢ € R and such that

wn (t) + cul, (t) + Inha(t)g(u,(t)) = 0, (6.4.10)

for a.e. t € R with 9,, € ]0,1], and also such that ||u,|/cc = — 0T. Let
t¥ € [0,T] be such that u,(t}) = rp.
We define . .
vn(t) : un(t) _un()’ teR,

B |t ] B Tn
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and observe that (6.4.10) can be equivalently written as
Vi (t) + cvl, (t) + InAa(t)q(un(t)) v, (t) = 0, (6.4.11)

where the map ¢: Rt — R* is defined as ¢(s) := g(s)/s for s > 0 and
q(0) = 0. Notice that ¢ is continuous on R* (by condition (go)). Moreover,
q(un(t)) — 0 uniformly in R, as a consequence of ||up||ec — 0. Multiplying
equation (6.4.11) by v, and integrating on [0, 7], we find

T
lenlizy = [ eh@de < Alally, sup Jaun(®)] 0. a5 0 oc.

lq
te[0,7

As an easy consequence ||v, — 1]lcc — 0, as n — 0.
Integrating (6.4.10) on [0, T'] and using the periodic boundary conditions,
we have

T T T
0= [ atgtumnae= [ aOgtra) i+ [ a)(araon ) - glr)
and hence, dividing by g(r,,) > 0, we obtain

g(rnvn(t))

T
0<—/ a(t)dt < |lall;1 sup
[ ayar < ol o

t€[0,T]

-1.

Using the fact that g(s) is regularly oscillating at zero and v,(t) — 1 uni-
formly as n — oo, we find that the right-hand side of the above inequality
tends to zero and thus we achieve a contradiction. O

Remark 6.4.2. Notice that, among the assumptions of Theorem 6.1.1, in
this part of the proof we have used only the following ones (for verifying
(H,)): g(s) > 0 for all s in a right neighborhood of s = 0, g(s) regularly
oscillating at zero and satisfying (go), a € L. with fOT a(t)dt < 0. <

6.4.3 Checking the assumptions of Lemma 6.2.2 for R large

We are going to check that condition (Hy) of Lemma 6.2.2 is satisfied for
d = R sufficiently large. In other words, we claim that there exists Ry > 0
such that there is no non-negative T-periodic solution wu(t) of (6.2.4) for
some ¥ € |0, 1] with ||u|]|cc = R > Rp. Arguing by contradiction, we suppose
that there exists a sequence of T-periodic functions uy(t) with wu,(t) > 0 for
all £ € R and such that

ur (t) + cul, () + IpAa(t)g(un(t)) = 0, (6.4.12)

for a.e. t € R with 9,, € ]0, 1], and also such that ||up||cc = Rn — +00. Let
t € [0,T] be such that u,(t}) = Ry,.
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First of all, we claim that w,(t) — oo uniformly in ¢ (as n — 00).
Indeed, to be more precise, we have that u,(t) > R, /2 for all t. To prove
this assertion, let us suppose, by contradiction, that minu,(t) < R,/2. In
this case, we can take a maximal compact interval [au,, 5,] containing ¢¥ and
such that u,(t) > R, /2 for allt € [ay, B,]. By the maximality of the interval,
we also have that up(a,) = un(Bn) = Rp/2 with u) () > 0 > ul,(By).

We set

Ry,
wp(t) = up(t) — < teR,
and observe that 0 < wy,(t) < R, /2 for all t € [ay, ,]. Equation (6.4.12)
reads equivalently as

—wy (t) — cwy (t) = InAa(t)g(un(t)).
Multiplying this equation by w,(¢) and integrating on [ay,, 3,], we obtain
ﬁn , 9 Rn
w0 d < Nall, 2 supJg(s)]
an B <s<Rn

From condition (goo), for any fixed ¢ > 0 there exists L. > 0 such that
lg(s)| < es, for all s > L.. Thus, for n sufficiently large so that R, > 2L,
we find

Bn 1
wl () dt < ~XeR2|lal| L.
an 2 T
By an elementary form of the Poincaré-Sobolev inequality, we conclude that
]ﬁl = max |w,(t)]? < T/Bn w! (1) dt < 1)\z;‘TRQHaH 1
4 t€(an,Bn] " o Qn " — 2 " LT

and a contradiction is achieved if we take € sufficiently small.
Consider now the auxiliary function

L un (t) _un(t)
) = e = Ra

t €R,

and divide equation (6.4.12) by R,,. In this manner we obtain again (6.4.11).
By (9goo) and the fact that w,(t) — +oo uniformly in ¢, we conclude that
q(un(t)) = glun(t))/un(t) — 0 uniformly (as n — oo). Hence, we are
exactly in the same situation as in the case we have already discussed above
in Section 6.4.2 for r small and we can end the proof in a similar way.
More precisely, ||v],]| 1z > 0asn — o0 (this follows by multiplying equation
(6.4.11) by v, (t) and integrating on [0,T7) so that ||v, —1|lecc — 0, as n — oco.
Then, integrating equation (6.4.12) on [0,7] and dividing by g(R,) > 0, we

obtain
g(Rpvp (t))

T
()<—/ a(t)dt < lla|l;1 sup
[ ayar < ol e

t€[0,T7]

1.
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Using the fact that g(s) is regularly oscillating at infinity and v,(t) — 1
uniformly as n — oo, we find that the right-hand side of the above inequality
tends to zero and thus we achieve a contradiction. O

Remark 6.4.3. Notice that, among the assumptions of Theorem 6.1.1, in
this part of the proof we have used only the following ones (for verifying
(HR)): g(s) > 0 for all s in a neighborhood of infinity, g(s) regularly oscil-
lating at infinity and satisfying (goo), a € L} with fOT a(t)dt < 0. <

6.5 Related results

In this section we present some consequences and variants obtained from
Theorem 6.1.1. We also examine the cases of nonexistence of solutions when
the parameter A is small.

6.5.1 Proof of Corollary 6.1.1

In order to deduce Corollary 6.1.1 from Theorem 6.1.1, we stress the fact
that the constant A* > 0 (defined in (6.4.9)) is produced along the proof
of Lemma 6.2.1 in dependence of an interval I C [0, 7] where a(t) > 0 and
Jra(t)dt > 0. For this step in the proof we do not need any information
about the weight function on [0,7]\ I. As a consequence, when we apply
our result to equation (6.1.1), we have that \* can be chosen independently
on . On the other hand, for Lemma 6.2.2 with r small as well as with R
large, we do not need any special condition on A (except that A in (6.4.10)
or in (6.4.12) is fixed) and we use only the fact that fOT a(t)dt < 0 (without
requiring any other information on the sign of a(t)). Accordingly, once that
A > A* is fixed, to obtain a pair of positive T-periodic solutions we only
need to check that the integral of the weight function on [0, 7] is negative.
For equation (6.1.1) this condition is equivalent to

i S at(t) dt.
AT [ Ta(t)dt

By the above remarks, we deduce immediately Corollary 6.1.1 from Theo-
rem 6.1.1. O

6.5.2 Existence of small/large solutions

Theorem 6.1.1 guarantees the existence of at least two positive T-periodic
solutions of equation (&)). In more detail, we have found a first solution in
Q,,1\ B[0,r] and a second one in B(0, R)\ cl(€2, 1 N B(0, Ry)), verifying that
the coincidence degree is non-zero in these sets (see (6.3.1) and (6.3.2)). The
positivity of both the solutions follows from maximum principle arguments.
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A careful reading of the proof (cf. Section 6.4) shows that weaker conditions
on g(s) are sufficient to repeat some of the steps in Section 6.3 in order to
prove (6.3.1) (or (6.3.2)) and thus obtain the existence of a small (or large,
respectively) positive T-periodic solution of (&)).

More precisely, taking into account Remark 6.4.1 and Remark 6.4.2 we
can state the following theorem, ensuring the existence of a small positive
T-periodic solution.

Theorem 6.5.1. Let g: RT™ — R be a continuous function satisfying (gs)

and
limsupﬁ < 400. (6.5.1)
s—+o0 S
Suppose also that g is regqularly oscillating at zero and satisfies (go). Let
a: R — R be a locally integrable T-periodic function satisfying the average
condition (ax). Furthermore, suppose that there exists an interval I C [0,T]
such that a(t) > 0 for a.e. t € I and [;a(t)dt > 0. Then there exists \* > 0
such that for each X > \* equation (&)\) has at least a positive T-periodic
solution.

On the other hand, in view of Remark 6.4.1 and Remark 6.4.3 we have the
following result giving the existence of a large positive T-periodic solution.

Theorem 6.5.2. Let g: RT™ — R be a continuous function satisfying (gs)

and

limsup@ < 400. (6.5.2)

s—0t §
Suppose also that g is regularly oscillating at infinity and satisfies (goo). Let
a: R — R be a locally integrable T-periodic function satisfying the average
condition (ax). Furthermore, suppose that there exists an interval I C [0,T]
such that a(t) > 0 for a.e. t € I and [;a(t)dt > 0. Then there exists \* > 0
such that for each X > \* equation (&\) has at least a positive T-periodic
solution.

Notice that the possibility of applying a strong maximum principle (in
order to obtain positive solutions) is ensured by (go) in Theorem 6.5.1, while
it follows by (6.5.2) in Theorem 6.5.2. The dual condition (6.5.1) in The-
orem 6.5.1 is, on the other hand, needed to apply Gronwall’s inequality
(checking the assumptions of Lemma 6.2.1).

6.5.3 Smoothness versus regular oscillation

It can be observed that the assumptions of regular oscillation of g(s)
at zero or, respectively, at infinity can be replaced by suitable smoothness
assumptions. Indeed, we can provide an alternative manner to check the
assumptions of Lemma 6.2.2 for r small or R large, by assuming that g(s)
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is smooth in a neighborhood of zero or, respectively, in a neighborhood
of infinity. For this purpose, we present some preliminary considerations
(cf. Proposition 3.2.1).

Let u(t) be a positive and T-periodic solution of

u” + e +va(t)g(u) =0, (6.5.3)

where v > 0 is a given parameter (in the following, we will take v = \ or
v = YA). Suppose that the map g¢(s) is continuously differentiable on an
interval containing the range of u(t). In such a situation, we can perform
the change of variable

u'(t)
2(t) = . teR, 6.5.4
W g (0:5:4)
and observe that z(t) satisfies
24 ez = —vg'(u(t)2? — a(t). (6.5.5)

The function z(t) is absolutely continuous, T-periodic with fOT z(t)dt =0
and, moreover, there exists a t* € [0, 7] such that z(t*) = 0.

This change of variable (recently considered also in [39]) is used to pro-
vide a nonexistence result as well as a priori bounds for the solutions. We
premise the following result.

Lemma 6.5.1. Let J C R be an interval. Let g: J — Rar be a continuously
differentiable function with bounded derivative (on J). Let a € L. satisfy
(ay). Then there exists w, > 0 such that, if

v sup |g'(s)| < wa,
sed

there are no T-periodic solutions of (6.5.3) with u(t) € J, for all t € R.

Proof. For notational convenience, let us set

D = sup|g'(s)].
sed

First of all, we fix a positive constant M > e‘C‘THaHLlT and define

M —eldT|all — [T a(t)dt
Wy 1= min{ H HL%F fo a( ) .

M2TeldT 7 M2T
Note that w, does not depend on v, J and D. We shall prove that if

0<vD < wy
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equation (6.5.3) has no T-periodic solution u(t) with range in J.
By contradiction we suppose that u(t) is a solution of (6.5.3) with u(t) €
J, for all ¢t € R. Setting z(¢) as in (6.5.4), we claim that

[2lloc < M. (6.5.6)

Indeed, if by contradiction we suppose that (6.5.6) is not true, then using
the fact that z(¢) vanishes at some point of [0,7], we can find a maximal
interval Z of the form [t*, 7] or [r,t*] such that |z(t)| < M for all ¢t € Z and
|z(t)] > M for some t ¢ Z. By the maximality of the interval Z, we also
know that |z(7)| = M. Multiplying equation (6.5.5) by e“*_7) yields

(2(1)ect7) = (—vg (u(t)2*(t) — a(t)) et
Then, integrating on Z and passing to the absolute value, we obtain
M = [2(7)] = |2(7) = 2(¢*)ect™ )

/ vy (u(t))2%(t) dt
T

< vDM?TelT + HaHL1Te‘C‘T

< T 4 Jlaf| 5 el

< w, MPTeldT 4 ||a||L%Fe|C‘T < M,

a contradiction. In this manner, we have verified that (6.5.6) is true.
Now, integrating (6.5.5) on [0, 7] and using (6.5.6), we reach

T T T
0<-— / a(t) dt = / v (u())22(t) dt < w,M2T < — / at) dt,
0 0 0
a contradiction. This concludes the proof. O

The same change of variable is employed to provide the following variant
of Theorem 6.1.1.

Theorem 6.5.3. Let g: RT™ — R be a continuous function satisfying (gs)
and such that g(s) is continuously differentiable on a right neighborhood of
s =0 and on a neighborhood of infinity. Suppose also that (go) and

(95) g'(00):= lim g¢'(s) =0

hold. Let a: R — R be a locally integrable T-periodic function satisfying the
average condition (ax). Furthermore, suppose that there exists an interval
I C [0,T] such that a(t) > 0 for a.e. t € I and [;a(t) dt > 0. Then there
exists \* > 0 such that for each X > \* equation (&) has at least two positive
T-periodic solutions.
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Proof. We follow the scheme described in Section 6.3. The verification of
the assumptions of Lemma 6.2.1 for A large is exactly the same as in Sec-
tion 6.4.1. We just describe the changes with respect to Section 6.4.2 and
Section 6.4.3. It is important to emphasize that A > A\* is fixed from now
on.

Verification of the assumption of Lemma 6.2.2 for r small. Let [0, 0] be a
right neighborhood of 0 where g is continuously differentiable. We claim that
there exists rg € |0, e[ such that for all 0 < r < rg and for all ¢ € )0, 1] there
are no non-negative T-periodic solutions u(t) of (6.2.4) such that ||u|. = r.

First of all, we observe that any non-negative T-periodic solution u(t) of
(6.2.4), with ||uljsc = 7, is positive. This follows either by the uniqueness of
the trivial solution (due to the smoothness of g(s) in [0,¢[), or by an ele-
mentary form of the strong maximum principle. Thus we have to prove that
there are no T-periodic solutions u(t) of (6.2.4) with range in the interval
10, 7] (for all 0 < r <rg).

We apply Lemma 6.5.1 to the present situation with v = JA and J =
10, r]. There exists a constant w, > 0 (independent on ) such that there are
no T-periodic solutions with range in ]0, 7] if

’ ’ Wi
= <
Sup lg(s)l = max g'(s)l <

(recall that 0 < ¥ < 1). This latter condition is clearly satisfied for every
r € ]0,70], with 79 > 0 suitably chosen using the continuity of ¢'(s) at
s=0T.
Verification of the assumption of Lemma 6.2.2 for R large. Let |N,+o0]
be a neighborhood of infinity where ¢ is continuously differentiable. As in
Section 6.4.3, we argue by contradiction. Suppose that there exists a se-
quence of non-negative T-periodic functions w,(t) satisfying (6.4.12) and
such that ||up|lcc = Ry — +oo. By the same argument as previously de-
veloped therein, we find that u,(t) > R, /2, for all t € R (for n sufficiently
large). Notice that for this part of the proof we require condition (g,), but
we do not need the hypothesis of regular oscillation at infinity. Clearly, (goo)
is implied by (g..).

For n sufficiently large (such that R, > 2N), we apply Lemma 6.5.1
to the present situation with v = v, := 9, and J = J, := [R,/2, R,].
There exists a constant w, > 0 (independent on n) such that there are no
T-periodic solutions with range in J,, if

/ Wy
max |g'(s)] < —
i <s<Rp A

(recall that 0 < ¥, < 1). This latter condition is clearly satisfied for ev-
ery n sufficiently large as a consequence of condition (g..). The desired
contradiction is thus achieved. O
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Remark 6.5.1. Clearly one can easily produce two further theorems, by
combining the assumptions of regular oscillation at zero (at infinity) with
the smoothness condition at infinity (at zero, respectively). N

6.5.4 Nonexistence results

In the proof of Theorem 6.5.3 we have applied Lemma 6.5.1 to intervals
of the form ]0, 7] or, respectively, [R, /2, R,] in order to check the assump-
tions of Lemma 6.2.2. Clearly, one could apply such a lemma to the whole
interval Rar of positive real numbers. In this manner, we can easily provide
a nonexistence result of positive T-periodic solutions to (&)) when ¢'(s) is
bounded in Ra“ and A is small. With this respect, the following result holds.

Theorem 6.5.4. Let g: RT — R™ be a continuously differentiable function
satisfying (g«), (go) and (gb,). Let a € Lk satisfy (ay). Then there exists
As > 0 such that for each 0 < A < A, equation (&\) has no positive T-
periodic solution.

Proof. First of all, we observe that ¢’ is bounded on R{ (since g(s) is con-
tinuously differentiable in Rt with ¢/(0) = ¢/(c0) = 0). Accordingly, let us
set
D = "(s)].
max [g'(s)]
We apply now Lemma 6.5.1 to equation (&) for J = Rg . This lemma
guarantees the existence of a constant w, > 0 such that, if 0 < A\ < w./D,
(&\) has no positive T-periodic solution. This ensures the existence of a
suitable constant A. > w,/D, as claimed in the statement of the theorem.

O]

At this point, Theorem 6.1.2 is a straightforward consequence of Theo-
rem 6.5.3 and Theorem 6.5.4.

6.6 Dirichlet and Neumann boundary conditions

In this final section we briefly describe how to obtain the preceding
results for the Dirichlet and Neumann boundary value problems. For the
sake of simplicity, we deal with the case ¢ = 0. If ¢ # 0, we can write
equation (&)) as

(u’e“)/ +Aa(t)g(u) =0, with a(t) := a(t)e”,
and enter the setting of coincidence degree theory for the linear operator
L:uwr —(u'e?).
Accordingly, we consider the boundary value problems

{ u’ 4+ Xa(t)g(u) =0 and { u’ 4+ Xa(t)g(u) =0
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where a: [0,7] — R and g(s) satisfy the same conditions as in the previous
sections. The abstract setting of Section 6.2 can be reproduced almost
verbatim with X := C([0,T)]), Z := L'([0,T]) and L: u ~ —u", by taking

dom L := {u e W2L[0,T]): u(0) = w(T) = 0}
with Dirichlet boundary conditions, and
dom L := {u € W20, T]): «'(0) = ' (T) = 0}

with Neumann boundary conditions, respectively. We stress that, concern-
ing the Dirichlet problem, the differential operator L is invertible (indeed it
can be expressed by means of the Green’s function), so that the coincidence
degree theory reduces to the classical Leray-Schauder one for the locally
compact operators as ®y = L~'N,y.

All the results till Section 6.5 can be now restated for problems (6.6.1).
In particular, we obtain again Theorem 6.1.1, Theorem 6.5.3 and Theo-
rem 6.5.4, as well as their corollaries for equation (&)) (with ¢ = 0 and the
Dirichlet/Neumann boundary conditions).

We present now a consequence of these results to the study of a PDE
in an annular domain. In order to simplify the exposition of the next re-
sults, we assume the continuity of the weight function. In this manner, the
solutions we find are the “classical” ones (at least two times continuously
differentiable).

6.6.1 Radially symmetric solutions

Let || - || be the Euclidean norm in RY (for N > 2) and let
Q:= B(0,Ry) \ B[0, R1] = {z e RN : Ry < ||z| < R}

be an open annular domain, with 0 < Ry < Ro.
We deal with the Dirichlet boundary value problem

—Au = Mg(x)g(u) in Q
(@)g(w) 662
u =0 on 0f2
and with the Neumann boundary value problem
—Au = Ag(z)g(u) in Q
ou (6.6.3)

87[1:0 on 0.

We assume that ¢: Q — R is a continuous function which is radially sym-
metric, namely there exists a continuous scalar function Q: [R;, Ro] — R
such that

q(z) = Q(|lz])), Ve
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We look for existence/nonexistence and multiplicity of radially symmetric
positive solutions of (6.6.2) and of (6.6.3), that are classical solutions such
that u(z) > 0 for all x € Q and also u(z) = U(||z||), where U is a scalar
function defined on [R;, Ra].

Accordingly, our study can be reduced to the search of positive solutions
of the Dirichlet/Neumann boundary value problem on [Rj, Rs] associated
with

" N -1 /
u'(r) + TU (r) + AQ(r)g(U(r)) = 0. (6.6.4)
As explained in Section C.2, using the standard change of variable
t=hir)i= [ €N de
Ry
and defining
Ry
T:= eNde, r(t):=h7t(t) and w(t) =U(r(t)),
Ry
we transform (6.6.4) into the equivalent equation
v + Xa(t)g(v) =0 (6.6.5)
with
a(t) = r(t)* D Q(r(1)).
Moreover, the boundary conditions becomes

v(0)=v(T)=0 and o'(0)=(T)=0,

respectively. Consequently, the Dirichlet/Neumann boundary value prob-
lems associated with (6.6.5) are of the same form of (6.6.1) and we can
apply the previous results.

Notice that condition (a4) reads as

T Ro
r(t)2! N Y Q(r = V7O (r) dr.
o>/0 (0N D Q(r(r)) dt /R Q(r) d

Up to a multiplicative constant, the latter integral is the integral of ¢(x)
on 2, using the change of variable formula for radially symmetric functions.
Thus, a(t) satisfies (ay) if and only if

(a4) /Qq(m) dx < 0.

The analogue of Theorem 6.1.1 for problems (6.6.2) and (6.6.3) now
becomes the following.
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Theorem 6.6.1. Let g: RT — R be a continuous function satisfying (gs).
Suppose also that g is reqularly oscillating at zero and at infinity and satisfies
(90) and (gso). Let q(z) be a continuous (radial) weight function as above
satisfying (qu) and such that q(zo) > 0 for some xy € Q. Then there exists
A* > 0 such that for each X > X* problem (6.6.2) ((6.6.3), respectively) has
at least two positive radially symmetric solutions.

Analogously, if we replace the regularly oscillating conditions with the
smoothness assumptions, from Theorem 6.5.3 and Theorem 6.5.4, we obtain
the next result.

Theorem 6.6.2. Let g: RT — RT be a continuously differentiable function
satisfying (gs+), (go) and (g..). Let q(x) be a continuous (radial) weight
function as above satisfying (q4) and such that q(xg) > 0 for some zo € Q.
Then there exist two positive constant A\, < A* such that for each 0 < A <
A« there are no positive radially symmetric solutions for problem (6.6.2)
((6.6.3), respectively), while for each A > \* there exist at least two positive
radially symmetric solutions. Moreover, if g'(s) > 0 for all s > 0, then
condition (g ) is also necessary.



Chapter

High multiplicity results

In this chapter we continue the investigation initiated in Chapter 6 with
the aim to provide some multiplicity results for positive solutions to Dirich-
let, Neumann and periodic boundary value problems associated with the
second order nonlinear differential equation

(Exn) u"+(Xa™ (t) — pa” (1)) g(u) =0,

where a(t) is a sign-changing weight function and g¢(s) is a function with
superlinear growth at zero, sublinear growth at infinity and positive on ]Rar.
As in the previous chapter, we focus our attention on the periodic problem;
however, for simplicity in the exposition, we prefer to treat the case without
the additive term cu’ (see also the discussion in Section 7.7.1).

For A, positive and large, we prove the existence of 3™ — 1 positive
T-periodic solutions when the weight function a(t) has m positive humps
separated by m negative ones (in a T-periodicity interval). The proof is
based on coincidence degree theory for locally compact operators on open
unbounded sets and also applies to Neumann and Dirichlet boundary con-
ditions.

The plan of the chapter is the following. In Section 7.1 we list the
hypothesis on a(t) and on ¢(s) that we assume for the rest of the chapter and
we present our main result (Theorem 7.1.1). In Section 7.2 we introduce the
functional analytic framework to deal with the periodic problem associated
with (&) ,) in the setting of the Mawhin’s coincidence degree theory. In
Section 7.3 we define the open and unbounded sets AZY and describe the
general strategy for the proof of the degree formula

deg,g(Id — @ ., AT7,0) # 0. (7.0.1)

In more detail, we first introduce some auxiliary open and unbounded sets
057 and we then present two lemmas (Lemma 7.3.1 and Lemma 7.3.2) for
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the computation of
degps(Id — @y ,, 257, 0). (7.0.2)

The obtention of (7.0.1) from the evaluation of the degrees in (7.0.2) is
justified in Section 7.5 using a purely combinatorial argument. In Section 7.4
we actually show, by means of some careful estimates on the solutions of
some parameterized equations related to (&) ,), that the above lemmas and
the general strategy can be applied for A and p large, thus concluding the
proof of Theorem 7.1.1. In Section 7.6 we present some general properties
of (not necessarily periodic) positive solutions of (&} ) defined on the whole
real line and we discuss the limit behavior for ;4 — 4o00. The chapter ends
with Section 7.7, where we discuss variants and extensions of Theorem 7.1.1
and we also present an application to radially symmetric solutions for some
elliptic PDEs.

7.1 The main multiplicity result

In this section we present our main existence results for positive T-
periodic solutions to (&) ;) in dependence of the real parameters A, 1 > 0.
Let g: Rt — R™ be a continuous function satisfying the sign hypothesis

(9+) g(0) =0, g(s) >0 for s> 0,

as well as the conditions of superlinear growth at zero

g(s)

li =0
(g0) B

and sublinear growth at infinity

(goo) lim @ =0.

s—+oo 8§

Concerning the weight
aru(t) :=Aat(t) — pa=(t), teR,

we assume that a: R — R is a T-periodic locally integrable sign-changing
function, that is

T T
/ cﬁ(t)dt;éo;é/ a”(t)dt.
0 0
More precisely, we suppose that
(ay) there exist 2m + 1 points (with m > 1)
01 <7 <..<0<H<...<0m <Tm < Om+1,

with om+1 — o1 = T, such that, fori=1,...,m, a(t) = 0 on [0;, 4]
and a(t) <0 on [1;, 0441,
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Without loss of generality, due to the T-periodicity of the function a(t), in
the sequel we assume that oy =0 and 0y,41 =T. Fori =1,...,m, we also
set

It :=lo;,7] and I7 =1, 0041 (7.1.1)

2

As already observed in the previous chapters, whenever ¢'(s) > 0 for any
s > 0, a necessary condition for the existence of positive Neumann/periodic
solutions to (&) ) turns out to be

T
/ a,\,u(t) dt < 0,
0
which equivalently reads as
[ at(t)dt
JFa=(tydt

Then, the following result holds true.

p> pt() = A (7.1.2)

Theorem 7.1.1. Let g: RT — R™ be a continuous function satisfying (g«),
(g0) and (9oo). Let a: R — R be a T-periodic locally integrable function
satisfying (a.). Then there exists \* > 0 such that for each A > \* there
exists p*(X) > 0 such that for each p > p*(X) equation (&) has at least
3™ — 1 positive T-periodic solutions.

More precisely, fived an arbitrary constant p > 0 there exists \* =
A*(p) > 0 such that for each X > X* there exist two constants r, R with
0<r<p<Rand p*(N\) = p*(A\,r,R) > 0 such that for any p > p*(\) and
any finite string S = (S1,...,Sm) € {0,1,2}™, with S # (0,...,0), there
exists a positive T-periodic solution u(t) of (&) ) such that

e max, ,+u(t) <r, if §; = 0;
o 7 < maxX, r+ u(t) <p,ifSi=1;
e p < maX,  + u(t) < R,if S =2.

Remark 7.1.1. As already anticipated, the same multiplicity result holds
true for the Neumann as well as for the Dirichlet problems associated with
(éx,) on the interval [0,7]. Dealing with these boundary value problems,
the weight function a(t) is allowed to be negative on a right neighborhood
of 0 and/or positive on a left neighborhood of T'. Indeed, what is crucial to
obtain 3" —1 positive solutions is the fact that there are m positive humps of
the weight function which are separated by negative ones. Accordingly, if we
study the Neumann or the Dirichlet problems on [0, 7] it will be sufficient to
suppose that there are m — 1 intervals where a(t) < 0 separating m intervals
where a(t) > 0. On the other hand, the nature of periodic boundary condi-
tions requires that the positive humps of the weight coefficient are separated
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by negative humps on [0,7]/{0,T} ~ R/T7Z ~ S'. This is the reason for
which condition (a.) for the periodic problem is conventionally expressed
assuming that, in an interval of length 7', the weight function starts positive
and ends negative. For a more detailed discussion, see Section 7.7.2. <

Let us now make some comments about Theorem 7.1.1, trying at first
to explain its meaning in an informal way. The existence of 3" — 1 positive
solutions comes from the possibility of prescribing, for a positive T-periodic
solution of (&) ,), the behavior in each interval of positivity of the weight
function a(t) among three possible ones: either the solution is “very small”
on I (if §; = 0), or it is “small” (if S; = 1) or it is “large” (if S; =
2). This is related to the fact that three non-negative solutions for the
Dirichlet problem associated with u” + Aa™(t)g(u) = 0 on I} are always
available, when ¢(s) is super-sublinear, for A > 0 large enough: the trivial
one, and two positive solutions given by Rabinowitz’s theorem (cf. [I5g]).
This point of view can be made completely rigorous by showing that the
solutions constructed in Theorem 7.1.1 converge, for u — +00, to solutions
of the Dirichlet problem associated with u” + Aa*t(t)g(u) = 0 on each I;"
and to zero on |J; I, (see the second part of Section 7.6 for a detailed
discussion). With this is mind, one can interpret Theorem 7.1.1 as a singular
perturbation result from the limit case g = +o0o0. Indeed, by taking into
account all the possibilities for the non-negative solutions of the Dirichlet
problem associated with u” +Aa™(¢)g(u) = 0 on each I;", one finds 3™ limit
profiles for positive solutions to (&) ,). Among them, 3" — 1 are nontrivial
and give rise, for p > 0, to 3™ — 1 positive T-periodic solutions to (&3 ),
while the trivial limit profile still persists as the trivial solution to (&) ,) for
any p > 0.

What may appear as a relevant aspect of our result is the fact that a
minimal set of assumptions on the nonlinearity g(s) is required. Indeed,
only positivity, continuity and the hypotheses on the limits g(s)/s for s —
0T and s — +oo are required. In particular, no supplementary power-
type growth conditions at zero or at infinity are needed. In Chapter 6
we obtain the existence of at least two positive T-periodic solutions under
the sharp condition (7.1.2) on the coefficient p; on the other hand, some
extra (although mild) assumptions on g(s) are imposed. It is interesting to
observe that increasing the value of p yields both abundance of solutions
and no-extra assumptions on g(s).

7.2 The abstract setting of the coincidence degree
Dealing with boundary value problems, it is often convenient to choose

spaces of functions defined on compact domains. Therefore, for the T-
periodic problem, as usual, we shall restrict ourselves to functions u(t) de-
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fined on [0,7] and such that
u(0) = u(T), u'(0) = /(7). (7.2.1)

In the sequel, solutions of a given second order differential equation satisfying
the boundary condition (7.2.1) will be referred to as T-periodic solutions.

Let X := C([0,T]) be the space of continuous functions u: [0,7] — R,
endowed with the norm

U = max |u(t)],
el = masx (o)

and let Z := L(]0,T]) be the space of integrable functions v: [0,7] — R,

endowed with the norm
T
ol = [l

As well known, the differential operator
L:uw— —u”,
defined on
dom L := {u € W>'([0,T]): u(0) = u(T), «'(0) = u/(T)} C X,

is a linear Fredholm map of index zero with range

ImL = {UG Z: /OTv(t)dtzo}.

Moreover, as usual, we can define the projectors P: X — ker L = R and
Q: Z — coker L = Z/Im L = R, as the average operators

Finally, let Kp: Im L — dom L Nker P be the right inverse of L, that is the
operator that to any function v € L([0,77]) with fOTv(t) dt = 0 associates
the unique T-periodic solution u of

T
u” +o(t) =0, mm./ u(t)dt = 0.
0

Next, we introduce the L'-Carathéodory function

—s, if s <0;
axu(t)g(s), if s>0;

f)\7u(t, S) = {
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where a: R — R is a locally integrable T-periodic function, g: R* — RT is
a continuous function with g(0) = 0 and A, u > 0 are fixed parameters. Let
us denote by N) ,: X — Z the Nemytskii operator induced by the function
S, that is

(Nay)(t) == Fr(tou(®), te[0,T]

By coincidence degree theory, the operator equation
Lu= Ny ,u, ué€domlL,
is equivalent to the fixed point problem
u=®) ,u:=Pu+QN),u+ Kp(ld— Q)N u, uelX.

Notice that the term QQIV) ,u in the above formula should be more correctly
written as JQN) ,u, where J is a linear (orientation-preserving) isomor-
phism from coker L to ker L. However, in our situation, both coker L, as
well as ker L, can be identified with R, so that we can take as J the identity
on R. It is standard to verify that ®, ,: X — X is a completely continuous
operator and thus we say that N , is L-completely continuous.

In the sequel we will apply this general setting in the following manner.
We consider a L-completely continuous operator N and an open (not neces-
sarily bounded) set A such that the solution set {u € ANdom L: Lu = Nu}
is compact and disjoint from d.A. Therefore D (L — N, A) is well-defined.
We will proceed analogously when dealing with homotopies.

We notice that, by the existence theorem, if Dr(L — N) ,,Q) # 0 for
some open set 2 C X, then equation

u’ + fau(tu) =0 (7.2.2)

has at least one solution in 2 satisfying the boundary condition (7.2.1). If
we denote by u(t) such a solution, we have that u(t) can be extended by T-
periodicity to a T-periodic solution of (7.2.2) defined on the whole real line.
Moreover, a standard application of the maximum principle ensures that
u(t) > 0 for all ¢ € R. Finally, if g(s)/s is bounded in a right neighborhood
of s = 0 (a situation which always occurs if we assume (go)), then either
u=0oru(t) >0 forall t € R.

Remark 7.2.1. As already observed in the introduction and in Section 7.1,
our main attention is devoted to the investigation of the periodic problem for
Lu = —u”, while, for Neumann and Dirichlet boundary conditions, as well
as for other operators, we only underline which modifications are needed.
If we study the Neumann problem, we just modify the domain of L as

dom L := {u € W>'([0,T]): v/ (0) =u/(T) =0} C X

and all the rest is basically the same with elementary modifications. Ob-
viously, the right inverse of L now is the operator which associates to any
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function v € L([0,T]) satisfying fOT v(t) dt = 0 the unique solution of
u” +v(t) = 0 with «/(0) = «/(T) = 0 and fOT u(t)dt = 0.
In the case of the Dirichlet problem, the domain of L is

dom L := Wy ([0,T)) = {u € W*([0,T]): u(0) = u(T) =0} C X,

but now the differential operator L is invertible (indeed it can be expressed
by means of the Green’s function), so that ®, , = L_INML. In this situation,
coincidence degree theory reduces to the classical Leray-Schauder one for
locally compact operators.

Finally, we observe that the above framework remains substantially un-
changed for other classes of linear differential operators. In the periodic case,
exactly the same considerations as above are valid if we take the operator

L:uw —u" —c,

where ¢ € R is an arbitrary but fixed constant (recall that the maximum
principle is still valid in this setting, see Appendix C). This, in principle,
allows us to insert a dissipation term in equation (&) ,) (see Section 7.7.1
for a more detailed discussion).

Concerning the Neumann and the Dirichlet problems, we can easily deal
with self-adjoint differential operators of the form

L:uw— —(pt)u'),

with p(t) > 0 for all ¢ € [0,7]. We do not insist further on these aspects;
however, we will present later a special example of p(¢) which naturally
arises in the study of radially symmetric solutions of elliptic PDEs (see
Section 7.7.3). <

7.3 Proof of Theorem 7.1.1: an outline

The proof of Theorem 7.1.1 and its variants is based on the abstract
setting described in the previous section but it also requires some careful
estimates on the solutions of (&) ,) and of some related equations. In this
section we first introduce some special open sets of the Banach space X
where the coincidence degree will be computed and next we present the
main steps which are required for these computations. In this manner we
can skip for a moment all the technical estimates (which are developed in
Section 7.4) and focus ourselves on the general strategy of the proof.

From now on, all the assumptions on a(t) and g(s) in Theorem 7.1.1 will
be implicitly assumed.
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7.3.1 General strategy

Let us fix an arbitrary constant p > 0. Depending on p, we determine a
value A* = A*(p) > 0 such that, for A > A\*, any non-negative solution to

u” 4+ Xa™ (t)g(u) = 0,

with max, ¢+ u(t) = p, must vanish on I} (whatever the index i =1...,m).

This fact is expressed in a more formal way in Lemma 7.4.1 (where we also
consider a more general equation). From now on, both p and A > \* are
fixed.

Next, given any constants r, R with 0 < r < p < R and for any pair of
subsets of indices Z, J C {1,...,m} (possibly empty) with ZN 7 = ), we
define the open and unbounded set

max,+ |u| <r, i€ {l,....m}\(ZUJ)
=ucX: max,+|u| <p, i€l . (7.3.1)
max+ [u| < R, i€ J

,J
YR

See Figure 7.1 for the representations of the sets Q(IT‘Z R)
Then, in Section 7.4.2 we determine two specific constants r, R with
0 < r < p < R such that, for any choice of Z, J as above, the coincidence

degree

when m = 2.

Dy (L = N Q(Z#:Z,R))

is defined, provided that p is sufficiently large (say u > p*(A\, 7, R)). Along
this process, in Section 7.4.3 and Section 7.4.4 we also prove Theorem 7.3.1
below.

Theorem 7.3.1. In the above setting, it holds that

Q“’):{Q 170 (7.3.2)

Dr(L = Ny (r,p,R) 1, if T=0.

Then, having fixed p, A, r, R, u as above, we further introduce the open
and unbounded sets

max + [u| <r, i€ {l,...,m}\ (ZUJ)
A(IT“ZR) = qu € X: r<max;: lu| <p, i€Z . (7.3.3)
p<max;+|ul <R,icJ

See Figure 7.2 for the representations of the sets Agj‘z R) when m = 2.

From Theorem 7.3.1 and the combinatorial argument presented in Sec-
tion 7.5, we can prove the following.
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0 1 02 T2 T 0 T 02 T2 T 0 1 02 T2 T

Figure 7.1: The figure represents the family of sets Q(IT‘Z R) when m = 2 and the
subintervals of positivity I;” := [0,71] and I := [02,72] are arranged as in the
figure. The sets Q(IT‘Z gy are made up of the continuous functions on [0, 7] which
are in the blue area on the intervals I;" and I, while in the remaining izngervals

there are no constraints. We consider only the non-negative function in 2 (1o R)*

Theorem 7.3.2. In the above setting, it holds that

Dr(L = Nay, AL ) = (1D)FE. (7.3.4)

As a consequence of the existence property for the coincidence degree,
we thus obtain the existence of a T-periodic solution of (7.2.2) in each of
these 3™ sets A(IT”Z R) (taking into account all the possible cases for Z, 7).

Notice that A%?(r, p, R) contains the trivial solution. In all the other 3" —1
sets the solution must be nontrivial and hence, by the maximum principle
argument recalled in the previous section, a positive solution of (&) ,). In
this manner we can conclude that, for each choice of Z, 7 with ZU J # (),
there exists at least one positive T-periodic solution u(t) of (&} ,) such that

e 0 <max, ;+u(t)<r, fori ¢ ZUJ;
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Figure 7.2: The figure represents the family of sets Ai’i’ Ry when m = 2 and the
subintervals of positivity I;” := [0,71] and I := [02,72] are arranged as in the
figure. The sets A(IT”‘Z’ r) are made up of the functions in Q(IT‘Z R) such that the
maximum on I;” (i = 1,2) is in the green area. We consider only the non-negative

: : ,J
function in A(r,p, R)"

o r <max, ;+ u(t) < p, for all i € Z;
o p<max, ;+u(t) <R, foraliecJ.

Finally, in order to achieve the conclusion of Theorem 7.1.1, we just ob-
serve that, given any finite string S = (S1,...,Sn) € {0,1,2}™, with
S #(0,...,0), we can associate to S the sets

T:={ie{l,....om}:S;=1}, J:={ie{l,....m}: S =2},

so that §; = 0 when i ¢ ZU J. This fact completes the proof of Theo-
rem 7.1.1. O
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7.3.2 Degree lemmas

For the proof of Theorem 7.3.1, we need to compute the topological
degrees in formula (7.3.2). To this end, we will use the following results.

Lemma 7.3.1. Let Z # () and A\, > 0. Assume that there exists v €
LY([0,T)), withv(t) = 0 on[0,T] andv = 0 onJ, I, , such that the following
properties hold.

(H1) If a > 0, then any T-periodic solution u(t) of
v+ (Aat(t) — pa” (t))g(u) + aw(t) =0, (7.3.5)
with 0 < u(t) < R for all t € [0,T], satisfies

e max, +u(t) #r, ifi¢ TUJT;
e max, ;+ u(t) # p, ifi € I;
e max, +u(t) # R, ifi € J.

(Hg) There exists o > 0 such that equation (7.3.5), with o = o*, does not
possess any non-negative T-periodic solution u(t) with

u(t) <p, vie |1
1€L

Then it holds that

Dr(L— Ny, Q07 ) =0.

2 2 (r,p, R)
Proof. We adapt to our situation an argument from Lemma 6.2.1 (cf. also
Lemma 4.2.3). We first write the equation

u” + frut,u) +av(t) =0 (7.3.6)
as a coincidence equation in the space X

Lu= N, u+av, ué€domlL,
and we check that the coincidence degree Dy, (L — Nypu— av,Qé‘Z R)) is
well-defined for any o > 0. To this end, for a > 0, we consider the solution
set

Ro = {u e a(af;

We have that u € R,, if and only if u(t) is a T-periodic solution of (7.3.6)
with |u(t)] < rforall t € I7 if i ¢ TUJ, |u(t)] < p for all t € I if
i €T, and |u(t)] < R for all t € [;" if i € J. By a maximum principle
argument, we find u(t) > 0 for any t. Moreover, taking into account that
v(t) = 0on [0,7] and v =0 on |J, I, , we have that u(t) is concave in each

[t

ZR)) Ndom L: Lu = NA,Hu—#—ow}.
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I" and convex in each I, . As a consequence, u(t) < R for any t. Hence,
Ra € B[0,R] := {u € X: ||lu]|sc < R} and the complete continuity of ®, ,
implies that R, is compact. Furthermore, condition (H;) guarantees that

maxl+u<7“ifi§éIUj, max,+u < pifi €7, and max,+u < Rifi € J.
Thus, R, C Q(Zj R)" In this way we conclude that the coincidence degree
Dy, (L — Ny, —av Q(riR)) is well-defined for any o > 0.

Now, using o as homotopy parameter and using the homotopic invariance

of the degree (with the same argument as above, we can see that | J 4 Ra

el R)) we have that

a€l0,a
is a compact subset of Q(

Dy (L - NA»M7Q€1:Z,R)) = Dp(L=Nyu—a™ Q%?"ZR))

If, by contradiction, thls degree is non-null, then there exists at least one T-
periodic solution u € Q( I "oR) of (7.3.6) with a = o*. Again by the maximum

prmc1ple we then have a non-negative T-periodic solution of (7.3.5) with

a = oF and, since u € Q(I‘ZR) with Z # (), it holds that max;+ u < p if

i € Z. This contradicts assumption (H3) and the proof is completed O

The next result uses a duality theorem by Mawhin which relates the
coincidence degree with the (finite dimensional) Brouwer degree. We recall
also the definition of p#(\) given in (7.1.2).

Lemma 7.3.2. Let Z = 0, A > 0 and p > p”(\). Assume the following
property.

(Hs) If 9 €]0,1], then any T-periodic solution u(t) of
v + 9 (Aa™(t) — pa(t))g(u) =0, (7.3.7)
with 0 < wu(t) < R for all t € [0,T], satisfies
* max,.+ u(t) #r,ifi ¢ J;
* max,+ u(t) # R, ifi€ J.
Then it holds that

Dp(L = Ny, 007 ) = 1.

Proof. We argue similarly as in Lemma 6.2.2. We consider the parameter-
ized equation

u=Vy(u) := Pu+ QN u+9Kp(Id— Q)N u, ueX, vel01]

Let also

S = U {UGCI(Q?{ )): u:\lig(u)}.

9€[0,1]
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Suppose that 0 < ¢ < 1. In this situation, u = ¥y(u) if and only if
Lu=9N)y ,u, uedomlL,
or, equivalently, u(t) is a T-periodic solution of
u”" +I9fu(t,u) = 0.

Ifue CI(Q? :T,R)) we know that max lul < rifi¢ J and max + lu| <
R if i € J. Hence, by a maximum principle, u(t) is a non-negative T-
periodic solution of (7.3.7) and, by a convexity argument, u(t) < R for any
t. Moreover, by (Hs), max;+ u <rifi¢ J and max;+ u < Rifie J.

On the other hand, if ¥ = 0, u is a solution of u = ¥o(u) if and only if

u = Pu+ QN) ,u, that is, u € ker L and QN ,u = 0. Since ker L = R and

1 (T
QN yu = T/ Iau(t,s)dt,  for u = constant = s € R,
0

we conclude that u = s € R is a solution of u = ¥y(u) with u € CI(Q?;,JP R))
if and only if |s| <r if 7 #{1,...,m}and |[s| < Rif J ={1,...,m} and,

moreover, ff ,.(8) = 0, where we have set

-8, if s <0;
(t,s) 1 [T
fA,u / Il (T/ axpu(t) dt)g(s), if s > 0.
0

If 4 > p#(\), we have that fj\#u satisfies ff#(s)s < 0 for s # 0. Hence
u=0.
We conclude that the set S is compact and contained in ol By the

(r.p,RR)
homotopic invariance of the coincidence degree, we have that

, 0,
Dr(L = Nay, Q(rp R)) = degys(Id — ¥y, Q(ri R)’ ,0)
0,
= degy,g(Id — Vo, Q(ri R) ,0)

= degp (—QNx plier £, 2 07 gy Nker L,0)
= degB(_f;\%M‘kerLa ]_d> d[, 0) =1

where d = r or d = R according to whether J # {1,...,m} or J =
{1,...,m}. This concludes the proof. O

Remark 7.3.1. When dealing with other differential operators L or with
Neumann and Dirichlet boundary conditions, some changes are required.
First of all we notice that Lemma 7.3.1 and Lemma 7.3.2 hold exactly the

same for the T-periodic problem and the differential operator u — —u” —cu’.
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The same is true for Neumann boundary conditions: we have only to assume
for equation (7.3.5) and (7.3.7) that u(t) is a solution satisfying u/(0) =
u'(T) = 0. For these cases, no relevant changes are needed in the proofs.

Concerning the Dirichlet problem the following modifications are in or-
der. First, in all the degree formulas the terms Dr(L — Ny ,,-) have to
be replaced by deg;¢(Id — L_lN,\#, -,0). Secondly, in equations (7.3.5) and
(7.3.7) we have to suppose that u(t) is a solution satisfying u(0) = w(7T") = 0.
Finally, we strongly simplify the argument in the proof of Lemma 7.3.2 since,
when ¢ = 0, we directly reduce to the trivial equation © = 0. Therefore the
homotopic invariance of the Leray-Schauder degree (with respect to the pa-
rameter ¥ € [0,1]) yields

Dr(L — Ny, Q"7

07 ) = degs(Id, Q07 1 0) =1,

(r,p,R)’
because 0 € Q@;j g+ In this case the condition p > p# () is not required in
Lemma 7.3.2. However, the largeness of p will be in any case needed later

in subsequent technical estimates. <

7.4 Proof of Theorem 7.1.1: the details

In view of the general strategy for the proof described in Section 7.3,
we are going to prove that the assumptions (H;), (H2) of Lemma 7.3.1 and
(H3) of Lemma 7.3.2 are satisfied for suitable choices of r,p, R and A,y
large enough. These proofs are given in the second part of this section (see
Section 7.4.3 and Section 7.4.4). Lemma 7.3.1 and Lemma 7.3.2 involve the
study of the solutions of (7.3.5) and (7.3.7), respectively. These equations,
although different, present common features and, for this reason, we premise
some technical estimates on the solutions which will help and simplify our
subsequent proofs.

Keeping in mind that all the assumptions on a(t) and g(s) in Theo-
rem 7.1.1 are assumed, we introduce now the following notation. For any
constant d > 0, we set

¢(d) :== max M, v(d) := mi @ (7.4.1)

n
<s<d S <s<d S

Nl
[Sl[oH

Moreover, we also define

g*(d) == Oglggdg(S), g+(d, D) := dglsngg(S),

where D > d is another arbitrary constant. Furthermore, recalling (a.) and
the positions in (7.1.1), for all i = 1,...,m, we set

lla||+,i ::/ a™ (t) dt
e

i
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and

N
-
—~
~
N—

I

t
/‘ o (€)de, tel, 4] = / Ai(t) dt,

Bi(t) ;:/t Ta©de, teln, B = / Bi(t) dt.

Notice that, in general, ||A;|| and || B;|| may be different.

7.4.1 Technical estimates

We present now some preliminary technical lemmas. We stress the fact
that all the results in this subsection concern the properties of solutions of
given equations without any reference to the boundary conditions.

Lemma 7.4.1. For any p > 0, there exists \* = X\*(p) > 0 such that, for
any A > X, a >0 and i € {1,...,m}, there are no non-negative solutions
u(t) to

u” 4+ Xa™ (t)g(u) + a =0, (7.4.2)

with u(t) defined for all t € I, and such that max, .+ u(t) = p.

Proof. We fix € > 0 such that, for each i € {1,...,m}, e < (1, — 0;)/2 and,

moreover, ;’J: a™(t)dt > 0. In this manner, the quantity

T;—E€
Ve := min / at(t)dt
i=1,....m oite
is well-defined and positive.
Let p > 0 be fixed and consider @ > 0 and i € {1,...,m}. Suppose that
u(t) is a non-negative solution of (7.4.2) defined on I;” and such that

max u(t) = p.
tert

Using the concavity of u(t) on I;” and proceeding as in Section 5.7 (see also
Section 3.3.2, Section 4.3 and Section 6.4.1), we have

u(t)

lW/(t)] < —=, Vte|oi+em—e]

™

As a consequence,
W) <2, Vieloiten—e (7.4.3)
£
On the other hand, the concavity of u(t) on I;% ensures that

u(t) > |p+ min{t — o;, 7 —t}, Vte It (7.4.4)
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We introduce now the positive constant

nwﬂ:mm{M$:a’§ssp}

max |I;']
i=1,....m
Integrating equation (7.4.2) on [0; + €, 7; — €] and using (7.4.3) and (7.4.4),
we obtain

T; —¢€

T;—¢€ T;—¢€

Mo [ atat<a [ atgtudi= [ (') - a)ds
oi+e o;+e oi+e

' ' 2p

=u'(o;+¢e)—u(r—¢e)—a(rn—o0 —2) < —.

Now, we set

B )= 5V€n€,p.

Arguing by contradiction, from the last inequality we immediately conclude
that there are no non-negative solutions u(t) of (7.4.2) with max,_;+ u(t) =

P, if A > A O

Lemma 7.4.2. Let A\, > 0. Let d > 0 be such that

1
2\ max (L + 11 Dllall+:
i=1,....m

((d) < (7.4.5)

Suppose that u(t) is a non-negative solution of
u” +9(Aat(t) — pa= () g(u) =0, 9 €]0,1],
defined on It U I for some i € {1,...,m} and such that

maxu(t) =d and u'(0;) > 0.
telf

Then it holds that

w(oi1) > d [1 + 2 (mrtaya - 1)]

and

—i = Alal

(o) ﬁd(ﬂd)ua\

: @)

Proof. The proof is split into two parts. In the first one we provide some
estimates for u(7;) and «/(7;), while in the second part we obtain the desired
inequality on u(o;41) and u/(041).
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Let #; € If be such that

maxu(t) = d = u(t;).
tel

Observe that u/(f;) = 0, if o; < £; < 7; (since u'(o;) > 0), while «/(£;) > 0, if
t; = 7;. As a first instance, suppose that

u’(fz) =0.
Let [s1, s2] C I;” be the maximal closed interval containing #; and such that
u(t) > d/2 for all t € sy, s2]. We claim that [s1,s2] = I;. From

u’(t) = —Aa’ (t)g(u(t)), teI,

and

t
i)+ / () de, VieTt,
t

i

u'(t) = u'(
it follows that
[ (t)| < ONal|yiC(d)d, Yt [s1,s2].

Then, in view of (7.4.5),
- t d
u(t) = u(t;) —I—/ u'(€)d€ > d — INIF||al|+,i¢(d)d > > YVt € [s1,s2]
t;

This inequality, together with the maximality of the interval [sq, so], implies
that [s1,s2] = I;7. Hence

u'(t) > —9N|al|+:¢(d)d, Vte I, (7.4.6)

and, a fortiori,
u' (1) > —9Nall+.:¢(d)d. (7.4.7)

Moreover, after an integration of (7.4.6) on [£;, 7;], we obtain
u(ri) > d(1 — O] [lall+i¢(d)). (7.4.8)

On the other hand, if we suppose that ¢; = 7; and «/(#;) > 0, we immediately
have

u(r)=d>d(1- 19/\|I;“]||aH+,i((d)) and  u/(1;) > 0> =9\ all4.:¢(d)d.

Thus, in any case, (7.4.7) and (7.4.8) hold. Having produced some estimates
on u(7;) and v/ (7;) we are in position now to proceed with the second part
of the proof.
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We consider the subsequent (adjacent) interval I;” = [r;, 0;11] where the
weight is non-positive. Since u/(t) is non-decreasing, from (7.4.7) we get

u'(t) > —I||al+¢(d)d, Vtel;.

Therefore, integrating on [7;,t] and using (7.4.8), we have

u(t) = u(mi) + / u'(€) d§ > d(1 = I [lall+i¢(d) — INI; [llall+.i¢(d))

_ d _

> d(1 =ML+ I Dlall+iC(d) > 5. VEel,
(7.4.9)
where the last inequality follows from (7.4.5). On the other hand, integrating

W(t) = dpa~ (Og(u(t)), telr,

on [7;,t] and using (7.4.7) and (7.4.9), we find

W) =(r) + | e (€)g(u()de

v

d
KD+ 9 (d)A(L), VEe .

<)

Finally, a further integration and condition (7.4.5) yield

In particular,

V),

W (0i41) > ﬁd(

o) =ulm)+ [

i

> d—IN(L| + I17])

d
iC(d)d + %m(d) || A |

> a1+ 0 (W5 A = M+ 11 Dl s6(@) )|

> a1+ 3 (n@lad - 1)|.

This concludes the proof. O
Symmetrically, we have the following.

Lemma 7.4.3. Let A\, u > 0. Let d > 0 be such that

1
2A max (|I; | 1L Dlalli

((d) <
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Suppose that u(t) is a non-negative solution of
v+ 9(Aat(t) — pa(t))g(u) =0, ¥ €]0,1],
defined on I | U I for somei € {1,...,m} and such that

maxu(t)=d and (1) <O0.
telt

Then it holds that
)
ulri1) 2 d [1+ 2 (@] Bia ] - 1)

and

i (ri) < w( M) ior — Nalls i€ >)

Remark 7.4.1. In the sequel, when dealing with the periodic problem, we
observe that the solutions we consider are defined on [0,7] and satisfy T-
periodic boundary conditions u(T") — u(0) = «/(T) — «/(0) = 0. Hence it
is convenient to count the intervals cyclically. Accordingly, in the special
case in which ¢ = 1, we apply Lemma 7.4.3 with the agreement I, = I,.
This makes sense because, if we extend the solution by T-periodicity on the
whole real line, we can consider the interval I, — T as adjacent on the left
to I;. <

Lemma 7.4.4. Let A > 0 and 0 < d < D. For any i € {1,...,m} there
exists a constant

'LL:HF = 'uz (Iz ’Izj-l) >0

such that for all p > u:’+ any non-negative solution u(t) of
v+ (Aat(t) — pa(t))g(u) =0, 9 €]0,1],
defined on I;” U I+1 and such that
lulloo <D, wu(r)>d and u'(1;) >0,

satisfies
u(t) >d, W'(t)>0, Vtel UL,

Proof. Clearly, by the convexity of u(t) on I, we have
uw(t) >d, u'(t)>0, Vtel .
Integrating

u"(t) = dpa” (t)g(u(t)) = dpa™(t)g«(d, D), tel,
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on [1;,t] C I, we find

t
o' (t) = u'(7;) +/ u"(€) dé > IpA;(t)g.(d, D), Vtel,

so that
W' (0i+1) > IpAi(oit1)g«(d, D) = Ipllal|- ; g«(d, D).
On the other hand, integrating

u(t) = —9Na* (Dg(u(t)) = —9Aa* (1)g* (D). te I},

on [oi41,t] C I | we find

t

MﬂZme+/ u(€) de

Oit1

> 9 (pllal-g-(d. D) = Alall419%(D)) >0, Vi€ I,
where the last inequality holds provided that

_ Ma]l+.i19"(D)
lall-i9:(d. D)

*7+ *7+ - .
po> " = L)

Then the solution u(t) is increasing in I} | = [0441, Ti4+1] and hence
u(t) > u(oip1) >d, Vtel,.
The proof is thus completed.

Symmetrically, we have the following.

Lemma 7.4.5. Let A > 0 and 0 < d < D. For any i € {1,...,m} there

exists a constant
*

p T = (LR ) > 0
such that for all > p:"~ any non-negative solution u(t) of
u” +I(Aat(t) — pa= () g(u) =0, 9 €]0,1],
defined on Il-tl UI,_, and such that
lulloo < D, wu(o;))>d and u'(0;) <0,

satisfies
ut) >d, W'(t)<0, Vtell ,ul_,.

Remark 7.4.2. Similarly as in Remark 7.4.1, in order to make the state-
ments of Lemma 7.4.4 and Lemma 7.4.5 meaningful for each possible choice
of the index i € {1,...,m}, when dealing with the periodic problem we shall
use the cyclic agreement I, = I, (as above) and, moreover, I,/ = I,

If =1},

<
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7.4.2 Fixing the constants p, A\, r and R

First of all, we arbitrarily choose a constant p > 0. Then, we determine
the constant A* = A*(p) > 0 according to Lemma 7.4.1 and we take an
arbitrary A > A*. Next, we fix two positive constants r, R with

O<r<p<R

and such that

C(s) < !

2\ max (|I;7|+ |G+ 17 Dllall i
i=1,....m

Vo<s<r, Vs>R,

(7.4.10)
where ((s) is defined in (7.4.1). In the above formula, we use again the cyclic
agreement I, = I.. The existence of » and R with the above property is
guaranteed by the fact that g(s)/s — 0T for s — 0% and for s — o0,
namely conditions (go) and (geo)-

With this choice of r, p and R, we consider the sets Q(IT‘Z R) defined
in (7.3.1). We are ready now to prove Theorem 7.3.1, by checking that
Lemma 7.3.1 and Lemma 7.3.2 can be applied for p > 0 sufficiently large
(say pu > p* (A7, R)).

In the proofs of the next two subsections we deal with solutions satis-
fying T-periodic boundary conditions. Accordingly, we apply Lemma 7.4.2,
Lemma 7.4.3, Lemma 7.4.4 and Lemma 7.4.5 with the cyclic convention
about the labelling of the intervals described in Remark 7.4.1 and Re-
mark 7.4.2.

7.4.3 Checking the assumptions of Lemma 7.3.1 for u large

In this section we are going to prove the first part of Theorem 7.3.1, that
is
Dr(L = Ny, Q(Z;ZVR)) =0, if T#0. (7.4.11)
As usual, we implicitly suppose that Z, 7 C {1,...,m} withZNnJ = 0.
Given Z,J as above, with Z # (), it is sufficient to check that the as-
sumptions of Lemma 7.3.1 are satisfied, taking as v(t) the indicator function
of the set ;e I

Verification of (Hy). Let a > 0. By contradiction, suppose that there
exists a non-negative T-periodic solution u(t) of (7.3.5) with |lu|lcc < R
such that at least one of the following conditions holds:

(a1) there is an index ¢ ¢ Z U J such that max,c + u(t) = r;
(a2) there is an index ¢ € Z such that max, . u(t) = p;

(ag) there is an index ¢ € J such that max; e+ u(t) = R.
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Suppose that (a;) holds. On the interval I;" U I, (with i ¢ T U J)
equation (7.3.5) reads as

v+ (Aa*t (t) — pa” (t))g(u) = 0.

Consider at first the case u/(0;) > 0. By Lemma 7.4.2 (with ¥ = 1 and
d =), we have that

y(r 1 y(r
ossn) 2 (1470 - 5) 2 e A,

Thus, taking

~right 2R
> ig = (7.4.12)
ry(r)[| Adl
we obtain
u(oit1) > R,

a contradiction. On the other hand, if «/(¢;) < 0, by the concavity of u(t)
in I;" we have that u/(7;) < 0. In this case we reach the contradiction

’U,(Ti_l) >R
using Lemma 7.4.3 (with ¥ = 1 and d = r) and taking

2R

~left

p> et =
’ Y ()| Bi-1|

Suppose that (ag) holds. This fact contradicts Lemma 7.4.1 in view of
our choice of A > A*. In this case no assumption on y > 0 is needed.

Finally, if (ag) holds, we obtain again a contradiction arguing as in case
(a1) and using Lemma 7.4.2 (with ¥ = 1 and d = R). Indeed, '(o;)
cannot be negative, otherwise u(c;) = R and we get a contradiction with

(7.4.13)

max, .+ u(t) = R = |lul|oc. Hence, only the instance u'(o;) > 0 may occur
and we have a contradiction for
> [ L (7.4.14)
> = ————— . 4.
" (R)|A

We conclude that (H;) holds true for

Hy) . ~right  ~left -
U= max {7 g i

geeey

B> p

Verification of (Hz).  Let wu(t) be an arbitrary non-negative T-periodic
solution of (7.3.5) (with o > 0) such that u(t) < p for every ¢ € ;7 17"
We fix an index j € Z and observe that on the interval If equation
(7.3.5) reads as
u” + XaT (t)g(u) + a = 0.
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Now, we choose a constant ¢ € |0, (7; — 0;)/2[ and we notice that the in-
equality

t
[/ ()] < ]ui)|7 Vteloj+e 15 —¢l,

used in the proof of Lemma 7.4.1 is still valid. Integrating the differential
equation on [0 + ¢, 7; — €] and using the above inequality, we obtain

T;—€

o (7 — 01— 26) = (0y + &) — (73 — ) — A/_+ at()g(ut)) dt < 2?”.

This yields a contradiction if o« > 0 is sufficiently large. Hence (Hs) is
verified (with o* > 2p/e(1; — 0; — 2¢)). Notice that for the validity of (H2)
we do not impose any condition on p > 0.

Summing up, we can apply Lemma 7.3.1 for pu > ,u(Hl) and therefore
formula (7.4.11) is verified. O]

7.4.4 Checking the assumptions of Lemma 7.3.2 for u large

In this section we are going to prove the second part of Theorem 7.3.1,
that is ’
7J p—
Dy (L - N, 5, )) =1, (7.4.15)
where J C {1,...,m}.

Given an arbitrary J C {1,...,m}, it is sufficient to check that the
assumption of Lemma 7.3.2 is satisfied.

Verification of (Hs). Let 9 € ]0,1]. By contradiction, suppose that there
exists a non-negative T-periodic solution u(t) of (7.3.7) with ||u||cc < R such
that at least one of the following conditions holds:

(b1) there is an index i ¢ J such that max, .+ u(t) =r;
(b2) there is an index ¢ € J such that max;e -+ u(t) = R.

Suppose that (b1) holds. Consider at first the case u/(o;) > 0. Applying
Lemma 7.4.2 (with d = r), we obtain

uoien) 2 v |14 5 (i l4] - 1))

and

i) 2 or (W Nl = Ml

Notice that if ‘
> prieht (7.4.16)

with 218" defined in (7.4.12), then p > 1/(y(r)|| 4i]]), and hence u(oy1) > r
(as ¥ > 0).



226 Chapter 7. High multiplicity results

On the interval I;_FH equation (7.3.7) yields
u" () = —9Aa* (1)g(u(t) > —Ira* (£)g"(R).
Then, integrating on [o511,¢] C I}, and using the above lower estimate on
u'(041), we obtain

t
u'(t) = ' (041) +/ u”(§) d€ = ' (0i41) — IA|all+ 419" (R)

Oit1
r (R
> 0r (W25 ol = Ml s6() = Nl T, vee 1,
Taking p sufficiently large, precisely
~ 2\ ; i+19" (R
o g M lallerC(e) + g () .

v(r)rllall-

we obtain that
u'(t) >0, Vtelf,.
Consequently
t
u(t) = u(oi41) + / u'(&)dE > u(oipr) > 1, Vtell,.
Oi41
We conclude that for
~right qight}

i (s

o> max{

we have that
u(t) >r, U'(t)>0, Vte I{fH,

and, in particular,
u(n_H) >r and ul(Ti_;,_l) > 0.

Now we can apply Lemma 7.4.4 (with d = r and D = R) on the interval
I U I;Q_Q, which ensures that

u(t) >r, W'(t)>0, Vtel UIL,,
provided that

_ Malleisa0"(R)
lall-i+19+(r, R)

p> it =t (I, ) (7.4.18)

Repeating inductively the same argument m — 1 times we cover an interval

T-periodicity with intervals (of the form I~ U IJTFH) where the function w(t)
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is strictly increasing, provided that p is sufficiently large. More precisely,
for
p> max
i=1,....m
it holds that
u(t) >r, '(t)>0, Vtelo,T].

This clearly contradicts the T-periodicity of wu(t).

Consider now the case u/(0;) < 0, which implies (by the concavity of u(t)
in I;7) that u/(;) < 0. The same proof as above leads to a contradiction,
proceeding backward and using at first Lemma 7.4.3 (with d = r) and then
Lemma 7.4.5 (with d = r and D = R), inductively. Conditions (7.4.16),
(7.4.17) and (7.4.18) will be replaced by the analogous inequalities

~left
/"L>/"Lie )

with % defined in (7.4.13),

e 2A(lallard(r) + llall1i-19" (R))
P> py = , ’
v(r)rllall-i-1

and
_ Mlallsa-2g*(R)
lall-i—2g«(r, R)’

respectively. Thus a contradiction comes for

> = (L, 1)

p> max T,
i=1,....m

by showing that «'(t) < 0 for all ¢t € [0,T].

Taking into account all the possible situations we conclude that the case
(b1) never occurs if

H: ~right Aleft ~right ~ , -
> ™ = ma (a0 e E  pt ae

To conclude the proof, suppose now that (b2) holds. As observed in
the previous proof, the fact that max, ;+ u(t) = R = ||lull prevents the
possibility that u/(o;) < 0. Hence only the instance u/(0;) > 0 may occur.
Applying Lemma 7.4.2 (with d = R), we obtain

w(oir) > R [1 + 2 (Al - 1)].

Hence, if
1

P>l = e
V(R)[| A
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(already defined in (7.4.14)) we get u(o;+1) > R and thus a contradiction
with ||u|lec < R. We conclude that the case (b2) never occurs if
w> ugH3) =  max [

i=1,....m

Summing up, we can apply Lemma 7.3.2 for

> ) = max{ a1 (1)}

and therefore formula (7.4.15) is verified. O

7.4.5 Completing the proof of Theorem 7.1.1

With reference to Section 7.3 we summarize what we have proved until
now and we give the final details of the proof of our main theorem.

First, we have fixed an arbitrary constant p > 0 and determined a con-
stant A* = A*(p) > 0 via Lemma 7.4.1. We stress the fact that \* depends
only on g(s) for s € [0, p] and on the behavior of a(t) in each of the intervals
It

Next, for A > A\*, we have found two constants (a small one r and a large
one R) with 0 < 7 < p < R such that condition (7.4.10) holds. To choose r
and R we only require conditions on the smallness of g(s)/s for s near zero
and near infinity, which is an obvious consequence of (go) and (g). We
notice also that condition (7.4.10) depends on the behavior of a(t) in each
of the intervals I f as well as on the lengths of pairs of consecutive intervals.

As a further step, we have established that both Lemma 7.3.1 and
Lemma 7.3.2 can be applied provided that

p> pt(A) = p* (A, R) = max{,u(Hl)7 M(H3)}-

Checking carefully the estimates leading to 1) and p(*3) one realizes that
again only local conditions about the behavior of a(t) on the intervals I7-
are involved.

As a consequence, for all > p*(\), formula (7.3.2) in Theorem 7.3.1
holds. From this latter result, via a purely combinatorial argument (inde-
pendent on the particular equation under consideration), we achieve formula
(7.3.4) in Theorem 7.3.2 and the existence of 3™ — 1 positive T-periodic
solutions to (&) ,) is guaranteed, as already explained at the end of Sec-
tion 7.3.1. [l

7.5 Combinatorial argument

In this section we present the combinatorial argument needed in the

proof of Theorem 7.3.2. In more detail, recalling the definitions of Q(IT‘Z R)
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and A(I;ZR) given in (7.3.1) and (7.3.3) respectively, from formula (7.3.2)
J
’p?

(concerning the degrees on Q(T R))’ we prove that, for any pair of subset of
indices Z, J C {1,...,m} with ZN J = 0, we have

DLQ;—AAM,AﬁiRQ::(—D#?

We offer two independent proofs since we believe that both possess some
peculiar aspects which might be also adapted to different situations.

7.5.1 First argument

In this first part we present a combinatorial argument which is related
to the concept of valuation, as introduced in [II0].
Let m € N be a positive integer. We denote by

A:: {AleQXXAmA»LEc@({O71’2})}

the set of the 8™ Cartesian products of m subsets of {0, 1, 2}.
Let
A=A, x Ay x ... x A, (7.5.1)

be an element of A, let i € {1,...,m} be a fixed index and let also B; €
2({0,1,2}). We introduce the following notation

.A[ZBl] ::Alx...XAi_lXBZ'XAi_._lX...XAm.

Note that for any fixed A as above and for any i € {1,...,m} it holds that
We consider a function
d: A—7

which satisfies the following property.

Additivity property. Let i € {1,...,m} and B; € £({0,1,2}).
Suppose that B, B/ C B; are disjoint (possibly empty) and such
that

B; = BlUB/.
Then, for all A € A, it holds that

d(Afi : Bi]) = d(Ali : Bl]) + d(Ali : B).

From the additivity property (applied in the case B; = B, = B! = 0)) we
immediately obtain that, if there exists an index ¢ € {1,...,m} such that
Ai:@, then d(A1 X, XAm) = 0.

Moreover, we assume that d satisfies the following rules.
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(R1) If there exists an index ¢ € {1,...,m} such that A; = {0,1} and
A; € {{0},{0,1,2}} for all j € {1,...,m} such that A; # {0,1}, then

d(A1 X ... XAm):O.
(R2) If A; € {{0},{0,1,2}}, for all i = 1,...,m, then
d(A; x ... x Ap) = 1.

Our goal is to compute the value of d(A; x ... x A,,) when A; €

{{0},{1},{2},{0,1,2}}, foralli =1,...,m.
As a first step we prove a generalization of rule (R1).

Lemma 7.5.1. If there exists an index i € {1,...,m} such that A; = {0,1}
and Aj € {{0},{2},{0,1,2}} for all j € {1,...,m} such that A; # {0,1},
then

d(Al X...XAm):O.

Proof. We prove the statement by induction on the non-negative integer
k=#{je{l,....m}: A; = {2}}.

Case k = 0. If there is no j € {1,...,m} such that A; = {2}, the thesis
follows by rule (R1).

Case k = 1. Suppose that there is exactly one index j € {1,...,m} such
that A; = {2}. Recalling the definition of A in (7.5.1), it is easy to see that

Al {0,1,2)] = AU AL : {0,1}].
Then, by the additivity property of d and rule (R1), we obtain

d(A) = d(A[j : {0,1,2}]) — d(A[j : {0,1}]) =0 — 0 = 0.

Inductive step. Suppose that the statement holds for k. We prove it for
k+1. Let j € {1,...,m} be such that A; = {2}. As above, from

Alj:{0,1,2}] = AUA[j : {0,1}],

we obtain

d(A) = d(Afj : {0,1,2}]) — d(A[j : {0,1}]).

By the inductive hypothesis, we know that d(A[j : {0,1,2}]) = 0 and that
d(A[j : {0,1}]) = 0 (since A[j : {0,1,2}] and A[j : {0,1}] both have exactly
k indices i such that A; = {2}). The thesis immediately follows. O

Now we provide a generalization of rule (R2).
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Lemma 7.5.2. If A; € {{0},{2},{0,1,2}}, foralli=1,...,m, then
d(A; x ... x Ap) = 1.
Proof. We prove the statement by induction on the non-negative integer
k:=#{je{l,....m}: A; = {2}}.

Case k = 0. If there is no j € {1,...,m} such that A; = {2}, the thesis
follows by rule (R2).

Case k = 1. Suppose that there is exactly one index j € {1,...,m} such
that A; = {2}. Recalling the definition of A in (7.5.1), it is easy to see that

A {0,1,2)] = AUAG : 0,1,
Then, by the additivity property of d and rules (R1) and (R2), we obtain

d(A) = d(A[j : {0,1,2}]) — d(A[j : {0,1}]) =1 -0 = 1.

Inductive step. Suppose that the statement holds for k. We prove it for
k+1. Let j € {1,...,m} be such that A; = {2}. As above, from

Alj:{0,1,2}] = AU A[j : {0,1}],
we obtain
d(A) = d(A[j : {0,1,2}]) — d(A[j : {0,1}]).

By the inductive hypothesis, we obtain that d(A[j : {0,1,2}]) = 1 (since
Alj :{0,1,2}] has exactly k indices ¢ such that A; = {2}). By Lemma 7.5.1,
we have that d(A[j : {0,1}]) = 0. The thesis immediately follows. O

Finally, using the rules presented above, we obtain the final lemma.
Lemma 7.5.3. If A; € {{0},{1},{2},{0,1,2}}, for alli=1,...,m, then
d(Ay x ... x Ap) = (—=1)7Z,

where I := {i € {1,...,m}: A; = {1}}.

Proof. We prove the statement by induction on the non-negative integer
k.= #I.

Case k = 0. If there is no i € {1,...,m} such that A; = {1}, the thesis
follows by Lemma 7.5.2.

Case k = 1. Suppose that there is exactly one index i € {1,...,m} such
that A; = {1}. Recalling the definition of A in (7.5.1), it is easy to see that

Ali:{0,1,2}] = Ali : {0}]U AU AJi : {2)].
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Then, by the additivity property of d and Lemma 7.5.2, we obtain

d(A) = d(A[i: {0,1,2}]) — d(A[i : {0}]) — d(A[z : {2}])
=1-1-1=-1=(-1)"%,

Inductive step.  Suppose that the statement holds when the set Z has k
elements. We prove it for #7Z = k + 1. Let i € {1,...,m} be such that
A; = {1}. By assumption there are k + 1 indices with such a property. As
above, from

Ali: {0,1,2}] = Ali : {0} U AU A[i : {2}],
we obtain
d(A) = d(Afi : {0,1,2}]) — d(Ali : {0}]) — d(A[i : {2}]).
Now, all the sets A[i : {0,1,2}], A[i : {0}] and A[i : {2}] have precisely k

indices j such that A; = {1}. Then, by the inductive hypothesis, we obtain
that

d(Ali : {0, 1,2}]) = d(A[i : {0}]) = d(A[i : {2}]) = (1)

and hence

The thesis immediately follows. O

We conclude this first part by showing how to apply this approach to
obtain formula (7.3.4).

To any element A € A we associate an open set 24 made up of the
continuous functions w: [0,7] — R which, for all i = 1,...,m, satisfy

e max, + |u(t)] <r,if A; = {0}
o r <max, + |u(t)] < p,if A; = {1};

* p<max, + lu(t)| < R, if A; = {2};

max, .+ [u(t)| < p, if 4; ={0,1}

either max,c + lu(t)| <rorp< max; .+ lu(t)| < R, if A; ={0,2};

r<max,c+ |u(t)| < R, if A; = {1,2};

max, + |[u(t)| < R, if A; ={0,1,2}.
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By convention, we also set Q4 = 0 if there is an index i € {1,...,m} such
that A; = (. In this manner the set Q4 is well-defined for every A € A.

Having fixed p, A > A*, r < p < R and p > p*(A) as in Section 7.4, we
have that the coincidence degree D (L — Ny ,,4) is well-defined for every
A € A. Hence we set

d(A) :== D, (L — Ny, Q).
Notice that the sets Q( ‘Z R) introduced in (7.3.1) are of the form 4 for A
Wlth A; = {0} forany i € {1,...,m}\(ZUJ), A; = {0,1} for any ¢ € Z and
={0,1,2} for any i € J. Slmllarly, the sets A(I‘ZR) introduced in (7.3.3)
are of the form Q4 for A with A; = {0} for any i € {1,...,m} \ (ZU J),
A; = {1} for any i € Z and A; = {2} for any i € J.

With these positions, the additivity property of the valuation d follows
from the additivity property of the coincidence degree. Moreover, rules (R1)
and (R2) are satisfied since they correspond to formula (7.3.2). Then, all
the above lemmas on the valuation d apply and, in particular, Lemma 7.5.3
gives precisely formula (7.3.4). This completes the proof of Theorem 7.3.2.

7.5.2 Second argument

In this second part we present a different combinatorial argument, in
the same spirit of the one adopted in the proof of Lemma 1.3.1 (see also

Lemma 4.3.1).
Let r, p, R be three positive real numbers such that 0 < r < p< R and
let m > 1 be an integer. Recalling the definitions of 057 - and AT

(r,p,R) (r,p.R)
given in (7.3.1) and (7.3.3) respectively, we note that, for any pair of subset

of indices Z,J C {1,...,m} with ZN J = ), we have

Q(ﬁpy R) ™ U A Tp, U T(rp R)’ (752)
7'CTug
J'CT
’'nJ’'=0
where
7.9 . 7.7 .
T(r,p,R) T U { Q(rpR) maX |’LL’ = T’}
1i€ZUJ 1
Z,
U U{u €N TZR)‘ max|u| = p},
icJ

1! 1
nT! AI J" @,

We notice that the union in (7.5.2) is disjoint, since AE N =
(r.p,R) (r.p,R)

for 7/ # 1" or for 7' # J".
In the next lemma we observe that the set made up of the pairs (Z,.J)
with Z, 7 C {1,...,m} such that ZN J = ) has cardinality equal to 3™.
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Lemma 7.5.4. Let S be a finite set with cardinality #S = m. Then
#{(A,B)CSxS: ANB=0}=3".

Proof. Let us set Q(S) := {(A,B) € S x S: An B = (}. We prove the
statement by induction on m = #S. If m = 0, clearly S = () and thus
Q(S) = {(0,0)}. Then obviously #(Q(S)) = 1 = 3°. Next, suppose that
the formula holds for m € N, that is, if S’ is a set of cardinality m, then
#(9(5")) = 3™. We prove the formula for m + 1.

Suppose #S = m + 1. Then S # 0. Let sy € S. For every couple
(A,B) € Q(S) one of the following three possibilities holds: sop ¢ AU B;
s0 € A (so sp ¢ B); sop € B (so sp ¢ A). We observe that:

e the couples (A, B) € Q(S) not containing sg are precisely the couples
in Q(S\ {so}), and so they are 3" (by the inductive hypothesis);

e the couples (A, B) € Q(S) such that sy € A are the couples of the
form (A"U{so}, B) with (A", B) € Q(S\{s0}), and so they are 3™ (by
the inductive hypothesis);

e the couples (A, B) € Q(S) such that sy € B are the couples of the
form (A, B'U{so}) with (A, B’) € Q(S\{s0}), and so they are 3™ (by
the inductive hypothesis).

Then, we deduce that #(Q(S)) = 3™ +3™+3™ = 3™+, The lemma is thus
proved. O

Now we are in position to present the following result.

Lemma 7.5.5. Let Z,J C {1,...,m} be two subsets of indices (possibly
empty) such that TN J = 0. Suppose that the coincidence degrees D, (L —

N, Q(I f;z)) and Dr,(L — Ny, Af; f;z)) are well-defined for allT' C TUJ
and for all 7' C J with T'NJ' = 0. Assume also
Dp(L =Ny Q0T =1, if T =0, (7.5.3)
and .
D (L — Ny, Q@ZR)) =0, if T #0. (7.5.4)
Then
I7
Di(L = Naws A ) = (=17 (7.5.5)

Proof. For simplicity of notation, in this proof we set

.0 _ oLT.J T,J _ A\ LT
W =Ry and AT = AT gy
First of all, we underline that Q%% = A%? and, in view of (7.5.3), we
have that
Dr(L — Ny ) = Dy (L — Ny, A0) = 1. (7.5.6)
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Hence the conclusion is trivially satisfied when Z = J = ().

Now we consider two arbitrary subsets of indices (possibly empty) such
that ZU J # 0 and ZN J = 0. We are going to prove formula (7.5.5) by
using an inductive argument. Instead of a double induction on #Z and on
#J, it seems more convenient to introduce the bijection

(1,7) i+ (m+1)j

from the set of couples (i,5) € {0,1,...,m}? and the integers 0 < n <
m(m + 2), in order to reduce our argument to a single induction. More
precisely, we define

n=#Z+ (m+1)#J >1

and, for every integer k with 0 < k < n, we introduce the property 2 (k)
which reads as follows.
P(k): The formula

Dy (L = Ny, A7) = (=1)#F

holds for each ' C TUJ and for each J' C J such that ZT'NJ’ =0
and #I' + (m + 1)#J' < k.
In this manner, if we are able to prove &(n), then (7.5.5) immediately
follows.
Verification of £2(0). See (7.5.6).

Verification of &(1). For I' = J' = ) the result is already proved in
(7.5.6). If 7/ = {i}, with i € ZU J, and J' = 0, by the additivity property
of the coincidence degree and hypothesis (7.5.4), we have

~—

Dp(L — Ny, ATy = D(L — Ny, A0
= Dr(L — Ny, QU0 A%0)
= DL(L - N/\,[m Q{z}ﬂ) - DL(L - N)x,,uaAQ)ﬂ)
=0-1=—1=(-1)#T.
There are no other possible choices of Z’ and J' with #Z'+ (m+1)#J' <1

(since m > 1).

Verification of 2 (k —1) = P(k), for 1 <k <n. Assuming the validity of
Z(k—1) we have that the formula is true for every Z/ C ZU J and for every
J' C J such that Z’NJ" = 0 and #Z'+ (m+ 1)#J' < k — 1. Therefore, in
order to prove & (k), we have only to check that the formula is true for any
possible choice of 7/ C ZU J and J' C J with I’ N J’' = () and such that

#HT + (m+1V)#T =k, (7.5.7)

We distinguish two cases: either Z = () or Z' # (). As a first instance,
let 7/ = 0 and, in view of (7.5.7), suppose J' # () and #J' = k/(m + 1).
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By formula (7.5.2), Q%" can be written as the disjoint union

Q@,J' — U AL,IC U T@,j' — A@,j' U U AE,IC U T@,J'.

LCT’ ey’
KCcJ’ KT’
LNAK=0 LNK=0

We observe that there is no solution of Lu = Ny ,u with u € Y9I due
to the fact that the degree is well-defined on the sets A“*. Consequently,
since #L + (m + 1)#K <k —1if K C J’, by (7.5.3) and by the inductive
hypothesis, we obtain

Dp(L = Ny, A%') = DL(L = Ny, @7 = 3 Dp(L = Ny, ASK)

LCT'
KcJg!
LNK=0

=1- ) (-1*~

LCT’
KcJ!
LNK=0

Now we observe that

DREILED SED SIS

LT’ KST' LCI\K
KcJ’
LNK=0

due to the fact that in a finite set there are so many subsets with even
cardinality as there are with odd cardinality. Thus we conclude that

Dr(L — Ny, A7) = 1 = (—1)#7'.

As a second instance, let 7' # (). Using (7.5.2), we can write QX7 as the
disjoint union

0T = ) AT =ATT'u | ARRuYTY

LCT'UT! LCT'UT!
KCcJg’ KcJ'
LNAK=0 LNK=0
(LX)AT,T")

We observe that there is no solution of Lu = Ny ,u with u € I’ due
to the fact that the degree is well-defined on the sets A“*. Consequently,
since #L+ (m+ D)#K < k-1, i K C J orif L = J and L C 7', by
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(7.5.4) and by the inductive hypothesis, we obtain

Dp(L — Ny, A7) =

=Di(L— Ny, @7) = Y Di(L— Ny, APV

LCT'UT’

KCg’

LNK=0

(LRAT T
=0— > ()= - Y ()= (-FF,
LCT'UT’ LCT'UT!
Kcg’ Kcg’

LNK=0 LNK=0
(LK)AT,T")

observing, as above, that

e e DD D

LCTUT! KCJT' LCTU(T'\K)
Kcg'
LNK=0
Then (k) is proved and the lemma follows. O]

Now, since (7.5.5) is exactly formula (7.3.4), in order to complete the
proof of Theorem 7.3.2 we have only to check that the degrees are well-
defined and assumptions (7.5.3) and (7.5.4) in the above combinatorial
lemma are satisfied. All these requests are obviously guaranteed by the
discussion in Section 7.3.1 and by formula (7.3.2). Then Lemma 7.5.5 ap-
plies and this completes the proof of Theorem 7.3.2.

7.6 General properties for globally defined solu-
tions and some a posteriori bounds

In this section we focus our attention on non-negative solutions of (&} ;)
which are defined for all ¢ € R. On one hand, we show how some compu-
tations in the proofs of the technical lemmas in Section 7.4 are still valid
in this setting. This will be useful in view of further applications of The-
orem 7.1.1 described in Chapter 8. On the other hand, we provide some
additional information for the solutions when p — +o0.

In order to avoid repetitions, throughout this section we assume that
the constants p > 0, A > A\, 0 < r < p < Rand p > p*(\) are all fixed
as in Section 7.4.2 and Section 7.4.5. We stress the fact that even if these
constants have been determined with respect to the T-periodic problem,
all the results below are valid for arbitrary globally defined non-negative
solutions.

The first result concerns the behavior of the solutions with respect to
the constant R.
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Proposition 7.6.1. Let g: Rt — R be a continuous function satisfy-
ing (g«), (g0) and (goo). Let a: R — R be a T-periodic locally integrable
function satisfying (ay). If w(t) is any non-negative solution of (& ) with
supyer w(t) < R, then w(t) < R for all t € R.

Proof. Suppose by contradiction that there exists a point t* € R such that
w(t*) = maxyep w(t) = R. Let also £ € Z be such that t* € [¢T, (¢ + 1)T).
In this case, thanks to the T-periodicity of the weight coefficient ay , (),
the function wu(t) := w(t + ¢T) is still a (non-negative) solution of (&) ,)
with maxicpo 7 u(t) = u(t* —4T) = w(t*) = R. From now on, the proof
uses exactly the same argument as for the discussion of the case (a3) in the
verification of (H;) in Section 7.4.3 (for a = 0) and the same contradiction
can be achieved. O

A straightforward application of Lemma 7.4.1 gives the following result
(the obvious proof is omitted).

Proposition 7.6.2. Let g: RT™ — R be a continuous function satisfying
(9+), (g0) and (goo). Let a: R — R be a T-periodic locally integrable function
satisfying (a.). If w(t) is any non-negative solution of (&) ,) and I}, := It +
(T is any interval of the real line where a(t) > 0, then max;e r+ w’(t) # p.

The next result concerns the behavior of the solutions with respect to
the constant r.

Proposition 7.6.3. Let g: Rt — R be a continuous function satisfy-
ing (g«), (go) and (goo). Let a: R — R be a T-periodic locally integrable
function satisfying (as). If w(t) is any non-negative solution of (& ) with
sup;cgr w(t) < R and I;r := L' + (T is any interval of the real line where
a(t) = 0, then max,e -+ w(t) #r.

Proof. We follow the same scheme as for Proposition 7.6.1. Suppose by
contradiction that there exists t* € I}, such that w(t*) = maXye -+ w(t) =r.

s

The function u(t) := w(t + ¢T') is a non-negative solution of (&) ,) with
max, .+ u(t) = w(t*) = r. From now on, the proof uses exactly the same
argumént as for the discussion of the case (a1) in the verification of (H;) in
Section 7.4.3 (for a = 0) and the same contradiction can be achieved, in the
sense that we find a point where w(t) > R. O

We now focus on some properties of globally defined non-negative solu-
tions of (&),) when p — 4o00. The first result in this direction concerns
the behavior on the intervals where a(t) = 0: roughly speaking, any “very
small” solution becomes arbitrarily small as p — +o0.
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Proposition 7.6.4. Let g: Rt — R be a continuous function satisfying
(gx), (90) and (goo). Let a: R — R be a T-periodic locally integrable function
satisfying (ax). Then for every ¢ with 0 < ¢ < r there exists pz > p*(\)
such that for any fized p > pk the following holds: if w(t) is any non-
negative solution of (&) with sup,cgp w(t) < R and max; .+ w(t) <,

where I;re = I" + (T is any interval of the real line where a(t) = 0, then
maxe -+ w(t) < e.

Proof. Repeating the same approach as in the proof of the previous propo-
sitions and using the T-periodicity of the weight, without loss of generality,
we can restrict ourselves to the analysis of the non-negative solution w(t)
on an interval I;r, fori=1,...,m.

The proof uses exactly the same argument as for the discussion of the
case (a1) in the verification of (H) in Section 7.4.3 (for o = 0). Let ¢ € )0, r].
By contradiction, suppose that there exists a non-negative solution w(t) of
(x,) such that sup;cg w(t) < R and max, ¢+ w(t) = eo € [e,r]. Consider
at first the case w'(0;) > 0. Recalling condition (7.4.10), by Lemma 7.4.2
(with ¥ = 1 and d = ¢¢), we have that

&
w(oit) 2 peo—o— |14l

Observing that

v(g0) = min 9(s) > min 9() = v"(e,r) >0
%SSSEO S %SSST‘ S
and thus taking
2R
+
B () =
' ey (e, )| Adll

we obtain w(o;y1) > R, a contradiction. On the other hand, if w'(o;) < 0,
by the concavity of w(t) in I;” we have that w'(7;) < 0. In this case we reach
the contradiction w(7;—1) > R using Lemma 7.4.3 (with ¢ = 1 and d = ¢)

and taking
2R

~evt(e,r)||Bical|

o> (e)

(if i = 1, we count cyclically and consider the interval I as I;};). In conclu-
sion, taking
p> plo= max {2 (e), 7 () 15 ()}

It AAE ]

the proposition follows. O

Our final result in this section concerns the behavior of non-negative so-
lutions to (&) ;) on the intervals where a(t) < 0. With reference to condition
(ay), for technical reasons we further suppose that a(t) # 0 in each right
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neighborhood of T; and in each left neighborhood of o;11. Such an assump-
tion does not require any new constraint on the weight function, but just a
more careful selection of the points 7; and 0;41. What we mean is that for
a weight function a(t) satisfying (a.) the way to select the intervals I;" and
I, may be not univocal. Indeed, we could have an interval J where a(t) = 0
between an interval of positivity and an interval of negativity for the weight.
Up to now the decision whether incorporate such an interval J as a part of
I;r or I, was completely arbitrary. On the contrary, for the next result, we
prefer to consider an interval as J as a part of I Z+ . In any case, we can allow
a closed interval where a(t) = 0 to lie in the interior of one of the I;”. With
this in mind, we can now present our next result.

Proposition 7.6.5. Let g: RT — RT be a continuous function satisfying
(9+), (go) and (goo). Let a: R — R be a T-periodic locally integrable function
satisfying (a.). Then for every e with 0 < & < r there exists p* > p*(A\)
such that for any fivzed p > pr* the following holds: if w(t) is any non-
negative solution of (&),) with sup,cp w(t) < R and I, := I + (T is any
interval of the real line where a(t) < 0, then max; .- w(t) <e.

Proof. Without loss of generality, we can restrict ourselves to the analysis
of the non-negative solution w(t) on an interval I, for i =1,...,m.

Given € € |0, 7], we consider the values of the solution w(t) at the bound-
ary of the interval I, for an arbitrary but fixed index i € {1,...,m}. If
w(r;) < € and w(o;4i) < €, then, by convexity, w(t) < ¢ for all ¢t € I~
and we have nothing to prove. Therefore, we discuss only the cases when
w(r;) > € or w(oij+1) > €. We are going to show that this cannot occur if
w is sufficiently large. Accordingly, suppose that w(7;) > . Knowing that
w(t) < R on the whole real line, in particular in the interval I;", we easily
find that there is at least a point to € I;" such that |w'(to)| < R/|I;|. On
the other hand, equation (&) ,) on I;} reads as w” = —Aa™*(t)g(w), so that
an integration on [tg, ;] yields

Ti

w'(ri) = w'(to) — )\/t a” (t)g(w(t))dt > —’ﬁ‘ — Mall4.ig™(R) =: —ri,
0 i

where the constants ||a||+; and g*(R) are those defined at the beginning of
Section 7.4. The convexity of w(t) in I, guarantees that w'(t) > —x; for
all ¢ € I,. Hence, if we fix a constant ¢; > 0 with 7; + J; < 041 and such
that 0; < £/(2k;), it is clear that w(t) > ¢/2 for all ¢t € [r;, 7; + d;]. On the
interval I;” equation (&) ;) reads as w” = pa™ (t)g(w), so that an integration
on [7;,t] C [m, 7 + 0;] yields

w(O) = /() + [0 (Og(w(©) de = —ri + pi(t) 9 (c/2. ),

where the function A;(t) and the constant g.(e/2,R) are defined at the
beginning of Section 7.4. Since we have supposed that a™ () is not identically
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zero in each right neighborhood of 7;, we know that the function A;(t) is
strictly positive for each ¢ € |7;, 0;41]. Then, integrating the above inequality
on [1;, T + J;], we obtain

Ti+6;

Ti+6;
w(r + ;) = w(m) + / w'(t)dt > e — K6 + pg«(e/2, R) / A;(t)dt.

Ti
This latter inequality implies w(7; +0;) > R (and hence a contradiction) for

R + Kq (51
gu(e/2, R) [T Ay(t) dt

> (e) ==

On the other hand, if we suppose that w(o;+1) > &, then by the same
argument we have

W/ (0i41) < i = o + Mall 10" (R)
1354 |

(if i = m, we count cyclically and consider the interval I 41 as I). As

before, we fix a constant §;417 > 0 with o417 — d;41 > 7; and such that

51'4_1 < 8/(2/%.;,.1), so that u(t) > 6/2 for all t € [Ui+1 — (51'4_1,02'4_1]. An

integration of the equation on [t,0;41] yields

w'(t) < Kit1 — puBi(t) g«(¢/2, R).

Since we have supposed that a~(t) is not identically zero in each left neigh-
borhood of 741, we know that the function B;(t) is strictly positive for each
t € [1;,0i+1[- Then, integrating the above inequality on [oj4+1 — 0;+1, Ti+1],
we obtain

Oit1

w(0i+1 - 5i+1) >€— /ﬂ?i+1(5¢+1 + ug*(a/Q, R) / Bz(t) dt.

Oit1—0it1

This latter inequality implies w(o;4+1—d;+1) > R (and hence a contradiction)
for

ight R+ Ki10i41
> ;% () = : :
i 9x(e/2, R) f;fffaﬁl Bi(t)dt

In conclusion, for

p> = max {0 (e), 15 @), 1t (V)} (7.6.1)

i=1,...
our result is proved. ]

We conclude this section by briefly describing, as typical in singular
perturbation problems, the limit behavior of positive solutions of (&) ,) for
p — 4oo (compare with [T, where a similar discussion was performed
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in the superlinear case). We focus our attention on the solutions found in
Theorem 7.1.1 for the T-periodic problem; however, similar considerations
are valid for Dirichlet and Neumann boundary conditions, as well as for
globally defined positive solutions.

Let us fix a non-null string S € {0,1,2}". Theorem 7.1.1 ensures the
existence (in general, not the uniqueness) of a positive T-periodic solution
of (&),,) associated with it, if A > A\* and p > p*(\); in order to emphasize
its dependence on the parameter p, we will denote it by w,(t). Then, as
a direct consequence of Proposition 7.6.4 and Proposition 7.6.5, we have
that u,(t) converges uniformly to zero both in the intervals I;” with S; = 0
as well as in the intervals I,”, for 4 — +o00. As for the behavior of wu,(t)
on the intervals I;r such that S; € {1,2}, with a standard compactness
argument (based on the facts that 0 < u,(t) < R and that equation (&) ,)
is independent on the parameter g in the intervals I;r ), we can prove that
the family {“uljj }us () s relatively compact in C(I;7) and that each of its

cluster points us () has to be a non-negative solution of v’ +Xa™ (t)g(u) = 0
on I;". We claim that un(t) is actually a positive solution, satisfies Dirichlet
boundary condition on I;r and is “small” if §; = 1 and “large” if §; = 2.
Indeed, the first assertion follows from the fact that, passing to the limit,
r < max,e+ Uso(t) < pif §; = 1 and p < max,c+ Uso(t) < RiIf §; =
2. As for Dirichlet boundary condition on I;r , this is a consequence of
u,(t) — 0 on every interval of negativity. Finally, using Lemma 7.4.1, we
infer r < max;. ;+ Uso(t) < pif §; = 1 (that is, us(f) is “small”) and

p < maxy s Uoo(t) < R if S§; = 2 (that is, uso(t) is “large”).

In conclusion, up to subsequences, we have that u,(t) — us(t) uniformly
for p — 400, with us(t) a function made up of “null”, “small” and “large”
solutions of Dirichlet problems in the intervals If (depending on S; =0, 1,2
respectively) connected by null functions in I; . See Figure 7.3 for a numeri-
cal simulation. Notice that this discussion is simplified whenever we are able
to prove that each Dirichlet problem associated with u” + Xa™(t)g(u) = 0
on Ii+ has exactly two positive solutions; indeed, in this case every string
S € {0,1,2}™ uniquely determines a limit profile u(t) and u,(t) — oo (?)
uniformly, without the need of taking subsequences (even if u,(t) could be
not unique in the class of positive solutions to (&) ,) associated with S).

7.7 Related results

In this final section we briefly describe some results which can be ob-
tained by minor modifications of the arguments developed along this chap-
ter.
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Figure 7.3: The lower part of the figure shows a positive solution of equation (&) ,,)
for the super-sublinear nonlinearity g(s) = arctan(s3), for s > 0, and Dirichlet
boundary conditions. For this simulation we have chosen the interval [0,T] with T’ =
3 and the weight function ay ,(¢) with a(t) having a stepwise graph as represented
in the upper part of the figure. First, with a dashed line we have drawn the
Dirichlet solutions (“small” and “large”) on the intervals [0, 1] and [2, 3]. Then, for
A = 20 and g = 10000, we have exhibited a solution of the form “small” in the
first interval of positivity [0, 1] and “large” in the second interval of positivity [2, 3].
Such a solution is very close to the limit profile for the class of solutions associated
with the string (1,2), which is made by a “small” solution of the Dirichlet problem
in [0,1] and a “large” solution of the Dirichlet problem in [2,3] connected by the
null solution in [1,2]. Notice that, for the given weight function which is identically
zero on the interval [2,2.5] separating the negative and the positive hump, the
solution is very small (and the limit profile is zero) only in the interval [1,2] where
the weight is negative. This is in complete accordance with Proposition 7.6.5 and
the choice of the endpoints of the intervals I Zi

7.7.1 The non-Hamiltonian case

One of the advantages in obtaining results of existence/multiplicity with
a topological degree technique lies in the fact that the degree is stable with
respect to small perturbations of the operator. Such a remark, when applied
to equation (&) ), allows us to establish the same result for the equation

v+ cu'+(Nat(t) — pa” (t)g(u) =0, (7.7.1)

where ¢ € R and ¢ # 0. More precisely, in the same setting of Theorem 7.1.1,
once A > A* and p > p*(\) are fixed, there exists a constant € = e(\, ) > 0
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such that the statement of the theorem is still true for any ¢ € R with |¢| < e.

A possibly interesting question which naturally arises is whether these
multiplicity results are still valid for an arbitrary ¢ € R. In the super-
linear indefinite case, besides the results presented in the first part of the
present thesis, Capietto, Dambrosio and Papini in [52] produced such kind
of results for sign-changing (oscillatory) solutions. Concerning our super-
sublinear setting, all the abstract approach and the strategy for the proof
work exactly the same for the linear differential operator u — —u” — cu’ for
an arbitrary ¢ € R (see Remark 7.2.1 and Remark 7.3.1). Thus, the only
problem in extending all our results of the previous sections to equation
(7.7.1) comes from some additional difficulties related to the technical esti-
mates. In particular, we have often exploited the convexity of the solutions
in the intervals ;- and their concavity in the intervals I;r . In Chapter 6
we have proved the existence of two positive T-periodic solutions to equa-
tion (7.7.1) by effectively replacing the convexity/concavity properties with
suitable monotonicity properties for the map t — eu/(t). Similar tricks
have been successfully applied in Chapter 4 to obtain multiplicity results
for equation (7.7.1) with a superlinear g(s). It is therefore quite reason-
able that these arguments can be adapted to our case. However, due to the
lengthy and complex technical details required in Section 7.4, we prefer to
skip further investigations in this direction.

7.7.2 Neumann and Dirichlet boundary conditions

As anticipated, versions of Theorem 7.1.1 for both Neumann and Dirich-
let boundary conditions can be given. In these cases, we can consider
a slightly more general sign condition for the measurable weight function
a: [0,7] — R, which reads as follows:

(axx) there exist 2m + 2 points (with m > 1)
0=71<01<N<...<0; << ...<0m<Tmlomy1 =T

such that a(t) = 0 on [0, 7], for i = 1,...,m, and a(t) < 0 on
[Ti,0i41], fori=10,...,m.

This means that a(t) has m positive humps |05, 7;] (i = 1,...,m) separated
by m — 1 negative ones [7;,041] (1 = 1,...,m — 1); in addition, a(t) might
have one/two further negativity intervals, precisely an initial one [rg, 01| =
[0,01] or/and a final one [7,,,, 0y +1] = [Tm, T] (compare with Remark 7.1.1).
In this setting, the following result holds true.

Theorem 7.7.1. Let g: RT — R be a continuous function satisfying (g«),
(90) and (goo). Let a: [0,T] — R be an integrable function satisfying ().
Then there exists \* > 0 such that for each X\ > \* there exists pu*(\) > 0
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such that for each p > p*(\) the Neumann problem

{ u'+(Aat(t) — pa= () g(u) = 0
W(0)=u(T)=0

has at least 3™ — 1 positive solutions. The same result holds for the Dirichlet
problem

u'+(Aa™(t) — pa=(t))g(u) =0

u(0) = u(T) = 0.

Of course, such solutions can again be coded via a non-null string S €
{0,1,2}™ as described in Theorem 7.1.1. We also remark that, as usual,
a positive solution of the Dirichlet problem is a function u(t) solving the
equation and such that «(0) = u(7) = 0 and u(t) > 0 for any ¢ € ]0,7T7.

For the proof of Theorem 7.7.1, we rely on the abstract setting of Sec-
tion 7.2 (with the changes underlined in Remark 7.2.1) and on the general
strategy presented in Section 7.3.1. The key point is then the verification of
the assumptions of Lemma 7.3.1 and Lemma 7.3.2 (in the slightly modified
versions described in Remark 7.3.1). To this end, we can take advantage of
the technical estimates developed in Section 7.4.1 (which indeed are inde-
pendent of the boundary conditions) and we can prove the result with minor
modifications of the arguments in the remaining part of Section 7.4.

Finally, we observe that the same result can be obtained for positive
solutions of equation (&) ;) satisfying the mixed boundary conditions u(0) =
w(T) =0or v (0) =u(T) =0 (compare with Section 1.4.4 and Section 2.8).

7.7.3 Radially symmetric solutions

As a standard consequence of Theorem 7.7.1, we can produce multiplic-
ity results for radially symmetric positive solutions to elliptic BVPs on an
annulus.

More precisely, let || - || be the Euclidean norm in R (for N > 2) and
let

Q:={ze RY: Ry < ||z]| < Ry}

be an open annular domain, with 0 < Ry < Rs. We deal with the elliptic
partial differential equation

—Au= (A¢"(z) — pg~(z))g(u) inQ (7.7.2)
together with Neumann boundary conditions
g% =0 onof) (7.7.3)

or Dirichlet boundary conditions

u=0 on . (7.7.4)
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For simplicity, we look for classical solutions to (7.7.2) (namely, u € C?(2))
and, accordingly, we assume that ¢: Q — R is a continuous function. More-
over, in order to transform the partial differential equation (7.7.2) into a
second order ordinary differential equation of the form (&) ,) so as to apply
Theorem 7.7.1, we also require that g(x) is a radially symmetric function,
i.e. there exists a continuous function Q: [Ry, R2] — R such that

a@) = Q(all), Ve (7.7.5)
We also set
Qou(r) :=AQT(r) — nQ(r), 7€ [Ry, Ry,

where, as usual, A\, u > 0.

Looking for radially symmetric (classical) solutions to (7.7.2), i.e. solu-
tions of the form u(z) = U(||z||) where U(r) is a scalar function defined on
[R1, Ro], we transform equation (7.7.2) into

(PN U + Ny () gU) = 0. (7.7.6)
Moreover, the boundary conditions (7.7.3) and (7.7.4) become
U(Rl) = U(RQ) =0 and U/(Rl) = Z/[/(RQ) = 0,
respectively. Via the change of variable described in Section C.2
t="h(r)= [ & Nd¢
Ry
and the positions
Ry
T := eNag, r(t):=h7Yt) and w(t) =U(r(t)),
Ry

we can further convert (7.7.6) and the corresponding boundary conditions
into the Neumann and Dirichlet problems

{ vt ayu(Bgv) =0 { V' ayu(t)g(v) =0
V'(0) =0 (T) =0 v(0) =v(T) =0,
respectively, where

a(t) == r(t)*N=VQ(r(t)), te[0,T).

In this setting, Theorem 7.7.1 gives the following result. The straight-
forward proof is omitted.

Theorem 7.7.2. Let g: RT — R™ be a continuous function satisfying (gs),
(90) and (9oo). Let Q: [Ry, Ra] — R be a continuous function satisfying
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(Qux) there exist 2m + 2 points (with m > 1)
Ri=1m<oa<n<.. <0, <1<...<0n <Tm < 0m41 = Ro

such that Q(r) = 0 on [0y, 7;], for i = 1,...,m, and Q(r) < 0 on
[Ti70'i+1]7 f07" 1= 0, NN D

and let ¢: Q — R be defined as in (7.7.5). Then there exists \* > 0 such
that for each A > X* there exists p*(X) > 0 such that for each p > p*(\) the
Neumann problem associated with (7.7.2) has at least 3™ — 1 radially sym-
metric positive (classical) solutions. The same result holds for the Dirichlet
problem associated with (7.7.2).
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Chapter

Subharmonic solutions and
symbolic dynamics

In this chapter we continue the discussion of the previous chapter for the
super-sublinear indefinite equation

(Ex ) u’+(Aa® () — pa (1)) g(u) =0,

dealing with subharmonic solutions and symbolic dynamics, following the
line of research initiated in Chapter 5 for the superlinear indefinite case.
Throughout the chapter we implicitly assume all the hypotheses of The-
orem 7.1.1; in particular we suppose that g: RT — R™ is a continuous func-
tion satisfying (g.) as well as (go) and (goo) and a: R — R is a T-periodic
locally integrable function satisfying (a.). For convenience, we also suppose
that T > 0 is the minimal period of a(t). Moreover, we recall the notation

5 =IF+¢T, for i=1,...,m and £€Z. (8.0.1)

Taking advantage of the approach developed in Chapter 7 , we are going
to present an application of our main theorem concerning the multiplicity
of positive T-periodic solutions of (&) ,) (i.e. Theorem 7.1.1). In fact, an
important feature of Theorem 7.1.1 is that all the constants appearing in
the statement (precisely A\*, r, R and p*(\)) can be explicitly estimated
(depending on g(s), a(t), as well as on the arbitrary choice of p) and, as
remarked in Section 7.4.5, these estimates are of local nature. In particular,
it turns out that, whenever Theorem 7.1.1 is applied to an interval of the
form [0,kT], with £ > 1 an integer number, these constants can be cho-
sen independently on k. This implies that, for any fixed A > A* and for
any p > p*(\), equation (&) ,,) has positive T-periodic solutions as well as
positive kT-periodic solutions for any & > 2. Such solutions can of course

249
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be coded similarly as the T-periodic ones, by prescribing their behavior on
the intervals I:'Z, fori =1,...,m and ¢ € Z, according to a non-null bi-
infinite km-periodic string S in the alphabet o := {0,1,2} of 3 symbols
(see Theorem 8.1.1). This information can be used to prove that many
of these positive kT-periodic solutions have k7T as minimal period, namely
they are subharmonic solutions of order k (see Theorem 8.1.2, where a lower
bound based on the combinatorial concept of Lyndon words is given). Next,
in Section 8.2, using an approximation argument of Krasnosel’skii-Mawhin
type (cf. 12 I33]) for k¥ — oo, it is possible to construct globally defined
bounded (not necessarily periodic) positive solutions to (&) ,), whose behav-
ior on each [ i‘; can be prescribed a priori with a nontrivial bi-infinite string

S € /" and thus exhibiting chaotic-like dynamics (see Theorem 8.2.2). In
this way we can improve the main result in [B7], where arguments from
topological horseshoes theory were used to construct a symbolic dynamics
on two symbols (1 and 2, according to the notation of the present chapter).
This is a hint of complex dynamics and indeed we conclude the chapter by
describing some dynamical consequences of our results. More precisely, in
Section 8.3, in a dynamical system perspective, we also prove the presence
of a Bernoulli shift as a factor within the set of positive bounded solutions
of ((o@ )\,,u)'

Recalling the discussion in Section 7.7.1, we underline that we can prove
the existence of infinitely many positive subharmonic solutions as well as
the presence of chaotic dynamics on 3™ symbols also for the equation

u” + cu'+(Nat (t) — pa (1)) g(u) =0,

namely when we lose the Hamiltonin structure of equation (&} ;) adding the
friction term cu’ (compare also to Chapter 5).

8.1 Positive subharmonic solutions

In this section we investigate the existence and multiplicity of positive
subharmonic solutions to equation (&) ,). Let k& > 2 be a fixed integer.
Following a standard definition, we recall that a subharmonic solution of
order k is a kT-periodic solution which is not [T-periodic for any integer [ =
1,...,k—1. As observed in Chapter 5 (as a consequence of (g«) and the fact
that T' > 0 is the minimal period of a(t)) any positive subharmonic solution
of order k has actually k7" as minimal period. Moreover, we underline that
if we find a (positive) subharmonic solution u(t) of order k, we also obtain
altogether a family of k (positive) subharmonic solutions vy (t) := u(t 4 ¢T')
(for 0 < ¢ < k — 1) of the same order. These solutions, even if formally
distinct, will be considered as belonging to the same periodicity class.

We split the search of subharmonic solutions to (&) ,) into two steps.
In the first one we present a theorem of existence and multiplicity of pos-
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itive kT-periodic solutions which is a direct application of Theorem 7.1.1
for the interval [0,kT]. As a second step, we show how the code “very
small/small/large” allows us to prove the minimality of the period for some
of such kT-periodic solutions and determine a lower bound for the number
of k-th order subharmonics.

First of all, in order to apply Theorem 7.1.1 to the interval [0, kT, we
need to observe that now a(t) is treated as a kT-periodic function (even if
it has T" as minimal period). Recalling the notation in (8.0.1), in the “new”
periodicity interval [0, k7] the weight a(t) turns out to be a function with
km positive humps IZ.TE separated by km negative ones IZ.TE (fori=1,...,m
and £ =0,...,k—1).

In this setting, Theorem 7.1.1 reads as follows.

Theorem 8.1.1. Let g: RT — R™ be a continuous function satisfying (g«),
(g0) and (goo). Let a: R — R be a locally integrable periodic function of
minimal period T > 0 satisfying (a.). Then there exists \* > 0 such that
for each X > X* there exists p1*(X\) > 0 such that, for each p > p*(\) and
each integer k > 2, equation (&) ,,) has at least 3km _ 1 positive kT -periodic
solutions.

More precisely, fived an arbitrary constant p > 0 there exists \* =
A*(p) > 0 such that for each N > X* there exist two constants r, R with
0<r<p<Randp (N =p*(\,r,R) >0 such that, for any p > p*(\)
and for any integer k > 2, the following holds: given any finite string
S = (S1,...,Skm) € {0,1,2}Fm with S # (0,...,0), there exists a posi-
tive kT'-periodic solution u(t) of (&) such that

. maxteﬁeu(t) <r,if§; =0 for j =i+ lm;
o 7 <max, u(t) < p, if S =1 for j =i+ Im;
* p < max, u(t) < R, if S; =2 for j =i+ {m.

Proof. This statement follows from Theorem 7.1.1 (for the search of posi-
tive kT-periodic solutions and the weight a(t) considered as a kT-periodic
function), after having checked that the constants A*, r, R and p*(\) can be
chosen independently on k. This is a consequence of the fact that, for the
part in which they depend on a(t), these constants involve either integrals of
a®(t) on I* or interval lengths of the form |If|, with i = 1,...,m (compare
with the discussion in Section 7.4.5), and of the fact that the “new” intervals
Ife (fori=1,...,mand £ = 0,...,k — 1) are just ¢T-translations of the
original I (with a(t) T-periodic). O

Remark 8.1.1. As a further information, up to selecting the intervals I Zi SO
that a(t) # 0 on each right neighborhood of 7; and on each left neighborhood
of 0,11, among the properties of the positive kT-periodic solutions listed in
Theorem 8.1.1, we can add the following one (if u is sufficiently large):
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e O0<u(t)y<ronl,, foralli=1,...,mand {=0,...,k—1.

This assertion is justified by Proposition 7.6.5 taking p > pu+* defined in

r .
(7.6.1) for € = r, and observing also that the constants ;°"(r) and M?lght (r)

(3 3

depend on a(t) on a T-periodicity interval and do not depend on k. <

From now on, we can use Theorem 8.1.1 to produce subharmonics. The
trick is that of selecting strings which are minimal in some sense, in order
to obtain the minimality of the period. On the other hand, in counting
the subharmonic solutions we wish to avoid duplications, in the sense that
we count only once subharmonics belonging to the same periodicity class.
To this end, we can take advantage of some combinatorial results related
to the concept of Lyndon words. We recall that a n-ary Lyndon word of
length k is a string of k digits of an alphabet % with n symbols which
is strictly smaller in the lexicographic ordering than all of its nontrivial
rotations. As in Chapter 5, we denote by L, (k) the number of n-ary Lyndon
words of length k. According to formula (5.2.1) and Proposition 5.2.1, for
instance, the values of £3(k) (number of ternary Lyndon words of length k)
for k =2,...,10 are 3, 8, 18, 48, 116, 312, 810, 2184, 5880. See Chapter 5
for more details and remarks (cf. also Figure 5.2).

In this setting we can now provide the following consequence of Theo-
rem 8.1.1.

Theorem 8.1.2. Let g: RT — R be a continuous function satisfying (gs),
(90) and (goo). Let a: R — R be a locally integrable periodic function of
minimal period T > 0 satisfying (a.). Then there exists \* > 0 such that
for each X > X\* there exists pu*(\) > 0 such that for each p > p*(\) and
each integer k > 2, equation (&3 ;) has at least L3 (k) positive subharmonic
solutions of order k.

Proof. We consider an alphabet 4 made by 3™ symbols and defined as
%= {0,1,2}™.

Let us fix a non-null k-tuple 71 .= (Te)e=o,...k—1 in the alphabet . We
have that for each £ = 0,...,k — 1, the element 7, € % can be written as
Te = (T})i=1,...m, where T/ € {0,1,2} for i =1,...,m and £ =0,...,k — 1.
By Theorem 8.1.1, there exists at least one positive kT-periodic solution
u(t) of equation (&) ) such that

o max, + u(t) <r,if T} = 0;
o 7 <max,. - u(t) < p, if T, =1;

o p<max; u(t) < R, if T} = 2.
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In fact, the k-tuple 7! determines the string S of length km with
S; =T/, forj=i+tm.

It remains to see whether, on the basis of the information we have on u(t),
we are able first to prove the minimality of the period and next to distinguish
among solutions not belonging to the same periodicity class. In view of the
above listed properties of the solution u(t), the minimality of the period is
guaranteed when the string 7¥ has k as a minimal period (when repeated
cyclically). For the second question, given any string of this kind, we count
as the same all those strings (of length k) which are equivalent by cyclic
permutations. To choose exactly one string in each of these equivalence
classes, we can take the minimal one in the lexicographic order, namely a
Lyndon word. As a consequence, we find that each 3"-ary Lyndon word
of length k determines at least one kT -periodic solution which is not pT-
periodic for every p =1,...,k — 1. This solution has indeed kT as minimal
period. Moreover, by definition, solutions associated with different Lyndon
words are not in the same periodicity class. O

8.2 Positive solutions with complex behavior

Having shown the existence of a mechanism producing subharmonic so-
lutions of arbitrary order, letting & — oo we can provide positive (not nec-
essarily periodic) bounded solutions coded by a non-null bi-infinite string
of three symbols. A similar procedure has been performed in [I7] and in
Chapter 5 for the superlinear case.

Our proof is based on the following diagonal lemma borrowed from [[12]
Lemma 8.1] and [I33] Lemma 4].

Lemma 8.2.1. Let f: R x R* — R? be an L'-Carathéodory function. Let
(tn)nen be an increasing sequence of positive numbers and (Tn)pen be a
sequence of functions from R to R% with the following properties:

(1) tn, = 400 as n — 0o;
(73) for each n € N, z,(t) is a solution of
' = f(t,z) (8.2.1)
defined on [—ty, tn];

(iii) there exists a closed and bounded set B C R? such that, for eachn € N,
xn(t) € B for every t € [—ty, t,].

Then there exists a subsequence (Zn)nen Of (Tn)nen which converges uni-
formly on the compact subsets of R to a solution &(t) of system (8.2.1); in
particular Z(t) is defined on R and Z(t) € B for all t € R.
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In order to simplify the exposition we suppose that the coefficient a(t) has
a positive hump followed by a negative one in a period interval (i.e. m =1
in hypothesis (a,)). In this framework, the next result follows.

Theorem 8.2.1. Let g: RT — R* be a continuous function satisfying (gs),
(90) and (9so). Let a: R — R be a T-periodic locally integrable function
such that there exist o, 8 with o < B < a+ T so that a(t) = 0 on [«, 8] and
a(t) <0 on [B,a+ T]. Then, fized an arbitrary constant p > 0 there exists
A* = X*(p) > 0 such that for each A > \* there exist two constants r, R with
0<r<p<Randp*(\) = p*(A\,r,R) > 0 such that for any p > p*(\)
the following holds: given any two-sided sequence S = (S;j);ez € {0, 1,2}~
which is not identically zero, there exists at least a positive solution u(t) of

(Exp) such that

® MaX;e|at 1,847 U(t) <7, if S =0;

o 7 < MaXyg[qpj7,8457] W(t) < p, if S5 =1;

LAY < maxte[a+jT7B+jT] U(t) < R, Zf Sj = 2.
Proof. Without loss of generality, we suppose that « = 0 and set 7 := S —q,
so that a(t) = 0 on [0,7] and a(t) < 0 on [r,T]. We also introduce the
intervals

=0T, 7+ 4T, J; = +iT,(G+ 1T, jeZ (8.2.2)

Let p, A > X*, r, R and p*(\) be fixed as in Section 7.4.2 and Section 7.4.5
for m = 1. Once more, we emphasize that all our constants can be chosen
independently on k. Thus, having fixed all these constants and taken p >
u*(A\), we can produce kT-periodic solutions following any k-periodic two-
sided sequence of three symbols, as in Theorem 8.1.1.

Consider now an arbitrary sequence S = (S;)jez € {0,1,2}% which is
not identically zero. We fix a positive integer ng such that there is at least
an index j € {—ng,...,no} such that S; # 0. Then, for each n > ny we
consider the (2n + 1)-periodic sequence S" = (S7); € {0, 1,2}% which is
obtained by truncating & between —n and n, and then repeating that string
by periodicity. We apply Theorem 8.1.1, with m = 1, on the periodicity
interval [-nT', (n+1)T] and find a positive periodic solution w,(t) such that
Un(t+ (2n+1)T) = uy,(t) for all t € R and ||up||c < R (by the concavity of
the solutions in the intervals J; where a(t) < 0). Moreover, we also know
that

° maxtejj un(t) <r,if SJ’. = 0;
o 7 <max, + un(t) < p, if §; = 1;
J

* p<max;+ un(t) < R, if §§ = 2.
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In each interval J ;r (of length 7) the positive solution uy, () is bounded by
R and therefore there exists at least a point ¢, ; € J;’ such that |u,(t, ;)] <
R/7. Hence, for each t € J ]+ and every n > ng, it holds that

t
)] = [attns) + [ wii€rde| < a [ o @atun (e
tn.j I (8.2.3)
< T Mallag (B) = K,

where the constants ||al|+,1 and ¢*(R) are those defined at the beginning of
Section 7.4. Notice that K is independent on j and this provides a uniform
estimate for all the intervals where the weight is positive. On the other
hand, using the convexity of un(t) in the intervals J;~, we know that

lul ()] < max |u, ()] < max |u,(§)| <K, Vte Ji, Vn = no,

5]~ + 7+
£€0J; gegugf,

and thus we are able to find the global uniform estimate

lup,(t)] < K, VteR, Vn > n,.

Now we write equation (&) ) as the planar system

u =y
{y' — — (Mt (1) — pa~(1))g(w).

From the above estimates, one can see that (up to a reparametrization of
indices, counting from ng) assumptions (), (#¢) and (i3i) of Lemma 8.2.1
are satisfied, taking t, := nT, f(t,z) = (y,—(A\a™(t) — pa=(t))g(u)), with
x = (u,y), and

B := {x:(xl,xg) €ER?*:0<z; <R, |z SK},

which is a closed and bounded set in R?. By Lemma 8.2.1, there is a solution
u(t) of equation (8.2.1) which is defined on R and such that 0 < @(t) < R
for all t € R. Moreover, such a solution @(t) is the limit of a subsequence
(T )n of the sequence of the periodic solutions wu, ().

We claim that

e max, ;+ u(t) <r,if §; = 0;
J
o r < max,+U(t) < p, if S5 = 1;
J

® p < max,c;t a(t) < R,if S5 =2.
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To prove our claim, let us fix j € Z and consider the interval J;r introduced

in (8.2.2). For each n > |j| (and n > ng) the periodic solution wu,(t) is

defined on R and such that ma,XJj+ u, <rif§; =0,r< maxjf Uy < P

it §; =1, p < max;+u, < R if §; = 2. Passing to the limit on the
J

subsequence (U, )n, we obtain that
® maxe;+ a(t) <r, if S = 0;
o r < maX,c r+ a(t) < p, if S5 = 1;
e p< max;e r+ u(t) < R, if S5 =2.

By Proposition 7.6.1 we get that @(t) < R, for all ¢t € R. Moreover, since
there exists at least one index j € Z such that S; # 0, we know that (t) is
not identically zero. Hence, a maximum principle argument shows that (t)
never vanishes. In conclusion, we have proved that

0<ua(t) <R, VteR.
Next, using this fact, by Proposition 7.6.2 we observe that

maxu(t) #p, VjELZ,
etk

and by Proposition 7.6.3 we have

maxu(t) #r, Vje€Z,
et

since, at the beginning, x4 has been chosen large enough (note also that we
apply those propositions in the case m = 1 and so the sets [ jé reduce to the
intervals [0, 7]+ £T). Our claim is thus verified and this completes the proof
of the theorem. O

Theorem 8.2.1 can be compared with the main result in [B7], providing
(under a few technical conditions on a(t) and g(s)) globally defined posi-
tive solutions to (&) ,) according to a symbolic dynamics on two symbols.
More precisely, using a dynamical systems technique it was shown in [B7],
Theorem 2.3] the existence of two disjoint compact sets K1, o € R? such
that for any two-sided sequence S = (S;)jez € {1,2}% there is a positive
solution u(t) to (&) satisfying (u(a+jT), v (a+jT)) € Ks, for all j € Z.
Even if this conclusion is not directly comparable with the one of Theo-
rem 8.2.1 (in which solutions are distinguished in dependence of the value
MaXe(a457,8+57] U(t)), a careful reading of the arguments in [37] should con-
vince us that the solutions obtained therein correspond to solutions which
are “small” or “large” according to the code of the present chapter. From
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this point of view, Theorem 8.2.1 can thus be seen as an improvement of
B0 Theorem 2.3], providing in addition solutions which are “very small”
on some intervals of positivity of the weight function and thus leading to a
symbolic dynamics on three symbols. It has to be noticed, however, that in
B7 some further information for the Poincaré map associated with (&) ,)
were obtained; we will comment again on this point in Section 8.3.

Theorem 8.2.1 can be extended to the case of a weight function with more
than one positive hump in the interval [0, T'], as described in hypothesis (a.).
The corresponding more general result is given in the next theorem.

Theorem 8.2.2. Let g: RT — R™ be a continuous function satisfying (gs«),
(g0) and (goo). Let a: R — R be a locally integrable periodic function of
minimal period T > 0 satisfying (as). Then, fized an arbitrary constant
p > 0 there exists \* = X*(p) > 0 such that for each X\ > \* there ewist
two constants r, R with 0 < r < p < R and p*(\) = p*(\, 7, R) > 0 such
that for any pu > p*(X\) the following holds: given any two-sided sequence
S = (Sj)jez in the alphabet o7 := {0,1,2} which is not identically zero,
there exists at least a positive solution u(t) of (&) ) such that

 maX, + u(t) <r, if S; =0 for j =i+ tm;
o r<max, i u(t) < p, if S =1 for j =i+ tm;
* p<maxy+ u(t) < R, if S =2 for j =i+ {m.

Proof. The proof requires only minor modifications in the argument applied
for Theorem 8.2.1 and thus the details are omitted. We only observe that
the uniform bound K for |ul,(¢)| is now achieved by working separately on
each interval i—j_f' When arguing like in (8.2.3) one obtains

R

|up, (1) < T Mall+ig*(R) =: K;, Yt € If,, Vn > no.
7

Now all the rest works fine for

K = max K;.
i=1,....m
The same final arguments allow us to obtain the theorem. O

Remark 8.2.1. As a further information, up to selecting the intervals I f SO
that a(t) # 0 on each right neighborhood of 7; and on each left neighborhood
of 0,11, among the properties of the positive solutions listed in Theorem 8.2.1
and Theorem 8.2.2, we can add the following one (if p is sufficiently large):

o 0 <u(t)<ronl,, forallic{l,...,m} and for all £ € Z.

This assertion is justified by Proposition 7.6.5 taking u > p** defined in

T N
(7.6.1) for ¢ = r, and observing also that the constants ;% (r) and z2'#" ()

(2 7
depend on a(t) on a T-periodicity interval. <
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8.3 A dynamical systems perspective

In the two previous sections we have proved the presence of chaotic-
like dynamics which is highlighted by the coexistence of infinitely many
subharmonic solutions together with non-periodic bounded solutions which
can be coded by sequences of three symbols. Our next goal is to show that
our results allow us to enter a classical framework for complex dynamical
systems, namely the semiconjugation with the Bernoulli shift.

We start with some formal definitions. Let n > 2. Let £ be a finite set
of n elements (called symbols), conventionally denoted as & := {b1,...,by},
which is endowed with the discrete topology. Let ¥, := %% be the set of
all two-sided sequences T = (7y)eez where, for each ¢ € Z, the element 7,
is a symbol of the alphabet %. The set ¥, = [[,c; %, endowed with the
product topology, turns out to be a compact metrizable space. As a suitable
distance on X,, we take

07/, 7/)

d Z
2|£| ) TvT € ZTU

d(T/, 7—//) — Z

LET

where § is the discrete distance on %, that is §(s’,s”) = 0 if s = s” and
i(s',s") =1if s # s”’. We introduce a map o: X, — 3, called the shift
automorphism (cf. [Tl p. 770]) or Bernoulli shift (cf. [[78]) and defined as

o(T)=T', with T/ :=Tu, VLEZ.

The map o is a bijective continuous map (a homeomorphism) of ¥,, which
possesses all the features usually associated with the concept of chaos, such
as transitivity, density of the set of periodic points and positive topological
entropy (which is log(n) for an alphabet of n symbols).

Given a topological space X and a continuous map ¢: X — X, a typical
way to prove that 1 is “chaotic” consists into verifying that i has the
shift map as a factor, namely that there exist a compact set Y C X which
is invariant for ¢ (i.e. ¥(Y) = Y) and a continuous and surjective map
m:Y — %, such that the diagram

vV .y

s ™

commutes, that is
Toy =con. (8.3.1)

If we are in this situation we say that the map 9|y is semiconjugate with
the shift on n symbols. Usually the best form of chaos occurs when the map
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m:Y — X, is a homeomorphism. In this latter case the map |y is said
to be conjugate with the shift o. This, for instance, occurs for the classical
Smale horseshoe (see [I41] [71]). In many concrete examples of differential
equations, the conjugation with the shift map is not feasible and many
investigations have been addressed toward the proof of a semiconjugation
with the Bernoulli shift, possibly accompanied by some further information,
such as density of periodic points, in order to provide a description of chaotic
dynamics which is still interesting for the applications. Quoting Block and
Coppel from [28 Introduction],

“ . ..there is no generally accepted definition of chaos. It is our
view that any definition for more general spaces should agree
with ours in the case of an interval. ...we show that a map is
chaotic if and only if some iterate has the shift map as a factor,
and we propose this as a general definition.”

Indeed, the semiconjugation of an iterate of a map ¥ with the Bernoulli shift
is defined as B/C-chaos in [12].

We plan to prove the existence of a strong form of B/C-chaos coming
from Theorem 8.1.1 and Theorem 8.2.2, namely the existence of a compact
invariant set Y for a continuous homeomorphism ) such that |y satisfies
(8.3.1) and such that to any periodic sequence of symbols corresponds a
periodic solution of (&) ;). Such a stronger form of chaos has been produced
by several authors using dynamical systems techniques (see, for instance,

B7 B4 138 139, 73] I84] I85]). The obtention of this kind of results with

the coincidence degree approach appears new in the literature.

Let us start by defining a suitable metric space and a homeomorphism
on it. Let X be the set of the continuous functions z = (z,y): R — R2. For
each z1 = (z1,y1), 22 = (22,y2) € X, we define

In(ar22) 1= max (jan(6) = w2(8)] +a(8) ~2(8)). N €N\ (o)

and we set
oo

dist (21, 22) := Z

N=1

1 In(z1,22)
2N 1 —+ 29]\/(21, ZQ) ’

It is a standard task to check that (X,dist) is a complete metric space.
Moreover, given a sequence of functions (zj); in X and a function z € X,
we have that z; — 2 with respect to the distance of X if and only if zx(t)
converges uniformly to 2(¢) in each compact interval of R (cf. 24 ch. 1],
[IG4 ch. III] and [IG8 § 20]). We also recall that a family of functions
M C X is relatively compact if and only if for every compact interval J the
set of restrictions to J of the functions belonging to M is relatively compact
in C(J,R?) (cf. BB p. 2]). Next, recalling that T > 0 is the minimal period



260 Chapter 8. Subharmonic solutions and symbolic dynamics

of the weight function a(t), we introduce the shift map ¥: X — X defined
by
(u)(t) == u(t+T), teR,

which is a homeomorphism of X onto itself. The discrete dynamical system
induced by v is usually referred to as a Bebutov dynamical system on X.

For the next results we assume the standard hypotheses on the nonlin-
earity g(s) and on the coefficient a(t), that is, g: R™ — R™ is a continuous
function satisfying (g«), (90), (90), a: R — R is a T-periodic locally in-
tegrable function satisfying (a.) with minimal period T. We suppose also
that all the positive constants p, A > A*, r;, R and p*(\) are fixed as in
Section 7.4.2 and Section 7.4.5. Let also u > 0.

We consider the first order differential system

=y
{y' — (1)~ g~ (1) o0 532

associated with (&) ;). Even if all our results concern non-negative solutions
of (),), in dealing with system (8.3.2) it would be convenient to have the
vector field (i.e. the right-hand side of the system) defined for all ¢ € R
and (z,y) € R2. For this reason, we extend g(s) to the whole real line, for
instance by setting g(s) = 0 for s < 0 (any extension we choose will have
no effect in what follows). As usual the solutions of (8.3.2) are meant in the
Carathéodory sense.

Next, we denote by Yy the subset of X made up of the globally defined
solutions (z(t), y(t)) of (8.3.2) such that 0 < z(t) < R, for all t € R. Observe
that (0,0) € Yy (as u(t) = 0 is the trivial solution of (&) ,)). On the other
hand, if (z,y) € Yy with  # 0, then z(t) > 0 for all ¢ € R.

Lemma 8.3.1. There exists a constant K > 0 such that for each (x,y) € Yo
it holds that
ly(t)| < K, VteR. (8.3.3)

Moreover, Yy is a compact subset of X which is invariant for the map .

Proof. The estimates needed to prove this result have been already obtained
along the proof of Theorem 8.2.1. We briefly repeat the argument since the
context here is slightly different. Let (z,y) € Yp. Since 0 < z(t) < R for all
t € R, we have that, for all 1 € {1,...,m} and ¢ € Z, there exists at least
a point ;4 € I;r’e such that |y(t;¢)| < R/|I;7| (recall the definition of I;’} in
(8.0.1)). Hence, for each t € I;r, it holds that
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Note that the constant K; does not depend on the index £. Therefore, setting

K := max Kj;,
1=1,....m
we get
y()| <K, Vtelf,Vi=1,...,m,VIe L.

On the other hand, using the convexity of x(¢) in the intervals I;, we know
that

o) = 17 (O] < max |¢/(©)] < K, Vel Vi=1m Ve
il

This proves inequality (8.3.3).
From system (8.3.2), we know that the absolutely continuous vector
function (z,y) € Yy satisfies

|2’ ()] + |y (t)] < K4+ (Aa™(t) + pa™ (t))g*(R), for ae. t €R.

Therefore, Ascoli-Arzela theorem implies that the set of restrictions of the
functions in Y to any compact interval is relatively compact in the uniform
norm. Thus we conclude that the closed set Y is a compact subset of X.
Finally, we observe that the invariance of Y under the map v follows
from the T-periodicity of the coefficients in system (8.3.2), which in turn
implies that (z(t),y(t)) is a solution of (8.3.2) if and only if (x(t+7T"), y(t+T))
is a solution of the same system. O

The next result summarizes the properties obtained in Proposition 7.6.1,
Proposition 7.6.2 and Proposition 7.6.3.

Lemma 8.3.2. Suppose that p > p*(\). Then, given any (z,y) € Yy, for
eachi € {1,...,m} and { € Z we have that one of the following alternatives
holds: maXye z(t) <r,r< maX,ert, z(t) <porp< maXyert, z(t) < R.

Let
#:={0,1,2}™

be the alphabet of the 3™ elements of the form (wy,...,wy,), where w; €
{0,1,2} for each i =1,...,m.

We define a semiconjugation 7 between Yy and the set Ysm associated
with % as follows. Suppose that ¢ > p*(\). To each element z = (z,y) € Yy
the map 7 associates a sequence 7(z) =T = (Ty)eez € X3m defined as

Te= (T}, ..., ;") € B, (<,
where, fori =1,...,m,

o 7/ =0,if max,e /+ z(t) <r;
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o T)=1,ifr< maxe+ z(t) < p;
e 7/ =2/ifp< max,c z(t) < R.

Lemma 8.3.2 guarantees that the above map is well-defined.
Now we are in position to state the main result of this section.

Theorem 8.3.1. Suppose that p > p*(N). Then the map 7: Yy — Xam is
continuous, surjective and such that the diagram

Yo Yo

g |7

commutes. Furthermore, for every integer k > 1, the counterimage of any
k-periodic sequence in Yzm contains at least a point (u,y) € Yy such that
u(t) is a KT'-periodic solution of (&) ).

Proof. Part of the statement follows immediately from our previous results.
The surjectivity of the map 7 is a consequence of Theorem 8.2.2. Indeed,
if T € Y3m is the null sequence then it is the image of the trivial solution
(0,0) € Yp. On the other hand, given any non-null sequence 7 = (77)sez,
with T, = (721, ..., T/") for each ¢ € Z, there exists at least one globally
defined positive solution u(t) to equation (&) ,) such that

o max,e,s ult) <7 if T = 0;
o r< naaxte[;Z u(t) < p, if 721’ =1;
e p< max; .+ u(t) < R, if 7? —9.

Then 7 maps (u(t), v (t)) = (z(t),y(t)) € Yo to T. In a similar way, The-
orem 8.1.1 ensures that, for any integer k£ > 1, the counterimage of a k-
periodic sequence in X3m can be chosen as a kT-periodic solution of (8.3.2).

The commutativity of the diagram follows from the fact that, whenever
(x(t),y(t)) is a solution of (8.3.2), then (z(t+7),y(t+1T")) is also a solution of
the same system and, moreover, if (7;)scz is the sequence of symbols associ-
ated with (z(t), y(t)), then the sequence corresponding to (z(t+7T),y(t+T))
must be (Ty41)eez. This proves (8.3.1).

Thus we have only to check the continuity of 7. Let Z = (Z,7) € Yy and
T =7(2). Let 2z, = (zn, yn) € Yo be a sequence such that z, — % in Yy. This
means that (z,(t),y,(t)) converges uniformly to (Z(¢),g(t)) on any compact
interval [-NT, NT] of the real line. For any interval I ;e C [-NT,NT], we
have that either maxlzre T<rorr< maxfj’g T<porp< maxlﬁ T < R. By
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the uniform convergence of the sequence of solutions on [ ;}, there exists an
index n;, such that, for each n > n;,, the solution (t) satisfies the same
inequalities as Z(t) on the interval I :} Hence, for any fixed N, there is an
index

ny = max{nz‘,g: 1=1,...,m, £ = —N,...,N—l}

such that, setting 7" = m(z,), it holds that 7,* = T, for all n > n% and
¢{=—N,...,N —1. By the topology of ¥3m, this means that 7" converges
to 7. This concludes the proof. O

From Theorem 8.3.1 many consequences can be produced. For instance,
we can refine the set Y{ in order to obtain an invariant set with dense periodic
trajectories of any period. This follows via a standard procedure that we
describe below for the reader’s convenience.

Let Yper be the set of all the pairs (x,y) € Yy which are kKT-periodic
solutions of (8.3.2) for some integer k£ > 1 and let

Y = Cl(Yper) C Yo,

where the closure is taken with respect to the distance in the space X.
Clearly, the set Y is compact, invariant for the map ¢ and Y, is dense in
Y. Then, from Theorem 8.3.1 we immediately have that for u > p*(\) the
map ¢¥]y: Y — Y is semiconjugate (via the surjection m|y) with the shift
o on X3m and, moreover, for every integer k > 1, the counterimage by 7
of any k-periodic sequence in Y3m contains at least a point (u,y) € Y such
that u(t) is a kT-periodic solution of (&) ;).

As a last step, we want to express our results in terms of the Poincaré
map associated with system (8.3.2). To this end, we further suppose that the
nonlinearity g(s) is locally Lipschitz continuous on RT. This, in turn, implies
the uniqueness of the solutions for the initial value problems associated with
(8.3.2). We recall that the Poincaré map associated with system (8.3.2) is
defined as

Ur: dom Up(C R?) — R?, 29 = (z0,50) — 2(T, 20),

where z(t, z0) = (x(t, 20), y(t, 20)) is the solution of system (8.3.2) such that
x(0) = zg and y(0) = yo. The map ¥t is defined provided that the solutions
can be extended to the interval [0,7]. In general the domain of ¥ is an
open subset of R? and ¥r is a homeomorphism of dom U onto its image.
In our case, due to the sublinear growth at infinity (go), we have that
dom ¥7 = R? and ¥r is a homeomorphism of R? onto itself.
Let
Wo = {(2(0),y(0)) € [0, R] x [~ K, K]: (z,y) € Yo}

and define IT: Wy — X3m as
II(z0) :=7(2(-,20)), 20 € Wo.
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Notice that the map II is well-defined; indeed, if zg € W), then z(+, zo) € Y.
The next result is an equivalent version of Theorem 8.3.1 where chaotic
dynamics are described in terms of the Poincaré map.

Theorem 8.3.2. Suppose that p > p*(\). Then the map I1: Wy — Xzm is
continuous, surjective and such that the diagram

)\
Wo ——= W

Hl in

Egm ? 23m

commutes. Furthermore, for every integer k > 1, the counterimage of any
k-periodic sequence in Ygm contains at least a point w € Wy which is a k-
periodic point of the Poincaré map and so that the solution u(t) of (&),
with (u(0),u'(0)) = w, is a kT -periodic solution of (&x,)-

Proof. Let ¢ : Wy — Y be the map which associates to any initial point
2o the solution z(-,zp) of (8.3.2) with (z(0),y(0)) = 2z9. We consider the
diagram

Wo ——= Wo

S

Yo—Y0
(4

and observe that the map ( is bijective, continuous and with continuous
inverse. Indeed, if z, — 29 in R?, then z(t,2,) converges uniformly to
2(t, zp) on the compact subsets of R. The above diagram is also commutative
because (by the uniqueness of the solutions to the initial value problems) the
solution of (8.3.2) starting at the point z(7', zp) coincides with z(t + T, zp).
From these remarks and the commutativity of the diagram in Theorem 8.3.1
we easily conclude. O

We conclude this section with a final remark concerning a dynamical con-
sequence of Theorem 8.3.2. Consider again the alphabet & of 3™ elements
of the form w = (w1, ...,wn), where w; € {0,1,2} for each i =1,...,m. To
each element w € BB we associate the set

max, .+ z(t,w) <r, ifw; =0

Ky =L weWy: r<maxt61i+x(t,w)<p, ifw=1 3,
p <max, .+ z(t,w) < R, if w; =2

which is compact, as an easy consequence of Lemma 8.3.2. By definition, the
sets ICy, for w € A are pairwise disjoint subsets of [0, R] x [-K, K|. Hence,
another way to describe our results is the following.
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For each two-sided sequence (Ty)scz there exists a corresponding
sequence (wy)eez € Wo)? such that, for all £ € Z,

werr = VYr(we) and  we € K7p5 (8.3.4)

moreover, whenever (Ty)ecz is a k-periodic sequence for some
integer k > 1, there exists a k-periodic sequence (wy)eez, € Wo)?
satisfying condition (8.3.4).

In this manner, we enter a setting of coin-tossing type dynamics widely
explored in the literature. As a consequence, in the case m = 1, we obtain
a dynamics on three symbols, described as itineraries for the Poincaré map
jumping among three compact mutually disjoint sets Ko, K1, 2. A previous
result in this direction, but involving only two symbols, was obtained in [B7]
with a completely different approach.
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Appendix

Leray-Schauder degree for locally
compact operators on open possibly
unbounded sets

In this appendix we present a general version of the Leray-Schauder
topological degree for locally compact operators on open possibly unbounded
sets in a normed linear space. Actually, we do not introduce the degree in
the most general version, that is the one set in metric absolute neighborhood
retracts (ANR) which is due to R. Nussbaum (cf. [I47, [48]). We prefer to
display the topological degree in the version best suited to the applications
presented in this thesis.

We propose an axiomatic treatement and we omitt the proofs. For more
details we refer to [[34], [[47 [48] and the references therein. Moreover,
concerning the classical Brouwer degree and the classical Leray-Schauder
degree we refer to the well known books about those theories (see, for in-

stance, [0l 66l M03] [IT6]).

A.1 Definition, axioms and properties

Let X be a normed linear space, 2 C X an open (possibly unbounded)
subset and z € X. Consider a continuous map ¢: 2 — X such that

S.:={zcQa—9¢) =z}

is a compact set (possibly empty) and such that there exists an open neigh-
borhood V of S, with V' C € such that ¢y is compact. If all the previous
assumptions are satisfied, the triplet (Id—¢, 2, z) is called admissible (where
Id = Idx is the identity map in X).
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To the admissible triplet (Id — ¢, (2, z) we associate the integer

degLS(Id - ¢a Qa Z)a

called the Leray-Schauder degree of Id— ¢ on ) in z, satisfying the following
three axioms.

o Additivity. If Qq,Q9 are open and disjoint subsets of €2 such that
S, C Q1 Uy, then

degrg(Id — 9,9, z) = degrg(Id — ¢, 1, z) + degpg(Id — ¢,Q0, 2).

e Homotopic invariance. Let U C X X[a, b] be an open subset (typically
U= Q x[a,b], with Q C X). Let h: U — X be a continuous map.
Define hy(z) := h(z,\) and Uy :={z € X: (x,\) € U}. Suppose that
the set

Si={(z,\) €U:z—hy(z) =z}

is compact (possibly empty) and that there exists an open neighbor-
hood W of ¥ such that hly is a compact map. Then

degyg(Id — hy,Uy,2)
is constant with respect to A € [a, b].
o Normalization. It holds that

1, ifze

d 1d,Q, z) = _
e8rs(1d 2. 2) {o, ifze X\ 0.

Dealing with the special case of an open and bounded set €2 in a real
Banach space X and a completely continuous map ¢: 2 — X such that

x—¢(x) £z, x €I,

clearly the triplet (Id— ¢, (2, z) is admissible and it is easy to verify that the
above definition of the Leray-Schauder degree reduces to the classical one.

From the Additivity of the topological degree, one can easily prove that
degrg(Id — ¢,0,z) = 0 and that the following properties hold (where we
implicitly assume that (Id — ¢,€, z) is an admissible triplet).

e Fxcision. If g is an open subset of {2 such that S, C €2y, then
degrg(Id — ¢,9, 2) = degpg(Id — ¢,Q, 2)

e FEuzistence theorem. 1f degpq(Id—¢,,z) # 0, then S, # ), and hence
there exists & € 2 such that & — ¢(2) = =.
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We conclude this section by stating some additional properties of the
Leray-Schauder degree which are relevant for our applications. For simplic-
ity we take z = 0.

Theorem A.1.1 (Commutativity property). Let X1, Xo be normed linear
spaces. Let Q; C X;, i = 1,2, be an open (possibly unbounded) set. Let
P1: Q1 — Xo and ¥o: Qo — X1 be continuous maps. Consider the maps

daotn: P () (S X1) = X1 and 1ot ¢y () (C Xa) = Xa

and the sets
S = {.7} € wl_l(QQ): xr — l/Jg(l/Jl(l')) = 0}
and

Syi={ze Vo () @ — Py (Pa(w))) = 0}.

Assume that Sy (or Sz) is compact (possibly empty) and that 1y is compact
on some open neighborhood of Sy (or 1y is compact on some open neighbor-
hood of Sa, respectively). Then

degyg(Id — b2 0 9b1,1b7 H(2),0) = degpg(Id — b1 0 1b2, 1y * (1), 0).

In particular §; = 1¥2(S2) and Sy = ¥1(S1) are compact and the Leray-
Schauder degrees in the above formula are defined.

As a direct corollary of the Commutativity property, one can deduce the
Reduction formula.

Corollary A.1.1 (Reduction formula). Let X be a normed linear space. Let
Q C X be an open (possibly unbounded) set. Let ¢: @ — X be a continuous
map such that the degree degpg(Id — ¢,€, 2) is defined. Let Y C X be a
subspace such that () CY. Then

degrs(Id — ¢,9,0) = degs(Idy — ¢[y,2NY,0).

In the statement of Corollary A.1.1, we implicitly identify ¢ with j o ¢,
where j: Y — X is the (continuous) inclusion.
Finally we present the Multiplicativity property.

Theorem A.1.2 (Multiplicativity property). Let X be a normed linear
space. Let 1 C X3 and Qo C Xo be open (possibly unbounded) sets. Let
¢1: Q1 — X1 and ¢2: Qo — Xo be continuous maps such that the degrees
degys(Idx, — ¢i,€2,0), fori=1,2, are defined. Let ¢: Q1 X Qa — X1 X Xo
be defined as ¢(x1,x2) = (p1(21), p2(x2)). Then

degro(Idx, xx, — ¢, Q1 % Q2,0) =
=degps(Idx, — ¢1,9Q1,0) degrs(Idx, — ¢2,82,0).
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In the framework of this thesis, in most cases we need a simpler version of
the general topological degree described above. Namely, in our applications
we often deal with a completely continuous operator ¢: X — X and an
open set 2 C X. Since we focus on the existence of fixed points of a map
¢, we take z = 0 and we are interested in studying the integer

degLS(Id - (;5) Q) O)

To prove the admissibility of (Id — ¢, $2,0) it is sufficient either to establish
that
So={z€Q:z—¢(x)=0}

is compact or, equivalently, to show that the set of all possible fixed points
of ¢ in the whole space X is contained in an open and bounded set W
satisfying x — ¢(x) # 0, for all z € J(QNW).

A.2 Computation of the degree: a useful theorem

In this section we present a theorem which is of crucial importance for
our applications. First of all, we recall a result for the computation of the
degree on open and bounded sets.

Theorem A.2.1. Let X be a normed linear space and X C X be an open
and bounded set. Let ¢: Q@ — X be a compact map. If F: Q x [0, +oc0] = X
is a compact map such that

(1) F(z,0) = ¢(x), for all x € 092;
(i) F(x,a) # x, for allx € 0 and a > 0;
(iii) there exists ap > 0 such that F(z,a) # x, for all z € Q and a > ayp;

then
degLS(Id - d)a Qa 0) = 0.

Moreover, if there exists v € X \ {0} such that x # ¢(x)+ av, for all x € OQ
and a > 0, then conditions (i), (ii), (i17) are satisfied.

As we are going to state and prove a generalization of Theorem A.2.1,
we omit the proof. In [63] pp. 67-68] the author proved the statement for
an open ball (see also [I45] Lemma 1.1]).

Now we consider open and possibly unbounded sets, as in the context of
our applications.

Theorem A.2.2. Let X be a normed linear space and @ C X be an open
set. Let ¢: X — X be a continuous map and F: X x [0,4+00[ — X a
completely continuous map. Suppose that
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(1) F(z,0) = ¢(x), for allx € X;

(i) for all a > 0 there exists Ry > 0 such that if there exist x € Q and
¢ € 10,a] such that x = F(z,(), then ||z|| < Ry and x € Q;

(iii) there exists ag > 0 such that x # F(z,a), for all z € Q and a > ay.
Then the triplet (Id — ¢,$,0) is admissible and
degLS(‘[d - ¢a Qa 0) =0.

Proof. Without loss of generality, we can assume that R, < R, if o/ < o”.
The set A := B(0, Ry,+1) N2 is open and bounded, and, by conditions (i7)
and (#ii), it contains all possible fixed points of F(-, ) in Q. Using also (i),
we have that

degLS(Id - ¢7970) = degL,S'(Id - F<70)7970) = degLS(Id - F('70>7A7 0)

Taking hq = F(-,a), a € [0, ap], as admissible homotopy, by (i7) and the
homotopic invariance of the degree we obtain that

deg;g(Id — F(-,a), A,0) = const., 0 <a<ag.
By (iii), we conclude that
degrs(Id — ¢,9Q,0) = degrg(Id — F(-, ), A,0) = 0.

This proves the theorem. ]
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Appendix

Mawhin’s coincidence degree

This appendix is devoted to the coincidence degree. First we recall the
classical coincidence degree theory introduced by J. Mawhin for open and
bounded sets in a normed linear space. Subsequently we present a more gen-
eral version for locally compact operators on open and possibly unbounded
sets. This latter version, which is the best suited to the applications given
in the thesis, is based on the topological degree exhibited in Appendix A
(see also [I41 [I4]]). For more details, omitted proofs and applications, we
refer to the classical books [89 [30 M32] (and the references therein) and to

[53].

B.1 Definition and axioms

Let X and Z be normed linear spaces and let
L:domL(C X)—Z

be a linear Fredholm mapping of index zero, i.e. Im L is a closed subspace of
7 and dim(ker L) = codim(Im L) are finite. We denote by ker L = L~1(0)(C
X) the kernel of L, by Im L C Z the range or image of L and by coker L =
Z/Im L the quotient space of Z under the equivalence relation wy ~ ws if
and only if wy — wo € Im L. Thus coker L is a complementary subspace of
ImL in Z.

From basic results of linear functional analysis, due to the fact that L is
a Fredholm mapping, there exist linear continuous projections

P: X — kerL, Q: Z — coker L

so that
X =ker L @ ker P, Z=ImL®ImQ.
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We denote by
K:ImL — domLNker P

the right inverse of L, i.e. LK (w) = w for each w € Im L. Since ker L and
coker L are finite dimensional vector spaces of the same dimension, once an
orientation on both spaces is fixed, we choose a linear orientation-preserving
isomorphism

J: coker L — ker L.

Let
N:domN(C X)— Z

be a (possibly nonlinear) L-completely continuous operator, namely N and
K(Idz — Q)N are continuous, and also QN (B) and K(Idz — Q)N (B) are
relatively compact sets, for each bounded set B C dom N. For example,
N is L-completely continuous when N is continuous, maps bounded sets to
bounded sets and K is a compact linear operator.

Now we define the coincidence equation

Lu= Nu, wu¢&domLNdomN. (B.1.1)
One can prove that equation (B.1.1) is equivalent to the fixed point problem
u=®(u) :=Pu+JQNu+ Kp(ldz — Q)Nu, wuecdomN. (B.1.2)

Moreover, since N is L-completely continuous, we notice that the operator
® is completely continuous.

Let O C dom N be an open and bounded set such that
Lu # Nu, Yue€dOndomlL.
The coincidence degree of L and N in O is defined as
Dr(L — N,0) :=deg;g(Id — ©,0,0).

A remarkable result from coincidence degree theory guarantees that Dy, is
independent on the choice of the projectors P and Q. Moreover, it is also
independent of the choice of the linear isomorphism J, provided that we
have fixed an orientation on ker L and coker L and considered for J only
orientation-preserving isomorphisms. Furthermore, this generalized degree
has all the usual properties of Brouwer and Leray-Schauder degree, like
additivity, excision and homotopic invariance (see [I30} ch. IT]). In particular,
equation (B.1.1) has at least one solution in O if Dr(L — N,O) # 0. We
will list later the main properties of the coincidence degree in a more general
setting.

In our applications we need to consider a slight extension of the coin-
cidence degree to open possibly unbounded sets. To this purpose, we just
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follow the standard approach used in the theory of fixed point index to de-
fine the Leray-Schauder degree for locally compact maps on arbitrary open
sets (cf. [[02 [34) 047 48] and Appendix A). We underline that extensions
of coincidence degree to the case of general open sets have been already

considered, for instance, in [53] [[306] T40].
Let 2 C dom N be an open set and suppose that the solution set

Fix (©,9Q) :={u e Q:u=du} = {uc QNdomL: Lu = Nu}

is compact. The extension of the Leray-Schauder degree in Appendix A
allows to define

degLs(Id — (I), Q, O) = degLS(Id — (I), V, 0),
where V is an open and bounded set with
Fix (®,Q) CVCVCQ.

One can check that the definition is independent of the choice of V. Accord-
ingly, we define the coincidence degree of L and N in ) as

DL(L = N,Q) := D(L — N,V) = deg(Id — ®,V,0),

with V as above. Using the excision property of the Leray-Schauder degree,
it is easy to check that if 2 is an open and bounded set satisfying Lu # Nu,
for all v € 9Q N dom L, this definition is exactly the usual definition of
coincidence degree described above.

Combining the properties of coincidence degree from [I30] ch. II] with
the theory of fixed point index for locally compact operators, it is possible
to derive the following versions of the main properties of the degree.

o Additivity. Let €y, € be open and disjoint subsets of Q such that
Fix (®,9Q) C Q3 U Q. Then

Dp(L—N,Q)=Dr(L—N,M)+ Dr(L—N,Q).
e Excision. Let Qy be an open subset of 2 such that Fix (®,Q) C Q.

Then
Dp(L—N,Q) = Dr(L— N,Q).

e FEuistence theorem. 1f Dp(L — N,Q) # 0, then Fix (®,Q) # 0, hence
there exists u € 0 Ndom L such that Lu = Nu.

e Homotopic invariance. Let H: [0,1] x Q — X, Hy(u) := H(Y,u), be
a continuous homotopy such that

S = U {u eQNdomL: Lu = Hqgu}
9€[0,1]
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is a compact set and there exists an open neighborhood W of S such
that W C Q and (Kp(Idz — Q)H)|[0 1]xw is a compact map. Then
the map ¥ — D (L — Hy,?) is constant on [0, 1].

In the present thesis, we apply this general setting in the following man-
ner. Usually, we deal with an L-completely continuous operator N': X — Z
and an open set A such that the solution set {u € ANdomL: Lu = Nu}
is compact and disjoint from d.A. Therefore Dy, (L — N, A) is well-defined.
We proceed analogously when dealing with homotopies.

B.2 Computation of the degree: useful results

A typical degree theoretic approach in order to prove the existence of
nontrivial solutions to the coincidence equation (B.1.1) consists into showing
that the degree changes from small balls to large balls, so that the additivity
property of the degree guarantees the existence of a solution in the annular
domain. From this point of view, results ensuring that the degree is zero on
some open sets may be useful for the applications.

In order to present our results in the version best suited to the applica-
tions of the thesis, from now on we suppose that dom N = X. Analogous
results are valid even when dealing with an arbitrary dom N C X.

The following lemma is of crucial importance in order to compute the
coincidence degree in open and bounded sets. Using a reduction property,
it relates the coincidence degree to the finite dimensional Brouwer degree of
the operator N projected into ker L (see [I35] for an interesting discussion
on the reduction formula in the context of coincidence degree). This result
was exhibited in [I2§] in its abstract form and, previously, in [I27] in the
context of periodic problems for ODEs. We give only a sketch of the proof
and we refer to [89 Theorem IV.1] and [[32] Theorem 2.4] for the missing
details.

Lemma B.2.1 (Mawhin, 1969-1972). Let L and N be as in Section B.1
and let Q C X be an open and bounded set. Suppose that

Lu # YNu, YuedQndomL, VI e€]0,1],

and

QN(u) #0, YuedQnkerL.

Then
Dp(L—N,Q) =degg(—JQN |ker 1., 2 Nker L, 0).

Proof. Consider the operator ®y defined as

Dy(u) := Pu+ JQNu+IKp(Idy — Q)Nu, for ¢ € [0,1],
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and observe that ®; = ® and ®( has finite dimensional range in ker L. The
assumptions of the lemma imply that u # ®yu, for all u € 9Q and ¥ € [0, 1].
The homotopic invariance and the reduction property of the Leray-Schauder
degree then give

Dp(L - N,Q) =degrg(Id — ©1,9,0) = degrg(Id — Do, 2,0)
= degg(—JQN |ker 1., 2 Nker L, 0).

Hence the lemma is proved. ]

The next result is a simple adaptation to our setting of a well know
lemma (see [I45] and also Theorem A.2.1).

Lemma B.2.2. Let L and N be as in Section B.1 and let Q@ C X be an
open and bounded set. Suppose that v # 0 is a vector such that

Lu# Nu+av, VYued2NdomlL, Va > 0.

Then
Drp(L—N,Q)=0.

Proof. First of all, we observe that u € dom L is a solution of the equation
Lu = Nu+ av if and only if v € X is a solution of

u=Pu+av*, with v*:=JQuv+ Kp(Idz — Q)v, (B.2.1)

where @ is the operator defined in (B.1.2). We claim that v* # 0. Indeed,
if v* = 0, then Qv = 0 and also Kpv = 0. Hence, v € Im L and therefore
v = LKpv =0, a contradiction. Thus the claim is proved.

Since ® is compact on the bounded set €2, we have that

M :=sup ||lu — Pul| < oo.
ueN

We conclude that, if we fix any number

M
Jlo*]|”

then (B.2.1) has no solutions on € for all a = a (furthermore, there are no
solutions also for a > ay).

By the homotopic invariance of the coincidence degree (using « € [0, ]
as a parameter), we find

o >

Dr(L— N,Q) =degrs(Id —®,9,0) = degyg(Id — & — apv™,Q,0) = 0.

Hence the result is proved. ]



282 Appendix B. Mawhin’s coincidence degree

From the proof of Lemma B.2.2 it is clear that the following variant
holds.

Lemma B.2.3. Let L and N be as in Section B.1 and let Q C X be an
open and bounded set. Suppose that there exist a vector v # 0 and a constant
ag > 0 such that

Lu# Nu+av, YuedQndomL, Va € [0, ],

and
Lu # Nu + agv, VYwu € domLNQ.

Then
Dp(L—N,Q)=0.

Finally, we state and prove a key theorem for the computation of the
degree in open (possibly unbounded) sets. This result is a more general
version of Lemma B.2.3 (cf. Theorem A.2.2).

Theorem B.2.1. Let L and N be as above and let Q2 C X be an open set.
Suppose that there exist a vector v # 0 and a constant ag > 0 such that

(i) Lu# Nu+ av, for all uw € 02 Ndom L and for all o > 0;

(ii) for all B > 0 there exists Rg > 0 such that if there exist u € QNdom L
and o € [0, 8] with Lu = Nu + av, then ||ul|x < Rg;

(7i1) there exists ag > 0 such that Lu # Nu + av, for all w € QN dom L
and o > .

Then
Drp(L—N,Q)=0.

Proof. For a > 0, let us consider the set
Ra = {ueﬁﬂdomL: Lu:Nu—i—ow} = {ueﬁ: u:CI’u—i—ow*},

where v* := JQu + Kp(Idz — Q)v. Without loss of generality, we assume
that Ry < Ry for o/ < o”. By conditions (i), for all « > 0, the solution
set R, is disjoint from 0. Moreover, by conditions (i7) and (iii), R, is
contained in QN B(0, Rag+1)- So Re is bounded, and hence compact. In
this manner we have proved that the coincidence degree D (L — N — awv, )
is well-defined for any o > 0.

Now, condition (ii7), together with the property of existence of solutions
when the degree Dy, is non-zero, implies that there exists cg > 0 such that

DL(L — N — agv, Q) =0.
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On the other hand, from condition (iz) applied to S = ag, repeating the
same argument as above, we find that the set

S := U Ra = U {uEﬁﬂdomL:Lu:Nu—i—ow}

a€[0,a0] a€l0,a0]

is a compact subset of €). Hence, by the homotopic invariance of the coinci-
dence degree, we have that

Dy (L= N,Q) = D(L—N — ag,Q) = 0.

This concludes the proof. O
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Appendix

Maximum principles and a change
of variable

This appendix is devoted to some technical results which constitute im-
portant tools for the discussion in the present thesis. More precisely, in
Section C.1 we show two maximum principles which guarantee that the so-
lutions of the considered boundary value problems are actually non-negative
or positive (in the sense explained in the first chapters of the thesis). Sub-
sequently, in Section C.2 we introduce a change of variable that allows us
to transform an equation of the form

u” + e(t)u' + f(t,u) =0
into the differential equation
u” + h(t,u) = 0.

In this manner, we will notice that, when Dirichlet or Neumann conditions
are taken into account, we can reduce our discussion to an equation of a
simpler form.

C.1 Maximum principles

In this section we deal with the second order nonlinear differential equa-
tion
u” + h(t,u) =0, (C.1.1)

where h: [0,7] x R — R is an L!-Carathéodory function. We will present
some mazrimum principles that ensure the non-negativity or the positivity
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of the solutions to the Dirichlet/Neumann /periodic boundary value problem
associated with (C.1.1).

The first result concerns the solutions of the Dirichlet boundary value

problem
{u” + h(t,u) =0 ©12)
u(0) = u(T) = 0.

We omit the standard proof (see, for instance, [62} [24]), since in the sequel
we will prove an analogous result (cf. Lemma C.1.2).

Lemma C.1.1. Let h: [0,T] x R = R be an L'-Carathéodory function.

(i) If
h(t,s) >0, a.e. t€[0,T], foralls <0,

then any solution of (C.1.2) is non-negative on [0,T)].

(i) If h(t,0) = 0 and there exist ky, ko € L*([0,T],RT) such that

h(t
lim inf (¢ ) > —ki(t), uniformly a.e. t € [0,T];

s—0t S

h(t
lim supM < ka(t), wuniformly a.e. t € [0,T];
s—0+ s
then every nontrivial non-negative solution u(t) of (C.1.2) satisfies
u(t) > 0, for all t €10,T[ and, moreover, u'(0) > 0 > u'(T).

We stress that the same result is valid also when considering Sturm-
Liouville boundary conditions of the form

{ au(0) — Bu/(0)

(C.1.3)
yu(T) — 6u/(T)

=0
= O’
where «, 3,7,0 > 0 with y8+ay+ad > 0 (cf. Section 2.4 and the subsequent
sections).

Lemma C.1.1 is stated in a form which is useful for the applications
presented in this thesis. We notice that, for example, assertion (ii) can be
equivalently expressed in a simpler manner: in effect if we only suppose that
there exists k € L([0,T],R*) such that

h(t,s .
lim sup h(t; 5)] < k(t), uniformly a.e. t € [0,7],
s—0t S
the conclusion remains valid.
Now, we consider the boundary value problem

u’ + h(t,u) =0 (C.1.4)
B(u,u') =0, o
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where h: [0,7] x R — R is an L'-Carathéodory function. Recalling the
notation introduced in Chapter 3, by %#(u,u’) = 0 we mean the Neumann
or the periodic boundary conditions on [0, 7).

In this framework, the following result holds.

Lemma C.1.2. Let h: [0,T] x R — R be an L'-Carathéodory function.

(4) If
h(t,s) >0, a.e x€]0,T], foralls<0,

then any solution of (C.1.4) is non-negative on [0,T].

(ii) If h(t,0) = 0 and there exists k € L*([0,T],RT) such that

h(t
lim sup htt, 5)] < k(t), wuniformly a.e. t € 0,T],

s—0t S

then every nontrivial non-negative solution u(t) of (C.1.4) satisfies
u(t) >0, for allt € [0,T).

Proof. (i). By contradiction, suppose that there exists a solution wu(t) of
(C.1.4) and £ € [0, T such that u(t) < 0. Let Jt1,t2[ C ]0, T[ be the maximal
open interval containing # with u(t) < 0, for all t; < t < t3. Since u”(t) < 0
for a.e. t € [t1,12], an elementary convexity argument shows that 0 < ¢; <
tos < T is not possible. Similarly, also u(t) < 0 for all ¢ € ]0,T[ can be
excluded, otherwise, 0 > fOT u’(t) dt = u/(T) — u/(0), contradicting the
boundary conditions. Hence, there are only two possibilities: either ¢t; = 0
and to < T, or 0 < t; and to = T. Suppose t; = 0 (the other case can be
treated in a similar manner). In this case, u(0) < 0 and moreover u/(0) > 0
(otherwise, by concavity, one has u(t) < 0 for all ¢ € ]0,T], a situation
previously excluded). This already gives a contradiction with the Neumann
boundary condition at ¢t = 0. On the other hand, if we consider the periodic
boundary condition, we have that u(7") = «(0) < 0 and «/(T) = «/(0) > 0.
Hence, by the concavity of u on the intervals where u(t) < 0, we obtain that
u(t) < 0 for every t € [0, T, a contradiction.
(77). By contradiction, suppose that there exists a solution u(t) > 0 of
(C.1.4) and t* € [0, 7] such that u(t*) = 0 (so, «/(t*) = 0).

We claim that there exists a real number € > 0 such that u(t) = 0, for
all t € [t* —e,t* + €. So that w =0 on [0,77], a contradiction.

From the hypotheses, we obtain that there exists d > 0 such that

|h(t,s)| < ki«(t)s, ae. t€[0,T], VO<s <4,

where k. (t) := k(t) + 1. Using the continuity of u(t), we fix € > 0 such that
0<u(t) <9, foralltelth—et*+¢]
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We employ [|(¢1,&)] = |&1] + €] as a standard norm in R2. For all
t € ]t*,t* + €] we have

0 < [l (u(®),w' () = lu(®)] + [/ ()] = u(t) + [u' ()] =

—ur)+ [ @as+ ey + [ nieuie) i

* *

< [w©lds+ [ e uelae

< [/ @M1+ o] a

*

< / (ha(€) + )(Ju(€)] + [/ (©)]) de.

*

Using the classical Gronwall’s inequality, we attain
0 < u(t) < [l(u(t) ' (®)| =0, Vte ) +el.

With an analogous computation one can prove that u(t) = 0 for all ¢ €
[t* — e, t*][. Hence the claim and (ii) are proved. O

Remark C.1.1. The maximum principle just presented can be also stated
for the more general boundary value problem

'+ f(tu,w) =0, 0<t<T,
PB(u,u') =0,

where f: [0, T]xRxR — R is an LP-Carathéodory function as in Section 3.1,
hence equal to —s for s < 0 and satisfying conditions (f;) and (f2). The
proof of this result is the same as that just viewed with minor changes. See

also [62]. <

We finally underline that the maximum principles presented in this sec-
tion can be also stated in the case of a more general differential operator of
the form

" /
u— —u —cu,

where ¢ € R is a constant. The proofs of this more general results are
analogous to the one presented above. In this case the convexity argument
largely employed in the proof above is replaced by the fact that the map
t — e“u/(t) is non-increasing in the intervals where h(t,s) > 0 and non-
decreasing in the intervals where h(t,s) < 0 (compare to the discussion in
Remark 4.3.4).
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C.2 A change of variable

In this section we exhibit a standard change of variable that allows us
to transform the second order differential equation

V' +e(z) + f(z,0) =0, 31 <z <9, (C.2.1)
into the equation
u’ +h(t,u) =0, 0<t<T. (C.2.2)

We will remark that a similar transformation is used in this thesis to reduce
an elliptic equation with a radially symmetric weight in an annular domain
to an ordinary differential equation in an interval (cf. Section 1.4.3, where
this technique has been used for the first time in the thesis). We also refer
to [[3 2§ for analogous changes of variable.

We start from equation (C.2.1). Let f: [x1,72] x R — R be an L!-Cara-
théodory function and let c: [z1, 22] — R be an L!-function. Now, we define
the change of variable. Let

t=1(z) = / e g

1
where 9: [71,z2] — [0,T] is an increasing C2-diffeomorphism with
T := /9ﬂ2 e fx&l e(¢) d¢ dg.
a1

Consequently,
z =) =y (1).

From now on, we implicitly suppose that ¢ € [0,7] and = € [z, x2]. Next,
we define

u(t) := v(p(t) = v(x).
Hence, we have

u'(t) =V () (1), u'(t) =" (e®)) (¢ (1) + ()" ().

Using equation (C.2.1), we obtain
u"(t) = —(¢' (1) [elp() (9 (1) + Fle(t), v(e(®))] + ' (9()¢" ()
t

—(¥
= —(¢'(1))*f (1), u(t)) + ' (1) [¢" (1) = (¢'(8))*c((1)]-
We claim that

(1) = (¢ (1) clp(t) = 0.

First, we observe that

w/(x) — 67 f;cl C(C) d¢ >0
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and moreover that

1= (@p®)) = ¥(e)e () = e IOy @),
Therefore, we have

wen Ao, d 1 _oad 1
¢ (ﬂ—&@ (t)—%m—w(t)%m

T () d
= ¢ (B)e(@)en X = (' (1) 2c(a).
The claim is thus proved. Consequenlty, we find that

(1) + (1) f(o(2), u(t)) = 0.

Defining
h(t, S) = ((p/(t))zf(go(t), S)? te [OvT]a s €R,

we have that h: [z1,29] x R — R is an L!-Carathéodory function. We con-
clude that the change of variable ¢t = ¢(z) transforms (C.2.1) into (C.2.2).

As an alternative, we notice that also the change of variable t = K (z),
for a constant K > 0, is suitable for our purpose.

We now show an application of the change of variable illustrated above.
In the present thesis, when dealing with Dirichlet and Neumann boundary
value problems associated to a second order ordinary differential equation of
the form (C.2.2), our existence and multiplicity results for positive solutions
induce analogous results for positive radially symmetric solutions to Dirich-
let and Neumann problems associated with an elliptic partial differential
equation of the form

A6 = q(a)g6) O, (€23)
where Q := {z € RV: Ry < |z|| < Rz} is an open annular domain (with
0 < Ry < Ry) and || - || denotes the Euclidean norm in RV (for N > 2). In

order to study (classical) radial solutions, we suppose that ¢: & — R and
there exists a continuous function b: [Ry, R2] — R such that

qg(z) =b([|z])), Ve
Accordingly, looking for solutions of the form ¢(z) = v(||z||) where v(r) is
a scalar function defined on [Ry, R2], we can write equation (C.2.3) as

N -1
o'+ =0+ b(r)g(v) =0, Ry <7< Ry (C.2.4)

Equation (C.2.4) is of the same form as equation (C.2.1), setting

e(r) = . f(ryv):=0b(r)g(v), x1:= Ry, x2:= Ra.
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By performing the change of variable described above
T 13 T
t=(r) = (R1)'Y / e IO ae— [ N g,
R1 Rl
and by defining
2 N 1
T:= ; §0dg, r(t) =) =y (1), u(t) = v(r(t)),
1

we convert (C.2.4) into

u +a(t)glu) =0, 0<t<T, (C.2.5)
where
a(t) :==r(t)*NVor(t), telo,T),
since L 1 ) / - L
Y0 =0 = gy e ) =o',

Therefore, we have a correspondence between solutions to (C.2.5) and radial
solutions to (C.2.3) (cf. also [I3] B8])

We conclude this section, with a discussion about boundary conditions.
We are going to illustrate how the different boundary conditions transform
under the change of variable described above. First, we observe that the
change of variable t = () gives

and

Then, we have
w(0) = v(z1), w(T) =v(z2), w(0)=0, u'(T)=0(z)eler X,

Consequently, we deduce that Dirichlet and Neumann boundary value prob-
lems in [z1, 23] associated with (C.2.1) become Dirichlet and Neumann
boundary value problems in [0, 7] associated with (C.2.2), respectively.
Concerning Sturm-Liouville boundary conditions (namely (C.1.3)), only
the case
W'(0)=u(T)=0 or u(0)=u(T)=0

(i.e. when @« = § = 0 or f§ = v = 0, respectively) keep the same form
under our change of variable. Finally, it is obvious to note that the periodic
boundary conditions are not preserved under the change of variable displayed
in this section.
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