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Introduction

In this thesis we address two questions concerning the Cauchy problem associated
to fully-nonlinear one dimensional Schrodinger equations

i0;u+uxx+Pxu= f(u,uy Uyy) (0.0.1)

with periodic boundary conditions x € T := R/27n7Z. We have denoted by P * u the
convolution between the potential P(x) and the unknown u defined as

P« u:/P(x—y)u(y)dy.
T

1. The first problem we study is related to the local existence issues, namely
we prove that for any regular enough initial datum there exists a unique clas-
sical solution of the equation defined in a certain interval of time,
whose (short) length depends on the size of the initial datum. We have this
result for two different classes of equations: the Hamiltonian (see Hypoth-
esis [0.2.1) and the parity-preserving (see Hypothesis [0.2.2) ones. We col-
lect these results in Theorems and In Theorem we state
the local-existence result also for big sized initial data if the nonlinearity
f(u, uy, uxy) satisfies an ellipticity hypothesis (see Hypothesis [0.2.3)); as a
model equation for this result one can consider equation (0.2.10). In Theo-
rem [0.2.2] we have the same result for small enough initial data if the nonlin-
earity f(u, uy, uyy) does not satisty the aforementioned ellipticity condition
(see for instance (0.2.11))). For the local theory the presence of the convolu-
tion potential in the equation (0.0.1) is not important and its kernel P may
be identically 0. We remark that for these type of equations on T the local
existence problems is quite subtle. The problem has been solved by Poppen-
berg and Kenig-Ponce-Vega in the case of equations posed on R? for d > 1,
by using, among several other things, a local smoothing property enjoyed



vi INTRODUCTION

by the flow of the linear equation (see (0.2.12)). For the equation posed on
T the smoothing property (0.2.12)) is not available. For detailed statements,
further comments and related literature see Section This part of the
thesis is the content of the paper [46]].

2. We do not know if the solutions of exhibited in Theorems and
[0.2.2] are globally defined or not. In this direction, inspired by the work
of Berti-Delort [21], in [47]] we prove an almost global existence result: in
the parity-preserving case if the equation is also reversible (see Hypothesis
[0.3.1)) with respect to the involution S: u — #, the solutions exist and stay
bounded for very long, but finite, time if some non-resonance conditions
among linear frequencies are fulfilled. In order to ensure the non-resonance
conditions, a particular choice of the kernel P in (0.0.1)) will be made. We
show that there exists a “large” class of functions P (see (0.3.3) and (0.3.4)))
such that for any N in IN and for any initial condition even in the space vari-
able x, regular enough and of size € sufficiently small (depending on N),
the lifespan of the solution is of order e~. Moreover the size of solution
remains of order €. For a detailed statement and a description of the tech-
niques used we refer to Section [0.3] of this introduction. This part of the
thesis is the content of [47]].

We remark that, besides the mathematical interest, nonlinear Schrodinger type
equations with non-linearities depending on the derivatives of the solution often
appears in the description of phenomena in which the wave packet disperses in
media, see for instance Zakharov [90].

The results obtained in this PhD thesis are the content of the papers [46, 47]. 1
mention also that I have written the paper [56] concerning dispersive estimates for
a class of singularly perturbed Schrédinger equations.

Before describing in detail our main results in Sections [0.2] and [0.3] we outline a
number of problems, and related literature, regarding dispersive PDEs on compact
manifolds.

0.1 Dispersive PDEs on compact manifolds

In recent years the study of non-linear dispersive PDEs on compact manifolds
has been subject of interest of many authors. A dispersive PDE is an equation
for which different frequencies propagates at different group velocities. When
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x € R the wave solutions spread out as they evolve in time, therefore, on long
time scales, one expects to see the decay of the L> norm as a consequence of the
dispersion. In the case of compact manifolds we are in presence of a much more
diverse scenario of the time-dinamics; here the dispersive character of the equation
is absent: the solutions of the linear equations do not decay when the time goes
to co. Being the dynamics very different from the Euclidean case, new techniques
have been developed, in particular the dynamical system approach turned out to
be very fruitful. From one hand many authors, in analogy with finite dimensional
dynamical systems, started to look for invariant manifolds on which the dynamics
is “simple”, hence, for instance, time periodic or quasi periodic solutions. In this
direction a KAM theory for PDEs has been developed and during past years it has
been subject of a cascade of successive generalizations. On the other hand in [28]]
Bourgain asked the following questions:

Are there solutions of the cubic nonlinear Schrodinger equation
i0:u+Au=ulu (0.1.1)

in T? = (R/2nZ)? such that the Sobolev norm |u(t)|| s, with s> 1,
grows to oo when the time t goes to oo? If so, how fast may this
growth be?

In finite dimension these problems correspond to so called Arnol'd diffusion intro-
duced by Arnol'd in [4].

A dual issue concerning solutions of dispersive equations on compact manifolds
is the study of long time existence and stability of the solutions. The typical ap-
proach to such problem is the Birkhoff normal form one, which seems to be the
most convenient one when dealing with problems with lack of conservation laws.
This technique comes from Hamiltonian dynamical systems. In finite dimensions
one look for a change of coordinates, defined in a neighborhood of an elliptic point,
which puts the Hamiltonian in normal form up to a small remainder. Therefore the
normal form gives a very good description of the dynamics in the neighborhood
of the elliptic point. The smaller is the remainder the longer is the time for which
such approximation holds. In finite dimension the Birkhoff normal form theory is
nowadays well understood, in recent years many progresses have been done in the
context of PDEs.

Before introducing the precise topic of this thesis we summarise in the following
three paragraphs, without trying to be exhaustive, the literature concerning the
three problems introduced above.
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Periodic and quasi periodic solutions: some literature. The first results about
existence of periodic solutions of PDEs goes back to the end of seventies. The
results by Rabinowitz [82]] and Brezis-Coron-Nirenberg [30] proved the existence
of periodic solutions with rational frequency for a one dimensional nonlinear wave
equation under Dirichlet boundary conditions. The methods used here are based
on global variational methods, the restriction to periodic solutions having ratio-
nal frequency is considered in order to avoid the presence of small denominators.
Small denominators arise by resonance phenomena between the period and the
normal frequencies of the linear PDEs.

The existence of small amplitude periodic and quasi-periodic solutions for a posi-
tive measure set of frequencies was proved, in the end of eighties, by generalizing
the KAM theory to the infinite dimensional setting. This is the content of the
pioneering works by Kuksin [66] and Wayne [88]], where parameter-dependent,
bounded perturbations of one dimensional nonlinear Schrodinger and wave equa-
tions

0
U= —iUy,+ Vix, a)u+2££d>(|u|2,x), (0.1.2)

Up — Ugx + V(0 U+ €U =0 (0.1.3)

with Dirichlet boundary conditions were considered, in aeR", nz1,isa
parameter. These results were extended to resonant (namely parameter indepen-
dent) nonlinear Schrodinger and wave equations by Kuksin-Poschel [69] and by
Poschel [79]]. In the case of periodic solutions, the restriction to Dirichlet bound-
ary condition was removed by Craig-Wayne [36] where they used a Lyapunov-
Schmidt reduction method in order to deal with periodic boundary conditions and
hence multiple eigenvalues of the linear part. A generalization of the techniques
introduced by Craig-Wayne was proposed by Bourgain in [27], where he proved
existence of quasi-periodic solutions of nonlinear Schrodinger with a convolution
potential
. 0H
iy =Au+M=+u+e—
ou
posed on the torus T2, where H := H(u, @t). The case in arbitrary dimension was
treated by Bourgain in [29]. The study of equations in presence of the more natu-
ral multiplicative potential was done by Berti-Bolle in the papers [18, [17]; the ap-
proach of such papers is quite flexible and it has been used by Berti-Corsi-Procesi
in [20] to study nonlinear wave and Schrodinger equations on compact Lie groups.
For a Nash-Moser approach to KAM theory for autonomous equations we quote
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the paper by Berti-Bolle [19]. We mention also the remarkable paper by Procesi-
Procesi [81] in which a KAM theory is developed for autonomous, resonant non-
linear Schroédinger equations

iu, — Au=ulul® +0;G(ul?)

on T for d = 1, where G(a) is a real analytic function whose Taylor series start
from degree 3. For completely resonant NLS type equations we quote also the
paper by Wang [87]. A paradifferential approach to find periodic solutions of
semilinear Schrodinger equations on T¢ was introduced by Delort in [38].

All these results are related with bounded perturbations of dispersive equations,
namely equations whose nonlinearity depends only on the unknown and not on
its derivatives. The KAM theory concerning semilinear unbounded perturbations
of dispersive equations, i.e. equations whose nonlinearity may depend on deriva-
tives of the unknown of order strictly less than the one of the linear operator, has
been developed in the 1-dimensional case by Kuksin in [68] for equations of the
Korteweg-de Vries type

ut:g(—uxx+V(x)u+£f(u,x)), (0.1.4)

X

see also Kappler-Poschel [61]. In [68] is treated also the case of perturbations of
large finite-gap solutions. The same problem has been solved by Berti-Kappler-
Montalto in [22] for semilinear perturbations of the dNLS equation. Schrédinger
type equations in presence of one derivative in the nonlinearity were also consid-
ered by Zhang-Gao-Yuan in [91] and Liu-Yuan [89]. The 1-dimensional nonlinear
wave with one derivative in the nonlinearity was treated by Berti-Biasco-Procesi
for the Hamiltonian case in [[15] and for the reversible case in [[16]].

The first breakthrough results for fully nonlinear PDEs, i.e. equations whose non-
linearity contains derivatives of order less or equal to the one of the linear operator,
is due to Plotnikov-Toland in [77] and Iooss-Plotnikov-Toland who studied in [60]]
the existence of periodic solutions for the water-waves. The water waves equations
are the Euler’s equations for an incompressible fluid, in an irrotational regime, un-
der the action of gravity and/or capillary forces on the boundary surface. Inspired
by [60] Baldi studied the same problem on the Kirchhoff equation in [S] and on
the Benjamin-Ono in [6] posed on the one dimensional torus T. The first result
proving existence of small amplitude, quasi-periodic solutions for fully-nonlinear
equations is due to Baldi-Berti-Montalto [8, 9] for (fully-nonlinear) perturbations
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of the forced Airy equation
Ut + Uxxx FEF (WL, X, U, Uy, Uy, Uxxx) =0, (0.1.5)

where the nonlinearity is quasi-periodic in time, and for (quasi-linear) perturba-
tions of the autonomous Korteweg-de Vries equation

Up+ Uyxx —OUUx + N (X, U, Uy, Ugx, Uxxx) =0, (0.1.6)

where .4} is an Hamiltonian nonlinearity. Then in [48] the same result has been
obtained by Feola-Procesi for fully-nonlinear Schrodinger equations and by Giu-
liani in [S0] for a class of generalized Korteweg-de Vries equations. Finally we
quote Berti-Montalto [23]] about the equations describing gravity-capillary water
waves and the more recent paper by Baldi-Berti-Haus-Montalto [7] for gravity
water waves.

Growth of the Sobolev norms: some literature. Let us make some short com-
ments concerning the aforementioned of Bourgain. First of all it is well
known that the cubic Schrddinger equation (0.1.1)) admits globally defined classi-
cal solutions for initial data in H*(T?) for s = 1, see for instance [31]]. The ques-
tions are non trivial only in the case s > 1 since the equation is Hamiltonian and the
Hamiltonian function, or the energy if one prefers, is constant along the solutions
and controls their H' norm forcing them to stay bounded. The questions, indeed,
are related to the problem of understanding if, and how fast, the energy stored in
low Fourier modes may escape to higher modes as the time evolves. If one would
ask the same question on the one dimensional torus T = R/27Z one would end up
with a negative answer, indeed the cubic Schrodinger equation in dimension one
is completely integrable, see for instance the book by Grébert-Kappeler [31]; the
equation enjoys infinitely many conservation laws which are able to control all the
Sobolev norms, therefore the growth cannot occur at any index of regularity s.

The first question of Bourgain, about the existence of an unbounded orbit, is, as
far as we know, unanswered. We remark that regarding the cubic Schrodinger
equation the problem has been recently solved by Hani-Pausader-Tzvetkov-
Visciglia [54] in the case of T? x R, where they were able to show the existence
of orbits which, slowly, diverge to oo as the time evolves. In such paper it is used
the particular construction exhibited in the breakthrough paper [34] by Colliander-
Keel-Staffilani-Takaoka-Tao. In [34] there is a “partial” positive answer to the first
question of Bourgain, indeed here the authors prove that there is an arbitrarily big,
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but finite, “norm inflation phenomenon”, namely they show that given two con-
stants 4 << 1 and € > 1 there are orbits which grow from u to € after a certain
amount of time.

The result in [34] was improved in [S3] by Guardia-Kaloshin, where they are able
to give some estimate on the time that the solution needs to grow. The result of
Tao and collaborators has been generalized by Haus-Procesi [S5] for the quintic
NLS on T? and by Guardia-Haus-Procesi [52] for general NLS with analytic non-
linearities. We also mention that the first result of arbitrary big (and finite) growth
for large initial conditions was proved by Kuksin in [67]].

Presuming that an unbounded orbit exists one could try to answer the second ques-
tion of Bourgain, many authors are putting a lot of efforts into it. Upper bounds
for higher order Sobolev norms have been given by several authors for several
models. We quote but a few of them Bourgain: [25,26]], Staffilani [84], Planchon-
Tzvetkov-Visciglia [[76].

The existence of unbounded orbits has been proven for the cubic Szegd equation

i0,u = T(ulul®

on T by Gérard-Grellier in [49], we have denoted by II the Szegd projector, i.e.
the operator which project a function onto the space spanned by {e'/*} with j = 0.
The growth of Sobolev norms has been studied also for linear Schrodinger equa-
tions with potentials, we quote for instance Maspero [70], Maspero-Robert [/1]],
Bambusi-Grébert-Maspero-Robert [[14]], Delort [40]].

Birkhoff Normal Forms: basic ideas and some literature. The equation (0.0.1)),
if the potential P has real Fourier coefficients, belongs to the following general
class of problems:

ur=Lu+f(u)), (0.1.7)

where L is an unbounded linear operator with discrete spectrum made of purely
imaginary eigenvalues A; € iR, f(u) is a non linear function and u belongs to some
Sobolev space. In the last years several authors investigated whether there is a
“stable behavior” of solutions of small amplitude. By “stable solution” we mean
that its Sobolev norms || - || s remain bounded for long times.

This problem is non trivial in the case that the system does not enjoy con-
servations laws able to control Sobolev norms with high index s. In such a case
the only general fruitful approach seems to be the Birkhoff Normal Form (BNF)
procedure. This technique, when dealing with non Hamiltonian systems, is often
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called Poincaré or Poincaré-Dulac normal form. Below we briefly describe the
basic ideas and the difficulties that arise in implementing such a procedure.
According to the local existence theory (at a sufficiently large order of regularity),
assuming that the non linearity f («) vanishes quadratically at the origin, we deduce
that if the size of the initial datum is € < 1 then the corresponding solution may be
extended up to a time of magnitude 1/¢. The basic idea to prove a longer time of
existence using a BNF approach is to reduce the size of the non linearity near the
origin. In other words one looks for a change of coordinates in order to cancel out,
from the non linearity, when possible, all the monomials of homogeneity less than
N for some N = 2. In this way, in the new coordinates system, one would have
that £ () ~ uV, and hence the lifespan would be of order e V*1. In performing
such changes of coordinates non trivial problems arise:

(i) small divisors appear: the small divisors involve linear combinations of the
eigenvalues 1;, j € N, of the linear operator L in (0.1.7) of the form

/1j1+---+/1j[—ﬂj[+l—...—A]’N (0.1.8)

for 0 < ¢ < N with N € IN. One must impose non-resonance conditions, i.e.
lower bounds on the quantity in (0.1.8)) whether possible.

(ii) It is not possible to cancel out all the monomials of low degree of homo-
geneity from the non linearity: the divisors in (0.1.8)) vanish in the case that
¢=N/2and

{A‘nl""’an[} = {AWH’”"AI@N};
however, starting form (0.1.7), one obtains a system of the form

us=Lu+ Z(u)+ P(u),

where P(u) ~ u”V and the non linear term Z (which is usually called “res-
onant normal form”) commutes with the operator L. Under some algebraic
assumptions on the nonlinearity f(u) the dynamics generated by the reso-
nant term Z(u) is “stable”, with this we mean that the term Z(u) does not
contribute to the growth of Sobolev norms. The most studied models in
literature are the Hamiltonian and the reversible PDEs.

(iii) Check that the changes of coordinates are well-defined and bounded, on
sufficiently regular Sobolev spaces, even if some loss of regularity appears
due to the small divisors in (0.1.8));
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Concerning semi-linear PDEs (i.e. when the non linearity f(u) does not contain
derivatives of u) the long time existence problem has been extensively studied in
literature in the case of Hamiltonian PDEs. We quote for instance the papers by
Bambusi [11], Bambusi-Grebért [[13] and by Delort-Szeftel [42, 43]]. Regarding
BNF theory for reversible PDEs we mention [45] by Grebért-Faou. The paper
[12] regards long time existence of solutions for the semi-linear Klein-Gordon
equation on Zoll manifolds, here are collected all the ideas of the preceding (and
aforementioned) literature. The normal form for the completely resonant nonlinear
Schrodinger equation on a torus T has been discussed by Procesi-Procesi in [80],
in this case as a consequence they are able to prove existence of quasi-periodic
solutions. We quote also the paper [44] by Faou-Gauckler-Lubich about the long
time stability of plane waves for the cubic Schrodinger equation on T¢, and the
paper by Maspero-Procesi [[/2] about the stability of small finite gap solutions for
the same equation on T2,

In the case that the non linearity f contains derivatives of u if one would follow the
strategy used in the semilinear case, one would end up with only formal results in
the sense that the change of coordinates would be unbounded. We remark that this
loss of derivatives is originated by the presence of derivatives in the nonlinearity
and not by the presence of small divisors small divisors problem. In this direction
we quote the early paper concerning the pure-gravity water waves (WW) equation
by Craig-Worfolk [37]].

In the case that f(u) in contains derivatives of u of order strictly less than
the order of L, we quote the paper by Yuan-Zhang [89]. They proved existence for
times of magnitude %, for any N = 1, for an equation of the form (0.2.1)) with
the particular nonlinearity f(u, uy) = —(i/2m)(Jul*u), by exploiting its Hamilto-
nian structure and by using the Fourier coefficients of the convolution potential in
(0.2.1)) as parameters.

The first rigorous long time existence result concerning guasi-linear equations,
i.e. when f contains derivatives of u of the same order of L has been obtained
by Delort. In [39]] the author studied quasi-linear Hamiltonian perturbations of the
Klein-Gordon (KG) equation on the circle, and in [4 1] the same equation on higher
dimensional spheres. Here the author introduces some classes of multilinear maps
which define para-differential operators (in the case of (KG) operators of order 1)
enjoying a symbolic calculus. We remark that in such papers the author deeply use
the fact that the (KG) has a linear dispersion law (i.e. the operator L in this case
has order 1).

A new different approach in the case of super-linear dispersion law (i.e. L has
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order > 1) has been proposed by Berti-Delort in [21]], for the capillary water waves
equation, where they were able to prove existence for times of magnitude eV for
any N € IN. We remark that the authors of [21]] could prove existence for any N in
N for almost all values of the surface tension which is a physical parameter of the
equation. We shall follow strategy proposed by Berti-Delort, for an introduction
to this method we refer to Section [0.3] of this introduction.

Without the use of parameters we quote the recent work [59] by Ionescu-Pusateri
for the 2D periodic water waves system where they obtained the time of existence
53

We mention the papers by lonescu-Pusateri [S7, 58], Alazard-Delort [85] for the
water waves on the Euclidean space where they proved the global existence of
solutions by using the dispersive character of the equation combined with normal
form techniques.

0.2 Local theory

We first present the local existence result for fully-nonlinear Schrédinger equa-
tions. This part of the thesis is the content of [46].

Statement of the main theorem. We study the initial value problem (IVP)

10;u+0,;u+Pxu+ f(u, Uy, Uyy) =0, u=u(t,x), xeT,
{ t XX f X XX (021)

u(0, x) = up(x)

where T := R/2nZ, the nonlinearity f is in C®(C3;C) in the real sense (i.e.
f(z1,2,23) is C* as function of Re(z;) and Im(z;) for i = 1,2,3) vanishing at
order 2 at the origin, the potential

Z eijx
P(x)= D (j)
&P

is a function in C!(T;C) with real Fourier coefficients p(j) € R for any j € Z and
P = u denotes the convolution between P and u =} jez, i( j)%

P u(x):= / P(x=yu(y)dy =Y p(pa(je". (0.2.2)
T JjeZ



0.2. LOCAL THEORY XV

Our aim is to prove the local existence, uniqueness and regularity of the classical
solution of (0.2.1]) on Sobolev spaces

eikx
H:= {ux) =Y k) w3 = <j>25|ﬂ(j)|2<oo}, (0.2.3)

where (j):=\/1+|]|? for j € Z, for s large enough.
We have positive results in two cases. The first one is the Hamiltonian case. We
assume that equation (0.2.1]) can be written in the complex Hamiltonian form

0;u=1iVy A (1), (0.2.4)

with Hamiltonian function

Jé’(u)=/—|ux|2+(P*u)a+F(u, uy)dx, (0.2.5)
T

for some real valued function F € C®°(C?;R) and where V := (VRe(w) +1Vim(u)) /2
and V denotes the L?(T;R) gradient. Note that the assumption p(j) € R implies
that the Hamiltonian fT(P * u)udx 1s real valued. We denote by

0z, = (ORe(z;) —10mm(z,))/2;  0z; := (ORe(z;) +10m(z;)) /2
for i = 1,2 the Wirtinger derivatives. We assume the following.

Hypothesis 0.2.1 (Hamiltonian structure). We assume that the nonlinearity f in
equation (0.2.1)) has the form

f(21,22,28) = 02, F) (21, 22) = (0212, F) (21, 22) 20+
(0.2.6)
(02,2, F)(21,22) 22 + (04,7, F) (21, 22) 23 + (02,2, F) (21, 22)23),

where F is a real valued C*® function (in the real sense) defined on C? vanishing
at 0 at order 3.

Under the hypothesis above equation (0.2.1) is quasi-linear in the sense that the
non linearity depends linearly on the variable z3. We remark that Hyp. [0.2.1]
implies that the nonlinearity f in (0.2.1)) has the Hamiltonian form

d
f(u) Uy, uxx) = (aZIF)(u) ux) - E[(GZZF)(LL} ux)]-

The second case is the parity preserving case.
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Hypothesis 0.2.2 (Parity preserving structure). Consider the equation (0.2.1).
Assume that f is a C* function in the real sense defined on C3 and that it vanishes
at order 2 at the origin. Assume P has real Fourier coefficients. Assume moreover
that f and P satisfy the following assumptions

1. Parity preserving nonlinearity f(z, 22, z3) = f(z1,—22, 23);
2. Schrodinger type (0, f)(z1,22,23) € R;

3. Parity preserving potential P(x) =} ;c7 p( j)elx is such that p(j) = p(—j) €
R (this means that P(x) = P(—x)).

Note that item 1 in Hyp. implies that if u(x) is even in x then f(u, uy, Uyy)
is even in x; item 3 implies that if u(x) is even in x so is P * u. Therefore the
space of functions even in x is invariant for (0.2.1). Item 2 ensures that (0.2.1)
is a Schrodinger-type equation; note that in this case the equation may be fully-
nonlinear, i.e. the dependence on the variable z3 is not necessarily linear.

In order to treat initial data with big size we shall assume also the following ellip-
ticity condition.

Hypothesis 0.2.3 (Global ellipticity). We assume that there exist constants cy, co >
0 such that the following holds. If f in (0.2.1)) satisfies Hypothesis[0.2.1|(i.e. has
the form (0.2.6))) then

1 _aZZOZgF(Zl) ZZ) =Cy,

(0.2.7)
(102,02, F)* = 102,02, FI*) (21, 22) = c2
for any (z1,z3) in C. If f in (0.2.1)) satisfies Hypothesis then
1+623f(Z1,Z2,Z3)2C1, (028)

(1402, £)* =10z, f1*) (21, 22, 23) = co
for any (z1, 2, z3) in C3.
The first main result of the thesis is the following.

Theorem 0.2.1 (Local existence). Consider equation (0.2.1)), assume Hypothesis
[0.2.1)(respectively Hypothesis|0.2.2) and Hypothesis|0.2.3| Then there exists sy >0
such that for any s = sy and for any ugy in H*(T;C) (respectively any ugy even in x
in the case of Hyp. @ there exists T > 0, depending only on ||ug| gs, such that
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the equation (0.2.1)) with initial datum uy has a unique classical solution u(t,x)
(resp. u(t,x) even in x) such that

u(t, x) € C°([0,7); H* (M) (' (10, 1 H*2(M)).
Moreover there is a constant C > 0 depending on | ugll gso and on || Pllc1 such that

sup [lu(t, ) s < Clluoll ps.
t€[0,7)
We make some comments about Hypotheses [0.2.1] [0.2.2] and [0.2.3] We remark
that the class of Hamiltonian equations satisfying Hyp. is different from the
parity preserving one satisfying Hyp. [0.2.2] For instance the equation

0t =i (1 [P thy + w2l + (= Bty (0.2.9)

has the form (0.2.4) with Hamiltonian function
H = / — x| * (1 + 1ul®) + [l (g + ) dx,
T

but does not have the parity preserving structure (in the sense of Hyp. [0.2.2). On
the other hand the equation

Ot =11+ |ul®) iy (0.2.10)

has the parity preserving structure but is not Hamiltonian with respect to the sym-
plectic form (u, v) — Re fviuﬁdx. To check this fact one can reason as done in
the appendix of [91]. Both the examples (0.2.9) and (0.2.10) satisfy the ellipticity
Hypothesis [0.2.3] Furthermore there are examples of equations that satisfy Hyp.

[0.2.1] or Hyp. [0.2.2] but do not satisfy Hyp. [0.2.3] for instance

Ot =1(1 = |ul®) Uyy. (0.2.11)

The equation (0.2.11) has the parity preserving structure and it has the form (0.2.1))
with P =0 and f(u, uy, Uyy) = —|ul? Uy, therefore such an f violates (0.2.8)) for
|ul = 1. Nevertheless we are able to prove local existence for equations with this
kind of non-linearity if the size of the initial datum is sufficiently small; indeed,
since f in (0.2.1) is a C* function vanishing at the origin, conditions (0.2.8)) in the
case of Hyp. [0.2.2]and in the case of Hyp. [0.2.T]are always locally fulfilled
for |u| small enough. More precisely we have the following theorem.
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Theorem 0.2.2 (Local existence for small data). Consider equation (0.2.1) and
assume only Hypothesis [0.2.1] (respectively Hypothesis [0.2.2). Then there exists
So > 0 such that for any s = sy there exists ro > 0 such that, for any 0 < r < ry, the
thesis of Theorem [0.2.1] holds for any initial datum uy in the ball of radius r of
H*(T; C) centered at the origin.

Our method requires a high regularity of the initial datum. We have not been sharp
in quantifying the minimal value of sy in Theorems [0.2.1/ and [0.2.2] The reason
for which we need regularity is to perform suitable changes of coordinates and
having a symbolic calculus at a sufficient order, which requires smoothness of the
functions of the phase space.

We remark that in the case of semi-linear problems in the notion of local well-
posedness one usually requires also the regular dependence on the Cauchy data
of the solution map. For quasilinear problems in general such solution map is
not regular, we refer to the survey article by Tzvetkov [86] where he explores the
distinction between semi-linear and quasi-linear well posedness. We also quote
the paper about Benjamin-Ono and related equations by Molinet-Saut-Tzvetkov
[74]]. We did not address the problem of studying the regularity of the solution
map.

Differences with the euclidean case and some related literature. The local
Cauchy theory for Schrédinger equations has been widely studied in the case x €
R”", n=1. When the non-linearity does not depend on the derivatives the local
theory is well understood, for a complete overview we refer to the book [32] by
Cazenave.

Let us describe briefly one of the main features of the solutions of linear Schrodinger
equation on R”. The flow e!’® of the linear Schrodinger equation posed in the Eu-
clidean space enjoys the following local smoothing property

1 [ itA, 2
Rszgo) /_oo BRIVe 7] dxdtsC”(p”H%(Rn), 0.2.12)
where we have denoted by By the ball of radius R in R”, n = 1, centered in the
origin, V is the gradient with respect to the space variable and H 2(R") is the
usual homogeneous Sobolev space. This property was proven the first time by
Constantin and Saut in [35]]. The estimate implies that if an initial datum
@ is in H 2 (R™), then its evolution e!’® is in H'(R") for almost every time .



0.2. LOCAL THEORY Xix

The smoothing property (0.2.12)) has been used by Kenig-Ponce-Vega in [63] (for
small data) and in [64] (for any data) in order to prove the local existence for the
following semilinear Schrodinger equation in R” with unbounded nonlinearity

Oru=iLlu+Pu,Vu,ii, Vi), (0.2.13)

where & := stkafcj —Zj>k6§j, for some k in {1,...,n}, and P is a polynomial
having no constant or linear terms. The main ingredient in their proof was a
smoothing estimate of the non-homogeneous problem. We write it down, for sim-
plicity, in the one dimensional case n = 1:

2 1/2

m«)

o0 t
sup (/ ‘ax (/ ei(t_s)a?fF(-,s)ds)
X —00 0
00 00 1/2
Sc/ (/ |F(x, t)lzdt) dx.

Roughly speaking the estimate tells us that the gain of derivatives in the
inhomogeneous case is twice the one obtained for the homogenous problem. By
using this property Kenig-Ponce-Vega solved the Cauchy problem for the equation
(0.2.13)) by proving that the Duhamel operator associated to (0.2.13) defines a
contraction for small times in a suitable Banach space.

Concerning quasi-linear equations the smoothing properties of the linear flow are
not strong enough to apply directly a standard fixed point argument.

For x € R Poppenberg, in the paper [78]], considered the fully nonlinear Schrédinger
type equation i0;u = F(t, X, u, Uy, Uyy); he showed that the IVP associated to this
equation is locally in time well posed in H*(RR; C) (where H*°(IR; C) denotes the
intersection of all Sobolev spaces H*(IR; (), s € R) if the function F satisfies some
suitable ellipticity hypotheses. In order to overcome loss of derivatives introduced
by the nonlinearity, it is used a Nash-Moser implicit function theorem.

Kenig, Ponce and Vega studied in [65] the n-dimensional case in the Sobolev
spaces H*(R";C) with s sufficiently large. Here the key ingredient used to prove
energy estimates is a Doi’s type lemma which involves pseudo-differential calculus
for symbols defined on the Euclidean space R”.

Coming back to the case x € T we mention the local existence result [[10] by Baldi,
Haus and Montalto. In this paper it is shown that if s is big enough and if the size of
the initial datum uy is sufficiently small, then (0.2.1) is well posed in the Sobolev
space H*(T) if P =0 and f is Hamiltonian (in the sense of Hypothesis[0.2.1). The

(0.2.14)
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proof is based on a Nash-Moser-Hormander implicit function theorem and the
required energy estimates are obtained by means of a procedure of reduction to
constant coefficients of the equation (a similar reduction was performed by Feola
and Procesi in [48]] in the case of quasi-periodic in time coefficients).

The property (0.2.12) is not available, due to lack of dispersion, in the case of
equations posed on T. Furthermore there are examples of nonlinearities such that
the same problem is well-posed on R and ill-posed on T. Christ proved in [33]
that the following family of problems

Ot +itty, + uP lu, =0
t XX X

(0.2.15)
u(0, x) = up(x)

is ill-posed in all Sobolev spaces H*(T) for any s € R and any integer p =2 and
it is well-posed in H*(R) for p = 3 and s sufficiently large. The ill-posedness of
(0.2.15)) is very strong. Indeed in [33] it has been shown that its solutions have the
following norm inflation phenomenon: for any € > 0 there exists a solution u of
(0.2.15)) and a time ¢, € (0, &) such that

-1
luollys =€ and [ut)llys >€ .

The examples exhibited in [33] somehow justify our hypotheses[0.2.1)or[0.2.2]

0.3 Long time existence

Statement of the main theorem. We study equation (0.2.T]) in the parity-preserving
setting assuming some extra structure, with respect to the previous section, on the
nonlinearity f and on the convolution potential P. We prove a long time existence
result for small enough and sufficiently regular initial data.
The nonlinearity f is a polynomial of degree § = 2 defined on C® vanishing at
order 2 near the origin of the form
q
flzo,z1,22) =) ). Ca,ﬁzg‘)szzflzflzgzzfz, (0.3.1)
p=2(a,p)eA,

where Cq g€ C and

2
Ap:={(a,p) := (@0, Bo, a1, P1, a2, B2) € N°s.t. Y ai+pi=ph (0.3.2)
i=0
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the potential

P(x)=(V2m™ Y p(j)e™ (0.3.3)
JEZ

is a real function with real Fourier coefficients defined as follows. Fix M >0 and

set
M
PG =pPm() =)
k=1

mig

where 71 = (my,..., my) is a vector in @ := [-1/2,1/2]M and (Jy=+1+1jI%. We
shall assume that the polynomial nonlinearity satisfies the following:

Hypothesis 0.3.1. The function f in (0.2.1) and in (0.3.1)) satisfies the following :
1. Parity-preserving: f(zg,z1,22) = f (20, —21,22);
2. Schrodinger-type: (04, f)(z0,21,22) € R;
3. Reversibility-preserving: f(zg, z1,2) = m,

for any (2, z1, z2) in C3.

We have the following result.

Theorem 0.3.1 (Long time existence). Fix M € N and consider equation (0.2.1).
Assume that f satisfies Hypothesis[0.3.1) and that the Fourier coefficients of P(x)
satisfy (0.3.4). Then there is a zero Lebesgue measure set & < @ such that for
any integer 0 < N < M and any m € O\ N there exists sy € R such that for any
s = sg there are constants 1o € (0,1), ¢y > 0 and Cyn > 0 such that the following
holds true. For any 0 < r < ro and any even function ugy in the ball of radius r

of H¥(T; C), the equation (0.2.1) has a unique classical solution, which is even in
xeT, and

u(t, x) € CO([—Tr, Tr];HSﬂT)), with T, = cyr V.

Moreover one has that

sup |lu(t,)llgs <Cnr.
te(=Ty,Ty)
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Comments on the hypotheses. Since the Fourier coefficients in (0.3.4) decay
as ¢ j)‘3 as j goes to oo, the potential P(x) is a function in H® for any s <5/2 (in
particular it is of class C L(T;R)), therefore Theoremm applies and ensures us
that in this setting the problem (0.2.1)) is well posed.

The motivation for choosing the convolution potential is that it defines a diago-
nal operator on the Fourier side, therefore it is easier the study of the resonances
of the equation. We plan to extend our result also in the more natural setting of
a multiplicative potential. In this direction the particular structure of the Fourier
coefficients of the convolution potential in (0.3.4)) is inspired by the Dirichlet spec-
trum of —0,, + V(x). In fact (see Section 5.3 of [[13]] and the references therein)
for any p € N* the eigenvalue A; of -0,y + V(x) admits an asymptotic expansion
of the form

Aj~j2+ V) +er(V)j 2 4.+, (V) j 272,

where ci(V), for k € N*, are certain multilinear functions of the Fourier coeffi-
cients of V(x).

The first two items of Hyp. are the same as in Hyp. and they have
been commented below such hypothesis. Item 3 of Hyp. [0.3.1] together with the
fact that the convolution potential P(x) is real valued, makes the equation (0.2.1))
reversible with respect to the involution

S:u(x)— i(x), (0.3.5)

in the sense that it has the form 0;u = X (u) with So X = —XoS. Since f is assumed
to be a polynomial function as in (0.3.1)), item 3 of the hypothesis is equivalent to
require that the coefficients Cq g are real. One of the important dynamical con-
sequences of the reversible structure of the equation is that if u(t, x) is a solution
of the equation with initial condition uy then S(u(—t,x)) = @(—t,x) solves the
same equation with initial condition #y. This symmetry of the equation is essen-
tial for our scope and will play a fundamental role. Let us explain heuristically
why the reversible structure is useful when we work in the subspace of even func-
tions. On the function u(x) =Y ,>0 4, cos(nx) the involution S reads u,, — i, for
n = 0. Introducing the action-angle variables u, := v/T,e" the involution reads
Oy, 1) — (=04, I,). A vectorfield written in action-angle coordinates reads

0=g®,D,i=f@O,D;

therefore it is reversible if f(6, ) is odd in 6 and if g(0, I) is even in . According to
the “averaging principle” at the principal order the equation for the action variable
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I is approximated by I = f f(6, 1)d6, where by { we meant the averaged integral
in 6, which is null since the function f (@, I) is odd in 6. Therefore the reversibility
prevents the drift of the action variable I which is the growth of Sobolev norms in
the language of PDEs.

We have chosen to study a polynomial nonlinearity in order to avoid extra techni-
calities.

0.4 Strategy of the proofs

Let us introduce some notation. It is useful for our purposes to work on the product
space H® x H®, in particular we will often use its subspace

H':=H'(T,C%:= (H*x H)nR, s>0,

0.4.1
Re={u",u) e *(T;O) x L*(T;0) : u" =u}, 4D
endowed with the product topology. On H® we define the scalar product
(U, V)go := / U-Vdx. 0.4.2)
T

We introduce also the following subspaces of H*® and of H* made of even functions
inxeT

HS:={ue H® : u(x)=u(-x)}, H :=(HxH)nH". (0.4.3)

We define the operators A[-] and A[-] by linearity as
Ale = 2e0%, A= 1)2+p(), jeZ,
. . JERER (0.4.4)
AleV*]:=A_jeV",

where p(j) are the Fourier coefficients of the potential P in (0.2.2). Let us intro-
duce the following matrices

1 0 0 1 1 0
E::(O _1), ]::(_1 0), ]l::(o 1), 0.4.5)

/l[u])
Alal)’

and set

AU = ( V U= (u,i) e H'. (0.4.6)
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We denote by ‘R the linear operator on H® defined by

Pxuy _ s
PU] := (P . L_t) U=(u,u) el 0.4.7)

where P * u is defined in (0.2.2]). With this formalism we have that the operator A

in (0.4.6) and (0.4.4) can be written as

Oex O
A::( ; 6xx)+q3. (0.4.8)

It is convenient to rewrite the equation (0.2.1)) as the equivalent system

(0.4.9)

0,U=IE(AU+F()),  F(U):= (M)

f(U, Uy, Uxy)

where U = (u,%1). For both the results we rewrite (0.4.9) as a paradifferential
system. We shall rigorously introduce in Chapter |1| the classes of symbols and
operators we need. For simplicity let us say that we shall deal with functions
T xR >3 (x,¢) — a(x, &) with limited smoothness in x satisfying, for some m € R,
the following estimate

10 a(x,8)| < Cp &)™ F

for any B € IN, we have used the notation (&) := \/1+¢&2. This functions have
finite regularity in x because they depend on the dynamical variable U which
belongs to some Sobolev space H®, with s positive and finite. We shall regu-
larize such symbols in the following way. Let y be a C5°(R) cut-off function
with sufficiently small support and equal to 1 close to 0, then we set ay(x,¢) =
F: Hax,&x(2/(€))), where we have denoted by & the Fourier transform. In
other words the new symbol ay(x,¢) is a localization in the Fourier space, and
therefore a regularization in the physical space, of the symbol a(x,¢). Then we
can define the Bony-Weyl quantization of the symbol a as follows

x+y

1 .
Op”" (ax, g = / el ax(T,f)tp(y)dydf-

With this formalism (0.4.9)) is equivalent to the paradifferential system

0. U=1E¥4(U)[U]+2%(U)U), (0.4.10)
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where ¢ (U)[-] is equal to Op@W(A(U; x,£)) and A(U; x,¢) is a matrix of symbols
depending, in a nonlinear way, on the dynamical variable U and £ (U)|-] is a lin-
ear smoothing operator. In system the second equation is equal to the
complex conjugate of the first one. More precisely the operator R(U) is bounded
between H® to H*P with p ~ s. The operator ¢4 (U) is a bounded, linear operator
from H® to H*2 for any s € R even if the unknown function U has finite regularity.
This procedure of rewriting the system as in (0.4.10) is called in literature para-
linearization, see for instance [73, 24]. Let use describe the strategy of the proofs.
We start from the local well-posedness result.

Local theory. We describe the proof given in Chapter 2] Since equation (0.2.1))
is quasi-linear the proofs of Theorems|[0.2.1] [0.2.2]do not rely on direct fixed point
arguments using the Duhamel equation; these arguments are used to study the
local theory for the semi-linear equations (i.e. when the nonlinearity f in
depends only on u), see for instance [32]. Our approach is based on the following
quasi-linear iterative scheme (similar schemes have been used by Kato in [62] and
by Alazard-Baldi-Kwan in [[1]). We consider the sequence of linear problems

0,Uy—iE0. Uy = 0.
pi=g 0 (0.4.11)
Up(0) = U,
and forn=1
0,U, —iEG(U,_)[U,] - B(U,_1) =0,
Y M ol nl (0.4.12)
u,0)=U0",

where U (x) = (uo(x), Tg(x)) with 1o(x) given in (0.2.1)). The goal is to show that
there exists so > 0 such that for any s = sy the following facts hold:

1. the iterative scheme is well-defined, i.e. there is T > 0 such that for any
n = 0 there exists a unique solution U, of the problem «#,, which belongs to
the space C°([0, T)]; H®);

2. the sequence {Uy} ;>0 1s bounded in C°([0, D)]; HY);
3. {Un}n=o 1s a Cauchy sequence in C°([0, T)]; HS72).

From these properties the limit function U belongs to the space L>([0, T); H®).
In the final part of Section [2.3] we show that actually U is a classical solution of
(:2.1), namely U solves (0.4.9) and it belongs to C°([0, T); H®) n C1([0, T); H*™2).
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Therefore the key point is to obtain energy estimates for the linear problem in V

0.4.13
V() =U"Y, ( )

{ 0;V—-iE4U)[V]-Z2U)U =0,
where U = U(t, x) is a fixed function defined for ¢ € [0, T], T > 0, regular enough
and Z(U) is regarded as a non homogeneous forcing term. Note that the regular-
ity in time and space of the coefficients of operators ¥ (U), Z(U) depends on the
regularity of the function U. Our strategy is to perform a paradifferential change
of coordinates W := ®(U)[V] such that the system (0.4.13) in the new coordinates
reads

0.4.14)

0,W —iE4(U)[W]-ZU) =0,
W) =oU U,

where the operator %(U)[] is diagonal, self-adjoint with constant coefficients in
x € T and Z(U) is a bounded term. More precisely we show that the operator
¢ (U)[-] has the form

Op2W ((i6)2 + m(U; &) [] 0
0 Op?W ((&)? + mWU; L)’ (0.4.15)
m(U;¢&) := my(U) (id)* + my (U)(i€) € R,

G ::(

with m(U;¢) real valued and independent of x € T. Since the symbol m(U;¢)
is real valued the linear operator iE%(U) generates a well defined flow on L? x
L2, since it has also constant coefficients in x it generates a flow on H® x H® for
s = 0. The self-adjointness of the operator ¢(U) will be a consequence of the
Hamiltonian structure Hyp. [0.2.1] or of the parity preserving one Hyp. [0.2.2] In
this diagonalization and reduction to constant coefficients procedure we exploit
the fact that the dispersion law of our equation is super-linear. Let us make an
example which gives the idea of why the super-linear dispersion law simplify the
procedure. Consider the following linear equation with variable coefficients

dtu:iuxx+|v|2ux, vi=v(t,x), u:=u(tx) (0.4.16)

we want to remove the x-dependence of the coefficient in front of u,. Let s(v; x)
a function to be determined and consider the new variable

_ ,—s(v;x)

=Sy u=e w,

w:
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therefore the function w solves the following problem

w; = 0,5v; ) w+ ¥V (0, + |v?0,) e VP w. (0.4.17)
——

ord 0

Expanding the second summand in the r.h.s. of the above equation we find

U (i0 ., + [v]?0,) e sV =

Oxx +|V[*0x + [10x, €] +10.t,, (0.4.18)
—
ord 1
where by [-,-] we have denoted the commutator between operators and by l.o.t. we

meant differential operators of lower orders. Therefore one can choose a suitable
function s(v; x) in order to remove the x dependence of the coefficient of the term
of order 1 in the new equation. The advantage of having a super-linear dispersion
law is in the fact that the commutator term in (0.4.18)) is a differential operator of
order strictly bigger than the one coming from the conjugation of 9, appearing in
(0.4.17). If the linear part of the operator was just of order one, like for instance
the half-wave equation, it would be no longer possible to reduce in this way the
system to constant coefficients since the contribution coming from the conjugation
of the time derivative and from the spatial operator would have the same order. As
explained before in the introduction, in the paper we cannot proceed exactly as
done in this example: we shall perform para-differential changes of coordinates in
order to preserve the para-differential structure of (0.4.14)).

Long time existence. We describe the strategy adopted in Chapter 3} The first
step is to rewrite the system (0.4.9) in the para-differential form (0.4.10). We
cannot use the paralinearization done with the aim of proving the local existence
because we need to adapt it to symbols which admit multilinear expansions. The
further feature we need on the matrix A(U; x, ¢), defining the para-differential oper-
ator 4(U) in (0.4.10)), is that for any N > 1 it admits an expansion in homogeneous
matrices (with respect to U) up to a non-homogeneous one of size O(||U IIQS). This
paralinearization is performed in Section

Instead of reducing directly the size of the non linearity (as done in [39] for (KG)
or formally in [37] for the (WW)) we perform some para-differential reductions
in order to conjugate the para-differential term to an other one which is diagonal
with constant coefficients in x up to a remainder which is a very regularizing term
(i.e. maps H® to H**P with p > 0). In this procedure it is fundamental that the
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symbols of positive order are purely imaginary, in such a way that the associated
para-differential operator is skew self-adjoint. This condition is ensured by some
algebraic structure of the equation. More precisely in Theorem [3.2.1| we exhibit a
nonlinear map ®(U)U with the following properties:

(a) for any fixed U in H%, s large enough, the map ®(U)[-] is a bounded linear
map form H® to H® for any s = 0;

(b) set V:=®(U)U, then one has ||V|gs ~ [|U|lgs;

(c) the function U solves (0.4.10) then V = ®(U)U solves a system of the form

(see (3.2.2))
8,V =iE(AV + 0p®Y (LWU; &)V + Q) U), (0.4.19)

for some diagonal and constant coefficients in x matrix of symbol L(U;¢)
and where Q(U) is a p-smoothing remainder for some p large. The elements
of the matrix L(U;¢) are real valued at the positive orders.

The function V solving (0.4.19) satisfies
O IV(DIfgs < CIU @ luso 1V (D) 1 s

therefore, as a consequence of Theorem [3.2.1] we have obtained
t
IU@ I < CIUO) 15 + C / U@ lao U@ I5edT, s=so> 1. (0.4.20)
0

The type of changes of coordinates we use in Section are inspired to those
used in Section There are two key differences. For proving the local existence
we are only interested in giving some energy estimates on the solution. Here the
situation is more complicated and we need further information in order to obtain a
much longer time of existence. First of all in Theorem [3.2.1| we take into account
that our operators and symbols admit multilinear expansions. This justify our def-
inition of operators and symbols in Definitions [I.1.3|and [I.1.12] On the contrary
in Chapter [2] we use classes more similar to the non homogeneous classes defined
in Definitions and[LT.T0l The second fundamental difference is that the final
system in (3.2.2)) is diagonal, constant coefficients in x € T, up to terms which are
p-smoothing operators with p arbitrary large. We remark that in Chapter [2] we




0.4. STRATEGY OF THE PROOFS XXIX

only need bounded remainders. In this part we exploit the super-linear dispersion
law of the equation as explained at the end of the preceding paragraph.

In Section[3.3|we give the proof of Theorem[0.3.1] Notice that the r.h.s. in (0.4.20)
is linear in ||U(#)[lgs since both the matrix of symbols L(U;¢) and the matrix of
operators Q(U) are O(||U | g=). The aim of Sec. [3.3]is to prove an estimate of the
form

t
1T 5 < CIUO) 13 +C / IU@ I U@ I3edT,  s2 50> 1, N>2.
0

0.4.21)
In order to obtain (0.4.21)) we proceed in two steps. In the first one a Birkhoff nor-
mal form (BNF) procedure is used in order to reduce the size of the paradifferential
term Op% W(m L(U; &)V in (0.4.19), the term coming from the real part gener-
ate, since there is the matrix iE in front in (0.4.19), a skew-selfadjoint operator and
hence does not contribute to the energy estimate. In implementing such procedure,
as said in the third paragraph of Section [0.1] small divisors appear. When trying
to eliminate the term of homogeneity p of Op‘% W(Im L(U; &)V, the small divisors
appearing are linear combinations of the eigenvalues A; in (0.4.4), for instance of
the form

Apy = Ay + Apy == A (0.4.22)

.
The lower bound we are able to impose, see Subsection [3.3.1} on these small divi-
SOrS 1S

Apy = Any + Apg = .= Ayl = cmax(ny),..., (np) ™, (0.4.23)

for some Ny > 0 and some ¢ > 0, we have denoted by (x) the Japanese bracket
V1+ x2. The bound (0.4.23) is substantially weaker from the one imposed in the
preceding works [11}, 12} [13]] where the r.h.s. of (0.4.23)) is replaced by

m3aX(<n1>,...,(np))'N°.

The latter condition is essential when dealing with semilinear PDEs, where an es-
timate involving max({n),...,(n,)) instead of maxs((n1) ,...,{n,)) would pro-
duce a loss of derivatives in the transformation. In our context this loss of deriva-
tives affects only the coefficients of the equations which are low frequencies thanks
to the paradifferential structure; therefore we may afford to loose a large number of
derivatives on these coefficients since we are working with very smooth functions.
This BNF is performed in Subsection[3.3.2]
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The second step is the reduction in size of the smoothing remainder. Since we do
not have a good knowledge of the algebraic structure of the remainder we con-
struct some modified energies by means of, again, a BNF-type procedure. More
precisely we look for an energy Es(U) such that E¢(U) ~ |U(t,-) ”%{S and

t
/ 1Tz, )21
0

Also here small divisors of the form (0.4.22)) appear. We can use the same bound
(0.4.23) by exploiting the fact that the remainders are very smoothing operators.
This part is the content of subsection [3.3.3]

We conclude this introduction with a short summary of each chapter of the thesis:

Es(U(t,-) = Es(U(0,) +

* In Chapter [I| we develop a paradifferential calculus which will be used sys-
tematically in the rest of the thesis;

* In Chapter 2 we prove a local existence theorem for Hamiltonian and parity
preserving equations;

» In Chapter[3|we prove a long time existence theorem in the parity preserving
case, if the equation (0.2.7)) is also reversible with respect to the involution
S:u—u.



Chapter 1

Para-differential calculus

In this chapter we develop a para-differential calculus following the ideas in [21].
In the first section we introduce several spaces of symbols and operators defined
in a neighborhood of the origin. Our classes depend on some extra function U
and the constants in the definitions will depend explicitly on it. More precisely
our symbols and operators are polynomial in U up to a degree of homogeneity
N —1 plus a non-homogeneous term which vanishes as O(|U IV as U goes to
0. We define a para-differential quantization of such symbols and we prove that
they enjoy a symbolic calculus. Furthermore, following [21], we prove a para-
composition theorem (in the sense of Alinhac [2]]). The differences between our
classes and those in [21] depend only on the extra function U: in their case it is
a function of time and space (x, ) which is of class C*, w.r.t. the variable ¢, with
values in H*"2F for any 0 < k < K (K big enough) and it has zero mean, in our
case it can have non zero mean and it is a function of class C¥, w.r.t. the variable
t, with values in H5=2¥ for any 0 < k < K (K big enough).

In the second section we introduce classes of symbols and operators defined also
far away from zero. The definitions are very similar to the ones given in the first
section concerning the non-homogeneous terms in the polynomial expansions.
The main difference is the following: we require that these symbols, and oper-
ators, are “small” when the function U is “small” without quantifying such small-
ness with the same precision given in the first section. On one hand this lack of
precision is somehow needed since we shall work also in the case that the function
U is big, on the other we do not need to quantify how small the symbols and op-
erators are since these classes will be used only to prove the local well-posedness
theorem for (0.2.1). We prove a para-composition theorem for a class of strictly

1
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monotone symbols.

1.1 Multilinear para-differential calculus

1.1.1 Spaces of Smoothing operators

We introduce some notation. If K € N, [ is an interval of R containing the origin
and s € R* we denote by CX (1, HS(T, C?)) (respectively CX (I, H*(T; C))), the space
of continuous functions U of t € I with values in HS(T,C?) (resp. H*(T;()),
which are K-times differentiable and such that the k—th derivative is continuous
with values in H*~2K(T, C?) (resp. H*2k(T; ©)) for any 0 < k < K. We endow the
space C*K(I, HS(T; C?) (resp. Cf(I, H3(T;C))) with the norm

K
sup [U(t,)lxs, where Ut )lksi= Y [ofue| . .1
tel k=0

We denote by Cf]R(I , HS(T,C?)), sometimes with CfR(I ;H®), the “real” subspace
of CX(I, H*(T,C?)) made of the functions of ¢ with values in H*(T; C?) (see (0.4.1)).
Recalling (0.4.3) we shall denote by CX(1; HS(T;C?)) (resp. CX(I; HS(T;C))) the
subspace of CX(1, HS(T,C?)) (resp. CK(I; H%(T;())) made of the functions of ¢
with values in Hg(T;CZ) (resp. H;(T;C)). Analogously CfR(I, H;(T;CZ)) denotes
the subspace of CX(I,H*(T;C?)) made of those functions which are even in x.
Moreover if r e R™ we set

BX(1,r) = {Ue CRu, H (T;C%) : sup |U (L, ) ks < r}. (1.1.2)
tel

For n € N* we denote by IT,, the orthogonal projector from L%(T;C?) (or L*(T,0))
to the subspace spanned by {e"*,e71"*} i e.

inx —inx
+ 0(—n)

van V2r'

while in the case n = 0 we define the mean

(IT,u) (x) = 4(n)

(1.1.3)

I1 u—Lﬁ(O)—i/u(x)dx
Ve ey '

If % = (Uy,...,Up) is a p-tuple of functions, 7 = (n1,. . Np) € NP, we set

Hﬁ% = (HnlUl,...,anUp). (1.1.4‘)
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Given (ny,..., np+1) € NP*! we denote by
mza-x(<nl>) ey <np+1>))

the second largest among the numbers (n;),...,(np+1). The following is the defi-
nition of a class of multilinear smoothing operators.

Definition 1.1.1 (p—homogeneous smoothing operator). Let p € IN, p € R with
p = 0. We denote by %;p the space of (p + 1)-linear maps from (C®(T;C?))?
xC®(T;C) to C*(T; C) symmetric in (Uy,...,Up), of the form

(U1,...,Ups1) = R(Uy, ..., Up)Ups, (1.1.5)
that satisfy the following. There is p=0, C > 0 such that
max; ((n1), ..., (nps1))PHH P

ITT,,.Uill 2.
max((ny),...,(npa )P o

1T RUT3%2) M, Upill 2 < C

(1.1.6)
forany = (Un,...,Up) € (C=(T;C?)P, any Ups1 € C2(T;0), any i = (ny,..., np)
€ IN?, any no, np+1 € N. Moreover, if

Ry, Uy, ..., Ty Up)L, L Upig #0, (1.1.7)

. . . +1
then there is a choice of signs 0y, ...,0 11 € {=1,1} such that Z;ﬂ:o ojnj=0.
We shall need also a class of non-homogeneous smoothing operators.

Definition 1.1.2 (Non-homogeneous smoothing operators). Let K' < K € N,
NelN with N=1, pe R with p =0 and r > 0. We define the class of re-
mainders %I_(f)K,yN[r] as the space of maps (V,u) — R(V)u defined on ng(l, r) x
C*K (I, H* (T, C)) which are linear in the variable u and such that the following
holds true. For any s = sy there exist a constant C > 0 and r(s) €]0, r[ such that for
any V € BE(1,r)n CF(I, HS(T,C?)), any ue CK(I,HS(T,C)), any 0< k< K- K’
and any t € I the following estimate holds true

|o¥ rROvYw (2,1

=
HS—2k+p

N N-1
) ; kc[ Nl s IVIR, o o, + Hetlln g IVIN TR o IV ks |.
+k!'=

(1.1.8)

We will often use the following general class.
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Definition 1.1.3 (Smoothing operator). Let p, N € ]N withp<N, N=1, K,K' €
N with K' < K and p € R, p =0. We denote by S%."., [r,N] the space of maps
(V,t,U) — R(V, )U that may be written as

K,K',p

N-1
R(V;0U= ) Ry(V,..,VYU+Ry(V;0U, (1.1.9)
q=p

for some Ry € ?Z’;p, q=7p,...,N—1and Ry belongs to ,%’K x Nl

The following is a subclass of the previous class made of those operators which
are autonomous, i.e. they depend on the variable ¢ only through the function U.

Definition 1.1.4 (Autonomous smoothing operator). We define, according to the
notation of Deﬁnition [I.1.2] the class of autonomous non-homogeneous smoothing
operator R, xonlrautl as the subspace of B.X xo.n[1 made of those maps (U, V) —
R(U)V satisfying estimates with K' = 0, the time dependence being only
through U = U(t). In the same way, we denote by Z%l_f 0, p[r, N,aut] the space of
maps (U,V) — R(U, V) of the form (1.1.9) with K' = 0 and where the last term
belongs to ,%I_(p on|Hautl.

Remark 1.1.1. We remark that if Ris in R,,, p = N, then (V,U) — R(V,...,V)U is
in B.. xonlrautl. To see this we argue as follows. Define the discrete convolution
between sequences a:= (aj) jez and b:= (bj) jez, as

(a*b)j = Z ak_jbj,
keZ

furthermore denote by |-|¢v the usual €P-norm defined as |alpp == (L ez Iajlp)”p
for p€[1,00). Then one has

lotronw| .., = [(ne)+r=2¢ ok, (1.1.10)
By multi-linearity of R, conditions (1.1.6) and (1.1.7) we obtain
<n0>8+p—2k Ha];l—[no <
max, {{n),...,{(n
<Clny)y o2k 2{(m), .. (np) H Hakjnn] .

ny+.+np1=ng ma_X{(n1>, <np+1>}
k1 +...+kp+1 =k

k
p+1
x Hal 1_Inp+1

2’
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Let us suppose for simplicity that {ny) = ... = (np41). From the fact that (ng) <
(p+1){ny) we can bound the r.h.s. of the above equation by

kp+1
0,"" M, U| ,

12

ny +...+np+1 =ng
kl +...+kp+1 =k

p .
C > (n)$ 2k (myykte Hl Ha]tcjnnjv
]:

C Z <n1>s—2k1

u+p—2ks
, {n2)

ny np
n1+...+np+1=no
k1+...+kp+1:k
p
—2kj || Akj s=2kp11 || akp+1
[1{(n;) 0,/ 1,V L2<np+1) 0" Mn, U ,-
j=3

Therefore we can bound, by using the Young inequality for convolution of se-

quences, the rh.s. of (1.1.10) by

s=2ky || k1 u+p=2ky || ak1
(2 o, v | | ce) i v .|,
p
\2kj || Ak 2kpi1 || Akp i1
x Hg‘(@ 0T, V| |, 0" M, U | .-
]:

By choosing so > min{p+ u+1/2,2K}, summing over 0 < k < K one gets by
Cauchy-Schwartz the (1.1.8).

[r N] and R,(U)
[r, N1,

Remark 1.1.2. Let R, (U) be a smoothing operator in SR." K, K,

in Z%KPI@, [r, N1, then the operator Ry(U)o Ry(U)[] is in Z%KPK, P

where p = min(pl, 02).

1.1.2 Spaces of Maps

In the following, sometimes, we shall treat operators without having to keep track
of the number of lost derivatives in a very precise way. We introduce some further
classes.

Definition 1.1.5 (p—homogeneous maps). Let pe N, m e R with m = 0. We
denote by M), U™ the space of (p + 1)-linear maps from the space (C®°(T;C?))P x
C®(T;C) to the space C*°(T; C) symmetric in (Uy,...,Up), of the form

(Ul,...,Up+1)—>M(U1,...,Up)Up+1, (1111)
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that satisfy the following. There is 1 =0, C > 0, such that for any % = (Uy,...,Up) €
(C®(T;C*)?, any Ups+1 € CP(T;C), any it = (m,...,np) € NP, any ng, np1 € N

p+1

1Ty M52 s, Ups N2 < C(g) + () + o+ (mpn )™ T 1T, U 2.
j=1
(1.1.12)
Moreover, if
HnOM(Hnl Ul,...,nnpUp)an+l Up+1 #0, (1.1.13)

then there is a choice of signs 0y, ...,0 1 € {—1,1} such that Z;t(} ojnj=0. When
p = 0 the conditions above mean that M is a linear map on C*(T;C) into itself.

Definition 1.1.6 (Non-homogeneous maps). Let K' < K€ N, N € IN with N =
1, me R with m=0 and r > 0. We define the class J%I’("K, [r] as the space
of maps (V,u) — M(V)u defined on B (I,r) x CX(I, HY(T,C)) for some sy > 0,
which are linear in the variable u and such that the following holds true. For
any s = sy there exist a constant C > 0 and r(s) €]0,r[ such that for any V €
BX(I,r)nCK, H*(T,C?), any ue CK(I, H (T, C)), any 0 < k < K—K' and any
t € I the following estimate holds true

|o¥ Mo e,
(1.1.14)
> C[ el g s I Vllkr”(/ 5o Pl s, V”k’+K’ 5o IV leske,s
k' +k'"=
Definition 1.1.7 (Maps). Let p, Ne N, with p< N, N=1, K,K'e N with K' <K
and p € R, m =0. We denote by ZJ%IQ”K, [r, N] the space of maps (V,t,U) —
M(V, H)U that may be written as
N-1

MV;0U =Y. My(V,...,V)U + Mn(V; DU, (1.1.15)
q=p
for some~Mq € JZZ;’”E =p,...,N—1 and My belongs to %KK, [r].
we set M) = Umzoaﬁt”;’, My g plr] = Um>0%KK, [r] and Z My k' plr,N] :=
UszZ-/%

KKI [r]'

Finally

Definition 1.1.8 (Autonomous maps). We define, according to the notation of
Definition [1.1.6] the class of autonomous non-homogeneous smoothing operator
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J%’"O ylnautl as the subspace of M KO y17r1 made of those maps (U, V) — M(U)V
satisfying estimates with K' = 0, the time dependence being only through
U =U(t). In the same way, we denote by X4 mO [r, N,aut] the space of maps

(U, V) — M(U,V) of the form (1.1.9) with K' =0 and where the last term belongs

m
to ./%KO N[r, aut].

Remark 1.1.3. We remark that if M is in A", p = N, then (V,U) — M(V,...,V)U

isin M I?lo ylnautl. The proof of this fact is very similar to the one regarding the

smoothing remainders in Remark

1.1.3 Spaces of Symbols

We give the definition of a class of multilinear symbols.

Definition 1.1.9 (p-homogeneous symbols). Let m € R, p € N. We denote by
I} the space of symmetric p-linear maps from (C®(T;C?))? to the space of C*®
functions in (x,{) e T xR

U — (x,6) = a(U; x,3))
satisfying the following. There is p > 0 and for any a,p € N there is C > 0 such

that

p
|a“aﬁa(nﬁ%;x, Ol = ca @™ P [T I, Ujll 2, (1.1.16)
j=1

forany U = (Uy,...,Up) in (C®(T;C¥)P, and i = (n1,...,np) € NP, where (it) :=

\/1 +|m|? +...+|npl?. Moreover we assume that, if for some (n, ..., np) € INPHL

Hnoa(HnIUl,...,anUp;')#O, (1.1.17)

then there exists a choice of signs 0y,...,0p € {—1,1} such that Z?:o ojnj=0. For

p =0 we denote by fg the space of constant coefficients symbols ¢ — a() which
satisfy the (I.1.16) with a = 0 and the r.h.s. replaced by C(&)"P.

Remark 1.1.4. In the sequel we shall consider functions % = (Uy,...,Up) which
depends also on time t, so that the above definition are functions of (t,x,&) that
we denote by a(%; t, x,¢).
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Remark 1.1.5. Let Ke N, 0g > 2K+ u+1/2 and o = 0g. Consider a function
U(t,x) in the space CK(I; H?(T,C?)), then for any 0< k<K, 0= a <0 -0 and
B €N the function a(U,...,U;x,¢) satisfies

0ka%0tal, .., Usx,8)| < CO™ P 1Ulkgyra IUIY . (1.1.18)

To see this let us develop the derivative with respect to the variable t

.....

.....

condition (1.1.16) and supposing, for simplicity, that ny = ... = n, we deduce that
oforalaw,... Usx )| <

p .
c X @ Payre]]]om,u
]:

k1+..tkp=k L2
ny,enpelN
B + P oo+2k P oo—2k kj
m— a - ' et
C Y, @O"Pm* [ (ny) TT1¢n;) o etny 2"
k1+,,,+kp:k j:l jzl
Ny, np€]N

From the latter inequality it is easy to obtain the condition (1.1.18)) by using the
Cauchy-Schwartz inequality and the fact that p—og+2k < —1/2.

Remark 1.1.6. We note that, if a € 1~"Z’ and be 1::7"’ then ab € f;fl:qm,, and 0 a € 1:;',1
while 0za € f,’;"'l.

Remark 1.1.7. We have that the function

M
p(‘t)::k;@;?zi%’ (eR, (1.1.19)

belongs to the class 1~"6 3,

We shall need also a class of non-homogeneous nonlinear symbols.
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Definition 1.1.10 (Non-homogeneous Symbols). Let meR, pe N, p=1, K'< K
inN, r > 0. We denote by FK Kp [r] the space of functions (U; t, x,¢) — a(U; t, x,¢),

defined for U € B(Ifo (I, 1), for some large enough o, with complex values such that
for any 0 < k< K-K', any 0 = 0y, there are C >0, 0 < r(0) < r and for any
U e BX (1,7(0))n C¥*K' (1, HO(T;C?)) and any o, N, with a <0 — 0

0k0%00 a(U; 1,%,8)| < CO™ PIUIL 1 MU llkskro- (1.1.20)

Remark 1.1.8. We note thatif ae T} KKp
[r] then 0,a € F

[r1with K'+1 < K, then0;a € T (. Pl

Moreover if a € T'" [r] and O0¢a € FKK, [r]. Finally if

K.K'\p K.K',p
uEF?K,p[ ]andbEFZZK, [r] then abEF?}L{,”mq[r]

The following is a subclass of the class defined in|l.1.10made of those symbols
which depend on the variable ¢ only through the function U.

Definition 1.1.11 (Autonomous non-homogeneous Symbols). We denote by
FI’?O p [r,aut] the subspace of T X0, p[r] made of the non-homogeneous symbols
(U, x,&) — a(U; x, &) that satisfy estimate (1.1.20) with K' = 0, the time dependence

being only through U = U (t).

Remark 1.1.9. By using (I.1.18), we deduce that a symbol a(%;-) of fg’ defines,
by restriction to the diagonal, the symbol a(U,...,U;-) in T7! [r,aut] for any
r>0.

K,0,p

The following is the general class of symbols we shall deal with.

Definition 1.1.12 (Symbols). Let me R, pe N, K,K' € N with K' <K, r >0
and N € IN with p < N. One denotes by LT} KKp [r, N] the space of functions

(U, t,x,¢) — a(U;t,x,&) such that there are homogeneous symbols a4 € I:Z’ for

q=p,...,N—1and a non-homogeneous symbol ayn € T} xx ] such that

N-—
aU; t,x,&) = Y aq(U,...,U;x,8) + an(U; t, x,8). (1.1.21)
=p

We set £ %, [, N1 = NneRIIY (0 1 N,

We define the subclasses of autonomous symbols XTI . Ir,N,aut] by (I.1.21)
where ap is in the class Fmo ylraut] of Definition|l.1.11 Fmally we set ZFK K p

[r, N,aut] = mmeRZFKK, [r, N, aut].
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We also introduce the following class of “functions”, i.e. those bounded symbols
which are independent of the variable ¢.

Definition 1.1.13 (Functions). Fix N € IN, p € N with p < N, K,K' € IN with
K' < K, r >0. We denote by Fyp (resp. Fk x plrl, resp. Fg g plr,autl, resp.
Zgg [r,N], resp. ZFg k' plr,N,aut]) the subclass of f(;, (resp. F%[r], resp.
F(;,[r, aut], resp. ZF(;,’q[r, N], resp. ZF%[r, N,aut]) made of those symbols which
are independent of ¢.

1.1.4 Quantization of symbols

Given a smooth symbol (x,¢) — a(x,¢), we define, for any o € [0, 1], the quantiza-
tion of the symbol a as the operator acting on functions u as

1 : ¢

Op,(a(x,))u=— N gox+ (1 -0)y,Huly)dydéE. (1.1.22)
27 JrRxR

This definition is meaningful in particular if u € C*(T) (identifying u to a 27-

periodic function). By decomposing u in Fourier series as ¥ jez @(j) (1/v2m)e"*,

we may calculate the oscillatory integral in (1.1.22)) obtaining for any o € [0, 1]

1 ikx
Op,(@u:=—— alk-j,-o0)k+aoj)i(j) , (1.1.23)
p \/Ekez(,;z (k- J) ])m

where a(k,¢&) is the kth—Fourier coefficient of the 2n—periodic function x —
a(x,¢&). For convenience in the paper we shall use two particular quantizations:

Standard quantization. We define the standard quantization by specifying the

formula (I.1.23) for o = 1:

1 ikx
Op(a)u:=O0p, (@) u = —— alk— 7, 1) a) ; (1.1.24)
p P mkez(jgz (k—j. J) ])m

Weyl quantization. We define the Weyl quantization by specifying the formula
(T1:23) for o = 1:
ikx

1 Ck+j e
OpW(a)u::Op_(a)u:— alk-j, u(j)
% \/_anezz(]gz( =) f)m

(1.1.25)
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Moreover the above formulas allow to transform the symbols between different
quantizations, in particular we have

Op(@) =0p" (b)),  where i;(j,s):a(j,s—%). (1.1.26)

We want to define a para-differential quantization. First we give the following
definition.

Definition 1.1.14 (Admissible cut-off functions). Fix p € N with p = 1. We say
that y, € C°(RP x R;R) and x € C*°(R x B;R) are admissible cut-off functions if
they are even with respect to each of their arguments and there exists 6 > 0 such
that

0
suppyp, < {&, O eRP xR &' <66}, xp,&)=1for &< 56
o
suppy < {(¢, ) eRxB <0}, x( =1 for |&'l< 2.
We assume moreover that for any derivation indices a and

10200 (&, &) < Cap® P, vae N, pe N,

10805 X (€, 01 < Cap(©) P, Ya, Be .
An example of function satisfying the condition above, and that will be exten-
sively used in the rest of the paper, is y (&', &) := ¥(&'/(¢)), where ¥ is a function in

Cy°(R;R) having a small enough support and equal to one in a neighborhood of
zero. For any a € C*°(T) we shall use the following notation

Da)(x) =Y x(H;ja. (1.1.27)
JEZ

Definition 1.1.15 (The Bony quantization). Let y be an admissible cut-off func-

tion according to Definition|1.1.14} If a is a symbol in flrf and b is in FI’?’K,,p[r],
we set, using notation (1.1.4)),
ayU;x,8) = Y xp(it,&) alllz; x,8),
nelN»
(1.1.28)

1 A .
by (U; t,x,é)zg/x(n,é)b(U; t,n,8)e" dn.

T



12 CHAPTER 1. PARA-DIFFERENTIAL CALCULUS

We define the Bony quantization as

Op?(a(#;-)) = Op(ay (U; ")),

2 (1.1.29)
Op™ (b(U; t,-)) = Op(by (U; t,-)).
and the Bony-Weyl quantization as
op”"(a(;-)) = 0p" (ay (U;-),
P P o (1.1.30)

0p”?Y (b(U; 1,) = 0p" (b (U; t,)).

Finally, if a is a symbol in the class X' K'p

(I.1.21)), we define its Bony quantization as

[r, N1, that we decompose as in

N-1
Op”?(a(U;t,) = Y. Op®(ay(U,...,U;)) + Op? (an(U; t,)), (1.1.31)
q=p

and its Bony-Weyl quantization as

N-1
0p?"(aU;t,)) = Y 0p®W(a,(U,...,U;) +0p*" (an(U; £,-).  (1.1.32)
q=p

m

Ko,plh N,aut] we shall not

For symbols belonging to the autonomous subclass XTI’

write the time dependence in (1.1.31)) and (1.1.32)).

Remark 1.1.10. Let a€ ZFI'?K, p[r, N]. We note that

Op%(a(U; t,x,&)[v] = 0p%(a" (U; t, x,) (7],

(1.1.33)
0p”W(a(U; t,x,&) [v] = 0p”" (a¥(U; 1, x, ) [9],
where
a’(U;t,x,&) = a(U;t, x,—¢). (1.1.34)
Moreover if we define the operator A(U, t)[-] := Op?W (a(U; t, x,&)[-] we have

that A* (U, t), its adjoint operator w.r.t. the L*>(T;C) scalar product, can be written
as

A* (U, Dv] = Op@W(a(U; t,x,cf))[v]. (1.1.35)
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Remark 1.1.11. Let us define
1) := (i9)* +p(&), (1.1.36)

with p(&) defined in (1.1.19). By Remark we have that 1(¢) belongs to T3,
Moreover we note that the operator A defined in (0.4.4) can be written as

Al]=0p@E)[] (1.1.37)

Remark 1.1.12. By formula (1.1.35) one has that a para-differential operator
Op‘%w(a(U; t,x,&)[] is self-adjoint, w.r.t. the LA(T;0) scalar product, if and only
if the symbol a(U; t, x,§) is real valued for any x €T, ¢ € R.

Proposition 1.1.1 (Action of para-differential operator). One has the following.
(i) Let me R, p € N. There is 0 > 0 such that for any symbol a € T, the map

(UL,..., Ups)) — Op?W (@(Uy, ..., Up; N Upa1, (1.1.38)
extends, for any s € R, as a continuous (p + 1)-linear map
(H? (T;C)P x HY(T; C) — H™(T; 0). (1.1.39)

Moreover, there is a constant C > 0, depending only on s and on (1.1.16) with
a = =0, such that

p
10p?™ (a(%; ) Upi1llgs-m < C [T WU o | Upar Il s, (1.1.40)
j=1

where 9 = (Uy,...,Up). Finally, if for some (ny,...,np;1) € INP*2,
11, 0p”" (a(13%; Ny, Ups1 #0, (1.1.41)

with 1i = (ny,...,np) € NP, then there is a choice of signs o € {~1,1}, j =0,...,p+

1 .. .
1, such that Z;’:O ojnj =0 and the indices satisfy

Ng~nps1, nj<Céng, nj<Cénpy, j=1,...,p. (1.1.42)

(ii)Letr >0, meR, peN, p=1, K'<KeN, aEFI’?K,p[r]. There is 0 >0 such
that for any U € BX(I, 1), the operator Op?W (a(U;t,") extends, for any s€ R, as

a bounded linear operator

CEK 1, B (1;€) — X (1, B ™ (T 0)). (1.1.43)
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Moreover, there is a constant C > 0, depending only on s, v and (1.1.20) with
O0<a<2 =0, suchthat, forany tel, any0<k<K-K/,

10p”Y @F atUs; t, Nl spars,ps-my < CIUNY, 4o (1.1.44)
so that
10p”Y (@(U; £, NV (Dl k-k,5-m = CIUI IV I k-5 (1.1.45)

Proof. We prove item (i). Let y;, be an admissible cut-off function as in Definition
[I.1.14] we define the symbol

b(x,&):=ay,(U;x,8) = Y. xpn,&all,%;x,E),

nelNP

where we have set % := (Uy,...,Up), n:= (ny,...,np) and I1,% is defined in

(1.1.4). Then, by Definition|[I.1.15] we have

op?" (a(; x,&)u=0p" (b(x,&)u=

1 . k+n eikx (1.1.46)
— b(k-n', an') :
Vo i )i

We need to estimate the Fourier coefficient 19(5,6) = \/% fv b(x,¢&) el dx. By us-

ing we get

|I3(€,€)ISC)/b(x,é)e‘i“dx‘
T

<C | Z Xp(n,f)a(nn%;x,f”dx (1.1.47)
T nelNp
p
<C Y maxn), (D! @™ [T |1,y -
n,...npeN j=1

Note that, thanks to the autonomous condition satisfied by the symbol a(%; x, ¢),
we have that B(f,é) is different from zero only if 25']:1 €jnj = +¢ for some choice
of signs €; € {+1}. Therefore the sum in the r.h.s. of the above inequality is re-
stricted to the set of indices ny,..., n, satisfying such a property. Note that this
fact implies that the sum in the r.h.s. of (I.1.46)) is restricted to the set of indices
such that +(k—n') = Z;’zl n;j, therefore the (I.1.41) holds true only if there is a
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choice of signs o € {+1} such that Z?:é ojnj=0. Let us suppose for simplic-
ity that (n;) = (np) = ... = (np); we fix 0 > p+1 and we continue the chain of

inequalities as follows
p p
Ok (7T S § (T
Jj= Jj=

p
=co™ 11Ul ee
j=1

where c; is a suitable sequence in ¢! and where we have used in the last passage
that Z?zl €jnj = =¢. Therefore using this estimate of the Fourier coefficient b(¢, <)

and equation (1.1.46) we get

O™ (b0, YU i1 || 3y5-m

k+n'\™P R
<C T 10" ¥ (S5 ) T Ly ek Uper (]
j=1

keZ. n'eZ

(1.1.48)

p A
<CITNUl5e X1 Y 0 ek Upn (O,
Jj=1 keZ n'eZ

In the last passage we have used that k ~ n’ which follows from the fact that the
sum is restricted to the set of indices such that |k —n/| < ((k +n)/ 2). Since the se-
quence ¢y is in ¢ and (k)* Up41 (k) is in €2, from (T.T.48) one deduces the (T.1.40)
by using the Young inequality for convolution of sequences. Moreover one has
|n| = Z’?Zl |nj| < ((k+n")/2), from which the relation (T.1.42) easily follows. This
conclu({es the proof of (7).

The proof of (ii) is very similar. One has to set b(x,¢) := allfa(U; t,x,f)for0< k<
K - K', the condition (I.1.20) with f =0 and & = 2 provides the estimate

A C
|b(£,&)| < e "N g

from which one proves (1.1.44) and (1.1.45)) as done before. Il

Remark 1.1.13. In the above proof, we did not use any ¢ derivatives of the symbol
a. The statement of the proposition above applies when a € T'™" p[r, N] satisfies

KK,
(1.1.20) for just |a| <2 and B = 0.

Remark 1.1.14. We have the following inclusions.
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* Let ac ZFI’?K, r,N] for p = 1. By Proposition we have that the

map (V,U) — Op%W(a(V; t,)U defined by @]} is in ZJ%I’(”K, [r, N]

for some m' = m.

e Ifac ZFKK, [r,N] with m <0 and p = 1, then the map (linear in U)

v,U) - Op%W(a(V t,)U is in SR ., [, NI.

* Any smoothing operator R € Z%I_(p K p[r, N] defines an element of the class

ZJ%I?K, 1, N1 for some m = 0.

Remark 1.1.15. From Proposition (1.1.1) we deduce that the Bony-Weyl quanti-
zation of a symbol is unique up to smoothing remainders. More precisely consider
two admissible cut off functions )((1) and )((2) according to Def. |1.1.14|with 61 >0

and 85> 0. Define y,:= x5’ - 7(;2) and for a in T} set

RE) = 0p"( ¥ xp(n,Oalll, ;). (1.1.49)

neNP

Then, by applying (I.1.40) with s = m, we get

The L.h.s. of the equation above is non zero only if §1{np+1) < |nl <82 (nps1). As
a consequence we deduce the equivalence

HnOR(Hn%)an+1 Up+1

p+1
2= Cn)” -+ (np)” (nper)™ Hl HH”J‘U
]:

mza-x(<nl> Yooy <np+]_>) ~ maX((”l) Yooy <np+1>)

and hence the operator R belongs to 972;'0 .
A similar statement holds for the non homogeneous case.

In the following we shall deal with operators defined on the product space H® x H*.
We have the following definition.

Definition 1.1.16 (Matrices of operators). Let p,m eER, p=0, K<KeN,

r>0, NelN, pe N with p=1. We denote by Z%KK, [r, N1 ® 4> (C) the space of
2 x 2 matrices whose entries are smoothing operators in the class s# P K.Kp [r, N].

Analogously we denote by ZJ%IQ"K, [r, N1 ® 4 (C) the space of 2 x 2 matrzces
whose entries are maps in the class Z./% m N1. We also set ZMk k' plr, N] ®

KK/ p[
Mo (C) = UeREM, [T, N1 ® M5 (C).
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Definition 1.1.17 (Matrices of symbols). Ler me R, K'< Ke N, p,Ne IN. We
denote by T KK\ p [r, N] ® 4, (C) the space 2 x 2 matrices whose entries are sym-

bols in the class ZFI’?K, [r, N].

We have the following result.

Lemma 1.1.1. Letp,me]R m=0, p=0, K’<K€]N r>0, NelN, peN,
p>1andconszderR€Z% [r,N1® >(C), MeX U [r, Nl ® 4>(C) and

KK’ KK'
A€ ZFI’?K, [r, N] ® 4> (C). There is o > 0 such that
R:BX(, 1) x KK (1, B (T; €%) — CX-K'(1, H*° (T; C%); (1.1.50)
M : B, r) x cKK (1, B (T; €%) — XK' (1, B*~™(T; €%, (1.1.51)
and

0p?Y (AWU; t,) : BX(I,r) x cX=K' (1, H*(T; €%) — XK' (1, HS-™(T; C%).
(1.1.52)

Proof. The (L.1.50) follows by Definition [I.1.3] (see bound (L.1.8)). The (I.1.5T)
follows by Definition[I.1.7)(see bound (I.1.14))). The (I.1.52) follows by Proposi-
tion[LL1l O

1.1.5 Symbolic calculus and Compositions theorems
We define the following differential operator
O-(Dx,Df,Dy,DT]):Dny_Dan, (1.1.53)

where D, := %Gx and D¢, Dy, Dy, are similarly defined.
Let K'<K,p,p,q bein N, m,m' € R, r >0 and consider a€ ') and b € f;"/. Set

:(%’)%”)) 62/,:: (Ul)---)Up)) %”:: (Up+1)"')Up+l);

1.1.54
Uje H'(T;C3, j=1,...,p+q. e

We define the asymptotic expansion (up to order p) of the composition symbol as
follows:

(a#b)p(U; x,$) :=

P 1 (i k
> i U(Dx,Dé,Dy,Dn)) [a(%’;x,é)b(%”;y,n) |
k=0

(1.1.55)

x=y
§=n
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~m+m'-p
ptq
[r] and b € FKK, [r]. For U in B(If(I, r) we define, for p <

modulo symbols in T
Consider a € FI’? K p
0—-0y,

(a#b),(U; t, x,8) :=

[ | k

Y — , O(Dx,Df,Dy,Dn)) [a(U;t,x,é)b(U;t,y,n) ,

j=o k2 I)gzy
=n

(1.1.56)

m+m'—p
KK prqlT)

Remark 1.1.16. * By Remark one can note that the symbol (a#Db), in

= 1 . .

(T.1.55) .belongs to tﬁe class T with the exponent (i in large
as function of p. This reflect the fact that the larger is p the smoother the
Junctions Uj in the coefficient must be.

modulo symbols in T

* Similarly by Remark one can note that the symbol (a#b), in (1.1.56)
belongs to the class I“quml[r] (with o in Def. |1.1.10|large as function of
)

The following proposition ensures that (a#b), is the symbol of the composition up
to smoothing remainders.

Proposition 1.1.2 (Composition of Bony-Weyl operators). Let K' < K, p, p, q be
inlN, mm'eR, r>0.

(;'l) Consider a€ T} and be FZ”. Then (recalling the notation in (1.1.54)) one has
tnat

0p?W (a(; x,8)) 0 Op®W (b "; x,8)) — Op? W ((a#b) ,(U; x,8))  (1.1.57)

belongs to the class of smoothing remainder X% pﬁ;n”m

and be T [r]. Then one has that

(ii) Conszderael"KK,p[ r] K.K'q

0p?" (a(U; t, x,8) 0 Op”" (b(U; 1, x,€)) — Op?" ((a#b) ,(U; £, x,8))  (1.1.58)

belongs to the class of non-homogeneous smoothing remainders % Kp I:,mﬂn [rl. If

a and b are symbols in the autonomous classes of Definition [I.1.11| then the sym-
bol (a#b),(U; t, x,¢) belongs to F?}qu[r aut] and ([.1.58) is an autonomous
R —p+m+m'

K.K'p+q [r, aut].

smoothing remainder in
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The proof of this important proposition needs a couple of lemmas. In order to treat
at the same time conditions (i) and (ii) we introduce the following notation. Let
a(x,¢) and b(x,¢) be two tempered distribution in x which depend smoothly on ¢.
Assume that their x-Fourier transforms, a(n,¢) and I;(n,f), are supported on the
set {Inl <0 (\f)} for some 0 < § < 1. Define the integral

1 . . N * R *

anbind)i= 5 [ a0 £ b - Todedn, (1L159)
270 J2 2 2

which makes sense since @ and b are tempered distribution with compact support

in (&*,1n*) acting on the smooth function e*¢ 77 Let us assume moreover that
for some p € IN, any 0 < a < p, any 8 € IN there are constants M g(-) such that

080fatx, )| < Mg p(@) ",
(1.1.60)

080Eb(x,8)| < Ma,p(b) )" F.
Then a#b is also given by the oscillatory integral

a#b(x,§) =
1 . * rx ok ok

= e 20T g(x+ X E+ END(x + y*, E+ 0 )dxT dE dy* dn*.
T R4
(1.1.61)

To prove that the latter integral is well defined one just need to check that, thanks to
(T-1.60) and to the fact that 4 and b are supported on {|7| < &}, the functions a and
b are amplitudes in the sense of Definition and hence apply Theorem
To check that (1.1.59) is equal to (I.1.61) we proceed in the following way. By

writing explicitly the Fourier transforms @ and b in (T.1.59) and using the Lemma
[A.0.3] we obtain that (I.1.59) may be rewritten as

4_71-[2/['%4 el[n*(x—x*)q-gt*(x_y*)]a(x*,f+ %)b(y*,g‘— g)dx*dy*dé*dn*,
which is equal to (I.1.61) after a linear change of variable (which may be per-
formed thanks to Lemma[A.0.T).

We are now ready to state and prove two lemmas. In the first one (Lemma[I.1.2)
we show that Op”" (a)oOp#" (b) may be written as Op" (c) where ¢ = a,#b,. In
the second one (Lemma(I.1.3) we provide an asymptotic expansion for the symbol
ay#by.
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Lemma 1.1.2. Let a and b as in (i) of Proposition (resp. as in (ii) of the
same proposition) then

0p?" (@) o Op®" (b) = 0p" (0),

where ¢(U;x,&) = axp(%’;x,g()#bxq(%”;x,g‘), and ay, and by, are defined in
(L.1.28) (resp. where

c(U;x,8) = ay(U; x,$)#by (U; x,¢)
and ay and by, are defined in (1.1.28)).

Proof. Let a(%';x,&) be a symbol in f,’g” and let us denote it, for simplicity, by

a(x,&). We preliminarily rewrite Op%" (a(x, £)) in an alternative way.
By using (I.1.30) and formula (I.1.22) with o = 1/2 we have that, for any smooth
function v, the following holds

0p”" (a(x,&) v =0p" (ay, (x,O)v
_ 1 ie-p¢ (XY
_Zn/R/Re ay, (=5 €vndyde
=/Ka(x,y)V(y)dy,
R

where k,(x,y) = % fR ei(x_y)gaxp(y,é) d¢. The last integral makes sense thanks

to Theorem [A.0.5] and, in the previous calculation, we have used Lemma [A.0.3]
We note that the kernel K,(x, y) is such that

1 . _
Ko(x+1t/2,x—-1t/2) = E/ReltEaXp(xyadf :gf l(aXp)(x» 1),

therefore
axp(x,g‘) =F (Kg(x+1t/2,x—1t/2))

= / e K (x+ 112, x— t/2)dLt.
R

Having this formula in hand we obtain, for b(x,¢) := b(2"; x,&) € ™ that

0p?% (a(x,&)) 0 0Op?Y (b(x,8)) v(x) = / K(x,y)v(y)dy,
R
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where the kernel is given by
K(x,y)=/Ka(X,Z)Kb(Z,y)dZ-
R

Hence, by using Lemma[A.0.3] we have
0p”" (a(x,§)) o Op”" (b(x, ) = 0p" (¢ (x,¢),

with ¢(x,¢) equal to

L e—itg‘ei(x+t/2—z)sax (w, S] X
471'2 R4 s 2
, z+x—1t/2
« el(z—x+t/2)r b}(q (T, ‘[)d‘rdsdzd L.

Performing the linear change of variable

z=x+x*+y"

t=2x"-2y"
s=¢+¢&7
T=¢(+15,

which is possible thanks to Lemma[A.0.1] one gets that c(x, ¢) is equal to (I.1.61)
with a and b replaced by ay, and Dy, .

In the case of symbols a € FI’?,K',p[r] and b e FI’?Y/K,yq[r] the proof is the same. [
Lemma 1.1.3. Let a(x, &) and b(x, ) satisfying conditions (1.1.60) for some p € IN.
Suppose moreover that a(n,&) and b(n,¢&) are supported for |n| < 6 (&) for a small
enough 6 > 0. Then for any ¢ € N with ¢ < p we have

|02 (a#tb — (@#th) p—) (x,8)| S Cpe &)™ ~070, (1.1.62)
where
Cp/:Kp,[ Z Z Ma’,ﬁ’(a)Ma”,ﬁ”(b)) (1163)
a'+a"=a p'+p"=p

Jor some universal constants K ¢.
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Proof It is sufficient to prove the lemma in the case that ¢ = 0 since d%a#b =
(65 a)#(@’ b) wrth [’ + ¢" = ¢ and a similar formula holds for dg (a#b). Define for
7€[0,1], X* =(x*,&") and Y* = (y*,n") in R? the function

c(t,x,8) =

1
5 [a(x é-)b(y n )]lx’*x+ Tx*, ) =y+Ty* € —2o(X", Y )dX ay”.
m? =+ vTe ) =n+vin*

Note that c¢(1, x,¢) = a#b(x,&) and that moreover
ak _ 1 i k "BV
retrxd = | (Ea(Dxf,Dgf,Dyf,Dn/)) la(x', &b/, 1)l
(06, &)+ VTX*, (x,8) +VTY*)e 20X YD g x* gy,

hence by Taylor expanding in 7 =1 we get

1
a#b(x,¢) — (a#b),(x,$) = / ¢ (1,x,)(1-1)° dr,

(0=D!Jo

where
1 . * *
(1, x,6) = _2/ e XY Do((x, ) + VT X, (x,8) +VTY*)dX*dY™, (1.1.64)
T R4
and )
1 p
e(x',¢,y' 1) = (30D, D, Dy, D)) [ale', €100/, 1).
Moreover, since a and b satisfy (1.1.60), we have
oL o),
S M ey (@ Mg gy (b) (€Y P70 (Y™ P (1.1.65)

a'+a'’=p

pl+p"=p

The symbol e(x’,¢’, ¥',n') may be written as a linear combination of elements of
the form a; (x',&")by(y',n), where a; and b; are expressed in terms of derivatives
of a and b. Therefore arguing as done below the statement of Prop. [I.1.2]in order
to transform into , we can represent ¢”) as sum of integrals of the

form . .
WE) ) (n* £+ T by (€6 — 7L )de iy’ 1.1.66
L€ al(n,€+72)1(€,€ Tz)f n. (1.1.66)
R
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Thanks to the support condition on & and b we may insert into the integral (T.1.66)
a cut-off function y((&*,n*)/(£)) where y is a C* function with small enough
support and equal to 1 near the origin. Expressing the Fourier transforms in
(I.1.66) we get an integral of the form (I.1.64]) with moreover the cut-off func-
tion y((£*,n*)/ (&) inside the integral. Now consider the vector-fields L;[-] := (1 +
2x)%) 7 A +0g+[) and Ly[] := (1 +(2y*)?) ' (1 +0,+[-]). The function e~2X"¥")
is a fixed point for such vector-fields, therefore using them two times in the inte-

gral (I.1.64) and integrating by parts, using we bound by C (&)™™' =P for
some constant C > 0, from which it is easy to conclude. U

We are now in position to give the proof of Proposition[I.1.2]
proof of Prop. [I.1.2] We start by proving (i). By Lemma|I.1.2] we know that
Op" (ay, @'; x,&)#ay, (U"; x,6)) - Op™" ((a#h) ,(U; x,8)) = Op" (r(U; x,8)),
with r(%; x,&) = 1 (U; x,&) + 12(%; x,&) and
n(U;x,6) = ay, U x,#ay (U x,8) — (ay, #ay,) ,(U; x,8),
r2(U; x,8) = (ay,#ay,) ,(U;x,8) = (@#D) . .0 (%; X,8).

Let us study the first summand. By (1.1.62)), (I.1.63) and (I.1.16) we have the
bound

(1.1.67)

, bta
I 0%, 8)) = Clnl P "0 T |05,
]:

Note that, if the cut-off functions y, and y 4 are chosen with small enough support
(i.e. 6 small enough in Def. [1.1.14), then the symbol r; satisfies the spectral
condition supp(71(1,¢)) < {Inl < (&)}, hence Op" (r1) coincides with Op%" (ry).

Therefore by (1.1.40), in Prop. [1.1.1} applied with s = m+ m' — p, up to changing
the definition of u, we have

|op?™ (r (0,23, )M, ., Upigin

12
p+q+1

< Clul PP T (Lo
j=1

p+q+1 2’

Furthermore we have that Op%W(rl (I1,,%; -,6))1’[,1,0+ g1 Up+g+1 is different from 0
p+q+1

only if there exist a choice of signs o € {1} such that ijl

ojnj = 0. This
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fact is true since Op?" (a) and Op#?" (b) satisfy this property, hence so does
their composition, together with OpW((aXp#bX ) p). Since, thanks to the discus-
sion above, |n| < (np+q+1) we have max ((n1),...,{nprg+1)) = (Np+q+1) and

mZaX(<n1>,...,(np+q+1)) ~max({n),...,(Np+g+1))

which, together with (I.1.68) proves a bound of the form (I.1.5) for the operator
Op‘%W(rl (I1,,%; -,45))1'[,1p+q+1 Up+q+1. Therefore it is a smoothing operator.

Lets study the term OpW(rg (%;¢)). The symbol r,(%;¢) is a combination of terms

of the form

i
(Ea(Dx,Dg,Dy,Dn))" [a(L,y %' %, &) b1, 2"; y,m) X

Xp(n/! E)Xq(n”) Tl)] | 221/ -

i
~Ap+q(n',n", )50 (D, Dy, Dy, D) [al,y2%'; x, O b1,y %"; y,)]| =

Thanks to the properties of the cut-off functions y,, x4 and xp,+4 the symbols

above are supported for
516 <|(n',n") <620

. ~ ~_
Moreover, since a € FZ“ and b e FZ? , we have

, b*rq
2123501 = Cll” O™ 7 ] [, 0],
]:

with o ~ p. Therefore, reasoning as done for r;(%; x,¢), we deduce that

|op®™ (r21, (%3 x, 0011, ., Upigi1)

, — ptq+l
Clnl” " (np+q+1) o H
L

<
12

2’
from which we conclude the proof since (1.1.69) implies that

max((m), ..., (psg1)) ~ Max(nn) ..., (Mprg+1))-

(1.1.69)



1.1. MULTILINEAR PARA-DIFFERENTIAL CALCULUS 25

We now prove item (ii) of the statement. We can rewrite, thanks to Lemma|[I.1.2]
the expression (I.1.58) as Op" (r(U; t,x,¢)), where r(U;t,x,&) = r(U; t,x,&) +
r2(U; t,x,¢) and

;e x,¢) = ay(U; t,x,8)#by (U; 1, x,8) — (ay#by) , (U; £, X, ),
ra(U; t,%,8) = (ay#by) (U t, ,8) — (a#b) p (U 1, X, ).

Let us study the contribution coming from r, the other one is similar. The symbol
aisinthe class T}y, [r], bisin T}y, [r]so they verify condition (L.I.18) up to
level 0 < a < p if o is chosen big enough. So, thanks to (I.1.62)) and (1.1.63) we
have

|oFotr s x,0| < @™m0 u@IRs,

for 0 < ¢ < 2. This is enough, thanks to Remark[I.1.13] to obtain the following

”OpW(alfrl(U; t,x,g))H < ClUMIP*

z(Hsst—m—m’er—Z)
for any 0 < k < K — K’. Thanks to the condition on the support, introduced by the
cut-off function y, we have that Op‘@W(O’;rl (U; t,x,8) = OpW(alfrl (U; t,x,8)), so
that

<

[o¥(0p™™ Wt V)| s =

C Y MU IVl
k' +k"=k ’

for any 0 < k < K— K’, which is an estimate of the form (I.1.8). This concludes
the proof. ]

Consider now symbols a € ZFI’QK,,p[r, N], be ZFI’?,’K,yq[r, N]. By definition (see
Def. we have

N-1
aU; t;x,8) = ) ar(U,...,U;x,8) + an(U; 1, x,8),
k=p

N-1
b(U; t;x,f) = Z bk’(U,---,U;X,f)+bN(U; t,x’g)’ (1170)

kK'=p
ak €Ty, aneTy o nlrl, b elll, bneTy  ylrl.
We set also

(Ui x, &)= ). (a#bp)o(U;x,8), kK'=p+gq,...,N-1,
ke+k=k"

en(Us t,x,8):= ) (a#bp) (U t,x,8),
k+k'=N

(1.1.71)
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where the factors ak and by, for k, k' < N —1, have to be considered as elements
of F’” o.xl7] and I'”? xoxlr] respectively according to Remark |1.1.9, We define the

composition symbol (a#b),, N € Zl“}?}’,”pw[ r,N] as

(a#b) o, N (U; 1, %,8) = (a#h) o (U; 1, x,€)
N-1 (1.1.72)

= Y. cpU,...,U;x,8) +en(U; 8, x,6).
k'"=p+q

We collect in the following proposition all the results concerning compositions
between Bony-Weyl para-differential operators, smoothing remainders and maps.

Proposition 1.1.3 (Compositions). Ler m,m',m" € R, K,K', N, p1, p2, P3, P4, 0 €

IN with K' < K, py+p2 <N, p=0and r >0. Let anFKK, [r,N], b€
ZFI’?K,p [r,N], Re Z%KPK, [r,N] and M € ZJ%I’?K, [r,N]. Then thefollowing
holds.

(i) There exists a smoothing operator Ry in the class 2R " [r, N] such that

K,K',p1+p2

op?Y(a(U; t,x,8) cOp?YW (b(U; t, x,8)) =

1.1.73
op™" ((a#b) o n(U; 1, x,)) + R1(U; 1) ( :

(ii) One has that the compositions operators
RU; )0 0p”" (aU;1,x,6), Op”"(aU;t,x,8)oRW;0),  (1.1.74)

. . -p+m
are smoothing operators in the class X% K.K'\p1+ s [r, NI.

(iii) Assume p > m'. One has that the compositions operators

RU;t)oM(U;t), M(U;t)oR(U;t), (1.1.75)
—p+m"
K,K’,p3+p4[r’N]'

(iv) Let Ro(U,W; 1)[:] be a smoothing operator of Z%I_(pK, ps [r, N] depending lin-
earlyon W, ie.

are smoothing operators in the class R

N-1
RU,W;0[1= Y Ry(U,...,U, W)+ Ry(U, W; [,
q=ps3
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where R, € ,@;p and Ry satisfies for any 0 < k < K — K' (instead of (1.1.8)) the
following

10X Ry (U, W; OV (2, -2

N-1 N-1
<C ), (||U||,C,+K,_0||Wnkw,guvnku,s+||U||k,+K,,(,||W||k/+Kf,s||V||k~,g
K+k"=k

N-2
HUIE R MU s IW o 1V )

—p+m"

Then one has that R(U, M(U; t)W; t) belongs to Z,%K K pst pa [r, N].
(v) Let ¢ be in f;,", p € N. Then
U—-cU,...,UMU;HU;tx,<E) (1.1.76)

is in ZFI’?K, [r, N]. If the symbol c is independent of ¢ (i.e. c is in §p), SO 1S
» rp+ Pa

the symbol in (1.1.76) (thus it is a function in ZF g k', p+p, |1, N1). Moreover if ¢ is
a symbol in T ., [r] then the symbol in (I.1.76) is in T ., \/[r].

All the statements of the proposition have their counterpart for autonomous classes.
Proof. The item (i) is an immediate corollary of Proposition [[.1.2]

Let us prove (ii). We shall give the proof for the term Op%" (a(U; t,-,&)) o R(U; 1),
the other one is very similar. Decomposing a = Zi;’,zpl ag and R = Zg”ng R, we

need to prove the following facts

« 0p?W(ay (Un,...,Ug;E))o Ry (Upgst,..., Ugigr) isin R
qg+q"'<N-1,

—p+m

7+q" for p1+p3 <

« 0p?Y(ay(U,...,U;&)oRy(U,...,U) is in & "7 [r] for '+ " = N;

Op?W(ag(U,...,U;) o Ry(U; 1) is in &/, [r] forany py < q' < N-1;

—p+m

* Op?W(an(U;t,-, ) o Ry (U; 1) s in B0\ 1]

« Op?Y(an(U;t,&)oRy(U,...,U) isin &, " [r] forany ps < g < N-1.

Consider the term in the first item and replace U; by I1,,U; forany j=1,..., q +
q". We have to estimate the L? norm of

Zop%w(nnl Ul’ .. '7anl Uq’) n(/)) X
o

R(H”q/+1 Uq’+1; e an/m// Uq’+q") (1T,

X

Uq’+q”+1)]]-

q'+q"+1
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By using (T.1.16) and (T.1.6) we can bound the L? norm of the term above by

Y (ng)" max(ny),...,(ng M max,((g+1), -+ (Mg+q1 )
0 yesoy q’

nleN maxy ((Rg1),..., (Ngeqre1 )P
7iq (1.1.77)
x l_[ ' Hnj Uj T
j=1
Moreover the indexes have to satisfy the following
q' q'+q"+1
UOnOZZanj+Un(l), i’l(’)= Z ojnj, (1.1.78)
j=1 j=a'+1

for some choice of signs o, o in {1} for j =0,...,q" + q" + 1. Thanks to (I.1.78)
the sum in disappears since 7y is uniquely determined once fixed ny, ...,
Ng'+q'+1. Furthermore from the second term in we deduce that (n)) <
Cmax({ng41),...,{Ng+q"+1)), moreover, thanks to the spectral condition satis-
fied by Op#" (), we must have max({(n1),...,{(ng)) < (ny) ~ (no). Therefore
the following relations hold true

max({(m1),...,{Ng+qr+1)) ~Max(ng41),.... (Ng+q+1)

max((m), ..., (ngr+q7+1) ~ max((m),.., (ng')),

hence from (1.1.77) we conclude.

The second item can be treated as follows. One could prove, exactly in the same
way as done above, that Op@W(aqr(Ul, wo Ugs8)oRy (Ugrya,..., Ugygr) actually
isin @;ﬂ;’f for ¢’ + q" = N. Once proved this one concludes by Remark|1.1.1
The reasoning for the remaining items is similar, for instance we explain how to
deal with the third item. One first has to embed the symbol a (U, ...,U;¢) in the

class T 7 [r,aut] by using Remark |1.1.9] then the thesis just follows by Liebniz
rule and a combination of estimates i i i é:lé) and (I.1.8).

We now prove item (iii) of the Proposition. By definition we can decompose
RU;H=Y)_, RyWU,...Ui)and RWU; ) =X _ Ry(U,...,U;1), we argue as
done for the item (ii), hence the only non trivial fact to prove is that

—p+m"

R, Up) oMUgrs,o Ugragn) € R L1,
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in the case that p + ps < g’ + q” < N - 1. We need to estimate the L?>-norm of the
quantity

Y. My R, Uy, Iy, Ug) Iy
ngeN (1.1.79)
HnsM(Hl’lq/H Uq’+lr .. -)Hn

r+unq’+q”)Hn Uq’+q”+l-

q q'+q"+1

As before, the is different from 0 only if holds true. Therefore,
by using (T.1.3)) and (T.1.12), we can bound the L?-norm of by

maX2(<nl>y---;(nq’>)<n6>)u+p

npety max((m),...,(ng), (mp )P (1.1.80)

X maX(<n6>y<nq’+l>’---»<nq’+q"+1>)mn.

Since the indexes satisfy we can remove the sum. Moreover we may
assume that there exists one index, let’s say n;, among ny,..., ng 41 larger than
the others, indeed if it is not the case we have that maxa((n1),...,{(Rgr+q7+1))
is equivalent to max((nl),...,(nqr+qff+1>) and therefore the thesis follows. If j
belongsto {q' +1,...,4'+ q" + 1} then by we must have n; ~ ny, therefore
from we prove a bound of the form with p replaced by p—m”. In
the other case, i.e. when j € {1, L } the reasoning is similar.

The proof of (iv) follows just by the previous item and a combination of Liebniz
rule, (1.1.8)) and (1.1.14).

Item (v) follows reasoning as above and using (1.1.16)), (1.1.17), (1.1.12), (1.1.13)),
(1.1.14)), (1.1.20). O]

KK,
0 < p < N and assume that U is a solution of an equation

Lemma 1.1.4. Let C(U;t,-) e ZT? p[r, N]® > (C) for some meR, K' < K-1,

3,U=iEM(U; U, (1.1.81)

for some Me S Mk 1,001, N1® M>(C). Then the the symbol 0,C(U; t,-) belongs to

T 1411 N1 © (0.

Proof. Decompose the symbol C(U; t, x,¢) as

N-1
CWU;t,x,8) =Y, Cq(U,...,U;x,8) + Cn(U; 1, x,8).
q=p
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The derivative with respect to ¢ of the non homogeneous term D;Cy(U; ¢, x, &)
is in the space ZFZL,K/H,N[H ® > (C) by Remark [1.1.8] The derivative of the
homogeneous part is a sum of terms of the form C(U,...,D.U,...,U;x,¢). We
conclude the proof by using equation (I.I.8T)) and item (v) of Proposition [I.1.3]

]

1.1.6 Para-composition

In this subsection we define the para-composition operator (in the sense of Alin-
hac [2]) associated to a diffeomorphism of T of the form x — x + (x). The two
main properties of a para-composition operator are the following: on one hand it
has to be a bounded operator between any Sobolev space even if the function f(x)
has only finite regularity, on the other it has to conjugate a para-differential oper-
ator into another one up to a smoothing remainder. We give below the alternative
definition, following [21]], of the para-composition using flows.

First of all we need the following lemma.

Lemma 1.1.5. Let f(U;t,-) be a real valued function in ZF k1 [r, N] with U in
the ball of center 0 and radius r of the space C*KR(I; HY(T;C?)), consider the map

Oy :x—x+pU;t, x). (1.1.82)

Then @y is a diffeomorphism of T is r if small enough. Moreover its inverse may
be written as q)zjl :y—y+vyW,;t,y) where y(U;t,-) is a real valued function in
2F gk 1ln NI

Proof. By Definition [1.1.13] and (I.1.20) we have that a function B(U;t,x) in
F x11r] satisfies

1050 BWU; 1, 0)| < CIUt, Mkrsko, O0<k<K-K, a<o-oy (1.1.83)

if 0 209> 1 and U € B (1,(0)) n C¥*K'(1; H? (T;€?)). For the moment we just
look for a function y which satisfies the estimate (I.1.83) for ks K—-K', 0<sa <1
and such that (Id + ) o (Id + y) = Id. In order to do this it is enough to note that
on the space of functions satisfying the estimate forksK-K',0<sa<1,
the operator Fg(y) := —f o (Id +y) defines a contraction if f satisfies (I.1.83)) for
0<k<K-K,0sa<2,0=0¢+2andif |U(t,") |,k is small enough. Then one
proves that y belongs to Fg x1[r] by using the fact that 0,y may be expressed
from 0, .
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We now prove that if S(U; t, x) belongs Z.F k1 [r, N] then so does y(U; ¢, x). We
have

N-1
BW;t,x)= ) BpU,...,U;x)+ BN(U; 1, %),
p=1

for some multilinear functions 5, in §p and By in Fg g nlr]l. Therefore the
function y(U; t, x) found before satisfies

YW;t,x)=-pWU,;t,x+v(U,;t, x))

N-1
=Y BpW,...,U;x+y(WU; t,x) — Bn(U; £, x +y(U; £, X)).
p=1

The thesis follows by Taylor expanding the r.h.s. of above equation. ]

With the aim of simplifying the notation we set B(x) := B(U;x), y(y) := y(U; x)
and we define the following quantities
B(t;x,¢) = B(t,U; x,$) := —ib(7; x) (if),
B(x) (1.1.84)
A+7P(x))
Then we define the para-composition operator associated to the diffeomorphism

(L.1.82) as Q) (1), where Qp (1) (7) is the flow of the linear paradifferential equa-
tion

b(t;x):=

dr

QB(U) 0) = id.
We state here a lemma which asserts that the problem (1.1.85) is well posed and
whose solution is a one parameter family of bounded operators on H®, which is
one of the main properties of a para-composition operator.

Lemma 1.1.6. Let 0<K' <K be in N, r > 0 and B(U; x) € Fx g 11r] for U in the
space C*K]R(I, H%). The system (1.1.85)) has a unique solution defined for t € [-1,1].
Moreover for any s in R there exists a constant Cs > 0 such that for any U in
BY (I,1) and any W in H*

d .
{ — Qg (1) =i0p?" (B(z; U,$))Qpay (1) (1.1.85)

CoHWl gs < 1QBwy @ Wllgs < CsllWilgs, Y1el[-1,11, We H', (1.1.86)

and
Q) @) Willg-x,s < A+ ClUlk,s) IW ll xk—x,s» (1.1.87)

where C > 0 is a constant depending only on s.
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Proof. First of all note that the operator Op”?" (B(t, U; x,&)) is self-adjoint since
the symbol B is real, this is crucial for the well posedness of (I.1.83)) since the
symbol B has order one. Let y be a C3°(R) cut-off function having small enough
support a and being equal to 1 near the origin. For A > 1 consider the symbols
Bj(1,U;x,¢) := x(&/A)B(1,U; x,¢) and let W) (7) be the solution of the Banach
space ODE

drt
Wy 0)=We H(T)

d : BW

— W, (1) =10 By (1,U; x,&) W,
{ 1(1) =i0p™ ™ (Ba(7, U; x,$)) A(T). (1.1.88)
Set AS(&) := (1 +¢&2)%/? and define AS(D) = Op(A¥(¢)) with D = (1/i)d,. Thanks to
Propositions|1.1.2] we have

IAS(D), 0p®Y (BN)IWall 12 < CIIWll g5 | U 1o, (1.1.89)

for some constant C > 0. Since the operator Op‘%’W(BA) — (Op‘%W(B;l))* 18 uni-
formly bounded in A on L?, the equation (T.1.88)) implies

d
E”Aswﬂniz < [Wall s 1U lso. (1.1.90)

The inequality (1.1.90) implies that the family of functions W) is equi-bounded
(with respect to A) in the space C°([-1,1]; H®). Similarly we have

d
||EW7L(T)||HS—1 < OUlUlaso) IWpll s < OUIU lgso) I W | s, (1.1.91)

hence W) is uniformly in A bounded in the space Lip([-1,1,]; H*"!). Writing
s'=pu(s—1)+(1—p)s for p € (0, 1] and using the log-convexity of the Sobolev norm
we deduce that W) is uniformly in A bounded in the space COH([-1,1]; HS™M) for
any 0 < u < 1. Hence, as a consequence of Ascoli theorem, W) (1) converges, up
to subsequences, to W(t) in C**HS™# for any 0 < < 1 as A goes to infinity. We
show that W (r) belongs to COH® nC' H¥ ~! and solves the equation (T.1.88) with
By, replaced by B and the initial data W € H®. The rh.s. of converges
strongly to Op‘% WBYW () in C°H =1 for any s’ < s and for each fixed 7. Indeed

l0p”" (B)YWx (1) - Op™™ (BYW (1)l co g1 <
10p#Y (BA) (WA (T) = W(T))ll o g1 (1.1.92)
+110p®" (Br = BYW (1)l co o1
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The first summand tends to zero since ||W;(T) — W (@)l copys OES to zero as A—
oo. The second summand goes to zero thanks to Lebesgue Dominated Conver-
gence Theorem. On the other hand || % WA (D)l co o1 is uniformly bounded, hence
%WA(T) - %W(T) in C°H¥~1. Hence W(r) solves the equation and W(r) €
COH* nC'H*~1. The final step is to show that actually W (r) belongs to C°H* N
C'H*1. First note that by (I.T.91) we have W) = W(z) in L°H*"! and hence
W (1) belongs to the space L®([-1,1]; H%) n Lip([-1,1,]; H*™'). In order to prove
that W (7) is strongly continuous in H* we show that W () is weak continuos in H®
and moreover that the function 7 — ||W(7)| s is continuos. Consider a sequence
T, converging to T as n — oo. Let ¢ € H™* and ¢, € C3° such that [[¢p— el g-s < €.
We have

<

/(W(Tn) -W()pdx
T

+

/(W(Tn)—W(T))ngdx /(W(Tn)_W(T))((P_(bE)dx =< (1.1.93)
T T

IW(Tn) = W@ gy lPell jp-v + IW([T5) = W@l sl — el g5 <
Ce+2|\\ullfoyse

for n sufficiently large. This means that W (t) is weakly continuous in H*.
On the other hand, since Op@ W(B) is self-adjoint, we have

d
T IW @l = 2ReiOp”" (BYW (1), W (1)) s, (1.1.94)

which implies, using the symbolic calculus , that || W (1) 12, is Lipschitz continuous
in 7. Thus |W(D)[5s — IW(z))||5;s as T — 7’. Therefore the flow of the system
is well defined on H*® by setting Qp)(r)W := W (7) for any initial data
W. It remains to prove (1.1.87). By setting V(1) := 8;(Qp() ()W) we have that
V satisfies the following equation:

0. V(1) =i0p?"W (B(U)) V (1) +i0p?™ (3, B(U))Qpun W. (1.1.95)

Hence we obtain the estimate of ||V (1) | gs-1 using the Duhamel formula and the
estimate of the flow Qp(y) (7). Repeating the same argument for the higher order
derivatives 0’; for k < K — K’ we obtain (1.1.87). O

We now prove the other fundamental property of the para-composition operator.

Given a symbol a in the space ZI' » [r, N1, consider the conjugate with the para-
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composition Qp (1)
AU, 1) := Qpan (1) 0 Op®Y (a(U; 1, x,8)) o (Qpan (1) . (1.1.96)

We prove that A(U,T) is still a para-differential operator up to a smoothing re-
minder. In order to do this we note that (1.1.96)) solves the Heisenberg equation

{ 0. AU, 1) =i[0p®"W (B(U, 7; x,8)), A(U, 7)] (1.1.97)

A(U,0) = 0p?Y (a(U; 1, x,8)).
We shall prove that equation admits an approximate solution of the form
AU, 1) = 0p?Y(ag (U, 7; £, x,8) + a1 (U, 75, x,&) +...)
with

a(U,7;1,x,§) XTI, [LN),  a1(U,756,x,8) € STREE [ NI, ...

which is enough to show that A(U, 1) is still a para-differential operator (up to a
smoothing reminder).

In the next lemma we show that the classes of symbols introduced in Subsection
[I.1.3]are stable under changes of coordinates.

m

Lemma 1.1.7. Let a be a symbol in T} ,

c in the class ZF g ' 1r, N|. Then

p[r, N], consider two functions b and

a(V;x+b(V;t,x),E(L+c(V; t,x))) (1.1.98)

is still a symbol in XT ., p[r, N]. In the case that a does not depend on &, i.e.

belongs to 2F g k' |1, N1, then a(V;x+ b(V; t,x)) is in the class ZFk k' plr, N].
Proof. Tt follows by Taylor expansion. More precisely decompose

N-1

a(V;) =) aqV,...,V; ) +an(V;-),
q=p
N-1

b(V;)= Y bgy(V,...,V;)+bn(V;),
q'=p

N-1
c(Vi)= Y co(V,...,V; )+ bn(V;9),
q"=p
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\ivvhere ag is irlvfgl forg=p,...,N—-1, ay is in I“I’QK,,
Fq (resp. in Fyn) for ' < N—1 (resp. g" < N—-1), by and cy are in Fg g nlr].
Then one Taylor expand the function a(V;t, x,¢) with respect to the couple (x,¢)

at order N and rewrite (1.1.98]) as sum of terms of the following type:

nI71s by (resp. cgn) are in

e multilinear terms of the form
0208 aq (T, Y03 %, )by (T 15.0) ... by, (L, V35 1)

(1.1.99)
X 6ﬁcqi/ (Hn/I/Y/IH; x) “es ng (HngY/é,; .X'),

where a+ < N-1and % := (Vo 1,..., Vo,¢), 7/[’ = (Vlf Dreees VOI,W) and 7/4” =
(VII

01 VO” q[). These are multilinear symbols in fq’" for g = q. Therefore
the terms such that § < N —1 contribute to the multilinear part, the ones such
that g = N contribute to the non-homogeneous term of degree N.

 term of the expansion of the same type of (1.1.99) but such that at least on
among ¢, q}, qZ is equal to N. These terms contribute to the non homoge-
neous part of degree N.

* terms coming from the integral reminder in Taylor formula of the form

1
/ 1- )L)N—l(a;'gafa)(v; Lx+Ab(V;t,x),E(L+ Ac(V;t,x))dA
0

x b(V; 1, x)%(&c(V; 1, x)P

for a+p = N. These terms contribute to the non homogeneous part of degree
N.

]

We need the following lemma in which we give an expansion in decreasing orders
of the commutator between two para-differential operators.

Lemma 1.1.8. Consider a€ 3T, [r,N] and B3Iy, [r,N]. Then

op?Y (iB(U; t, x,)),0p?" (a(U; 1, x, é))] = 0p?V ({BW; 1,x,0),aU; 1, x,O)})
+0p?Y (r_3,(B,@) + R,

. ) ) . - 1 .
where R is a smoothing remainder in X% Kf);,f?;:l[r, N1, the symbol r_3 ,(B, a) is
in zrl’g;(%ml [, N1 {BWU; 1, x,8),a(U; t,x,0)} is in ST, [r, N1 and by {-,-} we

have denoted the standard Poisson brackets between functions.
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Proof. 1t follows from Proposition[I.1.2]and formulas (I.1.55) and (I.1.56). O

Having Lemma([I.1.8]in hand it is evident that the first order approximation of the

solution of equation ((1.1.97) is
Ao(z,U) = 0p”" (ao (v, U; 1, x,6)), (1.1.100)

where ag solves the following transport equation

{ d0ra0(7, U t,x,8) = {B(U; 1, x,), ao (1, U; £, x, )} (1.1.101)

ap(0,U; t,x,8) = a(U; t, x,§).

In the next lemma we solve equation (I.1.101)) in the next lemma by using the
method of characteristics.

Lemma 1.1.9. The solution of (I.1.101)) is
ay(U;7;1,8) = a(U;@™° (x, &), (1.1.102)
where
CDT’O(X, &)= (x +16(U;x),E(1+ ayY(U;T; _V))ly:x+rﬁ(U;x))

are the solutions of the characteristic system

{ L x(s) = —b(s,x(s))

1.1.103
4 E(5) = by(s, X($)E(S)- ( )

Moreover ay(t,-) belongs to ZFI’?K, p[r, N].

Proof. The map s — ag(s, x(s),£(s)) is constant along the flow of (1.1.103)). There-
fore, denoting by @07 (x, ) the solution with initial condition ®*070(x, {) = (x,¢),
the solution of the transport equation (T.T.T0T) is ao(t, x,&) = a(®™(x,¢)).
The solution of (I.1.103)) are directly given by the path of diffeomorphism

y=x+16x), x=y+vy(T,Y),
indeed by formulas (I.1.84) (x(7),¢(7)) defined by

¢o
1+0yy(1,¥)

is the solution of (1.1.103)) with initial condition x(0) = y and £(0) = &.
The symbol (I.I.102) is in ZT} ., p[1 N1 with estimates uniform in 7 thanks to
Lemma [[.1.98 O

x(@):=y+y@E,y), &@):=&0+0,8)(x(1) =
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Let us quantify how approximatively the operator Ay(r,U) solves the equation
(I.1.97). By using Lemmata[I.1.9)and [T.1.§|

8, Ay(U,T) = Op?W (8, a9 (1, U; )
= 0p?W ({B(r,U;"), ap(t, U, )})
= [Op@W(iB(r, U;),0p?Y (ao(z,U; ) |-

—0p”?"Y(r_3,5(B, ap)) - R,

where s (B, ) € T2 [r,N] and R € 222, 50"
solution of up to an operator of order m — 2.
Let a;(7,U;t,x,¢) be the solution of the following non-homogeneous transport

equation

[r, N]. Therefore Ag is a

{ dray(v,U;) = {B(1,U;"), ar(v,U;) + 73,5 (B, ap)} (1.1.104)

a (07 U; ) = 0)

we define A;(t,U) := Op‘%w(ao(r, U;)+a(t,U;-)). Let us see that A;(r,U) is a
better approximation of the solution of (I.1.97)). We have

0: Ay (t,U) = 0p®" (8 ap(, U; ) + 0p”?" (8, a1 (7, U; )
=0p?" ({B(z,U;"), B(r,U;)}) + Op”?V ({B(r, U; ), ai (t, U; )+
+0p”?" (r_3,5(B, ag))
= [i0p™" (B(x,U; 1), 417, 0) | + R = 0p*" (3., (B, ),
(1.1.105)
where we have used (I.1.104) and, again, Lemmata [I.1.8] and [I.T.9] It turns out

that r_3 ,(B, @) and R’ are lower orders than m —2, we shall prove this fact below.
In the following lemma we solve the equation (1.1.104]).

Lemma 1.1.10. The solution of (1.1.104) is
T
611(T,x,<f)=/ r-3,0(B(s,), ao(s, )P (x,{))ds, (1.1.106)
0
where ®° solves (I.1.9) with initial condition ®"7(x,&) = (x,&). Moreover the

symbol (TT.106) is in the space ITly 5 pa1 [ N1 with estimates uniform in T €
[—1,1].
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Proof. Let ®%%(xo, &) := (x(s),é(s)) be the solution of (T.T.103) with initial condi-
tion ®%0(x,&o) = (X0, &o). By taking the derivative of the function a; (s, x(s),£(s)),

where a; solves (1.1.104)), we obtain

d
aal(s,x(S),f(S)) =1-3,p(B, ap) (x(s),&(s)).

Set (x,&) = @27 (xy, &), then, by integrating with respect to the variable s and

using that a; (0, xp,¢o) = 0, we get the (I.1.106). Moreover the symbol (I.1.106) is

in ZFI’?KZ, L[, N] thanks to Lemmata|l.1.8{and|1.1.98 O

We now quantify how approximatively the operator A;(z,U) solves (1.1.97), i.e.
we estimate the lower order terms in (I.I.T05). Lemma [[.1.10] implies that the
symbol a; (7, U;-) isin ZFI"(’ KZ, r, N] with estimates uniformin 7 € [-1,1]. There-
fore, by applying Lemma @ with m replaced by m—2 and p by p+1 we

deduce that the symbol r_3 ,(B, a;) is in the class XI'7"7 4 [r, N]. The remain-

K,K',p+2
der R’ is the sum of a remainder in the class X% Kp I;,”;H [r, N] and another one in
+m-1 +m+1
>R Kp K,m ol NI, therefore it belongs to Z%# Kp K,m [r, N].

Repeatlng ¢ ~ p/2 times the above reasoning, untll the paradifferential term may
be incorporated in the smoothing remainder, we obtain an approximate solution of

(1.1.97) of the form
Ar(r,U):= 0p?W (ay(1,U;) +...+ as(t,U;"). (1.1.107)

Such operator is the solution of

{ 8, A (T, U) :i[Op‘%W(B(T, U;')),Ae(T,U)] +R(7) (1.1.108)

Ae(0,U0) =0p?Y (a(U;"),

. . . . - 1
where R(7) is a smoothing remainder in % Kf’ I:’TZ:I [r, N].

Let us estimate the difference between A(t, U), solution of (1.1.97), and A, (7, U)
solution of (I.1.108). We have
Ae(r,U) - A(z,U)
= Ao (r, Q) (D) (QU)(@) ' = Q) @O0p*Y (a(U; ) (Qp(U) (1)~
=V (QpU)@)
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Therefore V(1) solves the problem

0, V(1) =i0p?Y (B(z,U))V (1) + R®)Qp(U) (1)
V(0) =0,

and hence, by Duhamel principle

T
V) = QB(U)(T)/ QW) @") ' REHQW ) dT' (1.1.109)
0
. . . . —-p+m+1
We shall prove that V(1) is a smoothing reminder in the class Z% KK, p+1 [r,N].

We are now in position to state the main theorem of this sub-section.

Theorem 1.1.1 (Para-composition). Let p and N € N with p<N-1, K' < K
in N and r > 0. Let U be a function in the ball of center 0 and radius r of
C*KR(I; HY (T; C?)) with r small enough and o sufficiently large. Consider ((U;-)
a function in 2k k' 11r, N] and the diffeomorphism @y : x — x+ p(U; t,x). Let
a(U;-) be a symbol in ZT™" I NI Then the flow of (1.1.85)) is well defined for

KK/,
|T| <1 and for any p large enough there is a symbol ag € ZFI’?K, p[r, N] such that
Qpany (DOp?Y (a(U; ) (Qpwy (D)™ (1.1.110)
= 0p?" (a(U;)) + RWU; 1) -
with R in Z%I_(f) I:’T? " [r, N]. Moreover we have the expansion
ao(U;") = ay(U;-) + ay(U;-), (1.1.111)
where
ag(U;-) = a(U; @y (1, x),E0y @y (£, 1)) g 1.0)
is in T, (1N, while ay(U;-) is in TR0 [, N). Finally we have ao =1

in the case that a = 1.
The operator
@7 = Q) (1) (1.1.112)

is by definition the para-composition operator associated to the diffeomorphism
®y. Furthermore there are multilinear maps M; in My, for j=1,...,N—1and a
map My in Mk g nlr] such that
N-1
OEW =W+ Y M;(U,..., D)W + My(U; OW. (1.1.113)
j=1
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Proof. Recalling equation (1.1.107)), Lemmata[l.1.8]and [I.1.10] we set

apU;) = a(LU;) +...+ ar(LU;) € 255 (1N

We know that a$(U;-) is given by (I.I.T02) with 7 = 1. Therefore it remains to

prove that the operator in (I.1.109), recall that R(z') is in the class Z?/Z;p I:,";ﬁ [r, N],
with 7 =1 is a smoothing remainder. We need an expansion of the flow (1.1.85)) in
homogeneous operators. By applying iteratively the fundamental calculus theorem

and using equation (1.1.83)), we deduce that

Qpay () —1d = Qpy (1) — Qpy(0) =

N—(p+1) ¢
Y l_[iOp‘%W(B(Tj,U;-))dw---drﬁ
(=1 J{o<t/<..<1i<T} j=1 (1.1.114)
N-p
/ [T i0p”" (B(x}, U;))Qpan (Tn-p)dT1 -+ dTn-p,
{o<Ty_p<..<T1<T} j=1

where the product of operators has to be understood as the composition of oper-
ators. Let I(U) the second summand in the r.h.s. of (I.1.114). Since the symbol
B(t,U;) is in Ty 1, [1, N1, by using Propositions|1.1.2jand|1.1.1| we deduce that
forany 0<k<K-K’

|o¥ranw|

Y MUl Wl s (1.1.115)

HS-2k-(N-p) = K'+K',s
K+k'"=k

After performing a similar expansion for the inverse flow [Q(z/)]"! one plugs
such expansions in (I.I.T109). The terms containing at least one remainder I(U)
(or the respective one coming from the expansion of the inverse flow) are in
91’1_(‘) I:,T\;FHN[r] thagks to @]} The other terms may b§ written as composi-
tion between para-differential operators and smoothing remainders, so that Propo-
sition|1.1.3[implies that the operator in (I.1.109) is in the space Z,%I_(f’ I:,’";T;N[r, NI.
The thesis follows by renaming p as p— N —1. The formula (1.1.113)) is just a con-
sequence of the above reasoning and Remark |1.1.14 L

In the last proposition of this subsection we study the conjugation of the composi-
tion operator Qg (1) 00,0 [Qpn (1)1 7.
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Proposition 1.1.4. Use assumptions and notation of Theorem If Uisa
solution of (1.1.81)) in Lemmall.1.4|then

Qpw) (1) 000 Qg =8¢ + Q) (1) 0 (3: () (1)

(1.1.116)
=0, +0p?" (e(U; 1, x,8)) + R(U; 1),
where
e(U;t,x,8) = e1(U; t,x)(i¢) + ey (U; £, x, &), (L.1.117)
with e1(U;t,x) € ZFk gr+1,111, N1, eo(U; t,x,¢) is in ZF1_<11<'+1 [ NI and R(U;t)
is a smoothing remainder belonging to Z%I_(p [ERRILAE
Moreover Re(e) € 2T ! [r, NI.

K,K'+1,1
Proof. The function (1) := Qg (1) ©d; 0 Qe (7)™t solves the Heinsenberg

equation

{ 0, (1) :i[OprW(B(T, U; N, y(1) (1.1.118)

w(0) =0,.
We write w(t) =9, + Q(1), where Q(7) = Qp) (1) 0 [0,Qpw) (1)], then Q(7) solves

— BW .. —_iOp&W .
{GTQ(T)—l[Op (B@U),Q0|-10p" @B U o

Q(0) = 0.

We analyse equation (I.1.119) in decreasing orders as done in the proof of Theo-
rem[L.T.Tl We look for a solution of the form

Q) =0p?"(qo+q1 +...),

up to a smoothing remainder. The principal symbol g has to solve the equation

0:qo(t) =i{B(1,U;")), qo(r)} —i0;B(7, U;") (1.1.120)
qo(0) = 0.
By Lemma|[I.1.10|the solution of (L.1.120) is
Go(t,U; x,&) = —i/ 0,B(1,U;®"*(x,&))ds. (1.1.121)
0

Recalling (T.1.84) and Lemma the symbol B(z, U; @7 (x,&)) is in ZT'}, o, , [, N]

with estimates uniform in |7| < T and |s| < 1. Lemma [I.1.4]implies that the term
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0;B(t,U;®"5(x,8)) is in ZF}< k110N with estimates uniform in 7 and s as be-
fore. We deduce that the symbol in (IT.I21)) is in XTIy .., ,,[r,N]. Note that

since B in (I.1.84) is equal to a function in ZFk g 1 [r, N] times i¢ then the symbol
qo(t,U; x,¢) is equal to a function in ZFk k741,11, N| times i¢.

Equations (I.1.TT9) and (I.1.120) together with Lemma[I.1.8]imply that
0:0p?" (qo(t,) =
i0p®?" (B(1,U;")),0p%" (go(1, -))]
-iop”?" (0,B(1, U;"))
~0p”®" (r_3,,(B, go(1))) - R(x),

where r_3 ,(B, go(7)) 1s in ZFI}IK,H L[, N] and R(7) in Z%I_(pg,il 2[r, N] are given

by Lemma [I.1.8] Therefore one can continue the proof exactly as done for Theo-

rem[LI11] O

1.2 Non-homogeneous para-differential calculus

In this section we give the definitions of non-homogeneous symbols and operators
which are defined also far away from the origin.

Definition 1.2.1 (Symbols). Let meR, K'< K in N, r > 0. We denote by T ., [r]

the space of functions (U; t, x,¢) — a(U; t, x, <), defined for U € B(Ifo(I, r), for some
large enough o, with complex values such that for any 0 < k< K—K', any 0 = 0y,
there are C>0, 0 < r(o) <r and for any U € B(Ifo (I, r(o)n Cfu’{K’(I, H?) and any
a,BeN, witha<o-oy

0k0%0l aU; t,x,8)| < CIlU Nk O™, (1.2.1)

for some constant C = C(0, || Ul k+x",0,) depending only on o and U | i+x',0,-

Throughout this section the time ¢ is treated as a parameter, we shall write, for
instance, a(U;x,¢) instead of a(U;t,x,¢) as done in the preceding section. On
the other hand we continue to emphasize the x-dependence of symbols, we shall
denote by a(U;¢) only those symbols which are independent on x. We need the
following lemma.
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Lemma 1.2.1. Let acT™

K’K,[r] and U € B(If (I, r) for some og. One has that

0

sup(&)" " a(U;-, )l k-k,s < CIUllk,s+00+1 - (1.2.2)
éeR

for s=0.

Proof. Assume that s € IN. We have

K-K's-2k faj
laU;x,Olk-ks<C1 Y. Y 1070%a(U;+ &) o
k=0 j=0
o (1.2.3)
< CE™ Y. MUk, s404)
k=0

with Cj, C, > 0 depend only on s,K and || U k+k’,0,, and where we used formula
(L.2.1) with o = s+ 0. Equation (1.2.3) implies (1.2.2) for s € IN. The general
case s € Ry, follows by using the log-convexity of the Sobolev norm by writing
s=[slT+ (1 —1)(1+[s]) where [s] is the integer part of s and 7 € [0, 1]. ]

We define the following special subspace of F?( |71 made of those symbols which
are independent of ¢.

Definition 1.2.2 (Functions). Let K' < K in N, r > 0. We denote by Fx g/[r] the

subspace of F?( x'[r1 made of those symbols which are independent of ¢.

Remark 1.2.1 (Regularized symbols). Fix me R, p,K,K' € N, K' <K and r >
0. Consider a € I“I’?K,[r] and y in C®°[R x R;R) an admissible cut-off function
according to Definition[I.1.14] Then the function

a,(U; x,8) == sz(n,f)ﬂna(U;x,rf) (1.2.4)

belongs to FI’?K, [r].

We define the Bony and the Bony-Weyl quantizations as done in the previous sec-
tion. Consider an admissible cut-off function y and a symbol a belonging to the
class FI’?K,[r], we set

Op?(a(U; x, j)) [v] := Op(ay (U; x, j))[v], (1.2.5)
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where a, is defined in (1.2.4). Analogously we define the Bony-Weyl quantization
0p”?" (b(U; x, j))[v] := Op" (b (U; x, j)) [V]. (1.2.6)

The definition of the operators Op” (b) and Op?" (b) is independent of the choice
of the cut-off function y modulo smoothing operators that we define now.

Definition 1.2.3 (Smoothing remainders). Let K' < KeN, p =0 and r > 0. We
define the class of remainders @I_(p K,[r] as the space of maps (V,u) — R(V)u de-
fined on BSIE(I, r) x C*KR(I, H* (T, C)) which are linear in the variable u and such
that the following holds true. For any s = s there exists a constant C >0 and r(s) €
10, [ such that for any V € BX (1,r) n CK, (I, HS (T, C%)), any u e CK,(I, HS(T,0)),
any 0 < k < K — K’ and any t € I the following estimate holds true

k
[k kv . <
(1.2.7)
< Y 0l IVlke g+ Nl 1V s,
Kk =k

where C = C(s, |Vl +x,s,) is a constant depending only on s and |V || 4k 5,

Now we state a proposition describing the action of paradifferential operators de-

fined in (1.2.5)) and in (1.2.6).

Proposition 1.2.1 (Action of paradifferential operators). Ler r >0, meR, K' <

K €N and consider a symbol a € T ., [r]. There exists so > 0 such that for any

Ue Bﬁg(l, r), the operator OprW(a(U; x,€)) extends, for any s € R, as a bounded
operator from the space C*KR_K,(I, H:(T,C)) to C*KngK,(I, H™(T,C)). Moreover
there is a constant C > 0 depending on s and on the constant in (1.2.1)) such that

10p?Y (0¥ a(U; x, Nl s, mrs-my < CNlU Nl sk, (1.2.8)
for k< K-K, so that
|op* ¥ awsxenw)| - =ClUIkg Ivlk-ks, (12.9)
K-K',s—m

forany ve C*KR_K’(I, H(T,C)).

Proof. The proof is very similar to the one of Proposition|[I.1.1] O
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Remark 1.2.2. In analogy with Remark we have the following. Consider
x1 and o admissible cut-off functions. Fix me R, r >0, K' < K€ N. Then for

aely . [rl, we have Oplay, —ay,) € 9?1_5(,[1’] forany p e IN.

Remark 1.2.3. Actually the estimates (1.2.8) and (1.2.9)) follow by

|op™" (@i x. N, < Cisup@ " laWs -kl vk
9T (eR

where Cy > 0 is some constant depending only on s, so and Remark

Remark 1.2.4. We note that, as in Remark |1.1.13| regarding Prop. the
Proposition applies if a satisfies (1.2.1) with |a| < 2 and B = 0. Moreover, by
following the same proof, one can show that

IIOpW(O?ax(U; X, N ews, mas-my < CllU | g4k, 50> (1.2.10)

if x(n,&) is supported for |n| < 6(&) for 6 > 0 small. Note that this is slightly
different from the Definition of admissible cut-off function since we are not
requiring that y =1 for |n| < Q({).

Remark 1.2.5. Note that, if m <0, and a€ T} .,[r], then estimate (L.2.8) implies

that the operator Op®Y (a(U; x,§)) belongs to the class of smoothing operators
RYE 1]
KK

Proposition 1.2.2 (Composition of Bony-Weyl operators). Let a be a symbol in

FI”(?’K,[r] and b a symbol in FI’?"K,[r], ifUe Bfg([, r) with so large enough then

0p?" (a(U; x,8)) 0 Op®" (b(U; x,8)) - Op®" ((ath), (U3 x,8)  (1.2.11)

%—p+m+m’[r].

belongs to the class KK

Proof. The proof is the same as the one done for item (i7) of Proposition[I.1.2] [

In the following we will need to compose smoothing operators and paradifferential
ones, the next proposition asserts that the outcome is another smoothing operator.

Proposition 1.2.3. Ler a be a symbol in T ,
-p

operator in R, ,[rl. If U belongs to Bg (I,r) with sy large enough, then the
composition operators

[r] with m = 0 and R be a smoothing

op?W(a(U;x,8)) o R[], RU)o0p?Y (a(U;x,&)[]

belong to the class %1—(/0 I:,m[r].
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Proof. The proof is the same of the one done for item (ii) of Prop. [[.1.3] O
We can compose smoothing operators with smoothing operators as well.

Proposition 1.2.4. Let Ry be a smoothing operator in %I—(p Il<, [r] and Ry in 9?1_(’3 Ié, [r].
If U belongs to Bﬁg[l, r] with sy large enough, then the operator Ry (U)o Ry(U)[']
belongs to the class %I;pK, [r], where p = min(py, p2).

We need also the following.

Lemma 1.2.2. Fix K,K'€e N, K’ < K and r > 0. Let {c;}jeN a sequence in Fk g [r]
such that for any i € N

0¥0%¢i(U; )| = Mi U kx50 (1.2.12)

forany 0< k< K—K' and |a| < 2 and for some sy > 0 big enough. Then for any
s =g and any 0 < k < K— K’ there exists a constant C > 0 (independent of n) such
that for any ne€ IN

n n
of |op™" ([ i(Us ) <C'[[M; Y IUIL g Ml
i=1 H5—2k i=1 ki+ko=k
(1.2.13)
or any h € CK_K,(I, H(T;C)). Moreover there exists C such that
*R
B n - n
10p”" (T T i) hllc—rc.s = C* [T Ml UIE g 1 ll ks (12.14)
i=1 i=1

for any he CKZX'(1, HS(T; ©)).

Proof. Let y an admissible cut-off function and set b(U; x,¢) := (]'[;’:1 ci(U;x))y.
By Liebniz rule and interpolation one can prove that

n
105020 b(U; %, 91 < C IUNL, 1, (1 (1.2.15)
1=
forany 0 < k< K- K, a <2, any ¢ € R and where the constant C is independent
of n. Denoting by b(U;¥¢,¢) = b(¢,¢) the ¢ th Fourier coefficient of the function
b(U; x,¢), from (1.2.15) with @ = 2 one deduces the following decay estimate

n
1050, < CM U, g0, 1‘[1Mi<£>‘2. (1.2.16)
1=
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With this setting one has

OP‘O’BW( ]j[lci(U; x))h =0p" (b(U;x,8)h

€ +n'\~ -
b h(nq)ewx
R =7/ (nxe:Z ( 2 )

where the sum is restricted to the set of indices such that | —n'| <& '“2—",' with
0 <8 <1 (which implies that £ ~ n’). Let 0 < k < K—K’, one has

2

Op‘%w(lﬁ[ci(U;x))h

i=1

o

2

HSs—2k
!/
<C" Y Y0Pl 3 gh E(ﬁ—n’,“"))a’?(ﬁ(n’))
ki1+ko=k ¢eZ

n'eZ
" 2
< f1M 2 W0, T 5 -t ot
n'eZ

i=1 ki+ko=k (e

where in the last passage we have used (I.2.16)) and that ¢ ~ n’. By using Young
inequality for sequences one can continue the chain of inequalities above and fi-
nally obtain the (1.2.13)). The estimate (1.2.14) follows summing over 0 < k <
K-K' [

Proposition 1.2.5. Fix K,K' € N, K' < K and r > 0. Let {ci}je\ a sequence in
Fx k1] satisfying the hypotheses of Lemmall.2.2] Then the operator

W . =0p?"(c)o--00p®" (cp) —Op*Y (c1 - ) (1.2.17)

belongs to the class R, K K,[r for any p = 0. More precisely there exists sy > 0
such that for any s = s the following holds. For any 0< k< K—K' and any p =0
there exists a constant C > 0 (depending on ||U| ks, S, S0, 0, k and independent of
n) such that

<
s+p—2k

n
C Mk ; k(nunmkl oMl + MUY Souhnkz,so||U||Kr+k1,s),
1tK2=

.....

(1.2.18)

forany n=1, any h in C R, H*(T,C)), any U € C ([, H®) N BX(1, 1) and where

M= M- M, (see @D)
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Proof. We proceed by induction. For n =1 is trivial. Let us study the case n = 2.
Since ¢y, ¢ belong to Fg x[r], then ¢; - ¢y = (cific2), for any p > 0. Then by
Lemma there exists an admissible cut-off function y such that

0p?" (1) 0 0p”" (c2) - 0p”" (1 - ¢2)
= 0p?" (c1) 0 0p?W () — Op”W ((c1tic2) ) (1.2.19)
=0p" ((e1)yt(c2) ) —Op™ ((c18c2) p,y) = Op ™ (r1) + Op" (r2),

where
n (x, é) = (Cl)xﬁ(CZ))( - ((Cl)xﬁ(CZ)x)p» (1220)
rZ(xr é) = ((Cl)xu(CZ)X)p - (ClﬂCZ)p,)(-
Then, by Lemma(l.1.3|and (I.2.12), one has that r; satisfies the bound
0K r1 (U3 x, &) < CMy Mot P NU N, o (1.2.21)

for any |¢| < 2 and some universal constant C > 0 depending only on s, 5o, p. There-
fore Proposition[I.2.T)and Remark [I.2.4]imply that

|op” @k Wi, < CM M NUI2, o (1.2.22)

g(Hsst-*—p—Z)

for C > 0 possibly larger than the one in (T.2.21), but still depending only on
k,s, so,p. From the bound (1.2.22) one deduces the estimate (I.2.18)) for some
C=2C. One can argue in the same way to estimate the term Op" (r,) in (T.2.19).

Assume now that ((1.2.18)) holds for j < n—1 for n=3. We have that
0p?"W(cp)o---00p®W(cy) = (0p®" (c1 - cpo1) + Quo1) 0 0p®W (cp), (1.2.23)

where Q,,—; satisfies condition (1.2.18]). For the term Op%W(cl .- cn_l)OOp‘%W(cn)
one has to argue as done in the case n = 2.

Consider the term Q,,_; o Op@ Wi(c,) and let C > 0 be the universal constant given

by Lemma(l.2.2]

Using the inductive hypothesis on Q,—; and estimate (1.2.13) in Lemma[I.2.2](in
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the case n = 1) we have

105 (Qn=100p®™ (cw) ) Il 54 p—2

-1
<KC" My My ). Y CMulUIR Y (MU kg so s
kr+ko=k ji1+j2=kz

n-1
+KC"TIMy My YL Y CMIUNEE Uk sHU ks 1 s,
ki+ko=k j1+j2=kz
k—ky

n-1
<KMC C Z Z ”U"K’+k1+]1 Sollh”k ki—j1,s
]Cl 0 j1=0

k-k

n-1
+KMCT°C Z > IIUIIKUrkH]1 so U Nk key+ s Nl = = i 50
k1=0 j1=0

k
<KNC"TLC Y WUy o 1l ks + WUy WU N ks sl Rl 50 (4 1),

for constant K depending only on k. This implies (I.2.18]) by choosing C > (k+
1)CK. ]

Definition 1.2.4 (Matrices). We denote by I'"! KK [r1® 4> (C) the matrices A(U; x, &)
of the form (1.3.30) whose components are symbols inthe class T (. [r]. The space
Fr k' r1® M, (C) is defined similarly. We denote by %K wlrle M5 (C) the opera-

tors R(U) of the form (1.3.21)) whose components are smoothing operators in the
class ,%IQPK, [r].

Corollary 1.2.2. Fix K,K' € N, K' < K and r > 0. Let s(U;x) and z(U;x) be
symbols in the class Fk x'[r]. Consider the following two matrices

S(W;x) = (S(lf; Y Sa;);x)) € Ty o111 ® Mo (©),
02U (1.2.24)
Z(U;x):= (m o ) € Frxlr1® 4(C).
Then one has the following
exp {0p™" (S(U; 1)} - 0p®" ({exp S(WU; )P € Ry 1] . 415(O),
eXp{Op‘%W(Z(U; x))} -0p”" ({exp Z(U; 0}) € R [r] ® 4 (C),

forany p=0.
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Proof. Let us prove the result for the matrix S(U; x).
Since s(U; x) belongs to &k k[r] then there exists sp > 0 such that if U € ng I, 1),
then there is a constant N > 0 such that

|0¥0% (U5 0| < N1 Ul
for any 0 < k < K— K’ and |a| < 2. By definition one has

> (O BW S U; n
eXp(Op@W(s(U;x))): Z ( P~ (S( x)))

n=0 n!
- i( (0p?" (s(U; )" 0 )
=) 0 (0p?V (s(U; x)))"

on the other hand
BW 21 gy [sWU0)]" 0 )
0p”" [exp (S(W5) ) = n;o P 0 (500"
ey 0P ([s(U3 0)]") L.
=on! 0 op?"([s(U;0]"))
We argue component-wise. Let h be a function in CX R(I, H*(T,C)), then using
Proposition one has

5 Gk([Op‘%W(s(U 0)]"h) - 0p”" (s(U; 0)") 1] <
n=0"1 s+p—2k
Z - > (IIUIIK,HCl s 1Pk, s + IIUIIKIHCl 5o 1711k, 0 ”U”K’+k1,s) <
n=1 * kitko=k
o0
Y (IUlkrsky,s0 1allky,s + NU sk s 1 Rl ) Z ' ”U”K’+k1 %"
1+ko=k n=1
Therefore we have proved the 7) with constant
© eXp(CN Il U||K’+k1,so) -1
+k1 so .

= ”U”K’+k1,80

For the other non zero component of the matrix the argument is the same.
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In order to simplify the notation, set z(U; x) = z and z(U; x) = z, therefore for the
matrix Z(U; x), by definition, one has

Op™" (exp(z(Uian) —op¥ 30 L a7 1™ e
P p ’ =0Up = n! |Z|2n+lz |Z|2n .
On the other hand, by setting A? , = (0p?% (2) 0 Op#?™ (2))" and B, = A0
0p?" (z), one has

A, BZZ

2,z

n n |-
Bz,Z Az,Z

x ]
exp (0p™" (Z(U; 1)) = Y —
n=0 "%

Therefore one can study each component of the matrix exp (OprW(Z (U;x)) -
Op%?W (exp Z(U; x)) in the same way as done in the case of the matrix S(U,x). [

1.2.1 Para-composition 2

Consider a real symbol (U; x) in the class Fk x/[r] and the map (1.1.82)).
We have the following.

Lemma 1.2.3. Let 0< K' < K be in N, r > 0 and B(U; x) € Fg x[r] for U in the
space Cf]R(I ,H%). If sy is sufficiently large and B is 2m-periodic in x and satisfies

1+64(U;x)=2©>0, xeR, (1.2.25)

for some constant © depending on sup ;c; IU(t)llgso, then the map @y in (1.1.82)
is a diffeomorphism of T to itself, and its inverse may be written as

(@) iy = y+yUsy) (1.2.26)
foryin Fg g lrl.
Proof. Under condition (I.2.25]) there exists y(U; y) such that
x+pWU;x)+yWU;x+pWU;x))=x, xeR. (1.2.27)

One can prove the bound (I.2.1)) on the function y(U;y) by differentiating in x
equation ((1.2.27)) and using that S(U; x) is a symbol in Fk g/ [r]. [
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Remark 1.2.6. The Lemma above is very similar to Lemmal(l.1.5] In such a lemma
we used a smallness assumption on U to prove the result. Here this assumption is
replaced by (1.2.25)) in order to treat big sized initial conditions.

Remark 1.2.7. By Lemma one has that x — x+1 B(U; x) is a diffeomorphism
of T for any 1 €10, 1]. Indeed

1+16x(U;x)=1-1+71(1+B(U;x) =(1-71)+70 =min{l,B} >0,

for any T € [0,1]. Hence the (1.2.25)) holds true with ¢ = min{l,0©} and Lemma
[1.2.3| applies.

Lemma 1.2.4. Let a be a symbol in ZF? wlrl consider two functions b and c in
the class ZFk k' [r]. Then

a(V;x+b(V;t,x),¢(1+c(V;t,x)))
is still a symbol in XU ., [r]. In the case that a does not depend on ¢, i.e. belongs
to 2Fk x|r], then a(V;x+ b(V;t,Xx)) is in the class ZFk g [r].

Proof. One proceeds analogously as done for Lemma|l.1.7 L

We define the symbol B(U;7, x,¢) from the function B(U; t, x) as done in (1.1.84)
and then the para-composition operator associated to the diffeomorphism ((1.1.82)
is defined as Qp(y) (1), where Qpy (1) is the flow of (1.1.85). The well-posedness
issues for such a flow can be analysed as in Lemma(I.1.6] indeed in such a Lemma
no assumption on the smallness of U are made.

In the following we state a theorem similar to Theorem [I.1.1]in which study how
symbols a(U; x,¢) changes under conjugation through the flow Qp)(7) intro-
duced in Lemma We do not write down the proof since it is similar to the
one given in Subsection [[.1.6| for Theorem [I.I.T} The key ingredient for such a
proof is that x — x+ 7 5(U; x) is a path of diffeomorphism for 7 € [0,1]. In Sub-
section [[.1.6]this fact is achieved by using the smallness of r, here it is implied by
Remark [[.2.71

Theorem 1.2.3 (Para-composition 2). Let N€ N, K' < K in IN and r > 0. Let
U be a function in the ball of center 0 and radius r of C*KR(I; HY (T;C?)) with o
sufficiently large. Consider B(U;-) a function in 2F g (r] satisfying (1.2.25) and
the diffeomorphism ®y : x — x+ B(U; t,x). Let a(U;-) be a symbol in ZFI’QK,[r].
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Then the flow of (1.1.83) is well defined for |t| <1 and for any p large enough

there is a symbol ag € ZF?K, [r] such that

QpwyWOp?Y (a(U; ) () 1) ™

(1.2.28)
= 0p”" (4o (U;)) + R(U; 1)
with R in Z%I_(p I:,m[r]. Moreover we have the expansion
ao(U;") = ag(U;) + ay(U;-), (1.2.29)

where
ay(U;) = a(U; @y (£, %), E0y D5 (1, 1)),gy1.0)

isin ZFI”(’K,[r], while a(})(U; D) is in ZFI’?;(Z,[r]. Finally we have agp = 1 in the case
that a = 1.

Proposition 1.2.6. Use assumptions and notation of Theorem If Uisa
solution of a system of the form

0,U =0p?"V (AU + Q) U,

for some matrices of symbols A(U) in T ., [r1®.4;(C) and some remainder Q(U)U
in 99(1)( w118 4t>(C) for some m and r positive. Then

Qpw) (@) 08,0 Qp(yy) =8¢ + Q) (1) 0 (3, Q5(, (7))

1.2.30
=0, +0p?" (e(U;,x,8)) + RWU; 1), ( )

where
e(U;t,x,§) =e1(U; t,x)(i&) + eo(U; t, x, &), (1.2.31)

with e1(U; t,x) € Fx gr+117], eo(U; £, x,¢) is in FI_(IK,H [r] and R(U;t) is a smooth-
ing remainder belonging to '%I_(lK’ N1
Moreover Re(e) = 0.

Proof. One proceeds as done for Lemma([l.1.4] O
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1.3 Algebraic properties

1.3.1 Parity, reality and reversibility properties

In this Section we analyse the parity, reality and the reversibility structure for
para-differential and smoothing operators. Denote by S the linear involution, i.e.
$?=1,

S:C? - (?, S:= ((1’ (1)) (1.3.1)

For any U € B(If(I, r) we set
Us(t) := (SU)(-1). (1.3.2)
Note that U € L?(T; C?) belongs to the subspace R (see (0.4.1)) if and only if
(SU)(x) = U(x). (1.3.3)
We have the following definitions.

Definition 1.3.1. Let me R, p, N,K,K' e Nwith p<N, K'<Kandr >0, p =
0 and consider a matrix A(U;t, x,&) € ZF?K, p[r, N]® 4, (C) (or in ZFI’?K,[r] ®
A (C)) where U satisfies (1.3.3).

* Reality preserving matrices of symbols. We say that a matrix A(U; t, x,§)
is reality preserving if

AWU; 1, x,—&) = SA(U; 1, x, ) S. (1.3.4)

* Anti-reality preserving matrices of symbols. We say that A(U;t, x,¢) is
anti-reality preserving if

A(U; t,x,—¢&) = =SA(U; t,x,¢)S. (1.3.5)

* Reversible and reversibility preserving matrices of symbols. We say that
A(U; t,x,€) is reversible if

- SA(U;—-t,x,{) = A(Us; t, x,¢) S. (1.3.6)
We say that A(U; t, x,&) is reversibility preserving if

SA(U;-t,x,&) = A(Us; 1, x, ) S. (1.3.7)
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* Parity preserving matrices of symbols. We say that A(U; t, x,¢) is parity
preserving if
A(U) t)x)é) :A(U) l‘)_x)_f)- (138)

* (R,R,P)-matrices. We say that A(U;t,x,¢) is a (R,R,P)-matrix if it is a
reality, reversibility and parity preserving matrix of symbols.

Remark 1.3.1. Consider A(U;t, x,¢&) in ZFIr?,K’,p[r’ Nl & A4, (C) (or in I“I’?K,[r] ®
M(0)). If A(U; t,x,&) is reality preserving, i.e. satisfies (1.3.4)), then it has the
form

aU;t,x,8)  b(U;t,x,$)
bU;t,x,—¢) a(U;t,x,-&)

One can note also the following facts:

o if A(U;t,x,¢&) satisfy one among the properties (1.3.6), (1.3.7)), (1.3.8) and it

is invertible, then A(U; t,x,&) ™1 satisfies the same property;

AU; t,x,¢é) = (1.3.9)

* if the matrix A(U; t, x,¢) is reversibility preserving then iEA(U; t, x,¢) is re-
versible.

* if the matrix A(U;t,x,¢&) is reality preserving then the matrix of symbols
iA(U; t,x,¢) is anti-reality preserving.

* the matrix A(U;t,x,¢&) is reversibility preserving if and only if its symbols

verify the following
b(U)_t)x) ) = b(U ;t)x) ))
b~ %8} = blUss 6 (1.3.10)
a(U;-t,x,¢8) = a(Us; £, x,8);

furthermore note that in the case that the symbols are autonomous (i.e. when
the dependence of time is through the function U (t, x)) the conditions above

reads
b(U; x,8) = b(SU; x,¢),
(—x‘f) (SU50.4) (1.3.11)
a(U; x,¢) = a(SU; x, ).
Remark 1.3.2. Recalling (0.4.6) and Remark[I.1.11|we write
_ (op* @@ 0
Al := . bV LNt (13.12)

In particular, since the symbol 1(§) is real and even in & one has that the operator
A is reality, parity and reversibility preserving.



56 CHAPTER 1. PARA-DIFFERENTIAL CALCULUS

Definition 1.3.2. Fix p >0, me R, pe N and let A, € TZ‘ ® M>(C) and let Uj,
with j =1,..., p, be functions satisfying SU; = U; (see (I.3.1)). We say that A, is
reversibility preserving if

Ap(SUL,...,SUp; x,8)S = SAL (U, ..., Up; x,$). (1.3.13)
We say that A, is reversible if

Ap(SUL,...,8Up; x,8)S = =S A, (Uy,...,Up; x,$). (1.3.14)
We have the following Lemma.

Lemma 1.3.1. Let Ac ST

Kk, plh N1® A2(C) and write

N-1
A(Uy trxré‘) = Z Aq(U,,U,x,(f)"'AN(U, tyxyé)y
q=p
wzthAqel“m®J%2(C) q=p,...,N— landANEZFKK, [r, N] ® 4> (C).

(i) If A4 satisfies (1.3.13)) (resp. @l})) for q=p,....N-1and Ay satisfies

(T377) (resp. (L3.8)), then A satisfies (L3.7) (resp. @)
(ii) If A satisfies (1.3.7) (resp. (1.3.6)) then there are matrices of symbols A/ ery'e

M>(C), satisfying (1.3.13) (resp. (1.3.14)), and a matrix A\ (U;t,x,¢) € FK KN
satisfying (1.3.7) (resp (1.3.6)) such that for any U we have

AU; t,x,8) = Z_: AL, ..., U;x,6) + Ay(U; 1, x, ).

Proof. Let us prove the lemma for the conditions (I.3.13)) and (1.3.7)), the other
case is similar. Let us assume that for any g = p,..., N —1 the symbol A, satisfies

(I.3.13). Then we have

Aq(U,...,U;—t,x,f)S = Aq(U(—t),...,U(—t);x,f)S
= A4(SUs(1),...,SUs(1); x,¢)S
=—-SA4Us(1),...,Us(1);x,8)
= —SA,Us,...,Us; 1,%,8),

therefore, since Ay (U; t, x, ) satisfies (1.3.7)) the matrix A(U; t, x, ) satisfies (1.3.7]).
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Conversely assume that A(U; t, x, §) satisfies (1.3.7)), then each A4(U,...,U;t, x,$)
satisfies (1.3.7)). Define the new symbol

1
A’CI(Ul,...,Uq;x,g‘) = 3 Ag(U,..., Uy t,x,8) — SA4(SU, ..., SUys t, x,f)].

The symbol A, when computed on the diagonal is equal to A4 and satisfies (1.3.13)
by construction. One constructs the matrix A, from Ay in the same way. ]

We now give the definition of general linear operators satisfying the reversibility,
parity and reality properties.

Definition 1.3.3. Let M(U; t) be a linear operator with U satisfying (1.3.3).

* Reality preserving maps. We say that the map M (U t) is reality preserving

if
M(U; 0)[V] = SM(U; n[SV]. (1.3.15)

 Anti-reality condition. We say that the map M (U; t) satisfies the anti-reality
condition if .
MU;t)[V]=-SM(U; t[SV]. (1.3.16)

* Reversible maps. We say that the map M (U t) is reversible w.r.t. the invo-

lution (1.3.1)) if one has

— SM(U; -1) = M(Us; )S. (1.3.17)

* Reversibility preserving maps. We say that the map M(U; t) is reversibility
preserving if
SM(U;—-t) = M(Us; 1) S. (1.3.18)

* Parity preserving maps. We say that M(U; t) is parity preserving if
MU;t)ot =10 M(U; 1), (1.3.19)
where T is the map acting on functions TV (x) = V(—X).

* (R,R,P)-maps/ operators. We say that M(U;t) is a (R,R,P)-map (resp.
(R,R,P)-operator) if it is a reality, reversibility and parity preserving map
(resp. operator).
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Definition 1.3.4. Let A be a linear operator. We define the operator A as

Alh] := A[h]. (1.3.20)

Remark 1.3.3. Let § be a reality preserving matrix of operators satisfying (1.3.15).
Then there are linear operators A(U; t) and B(U; t) such that

o [AWUDE BW; DL
SWi= 50 o o) (1.321)

Remark 1.3.4. If a matrix of symbols A(U; t, x,¢&) is reality, reversibility and par-
ity preserving (resp. reversible, reality and parity preserving) according to Def.
, then the operator Op®W (A(U; t, x, )] is a reality, reversibility and parity

preserving operator according to Def.

Remark 1.3.5. An important class of parity preserving maps according to Defi-
nition[I.3.3]is the following. Consider a matrix of symbols C(U; t, x,¢) satisfying
(1.3.8), with U even in x, and the system

0:0"(U; 1)[] = 0p”W (C(U; t, ;)@ (U; O[],

o°(U) = 1.
If the flow ®*(U; t) is well defined for T € [0,1], then it defines a family of parity
preserving maps according to Def.

We have the following lemmata.

Lemma 1.3.2. Let p,N,K,K' € N with p< N, K' <K and r >0. Let M €
S My plr, N). If M is decomposed as in (1.1.13)) as a sum
N-1
MWV;U= ) Mg(V,...,V)U+Mn(V; U, (1.3.22)
q=p

in terms of homogeneous operators My,q = p,...,N — 1, and if M satisfies the

reversibility condition (1.3.17), respectively reversibility preserving (1.3.18)), we
may assume that My, q = p,...,N — 1 satisfy the reversibility property

My (SUL,...,SUg)S = -SM4(Uy,...,Uy), (1.3.23)
respectively the reversibility preserving property

Mq(SUl,...,SUq)S:SMq(Ul,...,Uq). (13.24)
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Proof. It is similar to the proof of Lemma|[[.3.1] O

All the algebraic properties of compositions are collected in the following lemma.
We omit its proof since it is trivial.

Lemma 1.3.3. Composition of an operator satisfying the anti-reality property

(L.3.16) (resp. the reversibility property (1.3.17)) with one or several operators
satisfying the reality property (1.3.13) (resp. the reversibility preserving property
(1.3.18))) still satisfies the anti-reality property (1.3.16)) (resp. reversibility prop-
erty ). Composition of operators which are parity preserving is as well the
parity preserving. Composition of operators satisfying the reality property
satisfy the reality property (1.3.13)) as well.

We prove a lemma which asserts that a (R,R,P) operator which is the sum of a
para-differential operator and a smoothing remainder may be rewritten as the sum
of a (R,R,P) para-differential operator and a (R,R,P) smoothing remainder.

Lemma 1.3.4. Fix p,7r>0, K=K'>0in N, m', m" in N. Let

m//

AU t,x,8 = Y AjU;t,x,)

j=-m
be a matrix of symbols such that Aj(U; t,x,¢) is in ZF;(IK,,p[r, N] ®.4,(C) for any

j=-m,...,m" and R(U; t) a matrix of operators in ZQ?IEPK, p[r, N1®.t,(C). If the

sum Op‘%W(A(U; t,x,8)+ R(U; t) is a (R,R,P) operator, then there exist (R,R,P)

matrices ﬁj(U; t,x,&) in ZF}()K,'p[r,N] ® M>(C) for any j=-m',...,m" and a

(R,R,P) smoothing remainder R(U; t) such that the following facts hold true:

(i) one has that

Op?"W (A(U; t, x,8) + R(U; 1) = Op®?Y (A(U; 1, x,&)) + R(U; 1)

!

with A(U; 6,x,8) = X1 _ L A;(U;1,x%,);

-m'

(ii) if one component of a matrix A;j(U;t,x,<) is real valued, then the corre-
sponding component in the matrix Aj(U; t, x,$) is real valued;

(iii) if, for j =0, the matrix Aj(U;t,x,<) has the form B;j(U; t, x) (i)Y, for some
Bj(U;t,x) € 2Fg x plr, N] ®.M>(C), then the corresponding matrix Aj(U; t, x, )
is equal to Bj(U; t, x)(i§)! where B;(U; t, x) belongs to ZF g g ,[r, N1® 4> (C).
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Proof. We show how to construct the reversibility preserving operator associated
to the one of the hypothesis, the parity and reality preserving construction is simi-
lar. Since the sum Op‘% WAWU; t,x,8))+R(U; t) is a (R.R,P) operator we obtain

op?W(AWU; t,x,6) + R(U; t) =

(0p™" (AW; 1,,6) + RWU; 1) - 0p”™ (SAWUs; — 1, x,)S = SR(WUs; 0S|
(1.3.25)
therefore it is sufficient to define A(U;t, x, &) := %(A(U; t,x,§) - SA(Us;—t,x,8)S
and %(E(U; 1) := R(U;t) — SR(Us; 1)). Consequently each term Ej(U; t,x,¢) may
be chosen equal to %(Aj(U; t,x,8) —SAj(Us;—t,x,8) for j=-m',...,m". Ttems
(i1),(iii) can be deduced by (1.3.23). O

Lemma 1.3.5. Assume the hypotheses of Lemma If M(U; 1) is a (R,R,P)
map (see Def. and C(U;t,x,¢) is a (R,R,P) symbol (see Def. then

the symbol 0,C(U; t,-) is reality preserving, parity preserving and reversible, i.e.

satisfies respectively the (1.3.4), (1.3.8) and (1.3.6).

Proof. Assume that C(U; t, x,¢) is a non-homogeneous symbol in I'? p[r]. By
differentiating in ¢ the relation

SCWU;-t,x,8) =C(Us; t, x,)

1
2

one gets that (0,C)(U;t,x,¢) is reversible. Assume now that C € 1:;7,7. Since
C(U; x,¢) is reversibility preserving then

C(Us,...,Us; t,x,6)S = SCU, ..., U;—t, x,&). (1.3.26)

Hence differentiating in ¢ we get

p
Z C(US)---v_ (atU)S)"')US; t)x!é‘)S:
— ——

=1 j—th

» (1.3.27)
-y scwW,...,iEMWU,0U,...,U;—t,x,&).
i —
j—th
Using that M (U t) is reversibility preserving we have
0:U)s = SGEM(U;)U)(~1) = =iESM(U; =) U (=1) = ~iEM(Us; ) Us (1),

which implies, together with (1.3.27) the (1.3.6) for (0,C)(U; t,x,&). The (1.3.4)
and (1.3.8) follow by using the definitions. O
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Lemma 1.3.6. Consider the system (I.1.83). If Op®?"Y (B(t,U;t,x,&)) satisfies

(1.3.16), (1.3.19) and (1.3.18), then the flow Qp) (1) satisfies for any fixed t
((3.13), (T3.19) and (T3.18).

Proof. It follows immediately by definition. [

1.3.2 Hamiltonian and parity preserving vector fields.

We now study self-adjoint matrices para-differential operators. We shall restrict
to the case that such matrices are reality preserving, i.e. matrices of the form

(I.3.21)). Consider an operator § of the form (I.3.21)) and denote by F* its adjoint
with respect to the scalar product (0.4.2)

GU, Vo = (U, V)go, VU, VeH.

One can check that

(1.3.28)

5o AW B (WU;n
“\Brw;n AW:n|

where A* and B* are respectively the adjoints of the operators A and B with respect
to the complex scalar product on L2(T;C)

(u, v)Lz::/u-Ddx, u,veL*(T;0),
T

and A, B are defined Definition m

Definition 1.3.5 (Self-adjointness). Let § be a reality preserving linear operator
of the form (1.3.21)). We say that § is self-adjoint if A, A*,B,B* : H® — H*, for
some s,s' € R and

A*=A, B=B". (1.3.29)

We consider paradifferential operators of the form:

Op®"W (AU; x,8)) 1= Op‘%w( aW;x,¢)  bU;x,¢) )

bU;x,-¢) a(U;x,-¢)
_ ( 0p?Y(a(U;x,&)  Op®W (b(U;x,0) )
“\op?W (b(U; x,-&) Op®Y(a(U;x,-&))’

(1.3.30)
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where a and b are symbols in I'? ,[r] and U is a function belonging to ng(l ,T)
for some sg large enough. Note that the matrix of operators in (1.3.30) is of the
form (1.3.21)). Moreover it is self-adjoint if and only if

a(U;x,8) =a(U;x,¢), bU;x,-&) =b(U;x,0), (1.3.31)

indeed conditions (1.3.29) on these operators read

(0p™" (aU; x,6))” = 0p™" (aT;x,0)),
(1.3.32)

Op”" (b(U; x,6)) = 0p*" (b(U;x,-8))

Let § be a reality preserving, self-adjoint (or parity preserving respectively) oper-
ator as in (1.3.21)) and consider the linear system

0,U=1EFU, (1.3.33)

on H® where E is given in (0.4.5). We want to analyse how the properties of the
system ({1.3.33)) change under the conjugation through maps

®:H° — H’,
which are reality preserving. We have the following lemma.

Lemma 1.3.7. Let & : H®* — H*™™", for some m € R and s > 0 be a reality preserv-
ing, self-adjoint operator according to Definitions[1.3.3] and assume that its
Sflow

0, 0" =iEZ®", @’=1, (1.3.34)

satisfies the following. The map ®" is a continuous function in T € [0, 1] with values
in the space of bounded linear operators from H* to H® and 0;®" is continuous as
well in T € [0,1] with values in the space of bounded linear operators from H® to
H ™™,

Then the map ®7 satisfies the condition

(@) * (-iE)®" = —iE. (1.3.35)

Proof. First we note that the adjoint operator (®°)* satisfies the equation 0, (®*)* =
(@Y)* % (—iE). Therefore one can note that

0 [(@)" (-iE)®"| =0,

which implies (@7)* (—iE)®” = (®°)* (=iE)®° = —iF. O
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Lemma 1.3.8. Consider a reality preserving, self-adjoint linear operator § (i.e.
it satisfies (1.3.21)) and (1.3.29))) and a reality preserving map ®. Assume that @
satisfies condition (1.3.35)) and consider the system

0,W =iEgW,  WEeH®, (1.3.36)
By setting V.= ®W one has that the system (1.3.36)) reads
0,V =iE%V, (1.3.37)

Y = —iEOGE)FO ' —iE(@0,D)D !, (1.3.38)
and % is self-adjoint, i.e. it satisfies conditions (1.3.29).

Proof. One applies the changes of coordinates and one gets the form in (1.3.38)).
We prove that separately each term of % is self-adjoint. Note that by (1.3.35)) one
has that (—iE)® = (®*) "1 (-iE), hence —iE®GHE)FD ! = (®*)"'F®~!. Then

((@*)‘13<1>‘1)* = (@ )*F[(@") 1", (1.3.39)

since § is self-adjoint. Moreover we have that (®~1)* = (®*)~!. Indeed again by

(1.3.35)) one has that
@~ ! = (iE)®* (-iE), (@ 1* = (E)®(-iE), ®* = (-iE)® '(iF)
Hence one has
(@ H*®* = (E)®(—iE)(-iE)® ' (iE) = —(E)(E) = 1. (1.3.40)

Then by (T.3:39) we conclude that (—iE)®iE® ! is self-adjoint. Let us study the
second term of (1.3.38)). First note that

0:[®*] = _(q)*)(_iE)(atq))q)‘l(iE), 0:®)" = q)*(iE)(ar(fD*))*@_l(iE)
(1.3.41)
then

(Cim@@ @) = @) 0,0 (B = (-iHE@ ) . (1342)

By (1.3.41)) we have 0;(®*) = (8,D)*, hence we get the result. O
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Lemma 1.3.9. Consider a reality and parity preserving linear operator § accord-
ing to Def. [.3.3|and a map ® as in (1.3.21)) which is parity preserving. Consider
the system

oW =iE3W, W e H’. (1.3.43)

By setting V.= ®W one has that the system (1.3.36)) reads
0;V=iE¥V, (1.3.44)
% = —iEQ(HE)FO ' —iE(©0,D)D !, (1.3.45)
and % is reality preserving and parity preserving.

Proof. It follows straightforward by the Definition[I.3.3] O



Chapter 2

Local well-posedness

In this chapter we give the proof of Theorems|[0.2.T]and[0.2.2] This part of the the-
sis is the content of the paper [46]. Throughout this chapter we shall use classes
of symbols and operators introduced in Section According to notation of sec-
tion the time f is treated as a parameter, we shall write, for instance, a(U; x, ¢)
instead of a(U;t,x,¢) even if the symbol a depends on the time #, on the other
hand emphasize the x-dependence: we shall denote by a(U;¢) only those symbols
which are independent of x.

2.1 Paralinearization of the equation

In this section we give a paradifferential formulation of the equation (0.2.1)), in
order to do this we need to “double” the variables. We consider a system of equa-
tions for the variables (u™, u™) in H® x H® which is equivalent to (0.2.1)) if u* = &~
More precisely we give the following definition.

Definition 2.1.1. Let f be the C®(C3;C) function in the equation (0.2.1). We
define the “vector” NLS as

0[U:iE[AU+F(U,Ux,Uxx)]x Ue HSXHS,

hH(U, Uy, Uxx)) (2.1.1)

F(U, Ux; Uxx) = (fZ(U’ UX’ Uxx)

where

¥ o= o = o - +

L1 3% 189 y R0y & Z. .

F(Z1, 25, 25) = [1EU 2020 220250 5)) (&) 10
fo(z] 21,25, 25, 25, 23) %

65
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extends (f, f) in the following sense. The functions f; for i = 1,2 are C* on C® (in
the real sense). Moreover one has the following:

fl(zl) Zl;ZZ»ZZr Z3,23)) — (f(Zl,Zg,Zg)) (2 1 2)
fo(z1,21, 22, 22, 23, Z3) f(z1,22,23))° o
and
azg'fl:azgfb azf’flzazi’fb i=1,2, azi’flzaszfz; i=1,2,3
! ! (2.1.3)

agfl :6gf2 :6ff1 :Offg =0
where 0_z = ORez;r +i61mz;r, o=t.
J

Remark 2.1.1. In the case that f has the form

_ o6 az P
f(z1,22,23) =Cz,'Z] z,°Z,

for some C e C, a;,B;i € N for i =1,2, a possible extension is the following:
fiEd 2,25, 2) = ClaN) ™ (2)P(23) % (25)7,
fol) 21,23, 25) = Cla)) ™ (2))P () (25)P~.
Remark 2.1.2. Using (2.1.2)) one deduces the following relations between the
derivatives of f and fj with j =1,2:
0z f(z1,22,23) = (0zi+f1)(21,21,Z2,22,23,23)
0z, f (21,22, 23) = (02 f1) (21,21, 22, 22, 23, Z3)
T ST (2.1.4)
0z f(z1,22,23) = (azlffz)(zl,Zlyzz,Zz,ZEth)
0z, f (21,22, 23) = 0; f2) (21,21, 22, 22, 23, Z3).

In the rest of the paper we shall use the following notation. Given a function
g(zl,2],2;,2;5,2; ,2;) defined on (8 which is differentiable in the real sense, we
shall write for i =0,1,2

(0a;ug)(u, U, Uy, Uy, Uy, Uxyx) := (az;lg)(u, U, Uy, Uy, Uxx, Uxx),

@ (2.1.5)

P ug)(u, U, Uy, Uy, Uy, Uxyx) := (az;+1g)(u, U, Uy, Uy, Uxx, Uxx)-
X

By Definition [2.1.T|one has that equation (0.2.1) is equivalent to the system (2.1.T))
on the subspace H®.

We state the Bony paralinearization lemma, which is adapted to our case from
Lemma 2.4.5 of [21]].
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Lemma 2.1.1 (Bony paralinearization of the composition operator). Let f be
a complex-valued function of class C*™ in the real sense defined in a ball centered
at 0 of radius r > 0, in C%, vanishing at 0 at order 2. There exists a 1 x 2 matrix of
symbols q € F%O[r] and a 1 x 2 matrix of smoothing operators Q(U) € ‘%1_(',00 [r], for
any p, such that

F(U, Uy, Ugy) = 0p?2W (q(U, Uy, Upr; x, ) (U] + QUU)U. (2.1.6)
Moreover the symbol q(U; x,&) has the form
qU; x,8) := da(U; 0)(i6)* + d1 (U3 ) (i8) + do (U ), (2.1.7)
where d;j(U; x) are 1 x 2 matrices of symbols in Fkolr], for j =0,1,2.
Proof. By the paralinearization formula of Bony, we know that
fW,Ux,Uxx) = Tpy fU + Tpy, fUx + Tpy, fUxx + Ro(U)U, (2.1.8)
where Ry (U) satisfies estimates (1.2.7)) and where
1 .
TpysU = / eV (& TID) ey (U x, O1U (y)dydg,
1 e _
Tpy, fUx = 5~ / eV (&7 D)y, U x, HIU(y)dydy,
1 o _
Ty, fUse =5 / RO D ey, (U3 x, 01U (ndyde,
with
cuU;x,§) =Dy f,
cu, (U; x,¢) = Dy, f (i¢), (2.1.9)

cu,,(U;x,&) = Dy, f(i€)?,

for some y € C7°(R) with small enough support and equal to 1 close to 0. Using
we define the x-periodic function b;(U;x,¢&), for i = 0,1,2, through its
Fourier coefficients

bi(U; n,&) = ¢y, (U; n,é - nl2) (2.1.10)

where U; := 6§CU. In the same way we define the function d; (U; x, §), for i =0, 1,2,
as
d;(U; n,&) = y (n(& — n/2)™) ¢y, U; n, & — n/2). (2.1.11)
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We have that Tp, fU = OpW(dO(U ,$))U. We observe the following

doW;n,&) = x (&) Dy fm + (x (n€ = n12™") = n& ") Dyf () (2.1.12)
therefore if the support of y is small enough, thanks to Lemma [[.2.2] we obtained
Tpy U = 0p”?" (by(U; x,E)U + Ry U, (2.1.13)

for some smoothing reminder R; (U). Reasoning in the same way we get

Ty, £Us = 0p?" (b1 (U;0)U + Ry(U)U

(2.1.14)
Ty, fUxx = OP%W(bz(U; f)))U+ R;(UHU.

The theorem is proved defining Q(U) = Z?CZOR;C(U) and q(U;x,¢) = bo(U;¢) +
by (U; &) + by(U;¢). Note that the symbol ¢ satisfies conditions (2.1.7) by [2.1.9)

and formula (1.1.26). O

We have the following Proposition.

Proposition 2.1.1 (Paralinearization of the system). There are a matrix A(U; x, ¢)
in l"%( olrl® AM>(C) and a smoothing operator R in %I_(po[r] ® M>(C), for any
K,r >0 and p =0 such that the system [2.1.1)) is equivalent to

0,U := iE[AU+ Op®" (A(U; x, &) [U] + R(U)[U]], (2.1.15)

on the subspace % (see (0.4.1) and Def. and where A is defined in (0.4.6)
and (0.4.4). Moreover the operator R(U)|-] satisfies (1.3.15)), the matrix A has the

Sform (1.3.30), i.e.

alU;x,§) bU;x,&)
b(U;x,-¢) a(U;x,—¢)

A(U; x,€) ::( )el‘%o[r] ® M>(C) (2.1.16)

with a, b in F%O[r]. In particular we have that
AU; x,8) = A (U; ) (i6)* + Ay (U; 0) (i) + Ao (U; x), (2.1.17)

where A; € Fiolrl® 4> (C) for i =0,1,2.

Proof. The functions fi, f> in (2.1.1) satisfy the hypotheses of Lemma for
any r > 0. Hence the result follows by setting q(U; x,¢) =: (a(U; x,¢), b(U; x,§)).
O
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In the following we study some properties of the system in (2.1.15).
We first prove some lemmata which translate the Hamiltonian Hyp. [0.2.1] parity-

preserving Hyp. and global ellipticity Hyp. in the paradifferential
setting.

Lemma 2.1.2 (Hamiltonian structure). Assume that f in (0.2.1)) satisfies Hy-
pothesis [0.2.1] Consider the matrix A(U;x,&) in (2.1.16) given by Proposition
Then the term

A2 (U; ) (6)* + A1 (U; 0) (i)

in 2.1.17) satisfies conditions (1.3.31). More explicitly one has

ax(U;x) bo(U;x)
by(U;x) ax(U;x)

a;(U; x) 0

Ar(U; x) = _,
2(U3 %) 0 a(U; x)

), A1(U;x)::( (2.1.18)

with ay, ay, by € Fxolrl and a; € R.
Proof. Recalling the notation introduced in (2.1.5) we shall write
051 f = 62;1]01, aag;_uf:: 0 fh, =012, (2.1.19)

when restricted to the real subspace % (see (0.4.1)). Using conditions (2.1.2),
(2.1.3) and (2.1.4)) one has that

(f(u) ux’ uxx)) — (fl(U) UJC! Uxx))

JFu, uy, uyy) U, Uy, Uxy)
_ B auxxf aaxxf) s\ 2 B [(auxf aaxf) .
(2.1.20)

where R(U) belongs to ‘%(I)(,O [r]. By Hypothesis we have that

auxx_f: _auxaxE
0. f = —O0u.a,F,

d
auxf:—a [auxﬂxF]_auﬁxF+auxﬁE (2121)
d
Ou.f = == [On.a. F].
We now pass to the Weyl quantization in the following way. Set

c(x,&) = 0y, f(X)(E) + 0y, f(x) (&)
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Passing to the Fourier side we have that
e ) _
cy,¢ 5)
Bune DN + | @ ) — () Bty ()| i)

(/) —— o ) =
+ [ @ N = -0 D)),

therefore by using formula (1.1.26)) we have that Op‘%(c(x, &) = Opgg Wia(x, &),
where

(%,€) = 04y, £ (%) (i)” + [0, f( )—i(a )]('f)+1d—2(6 )—li(a )
ax, - uxxfx I uxfx dx uxxf 1 4dx2 uxxf 2dx thf'

Using the relations in (2.1.21)) we obtain a matrix A as in (2.1.18)), and in particular
we have

a(U; x) = -0y,0, F, a1(U;x) = =0y, F+0yaF, ba(U;x) = —04,4,F (2.1.22)

Since F is real then ay is real, while a; is purely imaginary. This implies conditions
(1.3.31). [

Lemma 2.1.3 (Parity preserving structure). Assume that f in (0.2.1) satisfies
Hypothesis[0.2.2] Consider the matrix A(U; x,¢) in (2.1.16) given by Proposition
One has that A(U; x,¢&) has the form (2.1.17) where

a)(U;x) by(U;x)
by(U;x) ax(U;x)
ap(U;x)  bo(U; x)

bo(U; x) ao(U;x))’

a;(U;x) by(U;x)
b1(U;x) a1 (U;x))’

Az(U;x):=( ) A1(U;x):=(

(2.1.23)

Aog(U; x) ::(

with ay, by, ay, by, ag, by € Fk olr] such that, for U even in x, the following holds:

ax(U;x) = a,(U;~x), b2(U;x) = ba(U; —x), (2.1.24a)
a1(U;x) = —a(U;~x), b1(U;x) =-b(U;~-x), (2.1.24b)
ag(U; x) = ap(U;—-x), bo(U;x) =bo(U;-x), UeH;, (2.1.24¢)

and
ax(U; x) e R. (2.1.25)

The matrix R(U) in 2.1.13) is parity preserving according to Definition|[I.3.3]
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Proof. Using the same notation introduced in the proof of Lemma [2.1.2] (recall

(2.1.4)) we have that formula (2.1.20) holds. Under the Hypothesis [0.2.2 one has
that the functions 0, f,0;f,0,,, f,0a,, f are even in x while 0,,_f,0; [ are odd in
x. Passing to the Weyl quantization by formula (T.1.26]) we get

a(U;x) =0y, f,
a1(U;x) =0y, [ —0x(0y,. [,
a0 (U x) = 00 f + iai(aumf) - %ax(auxf),

b (U;x) =04, f,
by(U;x) =04, f —0x(0a,, f),

1 1
bo(U;x) = 0 f + Zai(auxxf) ~50+(0a, )

(2.1.26)

which imply conditions (2.1.24)), while (2.1.25]) is implied by item 2 of Hypothesis
The term R is parity preserving by difference. O

Lemma 2.1.4 (Global ellipticity). Assume that f in (0.2.1) satisfies Hyp. [0.2.1]

(respectively Hyp. . Af f satisfies also Hyp. then the matrix A, (U; X) in
(2.1.18)) (resp. in (2.1.23))) is such that

1+a,(U;x)=cq
1+ ax(U; )% = |bo(U; x)|* = c3 > 0,

where ¢y and co are the constants given in (0.2.7) and (0.2.8).

Proof. 1t follows from (2.1.22) in the case of Hyp. [0.2.1]and from (2.1.26) in the
case of Hyp. O

Lemma 2.1.5 (Lipschitz estimates). Fix r >0, K > 0 and consider the matrices
A and R given in Proposition [2.1.1, Then there exists sy > 0 such that for any
s = sg the following holds true. For any U,V € C*KR(I;HS) N Bg(], r) there are
constants C1 > 0 and Cy > 0, depending on s, |Ul ks, and |V s, such that for
any H e CfR(I;HS) one has

(2.1.27)

10p?W (A(U; x, &) [H] — Op®W (A(V; x, ) [H) Ik 52 < CLI Hll g 51U = Vi s,
(2.1.28)
IRWNUI = RV [Vllik,s+p < C2(1Ullx,s + IV I g, )T = Vg s, (2.1.29)

forany p =0.
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Proof. We prove bound (2.1.28)) on each component of the matrix A in (2.1.16)) in
the case that f satisfies Hyp. [0.2.2] The Hamiltonian case of Hyp. [0.2.1] follows
by using the same arguments. From the proof of Lemma we know that the
symbol a(U; x, &) of the matrix in (2.1.16)) is such that a(U; x,¢) = a»(U; x) (i6)? +
a1 (U; x)(i€) + ao(U; x) where a;(U; x) for i =0,1,2 are given in (2.1.26).

By Remark [I.2.3]there exists s > 0 such that for any s = sy one has

10p™Y ((2(U; x) - a2 (Vi ) (1)) Rl 5-2 <
Csup(&) *(a2(U; x) — az(V; X)) (6)?) I x5 I Al k. 5- (2.1.30)
¢

with C depending on s,sy. Let U,V € CfR(I; H% n B§+2(I, r), by Lagrange theo-
rem, recalling the relations in (2.1.4), (2.1.5)) and (2.1.19)), one has that

(a2(U; %) — a2 (V; ) i6)*

= (O, 1) (U, Uy, Uxx) = O, 1)V, Vi, Vi) ) (i€)?

= 0y0u,, HHWO, Uy, Upy) (U - V) (ié)*+ (2.1.31)
+ (00,0, 1)V, WO, Uy) Uy — Vi) (0% +

+ (00U, O, [V, Vi, W) Uy — Vi) (i6)

where WU = 6{;V+ tj(af;U—ach), for some #; € [0,1] and j =0,1,2. Hence, for
instance, the first summand of (2.1.31)) can be estimated as follows

sup(&) 21 ydu,, LYW, Uy, Up) (U = V) (i)l ks,
¢
= Cl”U_ V”K,S() sup ”(aUauxxfl)(W(O)r Ux; Uxx)”K,so (2132)

U,VEBy ,(L1)

< CllU - Vllk,s»

where C; depends on sp and C, depends only on sy and [[U || k,s,+2, | VIl k,s,+2 and
where we have used a Moser type estimates on composition operators on H® since
fi belongs to C*®(CY;C). We refer the reader to Lemma A.50 of [48]] for a complete
statement (see also [6], [75]). The other terms in the r.h.s. of (2.1.31)) can be treated
in the same way. Hence from (2.1.30)) and the discussion above we have obtained

10" (a2 (U; x) — a2 (V5 x)) i) Rl s-2 < CIU = Viig,speallbllgss  (2.1.33)
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with C depending on s and U || g,s,+2, | V| k,s0+2. One has to argue exactly as done
above for the lower order terms a; (U; x) (i) and ay(U; x) of a(U; x,¢). In the same
way one is able to prove the estimate

10p”Y ((b(U; x,6) = b(V; x,)) hllk,s-2 < CIU = Vg szl Bllx,s.  (2.1.34)

Thus the (2.1.28)) is proved renaming sg as so + 2.
In order to prove (2.1.29) we show that the operator dy (R(U)U)[-] belongs to the
class ,%I_(p 111846 (C) for any p = 0 (where dy (R(U)U)[] denotes the differential
of R(U)[U] w.r.t. the variable U). We recall that the operator R in (2.1.13) is of
the form

R[] := (Q(U)[ ])’

QI

where Q(U)[-] is the 1 x 2 matrix of smoothing operators in (2.1.6) with f given
in (0.2.1). We claim that dy(Q(U)U)[-] is 1 x 2 matrix of smoothing operators
in ,%I_(fjo[r]. By Lemma |2.1.1| we know that Q(U)[:] = Ry(U) +Z§:1 R;(U), where
Ry is 1 x 2 matrix of smoothing operators coming from the Bony paralinearization
formula (see (2.1.8)), while R;, for j =1,2,3, are the 1 x 2 matrices of smoothing
operators in (2.1.13) and (2.1.14).

One can prove the claim for the terms R;, j = 1,2,3, by arguing as done in the
proof of (2.1.28)). Indeed we know the explicit paradifferential structure of these

remainders. For instance, by (2.1.10), (2.1.T1)), (2.1.12) and (2.1.13]) we have that

Ri(U)1 1= op(k(x,0)| 1, (2.1.35)
where k(x,&) =¥ jez k(j,&)el/* and

k(j,&) = (x (n¢€ —ni2)y ) = x(n&H) Dy f(n)

(see formula (2.1.12)). The remainders R, R; have similar expressions. We re-
duced to prove the claim for the term Ry. Recalling (2.1.9) we set

c(U;x,¢) := cy(U; x,8) + cy, (U; x,8) + ey, (U; x,6).
Using this notation, formula (2.1.8) reads

fu,uy, uxx) = LU, Uy, Uyy) = Op‘%(c(U; x,&))U+ Ry(U)U. (2.1.36)
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Differentiating (2.1.36)) we get

dU(fl(U; Ux; Uxx)) [H] =

7 7 (2.1.37)
Op™ (c(U; x,8) [H] + Op™ Oy c(U; x,¢) - H)[U] + dy (Ro (W) [UD[H].

The Lh.s. of (2.1.37) is nothing but

anl(U’ U, Uxx) - H+ aUxfl(U; Uy, Uxx) - Hy
+ aUxxfl(U’ Uy, Uxx) - Hxx =: G(U, H).

By applying the Bony paralinearization formula to G(U, H) (as a function of the
six variables U, Uy, Uy, H, Hy, Hyx) We get
GWU,H) =
0p” 0y G(U, H))[U] + Op? 0y, G(U, H))[Uy]
+0p”? (0y,,G(U, H))[Uxxl + Op” (0pG(U, ) H] (2.1.38)
+0p? 0, G(U, H) [ Hy] +O0p? O, G(U, M) [Hyy]
+ Ry (U)[H],

where Ry (U)[] satisfies estimates (1.2.7) for any p = 0. By (2.1.9) and (2.1.38]) we
have that (2.1.37) reads

dy(Ro(U)U)[H] = Ry(U)[H]. (2.1.39)

Therefore dy (Ry(U)U) ] is a 1 x 2 matrix of operators in the class RI;,pO[r] for any
p=0. [

2.2 Regularization

We consider the system

0,V = iE[AV+ 0p?" (A(U; x, ) V] + RO (W) [V] + Réo)(U)[U]],

2.2.1)
UeBX,nnckan(m,c?,

for some sy large, s = sp and where A is defined in (0.4.4). The operators Rio) ()]
and Rg)) (U) are in the class ,%"I_(p olr1® 4t>(C) for some p >0 and they are reality
preserving. The matrix A(U; x, ) satisfies the following.
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Constraint 2.2.4. The matrix A(U;x,¢&) belongs to F%O[r] ® M- (C) and has the
following properties:

* A(U;x,¢) is reality preserving, i.e. has the form (1.3.30);

* the components of A(U; x,¢) have the form

a(U; x,8) = ax(U; x) (i6)* + a1 (U; x) (ié),

L , (2.2.2)
b(U;x,&) = bo(U; x) (i) + b1 (U; x) (i),

for some a;(U;x), b;(U; x) belonging to Fx olr] for i =1,2.

In addition to Constraint [2.2.4] we assume that the matrix A satisfies one the fol-
lowing two Hypotheses:

Hypothesis 2.2.1 (Self-adjoint). The operator Op®"Y (A(U; x,&)) is self-adjoint
according to Definition i.e. the matrix A(U; x, &) satisfies conditions (1.3.31).

Hypothesis 2.2.2 (Parity preserving). The operator Op%"W (A(U; x,§)) is parity
preserving according to Definition [[.3.1} i.e. the matrix A(U;x,&) satisfies the
conditions

A(U; x,¢) = A(U; —x,-=§), a(U;x) e R. (2.2.3)

The function P in (0.2.2)) is such that p(j) = p(—j) for j € Z.
Finally we need the following ellipticity condition.

Hypothesis 2.2.3 (Ellipticity). There exist cy,c2 > 0 such that components of the
matrix A(U; x, &) satisfy the condition

1+a,(U;x) =cq,

224
1+ az(U; X)) = |bo(U; 0)|* = c3 > 0, ( )

K K
for any U € BE (1, 1) n CR, (1L HS (T, C%).

The goal of this section is to transform the linear paradifferential system (2.2.1))
into a constant coefficient one up to bounded remainder.
The following result is the core of our analysis.

Theorem 2.2.1 (Regularization). Fix K € N with K =4, r > 0. Consider the
system (2.2.1). There exists sy > 0 such that for any s = s the following holds.
Fix U in BE(1,r) n CX, (1L, H (T, C%) (resp. U € BX(1,r) n CK,(1,HY(T, C?)) ) and
assume that the system (2.2.1)) has the following structure:
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* the operators R%O), Rg)) belong to the class ,%"I_(p olrl® 4 (C);
* the matrix A(U; x,¢) satisfies Constraint[2.2.4]

* the matrix A(U; x,¢) satisfies Hypothesis[2.2.1|(resp. together with P satisfy

Hyp.2.2.2)
* the matrix A(U; x, &) satisfies Hypothesis[2.2.3)

Then there exists an invertible map (resp. an invertible and parity preserving map)
® =) : Cy ' (LH(T,C%) — Cl (L HY(T, C?),
with
H@WN* Viik-g,s < IVlik-2,s(1 + ClU I x)» (2.2.5)

for a constant C > 0 depending on s, |Ullk,s, and |Plc such that the following
holds. There exist operators Ry (U), R (U) in 9%’(1)(4[r] ® M (C), and a diagonal

matrix L(U) in F?{, J[r1® 4 (C) of the form (1.3.30) satisfying condition (1.3.31)
and independent of x € T, such that by setting W = ®(U)V the system (2.2.1)) reads

AW = iE[AW+ op?W (L(U; &) [W] + Ry (U) [W] + RZ(U)[U]]. (2.2.6)

Remark 2.2.1. Note that, under the Hypothesis if the term RO (U)[V] +

R;O)(U)[U] in (2.2.1)) is parity preserving, according to Definition then the
flow of the system (2.2.1)) preserves the subspace of even functions. Since the map
®(U) in Theorem 2.2.1] is parity preserving, then Lemma [I.3.9) implies that also
the flow of the system (2.2.6)) preserves the same subspace.

The proof of Theorem [2.2.1]is divided into four steps which are performed in the
remaining part of the section. We first explain our strategy and set some notation.
We consider the system (2.2.1)

v, = 2Owv]:=

227
iE[AV+ 0p?Y (A(U; x, ) [VI + RO () V] + R (D) [U]|. (@2.7)

The idea is to construct several maps

®; [ := @;(U)[): XV A () — X V(L A (),
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for i = 1,...,4 which conjugate the system £ (U) to £V (U), with £ (U) in
(2.2.7) and

LYW=
iE| A+ 0p2W (LDU; 0) [ + Op2W (4D (U; x, ) [1] (2.2.8)

+RV 11+ RY (U1,

where R\” and R} belong to RY, ;111 ® Mo (C), LV belong to T% ,[r] @ .4,(C) and

moreover they are diagonal, self-adjoint and independent of x € T and finally A
are in Fi JArle A (C). As we will see, the idea is to look for ®; in such a way
AUFD g actually a matrix with symbols of order less or equal than the order of
AD
We now prove a lemma in which we study the conjugate of the convolution oper-
ator.

Lemma 2.2.1. Let Qy, Q, operators in the class @?( wlr] M (C)and P:T—Ra

continuous function. Consider the operator *3 defined in (©.4.7). Then there exists
R belonging to 91’?( o [11® Al (C) such that
I+ QuU))oPo (L +QqUNL =PI+ R[] (2.2.9)

Moreover if P is even in x and the operators Q(U) and Q2 (U) are parity-preserving
then the operator R(U) is parity preserving according to Definition[l.3.1]

Proof. By linearity it is enough to show that the terms
QU)o Po (1 +Q2(U))[h], (T+Q1(U)oBoQ2(U)[h], Q1(U)oBoQ(U)[h]

belong to %?( K [r] ® #,(C). Note that, forany 0< k< K- K’,

10%(P * )|l -2k < CIOF Rl gys-x, (2.2.10)

for some C > 0 depending only on || P||z. The (2.2.10) and the estimate on
Q; and Qy imply the thesis. If P is even in x then the convolution operator with
kernel P is a parity preserving operator according to Definition[I.3.3] Therefore if
in addiction Q; (U) and Q(U) are parity preserving so is R(U). ]
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2.2.1 Diagonalization of the second order operator

Consider the system (2.2.1)) and assume the Hypothesis of Theorem 2.2.1] The
matrix A(U;x,¢) satisfies conditions (2.2.2)), therefore it can be written as

A(U; x,8) := Ay (U; x)(id)? + A (U; x) (i6), (2.2.11)

with A;(U; x) belonging to Folr] ® 4->(C) and satisfying either Hyp. or
Hyp. 2.2.2] In this Section, by exploiting the structure of the matrix A, (U; x), we
show that it is possible to diagonalize the matrix E(1 + Ay) through a change of
coordinates which is a multiplication operator. We have the following lemma.

Lemma 2.2.2. Under the Hypotheses of Theorem there exists so > 0 such
that for any s = sg there exists an invertible map (resp. an invertible and parity
preserving map)
@) = @1 (U) : CX,(1,H) — CX (1, HY),
with
I @1 W) Vilk,s < I VIIk,s(L+ ClUlk,s) (2.2.12)

where C depends only on s and |U| ks, such that the following holds. There exists

a matrix AV (U; x,&) satisfying Constraint and Hyp. (resp. Hyp.

of the form

AVU; x,8) == AP (U; 0 (1) + AV (U; x) (0),

D (U; %) 0
0 a (U; x)

aVU;x) b (U;x)
bV (U;x,) al(U;x)

A;l)(U;x):: (a )EgK,l[r]®~/%2(C),

(2.2.13)

AP WU x) = ( ) € Fx 111 ® 4,(C)

and operators Ril) ), Rél) (U) in 9’2?{,1 [r1®.4> (C) such that by setting V; = ®(U)V
the system (2.2.1)) reads
0, Vi = iE[AV1 +0p?" (AP (U; x, ) (Vi + RP () (V1] + RSP (WD) [UT . (2.2.14)

Moreover there exists a constant k > 0 such that

1+a (U; x) = k. (2.2.15)
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Proof. Let us consider a symbol z(U; x) in the class g o[r] and set

0 z(U; x)
z(U; x) 0

Let ®](U)[-] the solution at time 7 € [0, 1] of the system
{ 8,01 (U)[-] = 0p?W (Z(U; x)@T () [],
OV U)[]=1[].

Z(U;x)::( € Fxolrl ® 4, (C). (2.2.16)

(2.2.17)

Since Op‘% W(Z(U; x)) is a bounded operator on H®, by standard theory of Banach
space ODE we have that the flow ®7 is well defined, moreover by Proposition

[I.2.Tone gets
A IPL(U) VI3 < 1DT W)V IlusI0p”Y (Z(U; x)@T(U) V |lgs 2218)
< 1OT(W)VIE:ClIlU g0, o

hence one obtains
1P (D) [Vgs < IV Ilgs(1+ CllU lgso), (2.2.19)

where C > 0 depends only on |[U|lgs%. The latter estimate implies (2.2.12)) for
K =0. By differentiating in ¢ the equation (2.2.17) we note that

0:0, @] (U)[] = Op”" (Z(U; x))8, @] () [-] + Op”" (8, Z(U; x)) @] (U) [-].
(2.2.20)
Now note that, since Z belongs to the class Fk o[r] ® 4> (C), one has that 0,72
is in g 1(r] ® 4> (C). By performing an energy type estimate as in (2.2.18)) one
obtains
1T [V1licigs < IVIcigs A+ Cl Ul crgso),

which implies (2.2.12) with K = 1. Iterating K times the reasoning above one gets
the bound (2.2.12). By using Corollary[I.2.2] one gets that
O] ()11 = expirOp”" (Z(U; )} = Op”" (explz Z(U; 0N [ + QT (W) [,

(2.2.21)

with Q] belonging to %I_(f)o[r] ® 4, (C) for any p >0 and any 7 € [0,1]. We now

set @1 (U)[-] := @I (U)[]),_,. In particular we have

@, ([ = 0p”" (C(W; X)) [+ Q1 (N[,

c1(U;x) c(U;x)

U;x) aU;x))

CU;x) -1 € Fgolrl® 4(0),

C(U;x) :=exp{Z(U;x)}:= (2.2.22)
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where

z(U; x)
|z(U; x)|

c1(U;x) :=cosh(|z(U; x)|), c(U;x):= sinh(|z(U;x)]). (2.2.23)

Note that the function ¢, (U; x) above is not singular indeed

L zUn) L 2Un) & (12U )
U39 = g gy 2ol = 2 2 o
~ o (z(U;x)z(U;x))k
_Z(U’X),;) @k+1)!

We note moreover that for any x € T one has det(C(U; x)) = 1, hence its inverse
C~Y(U; x) is well defined. In particular, by Propositions [1.2.2] and [1.2.3} we note
that

op”Y(CT WU x) 0@ =1+Q), Qe Ir1® (0, (2.2.24)

for any p > 0, since the expansion of (C™!(U;x)§C(U;x)), (see formula (I.2.TT))
is equal to C1(U; x)C(U; x) for any p. This implies that

(@1 (U)'[1= 0p”V (CTHU; 0) [+ Q(U) [, (22.25)

for some Q- (U) in the class %I_(f)o[r] ® 4> (C) for any p > 0. By setting V; :=
@, (U)[V] the system (2.2.1) in the new coordinates reads

(V1) = @1(U) (iE(A+0p@W(A(U; X, é)))cb;l(U))Vl + (0,21 (U) O () V3 +
+ @M AE)R (@7 (D) V1] + @1 (D) GE)RY (W) [U]
= iy (U) | P07 (W) [Va]) | +i®@1 (W) EOp™™ ({1 + Az (U3 0)()2) 07 () Vi) +

+i®, () EOp®W (A1 (U; x)(i8)) @7 () V1] + (8,007 () Vi +

+®1 (U GE)R (@7 () V1] + @1 (D) (B R (D) [U],
(2.2.26)
where P8 is defined in (0.4.7). We have that

aU;x) -cU;x)

@ E=F BW
1{f)e PN _GTY aWin )
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up to remainders in ,%"I_(f)o[r] ® M- (C), where ¢;(U;x), i = 1,2, are defined in
(2.2.23)). Since the matrix C(U;x) — 1 € Fgo[r] ® #>(C) (see (2.2.22))) then by
Lemma one has that

@, (U)o EBo @ (U)[V1]] = EP[V4] + Qs (V) [W1],

where Q3(U) belongs to ‘%?(,o[r] ® M>(C). The term (0,D;) is Op%w(atC(U; X))
plus a remainder in the class %?ﬂ[r] ® 4>(C). Note that, since (C(U;x)-1)
belongs to the class F(I’('O[r] ® 4> (C), one has that 0,C(U;x) is in 1"(}(,1 [r1® 4> (C).
Therefore, by the composition Propositions [I.2.2] and [[.2.3] Remark [1.2.5] and
using the discussion above we have that, there exist operators Ril), Rél) belonging
to ,%’?()1 [r] ® 4> (C) such that

(V) =iEPWV; +i0p?Y (CWU; 0 E(L + A2 (U; ) C 1 (U; 1) (1HH) Wy
+iEOp?W (A (U; %) (i) Vi + (2.2.27)
+E(RP W) Vil + B (0]

where
AV (U;x) := ECU; 0 E(1 + A2 (U; x))0xC ™ (U; %)

— 0O (U;0)E(l + A2 (U; x)C 1 (U; %) (2.2.28)
+EC(U; x) A (U; )C 1 (U; %),
with A;(U; x), A2(U; x) defined in (2.2.11). Our aim is to find a symbol z(U; x)

such that the matrix of symbols C(U;x)E(1 + A2(U; 0)C Y U; x) is diagonal. We
reason as follows. One can note that the eigenvalues of E(1 + A,(U; x)) are

A =2V (14 @ (U300 - b (U 0 2.
We define the symbols

Aél)(U;x) =17,

(2.2.29)
a’ (U; x) = A (U; x) — 1 € Freplr.

The symbol A} (U; x) is well defined and satisfies (Z.2.15) thanks to Hypothesis
[2.2.3] The matrix of the normalised eigenvectors associated to the eigenvalues of
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E(1 + Ay (U;x)) 1s

v (01U X)) s2(U;x)
SU:= (Sz(U;x) s1(U;x))’
1+ ap(U; x) + AV (U; %)
0= ’ (2.2.30)
\/2/121)(U;x)(1+a2(U;x)+7L;”(U;x)) s
$2(U; x) := —ba (U3 %) _

V2L W0 (1 + a2(U; ) + A (U5 )

Note that 1+ ax(U;x) + A (U;x) = ¢4 + /S5 > 0 by (2.2.4). Therefore one can
check that S(U; x) — 1 € Fko[r] ® 4> (C). Therefore the matrix S is invertible and
one has

1+a’ (U; %) 0

-1 . . . —
S(UJHEH+AﬂUJDBHLM—E( . L+ a® W)

(2.2.31)

We choose z(U; x) in such a way that C~1(U; x) := S(U; x). Therefore we have to
solve the following equations

z(U; x)

cosh(|z(U;x)|) = s1(U; x), 12U 0]

sinh(|z(U; x)|) = —s2(U; x). (2.2.32)

Concerning the first one we note that s; satisfies

2 e b2 (U; )|
(51(U;20)° = 1= — 5 =0,
21,7 (U;x)(A + ax(U; x) + A, (U; X))

indeed we remind that 1+ a,(U; x) + A;U (U;x) = c1 ++/C2 >0 by (2.2.4)), therefore
|z(U; x)| := arccosh(s; (U; x)) =In (sl(U; xX)+V(s1(U;x)2 - 1),
is well-defined. For the second equation one observes that the function

sinh(|z(U;x)|) 14 Z
1z(U; %) =0 2k+1)!

(z(U; x)2(U; x))*
>

—_ )

hence we set
|z(U; x)|

z(U;x) := Sz(U;x)m.

(2.2.33)
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We set
AV (U;x,8) := AP (U; 0 (6% + AP (U; %) 19,
M (7. 2.2.34
AV (U;x) := (a2 W ) X ( :
0 a, (U; x)

where agl)(U ; x) is defined in (2.2.29)) and Agl) (U; x) is defined in (2.2.28)). Equa-
tion (2.2.37)), together with (2.2.27) and (2.2.34) implies that (2.2.14) holds. By
construction one has that the matrix A% (Uj; x,¢) satisfies Constraint It re-
mains to show that AV (U; x, &) satisfies either Hyp. or Hyp

If A(U; x,¢) satisfies Hyp. then we have that aél)(U ;%) in (2.2.29) is real.
Moreover by construction S(U;x) in (2.2.30) is even in x, therefore by Remark
[1.3.5] we have that the map @, (U) in (2.2.21) is parity preserving according to
Deﬁnitionw This implies that the matrix AV(U; x, &) satisfies Hyp. Let
us consider the case when A(U; x,¢) satisfies Hyp. One can check, by an
explicit computation, that the map @, (U) in (2.2.21)), is such that

@} (U)(-iE)®1 (U) = (—iE) + R(U), (2.2.35)

for some smoothing operators R(U) belonging to %I}p o[r1®.4t>(C). In other words,
up to a p—smoothing operator, the map @, (U) satisfies conditions (1.3.35)). By fol-
lowing essentially word by word the proof of Lemmal[I.3.8Jone obtains that, up to a
smoothing operator in the class 22", [r]®.4,(C), the operator Op*" (A (U; x, §))
in (2.2.14) is self-adjoint. This implies that the matrix A (U;x,¢&) satisfies Hyp.
This concludes the proof. O

2.2.2 Diagonalization of the first order operator

In the previous Section we conjugated system (2.2.1)) to (2.2.14)), where the matrix
AV (U; x, &) has the form

AV(U; x,6) = AP (U; 0(6)? + AV (U; 0 (0), (2.2.36)

with AE.”(U ; X) belonging to g 1[r] ® 4> (C) and where Ag)(U ; X) 1s diagonal. In
this Section we show that, since the matrices AE.D (U; x) satisfy Hyp. (respec-

tively Hyp. , it is possible to diagonalize also the term Agl)(U ;x) through
a change of coordinates which is the identity plus a smoothing term. This is the
result of the following lemma.
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Lemma 2.2.3. If the matrix AY(U;x,¢) in R.2.14) satisfies Hypothesis
(resp. together with P satisfy Hyp. 2.2.2) then there exists sy > 0 (possibly larger
than the one in Lemma(2.2.2)) such that for any s = sy there exists an invertible map
(resp. an invertible and parity preserving map)

D, = Do (U) : CXTH (L HY) — XML ),
with
1 @2(UN Vilk-1,s < 1V Iik-1,s(1+ Cll Ul x5, (2.2.37)

where C > 0 depends only on s and |Ul||k,s, such that the following holds. There
exists a matrix A® (U; x,&) satisfying Constraint and Hyp. (resp. Hyp.

2.2.2) of the form
AP (U;x,8) = AP (U; 0)(i)* + AP (U; 1) i),
AP (U;x) := AP (U; x);
a§2) (U; x) 0
0 a® (U; x)

(2.2.38)

Agz)(U;x) = € Fr2lrl® 4, (0),

and operators Riz) ), Réz) (U) in P]Z?(Yz [r1®.4(>(C), such that by setting Vo, = ®,(U)V;

the system (2.2.14) reads
0,V = iE[Av2 +0p?W (AP (U; x, ) V2] + RP () [Va] + R (U) [U]]. (2.2.39)

Proof. We recall that by Lemma [2.2.2] we have that

AV (U; x,8) =

aVU;x,&)  bVWU;x,8)
bY(U;x,-&) aW(U;x,-&)]

Moreover by (2.2.13]) we can write

aV(U; x,8) = al’ (U; 0 (i) + alP (U; ) (i6),
b (U;x,8) = bV (U; %) (i0),

with ag) (U; x), agl) (U; x), bgl) (U; x) € Fk11r]. In the case that AV (U; x, &) satisfies
Hyp. [2.2.1} we can note that b, (U; x) = 0. Hence it is enough to choose @, (U) =1
to obtain the thesis. On the other hand, assume that AWV (U;x,¢) satisfies Hyp.

2.2.2l we reason as follows.
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Let us consider a symbol d(U; x,¢) in the class FI‘(yll [r] and define

0 dU;x,¢)

b x.¢):= (d(U;x,—f) 0

€T rl e/ (C). (2.2.40)

Let @7 (U)[] be the flow of the system

0, ®%(U) = 0p2"V (D(U; x, &) DL(U
{ (M) = 0p?Y (D(U; x, ) @5 (U) 2241

() = 1.

Reasoning as done for the system (2.2.17/) one has that there exists a unique family
of invertible bounded operators on H® satisfying with

I@UNE Viik-1s < I1VIIK-1,s0+ClUllk.s) (2.2.42)

for C > 0 depending on s and ||U||k,s, for T € [0, 1].
The operator W7 (U)[-] := @5 (U)[-] - (1 +TOp‘%W(D(U; x,¢))) solves the following
system:

{ 8, W' (U) = 0p?Y (D(U; x, ) W (U) + 10p?W (D(U; x,£)) 0 Op”?" (D(U; %, )

wow) =o.
(2.2.43)
Therefore, by Duhamel formula, one can check that W7 (U) is a smoothing opera-
tor in the class ‘%1},21 [r]® 4> (C) for any T € [0, 1]. We set ®2(U)[-] := D3 (U)[]|,_;,
by the discussion above we have that there exists Q(U) in ,%’I_(?l [r] ® > (C) such
that
D, ()] =1 +0p?Y (D(U; x,6)) + QU).

Since @, L(U) exists, by symbolic calculus, it is easy to check that there exists
QU) in Z% [r] ® 4>(C) such that

;1 ()1 =1-0p?Y (DWU; x,) + Q).
We set V, := @, (U)[ V], therefore the system (2.2.14)) in the new coordinates reads

(Va)¢ = Do (UNE(A + Op™" (A (U3 2,8) + R (W) ) (@2 () Vi) + 0241
+ @, (IERY () [U] +Op™?Y (8,D5(1)) (®(U)) ™ [Val. B

The summand q)g(U)iERél) (U)[] belongs to the class 9?3(1)(,1 [r]® ., (C) by compo-
sition Propositions. Since d,D(U; x, &) belongs to FI}}Z[r] ® > (C) and 0;Q is in
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ggl‘(?z[r] ® > (C) then the last summand in (2.2.44)) belongs to ,%?(,z[r] ® M>(C).

We now study the first summand. First we note that <D2(U)iER§D(U)<D2‘ L) is a
bounded remainder in .%(I)( 1[r1® 4t>(C). It remains to study the term

() [ B (03" W) 1Val))|

+i®, (U) [Op%W(E(]l + AP (U; %)) (i6)? + EAL (U; x) (icf))]cbgl (D)[Va),

where 3 is defined in (0.4.7). The first term is equal to iE(PBV>) up to a bounded
term in 92?( [r1e 4 (C) by Lemmam The second is equal to

i0p?" (E(1 + AL (U; ) (6% + EAY (U; 0)(6)) +
(2.2.45)

+ [Op'%W(D(U; % 6),iE0p?" (1 + AL (U; x))(if)z)]

modulo bounded terms in 2%, , [r]®.4(C). By using formula (T.T.56) one get that

the commutator above is equal to Op%"W (M(U; x, &)) with

M(U; x,8) = 0 m;x, ‘t)),

m(U; x,—¢&) 0
m(U;x, &) := -2d(U; x,6) (1 + al” (U; x)) (i6)?,

(2.2.46)

up to terms in %(}( 1 [r1®4L>(C). Therefore the system obtained after the change of
coordinates reads

(V) = iE[ AVz +0p®Y (AP (U; x, ) V2] + QUIN Ve + QDU (22.47)

where Q;(U) and Q»(U) are bounded terms in 91’(}(2 [r1® 4> (C) and the new matrix
A®(U; x,8) is

@D 0 e (WD) DU e 0048)
——| G i 3 x,6). (2.2,
0 a’ (U; x) b (U;x) alP(U;x)

Hence the elements on the diagonal are not affected by the change of coordinates,
now our aim is to choose d(U; x, ) in such a way that the symbol

b1 (U; ) (&) + m(U; x,€) = by (U; x) (i) - 2d(U; x,&) (1 + a3 (U; x)) ()2, (2.2.49)

belongs to T ?(yz[r]. We split the symbol in (2.2.49)) in low-high frequencies: let
¢(¢) a function in Cj°(IR; R) such that supp(¢) < [-1,1] and ¢ =1 on [-1/2,1/2].
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Trivially one has that ¢($) (b, (U; x) (&) + m(U; x,¢)) is a symbol in r(1)<,1 [r], so it is
enough to solve the equation

(1-0©) | B WU 06 —2dWU; .8 (1+ 6 W) (0%) | =0 2.2.50)

So we should choose the symbol d as

b\ (U; x)
2(1+a, (U;x))
iimm% (2.2.51)
y@={1

1
odd continuationofclassC™ if |¢| € [0, E).

Clearly the symbol d(U; x,¢) in (2.2.51)) belongs to r1_<,11 [r], hence the map @, (U)
in is well defined and estimate (2.2.37) holds. It is evident that, after the
choice of the symbol in (2.2.51)), the matrix AP (U; x,8) is

a;l)(U;x) 0 )(i.f)2+ (agl)((];x) 0

o | 2.2.52
0 a’(U; x) 0 QWmm.ﬁ ( )

The symbol d(U; x,¢) is equal to d(U;—x,—¢) because bﬁl)(U; x) 1s odd in x and
aél)(U ;X) is even in x, therefore, by Remark the map @, (U) is parity pre-
serving. ]

2.2.3 Reduction to constant coefficients 1: paracomposition

Consider the diagonal matrix of functions Aéz) (U; x) € Fg2lr] ® 4> (C) defined in
([2.2.38). In this section we shall reduce the operator Op” W(Agz)(U ;%)(i6)?) to a
constant coefficient one, up to bounded terms (see (2.2.57)).

We now study how the convolution operator P* changes under the flow Qg (1)
introduced in Lemma [ T.6

Lemma 2.24. Let P: T — R be a C! function, let us define P.[h) = P * h for
h € H®, where * denote the convolution between functions, and set ®(U)[-] :=
Q) (1)|,_,. There exists R belonging to 9?(;( w11 such that

DU)o P, o® HU)[] = P[]+ R (2.2.53)

Moreover if P(x) is even in x and ®(U) is parity preserving according to Definition
[1.3.3|then the remainder R(U) in (2.2.53)) is parity preserving.



88 CHAPTER 2. LOCAL WELL-POSEDNESS

Proof. Using equation (I.1.85)) and estimate (I.2.8)) one has that, for 0 < k < K —
K’, the following holds true

105 (@ () —1d) Al gerze < Y. CHUllkraky 01l s (2.2.54)
ki1+ko=k

where C > 0 depends only on [|U| k,s, and Id is the identity map on H®. Therefore
we can write

o) P+ [0~ W)h]| 2.2.55
:p*h+(((D(U)—Id)(P*h))+q)[P*((q)_l(U)_Id)h)]' (2.2.55)

Using estimate (2.2.54) and the fact that the function P is of class C!(T) we can
estimate the last two summands in the r.h.s. of (2.2.55) as follows

lofew-10@m]|

< Y. ClUlgskysIP*hllsei=< Y, ClUlkrvk,s 1Bl
k1+k2:k k1+k2=k

and
Ha’;(tb(U) [P+ (@ (U) -1d)h)] ) H .

< Y ClUlgr,s @ @) -1dA|,,

k1+k2=k
= Z C”U”K,+k1,80 ”h”kz,S)
ki+ko=k
for 0 < k < K— K’ and where C is a constant depending on [|P|lc: and [|Ullk,s,-
Hence they belong to the class %(I)( w[7r]. Finally if P(x) is even in x then the oper-

ator P, is parity preserving according to Definition[1.3.3] therefore if in addiction
®(U) is parity preserving so must be R(U) in (2.2.53). O

We are now in position to prove the following.

Lemma 2.2.5. If the matrix A® (U;x,&) in 2.2.39) satisfies Hyp. (resp.
together with P satisfy Hyp. [2.2.2) then there exists sy > 0 (possibly larger than
the one in Lemma [2.2.3)) such that for any s = s there exists an invertible map
(resp. an invertible and parity preserving map)

@3 = O3(U) : CX2(1L, HY (T, C%) — CXT2 (1, H (T, €?)),
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with
I @3(UN Vilk—2,s < I VIik—2,s(1+ Cll Ul x.5,) (2.2.56)

where C > 0 depends only on s and ||U || ks, such that the following holds. There

exists a matrix A® (U; x, &) satisfying Constraint and Hyp. (resp. Hyp.
2.2.2) of the form

A¥(U; x,6) := AQ ()19 + AP (U; ) (),

3 (3)(U) 0 3
Aé)(U): ( 0 (3)(U)) aé)EBJ’Kg[r], independentof x e T,
A®(U; x) = @y’ U _9 € Frslrl @ 4, (C)
1 - 0 (3)(U ) K,?) 2 )

(2.2.57)
and operators Ry (U), Ry (U) in Y, ,[r1®.4(C), such that by setting Vs = D3(U) V,
the system (2.2.39)) reads

0,Vs = iE[AVg +0p?" (AP (U; x, ) (V3] + RP (D) (V3] + RS (U) (U] ] (2.2.58)

Proof. Let B(U;x) be a real symbol in Fk »[r] to be chosen later such that con-
dition (1.2.25) holds. Set moreover y(U;x) the symbol such that (1.2.27) holds.
Consider accordingly to the hypotheses of Lemma the system

W=iEMW, W@©)=1, M:=0p?W B(T;)x’f) B(T?C g)) (2.2.59)

where B is defined in (1.1.84). Note that B(r,x,—¢) = —B(7,x,¢). By Lemma
the flow exists and is bounded on H*(T,C?) and moreover holds.
We want to conjugate the system (2.2.39) through the map ®3(U)[-] = W(1)[-]. Set
V3 = ®3(U) V,. The system in the new coordinates reads

d
Vs =03 (U)[iECB (05 (W) Vy)]
+ (0,303 (V) [V3]
+®3(U) [iEOp%W((]l + AP (U; 1)) (15)2)] ;1 (U)[Va] (2.2.60)
+®3(U) [iEOp?" (AP (U5 ) () | @3 W) V)

+03(U) [IERP ()] 03" () V3] + @3 (WERP (W)U,
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where ‘P is defined in (0.4.7). We now discuss each term in (2.2.60). The first
one, by Lemma [2.2.4] is equal to iE(J3V3) up to a bounded remainder in the class
%?(’2[1’] ® 4> (C). The last two terms also belongs to the latter class because the

map @3 is a bounded operator on H®. For the term (9,3 (U))®3 L) [ V5] we apply
Lemma and we obtain that

e(U; x)(i¢) 0

(0, @3(U) @3 (U) (V3] = Op@w( 0 U 0i0)

)[V3] +R(U)[ V3],

(2.2.61)
where R belongs to e%’[_(yls [r]1 ® 4> (C) and e(U; x) is a symbol in Fk 3[r] ® 4> (C)
such that Re(e(U; x)) = 0. It remains to study the conjugate of the paradifferential
terms in (2.2.60). We note that

3 () [iEOP™ (1 + AP (U; %)) (16)%) | @3 (U) V3]
+ 03 (U) [iEOP™" (AP (U; 1) i) |03 (W) V4]
(T ©
B (0 T)
where T is the operator
T= QB(U)(I)Op%W((l +ay? (U; x))(i6)? + a¥® (U; x) (ié))Qg}m 1. (22.62)
The Theorem [[.2.3] guarantees that
T =0p?" (@ (U; x,8) + a® (U; x) () [ (2.2.63)

up to a bounded term in 22} ,[r] and where

2 e 2
i)-,
ly=x+p (2.2.64)

|y:x+,6[x) :

&’ U;x,) = (1+ a” WU ) (147,01, y))
aPU;x) = a?WU; ) (1+7,0,p)

Here y(1,x) =y(7,x),,_, = y(U;7,x)),_, with
y=x+1BU;x) ©x=y+v(,y), T€[0,1],

where x + 7 5(U; x) is the path of diffeomorphism given by Remark
By Lemma |1.2.4| one has that the new symbols &;3)(U i X, 6), ags)(U ; x) defined in
(2.2.64)) belong to the class F%w [r] and Fg 3(r] respectively. At this point we want
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to choose the symbol f(x) in such a way that dé‘g’)(U; x,¢) does not depend on x.
One can proceed as follows. Let aés)(U) a x-independent function to be chosen
later, one would like to solve the equation

2
|y:x+ﬂ(x)

(1+a” (U ) (1 +7,0, ) (i) = (1 +a® (U) ()2, (2.2.65)

The solution of this equation is given by

U;1,y) =0, L+ay ©) 1 2.2.66
Y(,:J’)—y %—. (2.2.66)

In principle this solution is just formal because the operator (3)‘,1 is defined only for

function with zero mean, therefore we have to choose aég) (U) in such a way that

1+al (U)
/ 2 _1|dx=0, (2.2.67)
T 1+a; (U;y)

which means

112

1
(U):=|2n / dy
T\/1+a?(U;y)

Note that everything is well defined thanks to the positivity of 1+ aéz). Indeed

aéz) = ag) by (2.2.3§)), and aél) satisfies (2.2.15). Indeed every denominator in
(2.2.66), (2.2.67) and in (2.2.68)) stays far away from 0. Note that y(U; y) belongs

to Fx 2[r] and so does B(U; x) by Lemma By using (1.2.27) one can deduce
that

(3)
2

l+a (2.2.68)

1
1 Ux)=——7—— 2.2.6
+ B (U; x) T+7,UiLy) (2.2.69)

where

-1
1

1
dy )
V1+a? U;y) 1+a? (U;y)

1+vyy(U;l,y)=2m /1T (2.2.70)
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thanks to (2.2.66) and (2.2.68). Since the matrix Aéz) satisfies Hypothesis m

one has that there exists a universal constant ¢ > 0 such that 1+ aéz)(U ;YY) = c.
Therefore one has

1

1 1
—z\/E—/ dy
1 +Yy(U,1»J’) 2n T /1 + a;2)(U,y)

Ve

=0>0,

1+ Bx(U;x) =

=

1
2n 1+ CllUllo,s,

for some C depending only on [[U| k,s,, Where we used the fact that aéz)(U ;Y)
belongs to the class Fk2[r] (see Def. . This implies that (U; x) satisfies
condition (I.2.25). We have written system (2.2.39)) in the form (2.2.58)) with
matrices defined in (2.2.57).

It remains to show that the new matrix A® (U;x,¢) satisfies either Hyp. Im
or m If A®(U;x,&) is selfadjoint, i.e. satisfies Hypothesis M then one
has that the matrix A® (U;x, &) is selfadjoint as well thanks to the fact that the
map W(1) satisfies the hypotheses (condition (1.3.35)) of of Lemma [1.3.8] by
using Lemma In the case that A® (U; x,¢) is parity preserving, i.e. satisfies
Hypothesis[2.2.2} then A® (U;¢) has the same properties for the following reasons.
The symbols f(U; x) and y(U; x) are odd in x if the function U is even in x. Hence
the flow map W (1) defined by equation (2.2.59) is parity preserving. Moreover the
matrix A®) (U; x,¢) satisfies Hypothesis[2.2.2| by explicit computation. O

2.2.4 Reduction to constant coefficients 2: first order terms

Lemmata[2.2.2] 2.2.3| [2.2.5]| guarantee that one can conjugate the system (2.2.1) to
the system (2.2.58)) in which the matrix A® (U; x,¢) (see (2.2.57)) has the form

AP (U;x, &) = AP () (16)* + AP (U; ) (i6), (2.2.71)

where the matrices Ag’) ), Ag‘g’) (U; x) are diagonal and belong to Fk 3[r]® .4 (C),
for i =1,2. Moreover Af) (U) does not depend on x € T. In this Section we show

how to eliminate the x dependence of the symbol A(13) (U;x) in (2.2.57). We prove
the following.

Lemma 2.2.6. If the matrix A® (U;x,¢) in 2.2.58)) satisfies Hyp. (resp.
together with P satisfy Hyp. [2.2.2) then there exists sy > 0 (possibly larger than
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the one in Lemma [2.2.5)) such that for any s = sy there exists an invertible map
(resp. an invertible and parity preserving map)

@, = Dy(U) : CA3 (1L, HY (T, C%) — CX33 (L, HY (T, €%),
with
I @4(UN Viik—3s < I VIix—3,5s1+ClUlx.s) (2.2.72)

where C > 0 depends only on s and ||U| ks, such that the following holds. Then
there exists a matrix A® (U; &) independent of x € T of the form

a;'(U) _0 )(i€)2+(“§4)(U)

ADU;¢) = —a
(U;6) ( 0 W)

0
— | 5), 2.2.73
0 ag@(U)) (i€) ( )

where ag’)(U) is defined in and a§4)(U) is a symbol in Fx 41r], indepen-
dent of x, which is purely imaginary in the case of Hyp. 2.2.1) (resp. is equal to
0). There are operators Ri4)(U),R§4)(U) in t%?() Jr1® A5 (C), such that by setting
Vi = ®4(U) V3 the system (2.2.58)) reads

0;Vy = iE[AV4 +0p?" (AP (U; ) Vel + RP () (V4] + RSP (D) [U] ] . (2.2.74)
Proof. Consider a symbol s(U; x) in the class ZF 3[r] and define

S(U: x) = (S(U; 0 _0 )

0 s(U; x)

Let @} (U)[] be the flow of the system

3, ®L(U)[] = Op?™W (S(U; x) DL (U)[-
{ 1O =0p”" (S(U; x) @ ()] 2275)

DY) =1.

Again one can reason as done for the system (2.2.17) to check that there exists a
unique family of invertible bounded operators on H? satisfying

I@F (U * Vilk-3,s < I VlIk-3,s(1+ CllUllk,s,) (2.2.76)
for C > 0 depending on s and ||U | k,s, for T € [0,1]. We set

O4(U)[] = DLW, = expiOp”®" (S(U; 1))} (2.2.77)
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By Corollary [I.2.2] we get that there exists Q(U) in the class of smoothing remain-
der @I}’; [r] ® 4> (C) for any p > 0 such that

@4 (U)[] := Op2W (exp{S(U; )N [-] + QU []. (2.2.78)

Since CDZI(U) exists, by symbolic calculus, it is easy to check that there exists
Q) in #,5,[r] ® >(C) such that

o' (1] = 0p”" (exp{=SU; N[+ QL.
We set G(U; x) = exp{S(U; x)} and V4 = ®4(U) V5. Then the system (2.2.58) be-

comes

(Vi): = [+ Op™ AV Wi, ) + RP @) @) V-
+ @4 (IERY () [U] +0p?™ (8, G(U; x,6) (@4 (1) " V4. B

Recalling that A = + dd—; (see (0.4.8)) we note that by Lemma [2.2.1| the term

id,(U) [E‘B(GDZI(U) [V4]] is equal to iESB V4 up to a remainder in Ry 4110 41(C).
Secondly we note that the operator

AW := 04 (ERP (@ (U)[]

< ! ! 4 (2.2.80)

+ @4 (IERY (W) (U] +0p?Y (9,G(U; x)) 0 @3 (L) [1]

belongs to the class of operators ,%"?(AH] ® > (C). This follows by applying
Propositions [1.2.2] [.2.3] Remark [[.2.5] and the fact that 0,G(U;x) is a matrix
in Fg alr] ® 4, (C). It remains to study the term

CI>4(U)iE(Op'%W((]1 + AP () (16)?) + 0p?" (AP (U; %) (i.f))) (@4(U)7L. (2.2.81)

By using formula (I.I.56) and Remark [I.2.5] one gets that, up to remainder in
%%’4[1’] ® M (C), the term in (2.2.81]) is equal to

r(U; x)(iS) 0

iEOp”™ (L + Ay () (i§)?) +iEOp”™ ( 0 FU0NGE)

) (2.2.82)

where
r(U;x) := a® (U;x) + 21+ a5 (1)) 0s(U; x). (2.2.83)
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We look for a symbol s(U; x) such that, the term of order one has constant coeffi-
cient in x. This requires to solve the equation

aP(U;x) +2(1+ al (U))0,s(U; x) = a (U), (2.2.84)

for some symbol a(4) (U) constant in x to be chosen. Equation (2.2.84)) is equivalent

to
-a® (U; ) +a’ ()
0,s(U; x) = = . (2.2.85)
2(1+al (UY)

We choose the constant ai‘“ (0) as
1
a?(U):= / aP(U;x)dx, (2.2.86)
2w Jy

so that the r.h.s. of (2.2.85) has zero average, hence the solution of (2.2.89) is
given by

sU;x):=0,

(3) U; (4) U
1( Win+a )). (2.2.87)

2(1+al(U))

It is easy to check that s(U;x) belongs to Fk 4[r]. Using equation (2.2.83) we get

2:2.74) with AW (U;¢) as in €:2:73).

It remains to prove that the constant a* (U) in (2.2.86)) is purely imaginary. On one

hand, if A®(U;x,¢) satisfies Hyp. . we note the following. The coefficient
(3) (U; x) must be purely imaginary hence the constant a(4) (U) in (2.2.86) is purely

1mag1nary

On the other hand, if A® (U;x,¢) satisfies Hyp. n we note that the function
a®(U;x) is odd in x. This means that the constants a\” (U) in ([2:2.86) is zero.

Moreover the symbol s(U;x) in is even in x, hence the map ®4(U) in

(2.2.73)) is parity preserving according to Def. thanks to Remark [I.3.5] This

concludes the proof. O

Proof of Theorem 2.2.1l It is enough to choose ®(U) := ®4(U) o---o®1(U). The

estimates (2.2.5)) follow by collecting the bounds (2.2.12), (2.2.37), (2.2.56) and
(2.2.72)). We define the matrix of symbols L(U;¢) as

m(U,¢) 0

— ,3 (4) .
0 n(U,-8)’ n(U,¢) := a, (U)(lé-) +a, (U)Eg)  (2.2.88)

L(U;¢) :=

where the coefficients a(3)(U) a(4)(U) are x-independent (see (2.2.73)). One con-
cludes the proof by setting R; (U) : RYD(U) and R, (U) := R§4)(U) . [
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An important consequence of Theorem[2.2.1]is that system (2.2.1)) admits a regular
and unique solution. More precisely we have the following.

Proposition 2.2.1. Let sy given by Theorem with K = 4. For any s = sy + 2
let U = U(t,x) be a function in Bf([O, 1),0) for some T >0, r >0, 0 =r with
U(O,-)|lgs < r and consider the system

(2.2.89)

9,V = iE[AV+0p33W(A(U;x,5))[V] + RO v+ RO W)U,
V(0,x) = U(0,x) € HY,

where the matrix A(U; x,¢), the operators Rio) (U) and Réo) (U) satisfy the hypothe-
ses of Theorem Then the following holds true.

(i) There exists a unique solution wy(H)U(0,x) of the system (2.2.89) defined
for any t€ [0, T) such that
lvuoUo0],, <

(2.2.90)
CIU, 0)llggs (1 + tCIIU 4 ) eV s 4 1C | U4 5 C1Vas 1 ¢,

where C is constant depending on s,1, sup (o 1) |Ulla,s—2 and || P| c1.

(ii) In the case that U is even in x, the matrix A(U;x,¢) and the operator A
satisfy Hyp. the operator RiO) (U)[] is parity preserving according to
Def. and Réo)(U)[U] is even in x, then the solution Y (£)U(0, x) is
evenin x€T.

Proof. We apply to system (2.2.89) Theorem [2.2.1] defining W = ®(U)V. The
system in the new coordinates reads

{ atw_iE[AW+Op‘%W(L(U;5))W+RI(U)W"'RZ(U)[U]] =0 (2.2.91)

W(0,x) = (U0, x)U(0,x) := WP (x),

where L(U;¢) is a diagonal, self-adjoint and constant coefficient in x matrix in
I3 411 ® A5(C), Ry (U), Ro(U) are in %3 ,[r] ® 4>(C). Therefore the solution of
the linear problem

. BW X =
{atWIE[AWWP LU =0 (22.92)

wW(,x)=w9x),
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is well defined as long as U is well defined, moreover it is an isometry of H®. We
denote by v} the flow at time ¢ of such equation. Then one can define the operator

Tyo W)(t,x) =yL (WO (x)

; ¢ S (2.2.93)
+1//L/ (wy) 1E(R1(U(s,x))W(s,x)+R2(U(s,x))U(s,x))ds.
0

Thanks to (2.2.5)) and by the hypothesis on U(0, x) one has that || wo || s =1+
cr)r for some constant ¢ > 0 depending only on r. In order to construct a fixed
point for the operator Ty, (W) in (2.2.93) we consider the sequence of approxi-
mations defined as follows:

Wo(t,x) =wiwO(x),
Wn(tyx) = TW(O)(Wn—l)(ty X), n= lr

for t € [0, T). For the rest of the proof we will denote by C any constant depending

on r, s, suppo ) IU(L,)llas—2 and | Pllc:. Using estimates (1.2.7) one gets for
nx=1

t
II(Wn+1—Wn)(l‘,')IIHsSCIIU(I,')IIHs/ [(Wn = Wp-1)(@,)lgsdr.
0

Arguing by induction over n, one deduces

Clu,)lus)"t"

[ (Whi1 = Wi) (8, ) s < o

(W1 = Wo) (£, ) llms, (2.2.94)

which implies that W (z,x) = Y57, (Wy,41 — W) (2, x) + Wy(2, x) is a fixed point of
the operator in (2:2:93)) belonging to the space C% ([0, T); H¥(T; C*)). Therefore by
Duhamel principle the function W is the unique solution of the problem (2.2.91).
Moreover, by using (1.2.7), we have that the following inequality holds true

HS + ” l]”Hs_2 ” U”HS ))

from which, together with estimates (2.2.94)), one deduces that

1WA (2,) = Wo(t, ) lgs < (C(1U s [ WO

(o,0)
IW () s < Y 1 (W = W) (&) s + | WO s

n=0
ClU )"

(tCllUllgs)"
n n!

o0
)+ U Y

n=0

o0
< [ WOy (1+ €C1U s Y

n=0
= [ WO ye (1+ £C I U lggs €"1VI0) 4 £C | U s €1V e
<C || U(O) | - (1 +1C|| U”HS etC||U||Hs) +1C| U”Hs etC||U||HS
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Applying the inverse transformation V = ®~}(U)W and using (2.2.3) we find a
solution V of the problem (2.2.89) such that

IV is < CIlU® g (14 cCNU s NV 4 2C U | pgs €1V e

We now prove a similar estimate for 8, V. More precisely one has

10, Vllgs-2 < IAV + 0p?Y (A(U; x, ) Vllggs-2 + IR (U) Vllggs—2 + IR (D) Ullgs-2
<ClIVlgs +ClIVgs—2 +C
<CIU©,x)lgs (1 + tCIUllg,5) eIV s 4 1cl|U]l4 5 e™MVas 4,
(2.2.95)

where we used estimates (1.2.9) and (I.2.7). By differentiating equation (2.2.89)
and arguing as done in (2.2.95) one can bound the terms ”a];V”Hs—Zk, for2 < k<4,

and hence obtain the (2.2.90).

In the case that U is even in x, A, A(U;x,¢) satisfy Hyp. Ry (U)['] 1s par-
ity preserving according to Def. and RéO)(U)[U] is even in x we have, by
Theorem [2.2.1] that the map ®(U) is parity- preserving. Hence the flow of the
system (2.2.91) preserves the subspace of even functions. This follows by Lemma
[1.3.9] Hence the solution of defined as V = ®~1(U)W is even in x. This
concludes the proof. L

Remark 2.2.2. In the notation of Prop. the following holds true.

o If Réo) =0in (2.2.89)), then the estimate (2.2.90) may be improved as follows:
lyuUW©,x)|, < CIUO,x)lks 1+ CIUlls eV (2.2.96)

This follows straightforward from the proof of Prop. 2.2.1]

o IfRYY = R\ = 0 then the flow wy (t) of @-2:89) is invertible and (w ()" U (0, x)
satisfies an estimate similar to (2.2.96). To see this one proceed as follows.
Let ®(U)[] the map given by Theorem 2.2.1] and set T(t) := @)y y(1).
Thanks to Theorem[2.2.1] T (2) is the flow of the linear para-differential equa-
tion

0,I'(£) =iEOp™" (L(U;E)T (1) + RAUIT (1),
ro)=1d,

where R(U) is a remainder in ‘%(I)(, Jrland Op?W (L(U;¢)) is diagonal, self-
adjoint and constant coefficients in x. Then, if wi(t) is the flow generated
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by iOp?YW (L(U;&)) (which exists and is an isometry of H), we have that
I'(t) =y (t) o F(1), where F(t) solves the Banach space ODE

3.F(0) = (L)) ' RAUNWL(D)F(D),
F(0) =1d.

To see this one has to use the fact that the operators iOp‘% W(L(U; &) and
W (t) commutes. Standard theory of Banach spaces ODE implies that F(t)
exists and is invertible, therefore y (1) is invertible as well and (wy (1))~} =
(F)) Lo@r(t) L o®W). To deduce the estimate satisfied by (wy (1))~}
one has to use to control the contribution coming from R(U), the fact
that v (¢) is an isometry and ([2.2.5).

2.3 Proofs of the local existence theorems

In this Section we prove Theorem [0.2.1] By previous discussions we know that
(0.2.1)) is equivalent to the system (2.1.15)) (see Proposition [2.1.1). Our method
relies on an iterative scheme. Namely we introduce the following sequence of
linear problems. Let U© e H? such that |UQ ||gs < r for some r > 0. For n =0 we
set

0,Uy—iEAU, =0,
0::{ o 0 2.3.1)

Uo(0) = U,

The solution of this problem exists and is unique, defined for any ¢ € R by standard
linear theory, it is a group of isometries of H® (its k-th derivative is a group of
isometries of H*~2) and hence satisfies || Up || 45 <71 forany reR.

For n =1, assuming Uy,_ € B (1,r) n CX,(1, HS (T, €C?) for some s, K > 0 and
s = sp, we define the Cauchy problem

e { U =1E[ AU, + O™ (AW 135, DU+ RU-0 Wl

U,0)=U9,

where the matrix of symbols A(U; x,¢) and the operator R(U) are defined in Propo-
sition[2.1.1] (see (2.1.13))).

One has to show that each problem «f,, admits a unique solution U, defined for
t € I. We use Proposition [2.2.1]in order to prove the following lemma.
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Lemma 2.3.1. Let f be a C*® function from C3 in C satisfying Hyp. (resp.
Hyp. . Let r > 0 and consider UY in the ball of radius r of H' (resp. of HS)
centered at the origin. Consider the operators A\, R(U) and the matrix of symbols
A(U; x,¢) given by Proposition2.1.1\with K = 4, p = 0. If f satisfies Hyp. or
r is sufficiently small, then there exists sy > 0 such that for all s = sy the following
holds. There exists a time T and a constant 8, both of them depending on r and s,
such that for any n =0 one has:

(S1),, for 0 < m < n there exists a function Uy, in
Unm € B(10,7),6), (2.3.3)

which is the unique solution of the problem <f,,; in the case of parity pre-
serving Hypothesis|0.2.2| the functions Uy, for 0< m < n are even in x € T;

(82), for 0 < m < n one has
I1Un—Unm-1llsg <271, so<s' <s-2, (2.3.4)
where U_1 :=0.

Proof. We argue by induction. The (S1)g and (S2)( are true thanks to the dis-
cussion following the equation (2.3.1)). Suppose that (S1),-1,(52),-; hold with a
constant 8 = 0(s, 1, [|Pllc1) > 1 and atime T = T(s,1, || Pllc1,0) < 1. We show that
(S1),,(582), hold with the same constant 6 and T.

The Hypothesis together with Lemma[2.1.2] (resp. Hyp. together with
Lemma implies that the matrix A(U;x,¢) satisfies Hyp. (resp. Hyp.

[2.2.2) and Constraint[2.2.4] The Hypothesis[0.2.3] together with Lemma[2.1.4] (or
r small enough) implies that A(U; x, &) satisfies also the Hypothesis [2.2.3] There-

fore the hypotheses of Theorem [2.2.1] are fulfilled. In particular, in the case of
Hyp. [0.2.2] Lemma [2.1.3] guarantees also that the matrix of operators R(U)[] is
parity preserving according to Def.

Moreover by (2.3.3), we have that |U;-1ll4,s < 0, hence the hypotheses of Propo-
sition are fulfilled by system (2.3.2) with Rio) =0, R;O) =R, U~ U,_; and
V ~» Uy in (2.2.89). We note that, by (S2),-1, one has that the constant C in
(2.2.90) does not depend on 6, but it depend only on r > 0. Indeed (2.3.4) implies

n—-1 n—1

1
1Un-1llgs—2=< Y 1Umn—Upn-illgsa=<r ZOZ_’” <2r, Vtel0,T]. (23.5)
m=

m=0
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Proposition [2.2.1] provides a solution Uy () defined for ¢ € [0, T]. By (2.2.90) one
has that
1UR(O)lg,s <

(2.3.6)
C ” y© ”Hs (1+ 1C|1Up—y ||4ys)etC||Un71||4,s +1C| Uy ”4,5 etCII Un-1lla,s 4 C,

where C is a constant depending on |U,,—1ll4,5-2, 7, s and || P| -1, hence, thanks to
(2.3.5)), it depends only on r, s, || Pllc1. We deduce that, if

TCO « 1, 0>Cr2e+e+C, 2.3.7)

then |Uyllas < 0. If A(Un-1;x,¢) and A satisfy Hyp. 2.2.2] R(U,,—1) is parity pre-
serving then the solution U, is even in x € T. Indeed by the inductive hypothesis
U,-1 1s even, hence item (ii) of Proposition [2.2.1|applies. This proves (S1),.

Let us check (S2),,. Setting V,, = U,, — U,,—1 we have that

=0,

{atvn_iE[AVn"‘Op%W(A(Un1;x,’f))Vn+fn (2.3.8)

Vn(0) =0,
where

fi= Op?" [AWU-1;%,0) = AWUp-2:%,0) | Un-1 + RWUn-1)Up-1 = RUp-2)Up-2.

(2.3.9)
Note that, by (2.1.28)), (2.1.29)), we have
I fals,e = |OP®™ (AWn-15%,8) = AW 25,0 Una |,
+ ”R(Un—l) Un—l - R(Un—z) Un—2 ”4,3’
(2.3.10)

< C| Va1l g 101l g2+ WUt g+ 1Un-lla ) 1 Va1l |
< C(1Un-1 a2+ 1Un-alla oo | Vit g

where C > 0 depends only on s, [|Up-1ll4,5), |1Un-2lls,s,- Recalling the estimate
(2.3.5)) we can conclude that the constant C in (2.3.10) depends only on s, r.

The system (2.3.8) with f,, = 0 has the form (2.2.89) with R =0 and R\” = 0. Let
Yy, (1) be the flow of system (2.3.8)) with f,, = 0, which is given by Proposition
The Duhamel formulation of (2.3.§) is

t
Valt) =y, (D / (o, () HEf(Ddr. (23.11)
0
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Then using the inductive hypothesis (2.3.3), inequality (2.2.96) and the second
item of Remark [2.2.2] we get

I Vn||4,s’ <OK T||Vy-—1 ”4,3” Vitel0,T], (2.3.12)

where K; > 0 is a constant depending r, s and ||P|c1. If K10T < 1/2 then we have
[ Vallg,¢ <27 "r for any ¢ € [0, T) which is the (52),. ]

We are now in position to prove Theorem[0.2.1]

Proof of Theorem Consider the equation (0.2.1). By Lemma we know

that (0.2.1) is equivalent to the system (2.1.15)). Since f satisfies Hyp. (resp.

Hyp[0.2.2)) and Hyp. [0.2.3] then Lemmata 2.1.2] (resp [2.1.3) and 2.1.4]imply that
the matrix A(U; x,¢) satisfies Constraint[2.2.4and Hypothesis[2.2.1] (resp. Hypoth-

esis and R(U) is parity preserving according to Definition[1.3.3). According
to this setting consider the problem <7, in (2.3.2).

By Lemma [2.3.1| we know that the sequence U, defined by (2.3.2) converges
strongly to a function U in C2([0, T),H*) for any s’ < s—2 and, up to subse-
quences,

R(

0,U,(t) —0,U(r), in H 2 o

for any ¢ € [0, T), moreover the function U is in L*([0, T), H®) n Lip([0, T), H*~2).
In order to prove that U solves (2.1.13)) it is enough to show that

[P (AW -5, 91U, + RU-)U-11 - 0™ W (AWs 5, 0U - ROV

2

goes to 0 as n goes to co. Using (2.1.28) and (1.2.9) we obtain
10p”Y (A1 %,6) U, = Op” ™ (A(U; x,E) V) 52 <
10p” " (AUp-1;%,8) = AWU; %, ) Upllgs2 + 10 (AU; %, ) (U = Up)Igs-2 <
C( IU = Unllgs-2 1Ullgso + 1U = Up-1llgso ||Un||Hs),

which tends to 0 since s—2 = s’. In order to show that R(U,-1)[U,,—1] tends to

R(UH[U] in H*2 it is enough to use (2.1.29). Using the equation (2.1.13) and the
discussion above the solution U has the following regularity:

U e B%([0, T);0) n L=([0, T),H*) NLip([0, T),H %), Vsp<s <s-2,
+(10,7);0) ([0, T),H”) nLip([0, T) ) SH=S=s (2.3.14)

IU Nl oo, 1),15) < 6,
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where 6 and sy are given by Lemma We show that U actually belongs to
CSR([O, T),H?). Let us consider the problem

(2.3.15)

dtV—iE[AV+Op%W(A(U;x,E))V+R(U)[U]] =0,
vo)y=U?, u®en’,

where the matrices A and R are defined in Proposition 2.1.1] (see (2.1.13))) and U
is defined in (2.3.13) (hence satisfies (2.3.14)). Theorem applies to system
(2.3.15) and provides a map

(U] : CO% (10, T), H® (T, C?)) — Co%([0, T),H® (T, C%), (2.3.16)

which satisfies (2.2.5]) with K =4 and s’ as in (2.3.14). One has that the function
W := ®(U)[U] solves, the problem

(2.3.17)

atW—iE[A + Op%W(L(U;f))] W + Ry (D) [U] + Ry (U)W =0
w©) =oWwu?:=w?,

where L(U) is a diagonal, self-adjoint and constant coefficient in x matrix of
symbols in Fi, 4101, and R, (U), Ry (U) are matrices of bounded operators (see eq.
(2.2.6)). We prove that W is weakly-continuous in time with values in H®. First
of all note that U € C°([0, T); H*) with s’ given in (2.3.14), therefore W belongs
to the same space thanks to (2.3.16). Moreover W is in L*°([0, T),H®) (again by
(2.3.14) and (2.3.16)). Consider a sequence 7, converging to T as n — oco. Let
¢eH® and ¢, € C°(T; C?) such that lp — dellg-s < €. Then we have

/(W(Tn) - W(@)pdx
.

< +

/ (W) - WD) pedx / (W(T,) ~ WD) (- pe)dx (2.3.18)
T T

< |W(Tp) - W@)lgs ldellg-s + 1W(T5) = WD) llaslldp — dellm-s
<Ce+2||W| fopse

for n sufficiently large and where s’ < s —2 as above.

Therefore W is weakly continuous in time with values in H®. In order to prove
that W is in CSR([O, T),H?®), we show that the map ¢ — || W(t)|lgs is continuous on
[0, T). We introduce, for 0 < € < 1, the Friedrichs mollifier J, := (1 —€0,,) ' and
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the Fourier multiplier A®:= (1 —0,,)*'?. Using the equation (2.3.17)) and estimates
(1.2.7) one gets

d
EMASJEW(t)Mf{Osc[||U(t)||§,s||W(r)||Hs+||W(t)||%{s||U(r)||Hs], (2.3.19)

where the right hand side is independent of € and the constant C depends on s
and ||U|lgs . Moreover, since U, W belong to L*°([0, T'), H®), the right hand side of
inequality (2.3.19) is bounded from above by a constant independent of ¢. There-
fore the function ¢ — || Jc W (#)|lgo is Lipschitz continuous in ¢, uniformly in €. As
JeW (t) converges to W(t) in the H*-norm, the function ¢ — || W ()|lyo is Lipschitz
continuous as well. Therefore W belongs to CSR([O, T),H®) and so does U. To
recover the regularity of % U one may use equation (2.1.15).

Let us show the uniqueness. Suppose that there are two solution U and V in
CSR([O, T),H?) of the problem . Set H:= U-V, then H solves the problem

atH—iE[AH+ Op?W (A(U; x, ) [H] + R(U)[H]] +iEF =0
H(0) =0,

where
F:.= Op%W(A(U; x,&) — A(V; x,f))V+ (R(U) - R(V))[V].

Thanks to estimates (2.1.28)) and (2.1.29)) we have the bound

| Fllgs-z < Cl Hlggees (1 UThs + 1V s ). (23.20)

By Proposition [2.2.1] using Duhamel principle and (2.3.20)), it is easy to show the
following:

t
| H(8) g2 < C(r) / | H(0) s do.
0

Thus by Gronwall Lemma the solution is equal to zero for almost everywhere time
tin [0, T) . By continuity one gets the unicity. O]

Proof of Theorem[0.2.2l The proof is the same of the one of Theorem [0.2.1] one
only has to note that the matrix A(U; x,¢) satisfies Hypothesis [2.2.3] thanks to the
smallness of the initial datum instead of Hyp. O



Chapter 3

Long time existence

In this chapter we give the proof of Theorem|[0.3.1] This is the content of the paper
[47]]. We shall use classes of symbols and operators introduced in Section[I.1}

3.1 Paralinearization of NLS
The main result of this section is the following.

Theorem 3.1.1 (Para-linearization of NLS). Consider the system (0.4.9) under
the Hypothesis [0.3.1] For any N € N, K€ N, r > 0 and any p > 0 there exists
a (R,R,P)-matrix of symbols (see Def. [I.3.1) A(U;t,x,¢) belonging to the class
ZF%’Oyl[r,N,aut] ® 4> (C) and a (R,R,P)-operator (see Def. R(UO)[] be-
longing to Z%I_(f) o1l N, aut] ®.46,(C) such that the system (0.4.9) can be written
as

0,U = iE[AU+ op2Y (A(U; 1, x,8)) (U] + R(U)[U]], (3.1.1)

where E and A are defined respectively in (0.4.3)) and (0.4.6). Moreover A(U; t, x, )
has the form

A(U; t, x,8) := Ax(U; £, x) (id)* + AL (U; £, x) (i) + Ag(U; 1, x),
ai(U;t,x) b;(U;t,x) (3.1.2)
b;(U;t,x) a;(U;t,x))’

Ai(U;t,x)::(

where aj(U;t,x),b;j(U;t,x) € ZFkp,1lr,N,aut] for j =0,1,2; ax(U;t,x) is real
forany xeT.

105
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Theorem [3.1.1] is a consequence of the para-product formula of Bony which we
prove below in our multilinear setting.
For fixed pe€ N, p =2 for any u;,..., u, in C*°(T;C), define the map M as

p

p
M : (ulr---)up)'_)M(ul)---rup)::Hui: Z Hnniui- (313)
i=1

Notice that we can also write

M(uy,...,up)= Y, Y HpyMUIyu,..., Ty, up). (3.1.4)

noeN ny,...,npelN

We remark that the term IT,, M(I1,, ur,..., Iy, up) is different from zero only if
there exists a choice of signs o € {+1} such that

14
ZO’jﬂjZO, (3.1.5)
i=0

since the map M is just a product of functions.

Fix 0 <6 <1 and consider an admissible cut-off function y,; : R 1xR - R
(see Def. [1.1.14). We define a new cut-off function ® : N” — [0, 1] in the following
way: given any 7i:= (ny,...,np) € IN?P we set

p .
Ony,...,np):=1-Y ¥ (),
g l:zl Pl (3.1.6)
X;gl)—l(ﬁ) = Xp—l(f/! ni)) é‘, = (nl)---)ni—l! ni+1’---)np)-
We use the following notation: for any uy, ..., u, € C*(T; C) we shall write

(U1yeens Uiyoooy Up) = (U1, .0y Ujm1, Ujr1, .. Up), E=1,...,p, (3.1.7)

similarly for any Uy, ..., U, € C*(T; (?) we shall write

A

Uy,...,Us,.... Up) = Uy, Ui—1, Uis1,..., Up). i=1,...,p. (3.1.8)
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Using the splitting in (3.1.6) we write

p
M(uy,...,up) = Y. Mi(ur,..., up) + M®(uy, ..., up),
i=1

Mi(uy, ..., up) = AV (uy, ..., di, ..., up) [ug] =
. 14
= Z )(S)_l(ﬁ)(ﬂnnjuj)nniui,
n,...npeN j=1
J#i
© ® P
MP(uy,...,up) = AP (uy, .., up Dlupli= Y Om,...,np) [[ O, u;.
71yeees an]N j=1

(3.1.9)
In Lemma we prove that the multilinear operator A® in (3.1.9) is a smooth-
ing remainder, in Lemma we show that A® in (3.1.9) is a paradifferential
operator acting on the function u; for any i =1,..., p.
Lemma 3.1.1 (Remainders). Let A® be the operator defined in (3.1.9). There is
Qin R."., for any p =0, such that for any U; € C®(T;C?), Uy € C™(T;0), for

p-1
i=1,...,p—1, we have

Q... Up-D[Up] = A% (., 1y DU, (3.1.10)
where U; = (uj,z;)T, z; € C°(T;C), fori=1,...,p—1.

Proof. LetU; € C(T; C?) be of the form U; = (u;,z;)T fori = 1,...,p—1, consider
also Uy, € C*(T; ). In order to obtain (3.1.10) it is enough to choose

11,0,

(3.1.11)
The “autonomous” condition in (1.1.7)) for Q follows from the following fact: from

(3.1.9) we have

o QU Uy, My, Up- 1) My, Upl = Ty MO (I, 1y, ...., T 1),

-1
1 Hl‘;_l H}’lu]
QUy,....Up-DUpl= Y O(ny,...,np) ()( kB
Ny, an]N [0 1-[5):1 Hanj

which is different from zero only if (3.1.5) holds true for a suitable choice of signs
o € {x1}. In order to prove (I.1.6) we need estimate, for any ng € IN, the term

|t Q, U, T, Uy 1T, )

12
(3.1.12)
= HHnOAG(Hnl ul, . "’an—l uP_l)[an Up]

12
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for Z;’:l o jn; =0 for some choice of signs o € {£1}. We note that, if there exists

i=1,..., psuch that )(g)_l =1,1i.e. Y j#inj < (6/2)n;, then we have ©(ny, ..., ny) =
0. Hence we have the following inclusion:

P 0
{(ni,...,np) eN? : O(ny,...,np) #0} = ) {(nl,...,np) e IN? . S <) nj}.
i=1 Jj#i
(3.1.13)
This implies that there exists constants 0 < ¢ < C such that

cmax{(ny),...,{(np)} <maxz{(m),...,(np)} <max{{ny),...,(np)t.  (3.1.14)
There exists a constant K > 0, depending on p, such that we can bound (3.1.12) by

£ maxy {(n1),...,(np)}H**P P
KT, uill;z = K I, uill g2, 3.1.15
jl:[l nj*j 12 max{(nl),___,<np)}p ]1;[1 nj*j 12 ( )

for any p = 0. This is the (I.1.6). O

Lemma 3.1.2 (Para-differential operators). Let AY the operators defined in
(3.1.9) for i =1,...,p. There are functions b(’)(Ul,...,Ui,...Up;x) belonging to

/jp_l such that (recalling Definition

AD(uy, .. 0y, .. up) [u] = 0p? (B (Uy, ..., U, ..., Up; X))

1
(0)-Ui], (3.1.16)

where U;j = (uj,zj)T, zj € C®(T;C) for j=1,...,p.

Proof. We introduce the function

a®D (.o Wy s ) = [ g (3.1.17)
J#i
By (3.1.9) and Definition[I.1.15] we can note that
AD (U, g, up) i) = 0p® (@ (o, ey U ) (). (3.1.18)
Fori=1,...,p we set
bO(,..., U, Upi ) = [((1))(%1]7:2‘]1)] (3.1.19)
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We show that b belongs to the class Z,_;. Let us check condition (T.I.16). By
symmetry we study the case i = p. We have that

@119),6L1%
105" (11, Uy, ..., Ty, Up_1; %) = 105a"P (M, us, ..., M, Up—1; )]

B11D) pl ‘
< Clap) ) [T 17515100

Sj€IN, j=1
S1t..tSp1=a

p-1
= C(a)ﬁ) max{(”l))---)<np—l>}a 1_[ ”Hnj uj||L2-
j=1

(3.1.20)
[]

Proof of Theorem [3.1.1l Let us consider a single monomial of the non linearity
fin (0.3.1), i.e.

Ca,ﬁzgozgozfléflzgzzzﬁz, Cop€R,
with (&, B) := (@, Bo, @1, B1, @2, B2) € IN% and Z?:o a;+p;i=pforafixed2<p=gq.
Recall that the coefficients Cq g of the polynomial in are real thanks to item
3 of Hypothesis [0.3.T] We start by proving that we can write

Qo 7 ay =B az P2
Ca,ﬁu g Uy Uy UxxUxx

— 0p2(BYP(U; x,))[UI + QP (U], (3.1.21
Copi®uboid’ ufl T ufi p d @ ( )

where B¥P(U:; x, ¢) 1s a matrix of symbols and chx,ﬁ (U) a matrix of smoothing
operator. For any (a, B) € Ap, (see (0.3.2)) let M be the multilinear operator defined

in (3.1.3)) and write

agp 5 Po,,21 —ﬁl [2%] -ﬁZ —
Ca,ﬁu it Uy Uy UxxUxx =

Ca,ﬁM( u,...,u, L'L,...,L't,ux,...,ux,L'tx,...,L't)g,yxx,...,ux)g,pxx,...,ax)g).

ap—times Po—times aj—times fi—times ar—times B2—times
(3.1.22)

Lemmata [3.1.1} |3.1.2| guarantee that there are multilinear functions B?’ﬁ ,57"3 €

Fp-1, j =0,1,2 and a multilinear remainder Q*# € @;f | such that the rh.s. of

(3.1.22) is equal to

2 . 2 .
Y. op? (b} (W08 )u+ Y. 0p” (¢ Wi 06 )i+ QU (W) lul, (3.1.23)
j=0 j=0
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where b?’ﬁ(U; x):= i)?’ﬁ(U,..., U; x), c;t’ﬁ(U; X):= ~;K’ﬁ(U,...,U;x) and Q¥P(U)[-] :=
Q*P(U,...,U)[]. We set
BYP(U; x,&) := BYP (U; 0)(6)% + B&P (U5 ) (6) + BEP (U; ),
biPWix) Pwin (3.1.24)
a /j a ﬁ ) ] = O, ].,2
¢’ (U; x) bj’ (U; x)

B}’"ﬁ(U; x) = (

The matrix of symbols B*B(U; x,&) belongs to XI'2 . [r, N,aut] ® ./, (C), there-

K,0,1
fore the (3.1.21]) follows for some Qf’ﬁ € Z%I_(f)o 1[N, aut] ® > (C) forany N >0

and p > 0. Notice that, by construction, (see equations (3.1.17), (3.1.19) in Lemma
[3.1.2) we have

bg'ﬁ(U; xX) = azCo pu® aPou’ Py g (3.1.25)
By using equations (0.3.1)) and (3.1.21)), we deduce that
(f(u; Uy, Uxx)

B )
m)—OP (BU; x,6) U]+ Q1 (U)[U], (3.1.26)
where B(U; x, &) := B, (U; x) (ié)? + B, (U; x) (i€) + By(U; x) with

bj(U;X) Cj(U§x)
cj(U;x) bj(U;x)

q
Bj(U;x)::( )::Z > B}*’ﬁ(U;x), =012,
p=2a,peA),

and Q,(U) is in Z& "

ko111 N,aut] ® 4, (C). Notice that

q
bhUin=Y ¥ w0 0, ur ur),
p=2a,peAp
hence b, (U; x) is real thanks to item 2 of Hypothesis We now pass to the
Weyl quantization. By using the formula (I.1.26)) one constructs a matrix of sym-
bols A(U; x,¢) € X% [, N, aut] ® .4,(C) such that

Op”?Y (A(U; x,&))[] = Op® (B(U; x, &) '],
up to smoothing remainders in Z%I_(po,l[r, N,aut] ® .#>(C). Hence we have ob-

tained

f(u, Uy, Uxx)
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for some R € Z%E’O'l[r, N,aut] ® #->(C). The matrix A(U;x,&) has the form
(3.1.2)), in particular a,(U;x) is real valued since a,(U;x) = bo(U;x). This is a
consequence of the fact that the Weyl and the standard quantizations coincide at
the principal order (see (I.1.26)).

It remains to show the reality, parity and reversibility properties of the matrices
A(U; x,¢) and R(U).

Since the function f satisfies Hypothesis we can write the Lh.s. of
as M(U)[U] for some (R,R,P)-map M € XMy 1lr, N,aut] ® 4> (C) (see Remark
[I.1.T4). Therefore by Lemma we may assume that both A(U;x,¢) and
R(U) are respectively (R,R,P)-matrix of symbols and (R,R,P)-matrix of opera-
tors. Lemma guarantees also that the new matrix A(U; x,¢) has still the form
(3.1.2). ]

Remark 3.1.1. The explicit expression of the whole matrix A(U; x,&) in (3.1.2) of
Theorem [3.1.1| can be obtained as follows. First of all, reasoning as done in the
proof of Theorem[3.1.1| one obtains

w2 2

0zf 05f
o 8o 29

where in the first line we have used the Schrodinger type hypothesis, see item 2 of
Hypothesis In the above formula we omitted the dependence on (u, Uy, Uyy).
Then one has to pass to the Weyl quantization by using formula (1.1.26)) obtaining,
up to smoothing remainders, a new paradifferential operator Op%W (A(U; x,§)) of

the form (3.1.2) whose entries are given in (2.1.26). In (2.1.26)) 0,, has to be to be

understood as 0, and similarly the other derivatives.

3.2 Regularization

We proved in Theorem that for any N € IN and any p > 0 the equation (0.2. 1))
is equivalent to the system (3.1.1)). The key result of this section is the following.

Theorem 3.2.1 (Regularization). Fix N >0, p > N and K > p . There exist
So > 0 and ro > 0 such that for any s = sy, 0<r <rg and any U € Bf(l, r) solution
even in x € T of (3.1.1) the following holds.
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There exist two (R,R,P)-maps
o), YOI : CKZK (1, B (T;€2) — XK (L, B (T;¢%),
with K’ := 2p + 4 satisfying the following:
(i) there exists a constant C depending on s, r and K such that

IO Vix-xr,s < I Vlg-xr,s(1+ClUlk.s,)

(3.2.1)
I Vlg-xrs < IVIik-xrs(L+ClUlk.s,)

forany Vin C*K]ﬁK’(I, H?);

(ii) @)1 -1 and Y(U)[-] =1 belong to the class Z Mk k' 1[r, N1 ® 4(C);

moreover Y (U)[®U)[-]] — 1 is an operator in the class of smoothing re-
mainders Z%I;pK, [nNle Mo (C);

(iii) the function V = ®(U)U solves the system
0.V =iE(AV + Op‘%W(L(U; LV +Q UV +Q2(U)U), (3.2.2)

where A is defined in (0.4.6)), the operators Q1 (U)[-] and Q»(U)[-] are (R,R,P)

smoothing operators in the class Z,%"I_(p ;,nf [r, N1® > (C) for some m > 0 de-

pending on N, L(U;¢t,¢) is a (R,R,P)-matrix in ZF% g1 N ® M- (C) and
has the form

n(U; t,&) 0
0 m(U; t,-¢))’ (3.2.3)
m(U; t,&) = mp(U; 1) (id)? +mo (U; £, ),

L(U;t,¢) =

where my (U t) is a real symbol in ZF i 1[r, N1, mo(U; t,$) is in ZF(I)( xr 1N
and both of them are constant in x € T.

During this sections we shall use the following notation.

Definition 3.2.1. We define the commutator between the operators A and B as
[A,B]_ = Ao B— Bo A and the anti-commutator as [A,B], = AocB+ Bo A.
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3.2.1 Diagonalization of the second order operator

The goal of this subsection is to transform the matrix of symbols E(1+ A, (U; t, x)) (ié)?
(where A, (U; t, x) is defined in (3.1.2))) into a diagonal one up to a smoothing term.

Proposition 3.2.1. Fix N >0, p > N and K > p, then there exist sy >0, ro >0,
such that for any s = s, any 0 < r < ro and any U € BX(I,r) solution of (3.1.1) the
following holds. There exist two (R,R,P)-maps

O (U)], Y1 (O[] : CRRH (L, HY) — CRHI HY),
satisfying the following
(i) there exists a constant C depending on s, r and K such that

10 Vlig-1s < I1VIg-1,s(1+CllUlk,s5,)

(3.2.4)
Wy (Vg1 < IVIg-1,s(1+CllUl.s,)

forany V in C*KE_{I(I, H®);

(ii) ©1(U)[[]1 =1 and ¥Y1(U)[-] = 1 belong to the class Z Mk 1,11, N1 ® M>(C);
Y (D)@ (U)[]] =1 is a smoothing operator in the class Z%l_(pl [ N]®
A(C);

(iii) the function V1 = ®,(U)U solves the system
0,V =iE(AV; +Op®" (AN (U; £, x,6) Vi + RV ()W + R (D) U), (3.2.5)
where A is defined in (0.4.6)), and
AV WU; t,x,6) = A (WU; 1, 01)* + AP (U; 1, ) () + A (U; £, x,€)

is a (R,R,P) matrix in the class Zl"i1 [ N ® M- (C) with AS.D(U; LX) in

2Fg 1,1l Nl 4L (C) for j=1,2, Aél)(U; t,x,¢) is a matrix of symbols in
IT% 11 N1® A (C) and

a’(U; t,x) 0

AV (U; 1, x) = )
2 ( ) 0 aél)(U; £, X)

(3.2.6)
with aél)(U; t,x) real valued, the operators Rgl)(U)[-] and Rél)(U)[-] are

(R,R,P) smoothing operators in the class Z%I_(le[r, N & 4 (0).



114 CHAPTER 3. LONG TIME EXISTENCE

Proof. The matrix E(1 + A2(U; t,x)) in (3.1.1) and (3.1.2)) has eigenvalues

A2U; t,0) = £V (1 + ax(U; £, 0)% — | b (U; £, 0)12,

which are real and well defined since U is, by assumption, in Bf (I, r) with r small
enough. The matrix of eigenfunctions is

1(1+ax(U;t,x)+AT(U;t, x) —-by(U; t, x)
M(U; t! x) = - 7 + )
2 —-by(U; t, x) 1+ax(U; t,x)+ AT (U; t, x)
it is invertible with inverse
MU;t,x)" ' =
1 (1+ag(U; t,x)+AT(U;t,x) by (U; t, x) )
det(M(U; t, x)) by (U; t, x) 1+a>(U;t,x) + A (U; t,x)
1 by (U;t,x)
-9 A (U;t,x) A (U;t,x) (AT (U t,x)+ax (U t,x))
- by (U;t,x) 1 :
AT (U;t,x) (AT (U;t,x)+ax (U;t,x)) AT (U;t,x)

Therefore one has

M(U;t,x)" E(L + Ay (U; t, X))M(U; t, x) =

AT (U; t, %) 0 5 AT (U; t, %) 0 (3.2.7)
0 A U;t,x)] 0 AT U;t,x))

By using the last item in Remark [I.3.1] since the matrix E(I + A2(U;x)) is re-
versibility preserving, we have that the matrix M (U; t, x) (and therefore the matrix
M~Y(U; t, x) by the first item in Remark is reversibility preserving. Arguing
in the same way one deduces that both the matrices are (R,R,P). In particular the
matrix in is (R,R,P).

Note that by Taylor expanding the function v/1+ x at x = 0 one can prove that
the matrices M(U;t,x) -1, M(U;t,x)"' =1 and M(U;t,x)"'E(1 + A2(U; £, x))
M(U; t, x) —E belong to the space %k ,1(r, N1 ® 4> (C). We set

@, (U; t, 0[] := 0p?V (MU; t, )" [,
ViUt x)[]:= Op%W (MU; t,x)) [,

these are (R,R,P) maps according Definition|I.3.3] moreover by using Propositions
[I.1.3][T.1.T]and the discussion above one proves items (i) and (i7) of the statement.
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The function V; := @, (U)U solves the equation
3, V1 =0p?V (0, (MU; t, x) " )NU + 0p”?™ M (U; t,x)"H)o,U
@Op@“’(at(M(U; 5, x) "YU+ (3.2.8)
+0p?W (M(U; t, x)")iE (AU+Op‘%W(A(U; t,x,&U + R(U) U)).

We know by previous discussions that U = ¥, (U) V; +R(U)U fora (R,R,P) smooth-

ing operator R(U) belonging to %" N]®.#,(C); plugging this identity in the

equation (3.2.8) we get xoal?
0, V1 = 0p”?W (0,(M(U; t,x) 1) 0p?W (M(U; t, x)) V1 +
Op™™ (M(U; £, )™iE ((A+ Op™" (AWU; 1, x,8)0p™" MU; £, Vi) (3.2.9)
+RUU

where 0,(M(U; t,x)"1) is a reversible, reality and parity preserving matrix of sym-
bols in the class ZF(I)CLI [r, N] ® 4> (C) thanks to Lemma and

Ry =(0p?" @, MW; £, 0~H|RHU
+ (Op@W(M(U; t, 1)) o Op?W ((E(A + A(U; 1, x, 6)))) [RU)U]

+0p2" (M(U; £, x) " HiER(U)U

is a reality, parity preserving and reversible smoothing operator (according to Def.
1.3.3)) in the class 2%1_({) 1+12 [r, N] ® 4, (C) thanks to Proposition [1.1.3/and Remark
1.3.1] Owing to Proposition[I.1.3] the first summand in the r.h.s. of (3.2.9) is equal

to

0p?" (8,(M(U; t, x) " HYM(U; t, %)) Vi + Q () V4,

where Q(U)[-] is a reversible, parity and reality preserving smoothing operator in
the class Z,%I_(ﬁ’l [r, N1® 4> (C) and 0,(M(U; t,x) ") YM(U; t, x) is in ZF?(,M [r,N]®
A>(C). Recalling that A(U; t,x,&) has the form (3.1.2)), A has the form (0.4.6)
(see also Remark [I.3.2), using Proposition[I.1.3]and (3.2.7) we expand the second

summand in the r.h.s. of (3.2.9) as follows

At U; t,x) -1 0
0 AT U; t,x) -1

+iEOp”?V (A (U; £, 0) () Wy
+iEOp?Y (A (U; 1, x,9))Vi + Q) Vi

iEAV, +iEOp®W (( ) (16)2) Vi



116 CHAPTER 3. LONG TIME EXISTENCE

where Q. (U)[+] is a smoothing operator in the class Zt%l_(f) nNe Mo (C), while
ﬁél) (U; t,x,¢&) and Agl) (U; t, x) are matrices of symbols respectively in ZF(I’( L1nNl®
A>(C) and in 2F 1,1[r, N1 ® 4,(C). Moreover, by Lemmata|l.3.4/and|1.3.3] the
matrices

AP (U; t,x,6), AP U1, 0(8), AL (U; £, %) (i6)?
are (R,R,P) according to Definition [I.3.1] and the operator Q(U) is reversible,
reality and parity preserving according to Definition [[.3.3] Therefore the theorem
is proved by setting
aél)(U; LX) =AY U;t,x) -1,
AP (U t,x,8) = AP (U 1, x,6) —iE@,(M(U; t, )" YM(U; t, %)),
RO (U) := ~iER(U)U,
RV(U) := —E(Q1(U) + Q2 (1)).

3.2.2 Diagonalization of lower order operators

Proposition 3.2.2. There exist sy >0, ro > 0, such that for any s = sy, any 0<r <
ro and any U € BX(1,1) solution of (B.1.1) the following holds. There exist two
(R,R,P)-maps

O, (U)[], Y2 ([ : CLP 2 (L) — CLP 2 (L HY),
satisfying the following
(i) there exists a constant C depending on s, r and K such that

D2Vl k2,6 < IVl k—p2,5 (L + C Uk 5, ) (3.2.10)
W2V lig—p-2,5 S IVlig—p2,s (1+ Cl Uk 5,) B

forany V in Cflép_z(l, H*);

(ii) ©2(U)[-] -1 and ¥Y2(U)[] -1 belong to the class ZMx p12,1[r, N1 ® A>(C);

\Pg(%) (D2 (U)[:]1 = 1 is a smoothing operator in the class Z%Kf)p+2,l [r,N] ®
Mo (C);
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(iii) the function Vo, = ®,(U)V) (where Vi is the solution of (3.2.5))) solves the
system

0, Vs =iE(AV,+0p?" (A® (U; 1, x,6) Vo + RP (U) Vo + RP (D) U), (3.2.11)

where A is defined in (0.4.6), A®(U;t,x,&) = Zz ——(p-1) A(Z)(U' t,x,8) is a
(R,R,P) matrix in the class ZFK 21 NI ® M (C) with A(Z)(U t,x,&) di-
agonal matrices in ZFKp+21[r, N1® >(C) for j=—(p—1),...,2 and

(2) 2
o (U; t, x) (i&) 0 )
Ay (U 1,x,8) = ( 0 a? (U t, x)(ié)>?
(2)
(U; £, %) (1) 0
AP (U; 1, x, ADU-t 0
(Uit x,8) = ( 0 a® (U; rx)(lé)) G212

a? (Ui t, x) € ZFg pa2 1, NI,
a (U t,x) € 2Fk pr2,1[1, N

with aéz)(U; t,x) real valued, the operators R (2)(U)[-] and R;Z)(U)[-] are
(R,R,P) smoothing operators in the class Z%Kp;fz [ N1® 4 (C).

Proof. Consider the following matrix

: - 0 d(U; 1, x,8)
DI(U» t,x,(f)._ m 0 » (3213)

where the symbol d;(U;t, x,¢) is in the class 2T }ylm[r, N]. Note that the matrix
1+ D1(U;t,x, f))(]l — Dy (U; t, x,¢)) is equal to the identity modulo a matrix of
symbols in "2 xu1lh Nl e A, (€). Define the following matrices of symbols

G1(U;1,%,8):= 1~ (L+ Di(U; £, %, 4L~ D1(U; 1,x,)) , € ZT iy [1, Nl @ 4, (C)
QuU; £,x,8) == (1= D) + (L = DDYG) , + ...+ (L = D)E Guf .- 4G )
——

p—times
(3.2.14)
where in the right hand side of the latter equation we omitted, with abuse of nota-
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tion, the dependence on U, x and . Then one has

((L+ Dl)ﬁQl)p = ((1+ Dt _Dl))p"‘

+ (M +Did - Dl)ﬁGl)p +...+ (L +DPEA - DDEG1 ... 4Gh)
= (1 -G+ (L -GiG), +...+ (L - GDEGi...4G1),
=1-(Gif...1G1)p,

P (3.2.15

moreover the matrix of symbols (Glﬁ ...1G1)p 1s in the class ZFIQZI’) [ Nl A, (O).
We set

@1 (V)] := 0p?W (1 + D1 (U; £, x, ) [,

(3.2.16)
W, (D)) := 0p?V (Q,(U; £, x,8)).

The previous discussion proves that the maps @, ; (U) and ¥, ; (U) satisfy the es-
timates (3.2.10) with p = 0, moreover thanks to Prop. and Remark [[.1.T4]
there exists a smoothing remainder R(U) in the class Z%I_(’{f L[ N] ® M- (C) such
that (Wo,1(U) oD, ;(U))V =V +RU)U.

The function V51 := @, 1 (U)V; solves the equation

0V =

0p”?Y(9,D1(U; t, x,8) Va1 + <I>2,1(U)1E[Op@W(A(“(U; 1,%,6)¥2,1(U) Va1
+ AW (U) Va1 + R (U)Wo1 (D) Vi, + R U)U|

~{0p*" 0,01 (W5 1,x,8)

+ @1 (DIE[A+O0p?W (AP (U; £, x,6) + RV ()] }R(U) U.
(3.2.17)
Owing to Lemma the matrix of symbols ;D (U; t, x,¢) is in ZFI}}Z,I [r,N]®
A (C). The last summand in the r.h.s. of is a (R,R,P) smoothing remain-

der in the class Z%I_(’Zé?fz[r, N] ® 4> (C) thanks to Lemmata|l.1.4}(1.3.3}(1.3.4/and

Proposition|1.1.3| Recalling that AV (U; £, x,&) = AV (U; £, ) (i6)>+ AV (U; £, %) i)+

Aél) (U; t,x,¢), we have, up to a (R,R,P) smoothing operator in the class % Kp 5, Nl®
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Mo (0O), that

i@z,l(U)Op%W(E(IL + AV W 1, x))(ié)z)\yz,l(U) -
iOp‘@W(E(]l + AP U 1, %) (15)2)]+

+|0p”" (D1 (U5 1,x, ), 0p™" (E(1+ A U3 1, 0)) (6)?) |
+0p?" (M (U; t, x,8)),

where M, (U; t, x,¢) is a (R,R,P) matrix of symbols in zr?cz‘l [r, N]® 4 (C) (actu-

ally M (U; t, x,¢) belongs to ZF(}(,M[r, N]® 4> (C), but we preferred to embed it

in the above larger class in order to simplify the notation; we shall do this simpli-
fication systematically), here the commutator [-,-]_ is defined in Definition
The conjugation of the term A(ll) (U; t,x)(i¢) 1s, up to a (R,R,P) smoothing operator

in 2,5, | (r, N1 ® 4,(0),

2,1 U)0p*™ (EAL (U5 1, 1)(i8) | Wa,1 (U) =

iop?" (EAL U3 1,0)(i) | + 0p”" (MaU; £, %,8)

for a (R,R,P) matrix of symbols M, (U;t, x,¢) in ZF?(,Z,I [r, N1 ® 4> (C). Therefore
the matrix of operators of order one is given by
i[Op%W(DI(U; t,x,8)),0p”" (E(1 + A} (U; 1, x))(ivf)z)] +HEAN U 1, %)) =
op?"Y (a{’ (U; 1, %)(i¢)) M,
M. op®¥ (P W; 1, x)(i6))

where

M+ =

op™" (b (U; 1, x)i)) - | 0p™" (d (U5 1,,6), 0% (1 + & (U; £, 0)i?) |
thus our aim is to choose the symbol d;(U;t,x,¢) in such a way that M, at the

principal order is 0. Developing the compositions by means of Proposition [I.1.3]
we obtain that, at the level of principal symbol, we need to solve the equation

2d,(U; t,x,6)(1 + a’ (U; £, x)) (i6)? = bV (U; 1, ) (i€).
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We choose the symbol d; (U; ¢, x,¢) as follows

b\ (U; t, %)
201+ alP (U; £, %))

d1(U; t,x,¢):= ( )-7(6),

(3.2.18)
0] sk oz e

odd continuation of class C*° |&|€[0,1/2).

Note that by Taylor expanding the functlon x— (1+x)~! one gets that d; (U; t, x, &)
in @ is a symbol in the class =} k2.1 N, therefore by symbolic calculus

(Prop one has that M, is equal to Op%W(bo(U t,x,¢)) +R(U) for a symbol
bo(U; t, x, 6) in ZFKZ L[, N] and a smoothing operator R(U) in Z,%Kz L[ N1

The symbol d; (U; t, x,¢) defined in (3.2.18)) satisfies the equation d, (U;—t, x,¢) =
d; (Us; t, x,&) since both the symbols a(l)(U t,x) and b(l)(U t, x) fulfil the same
condition, therefore by Remark [T.3.1] (see the last item) we deduce that the matrix
D, (U; t, x,¢) is reversibility preserving. By hypothesis the symbol b(l)(U t,x) is
oddin x, azl) (U; t, x) is even and then, since y(¢) is odd in ¢, we have d; (U; ¢, x,¢) =
dy (U; t,—x,—¢&), which means that the matrix D;(U;t,x,¢) is parity preserving.
Furthermore D (U; t, x,¢) is reality preserving by construction, therefore we can
deduce that such a matrix is a (R,R,P) matrix of symbols. Therefore the function
V,1 solves the system

0, Va1 =iE(AVa1 +Op?W APV (U; £,x,8) Vo1 + R&V () Va1 + RV (U)U),

APD(WU; 1, x,8) =

al’ (U; 1, x) 0 o (a0 0

( 0 a(l)(U; t,x))(l'f) +( 0 ai”(U; t, x)
alVU;t,x,&) b Utx,0)

(bff DUt x, -8 a>PWU;t,x,-9)

(i&)+

Suppose now that there exist j = 1 (R,R,P) maps @, (U),..., P, ;(U) such that
V,j:=®31(U)o...0D; ;(U)[V1] solves the problem

0,V =iE(AVa,; + Op?W (AP U; 1, x, ) Vo j + RZ () Va ; + RV (),
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where R( ])(U) and R( ’])(U) are in the class Z%K]H L[ NI ® > (C) and
ARD(U; 1, x,8) = Z AT WU ,%,0),
==
o a> P WU; 1, x,8) 0
AP U= 27 eZFfK 111 N8 (C),
! 0 Pt x,-8)

for j'=-j+1,...,2and
al? U; 1, x,8 = a U; 1, 1) (6% € R
a® f’(U £, x,&) b(z’.f)(U; ,x,€) )

esry
b WU;1,%,-8) a(”(U %, —6)

K,j+1,1

AP W1, x,6) = ( [r, N1 ®.4,(C).

We now explain how to construct a map ®;,;(U) which diagonalize the matrix

A(_ZJ'.j ) (U; t,x,¢) up to lower order terms. Define

@y, j+1(0) ;=1 +0p?Y (D11 (U; 1, x,6));

0 di1(U;t,x,$)
D 1(U;t,x,8):= / )
]+1( X é) (d]+l(U) t)x)_é) 0 )
with dj1(U; t, x,¢) asymbol in ZFK2+] L[ N1. An approximate inverse Wy ;1 (U) :=

pZ"(Q j+1(0)) can be constructed exactly as done in (3.2.14) and (3.2.15). Rea-
soning as done above one can prove that the function V3 1 := @3 j+1(U) V2, j solves
the problem

0 Vo j+1=

iE(AVa, 4 + Z Op‘%W(A(ZJ)(U £, x,)Va,ji1 +R(2]+1)(U)V2]+1+R(2]+D(U)U)
jl=—j+1

+1{0p?" (D1 (U; 1,2, 0), EOp™Y (1+ AT U3 £,%,0))|
+iE0p”?" (42D W5 ,%,8).

(3.2.19)
Developing the commutator above one obtains that the sum of the last two terms
in (3.2.19) is equal to
Op*" (a7 (U3 1, x,)) M;j:
iE

ij+ Op ( (2])(U t, X, E))
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where
M]'Y_;_ = Op%W(b?}])(Uy I, X, 6))
- [0p®" (@1 U3 £,%,),007" (1 + & W5 1,20 G8)?) |

therefore, repeating the same argument used in the case of the symbol of order
one, one has to choose

b>) WU t,x,6)
. ( ))
2(1+a’ U1, %)) ve

d]+l(Uy t! X, é) = (

1
Y@= { @ €= 172,
odd continuation of class C* [¢] € [0,1/2).

Therefore we obtain the thesis of the theorem by setting @ (U) := ®,1(U)o...0
®2,p—1(U) and \IJZ(U):: \Pz,p_l(U)O...O\szl(U). ]

3.2.3 Reduction to constant coefficients: paracomposition

In this section we shall reduce the operator Op% W(Agz)(U ;,X,¢)), given in terms
of the diagonal matrix (3.2.12), to a constant coefficients one up to smoothing
remainders. We shall conjugate the system (3.2.11)) under the paracomposition
operator @7, := Qp(y) - 1 defined in Subsection m

Proposition 3.2.3. In the notation of Prop. there exists a real valued func-
tion B(U; t,X) € ZFk pr2,111, N] such that the function V3 := q){]Vg (where V5 is a
solution of (3.2.11))) solves the following problem

0, V3 =iE(AV3+0p®" (AP (U; 1, x, &) Vs + RP () V5 + RP(U)U),  (3.2.20)

where A®(U;t,x,&) = Z?:—(p—l) A;.g)(U; t,x,&) is a (R,R,P) matrix in the class

zr%(,p+3,l [r, N1 ® 4> (C) with Ag.?’)(U; t,x,&) diagonal matrices in Zcherg,l [r,N]®

Ml (C) for j=—(p-1),...,2 and
P (U; 1)(i€)? 0
0 a) (U; 1) (ié)>
a (U; 1, x) (i€) 0
0 a (U; 1, %) ()

a
AP (U; 1,6 = ( ) aP(U; 1) € 2Fk pr31[1, N

AP(U; t,x,6) = ( ) aP(U; t,x) € 2Fk p43,1[1, N]

(3.2.21)
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with a(s)(U; t) real valued and independent of x, the operators R%S)(U)[-] and
® : . _p+m

R;7(U)['] are (R,R,P) smoothing operators in the class Z‘%K,p+3,l [r, N] ® 4> (C)

for some m = m(N) > 0.

Proof. The function V3 := ®; V5 solves the following problem

0:Vs = 0,03 (@F) ™ V3 + & (iE(A+ Op®™ (AP (W5 1, x,00) @} 4

+ @ GERP (U)(@}) ' V3 + @} (ERY (D) U).
(3.2.22)
Our aim is to choose B(U; t, x) in such a way that the coefficient in front of (i&)?
in the new symbol is constant in x € T. Recalling that AP (U; t, x,¢) has the form

(3.2.12), we have, by Theorem[I.1.1] that the term

o (iE(A+0p™Y (AP (U1, %,6)) | @) " Vs (3.2.23)
in (3.2.22) is equal to
. aw (1U; t,x)(i)? 0 )
IE[A+OP ( 0 r(U; t, %) (i€)? (3.2.24)

+0p™Y (A} (U; 1, 0O V3 + Op®™ (A5 (U5 1, x, ) V5]

up to smoothing remainders in 2 ” N]® 4> (C), where

K,p w3110

rU; %) = L+ ay” (U 6+ 0y (U5 6,97 =1,

A{(U;1,%) € 2k a3 [1, N1 @ M (C) and AF (U5 1, x,) € ST o, [, N] @ 45(C)
are diagonal matrices of symbols.

We define
(U;t,y)=0," L+a,) U0 -1 (3.2.25)
YW;t,y)=0, 1+a§2)(U,t,y) ) 2.

where

y ~1. (3.2.26)

27 / d
\/1 +a(2)(U; t,y)
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Thanks to this choice we have
r(U;t,x) = a (U; 1),

moreover the paracomposition operator ®j; is parity and reversibility preserving,
satisfies the anti-reality condition for the following reasons. The real valued func-
tion y(U;t,x) in (3:2.25) satisfies y(U;~t,x) = y(Us; t, x) since ay” (U;t,x) sat-
isfies the same equation, moreover y(U; t, x) is an odd function since is defined
as a primitive of the even function aéz)(U 1, x). It follows that also the function
B(U; t, x) satisfies the same properties, therefore the matrix of symbols

BU; t,x)
1+16x(U;t,x)

B(t,U;t,x,¢)-1 = ¢-1 (3.2.27)

is a (R,R,P) matrix in ZFK 043, L[ N1 ® > (C). Therefore the operator Qg (1) -1

generated by Op%?W (iB(U; t, x,&) - 1) is parity and reversibility preserving and it
satisfies the anti-reality condition (1.3.16) by Lemma [I.3.6] Thanks to this the
term in (3.2.23)) is a parity and reality preserving and reversible vector field, there-
fore owing to Lemma [I.3.4] each term of the equation (together with the
omitted smoothing remainder) is a parity and reality preserving and reversible vec-
tor field.

The term @}, iER\ (1)) (@}) ! V3 + @} (ERY (U)U) in (3.2:22) is analyzed as fol-
lows. First of all both the operators ® (1ER(2)(U))(® )~} and QDB(iERéz)(U) are
reversible, parity and reality preserving thanks to Lemma [[.3.3] Moreover we
remark that the paracomposition operator may be written as

N-1
O} =Qpuy(V)=U+ Y. MyU,...,U)U+Mn(U; U, (3.2.28)
p=2

where M, € .ﬂm Mn(U;t) € /%mpN[r] for some m > 0 depending only on N.
This is a consequence of Theorem m Therefore as a consequence of Prop.
the operators ®% (ERP (1U))(@})~! and @} GERY (U) belong to the class

>R K"p++23”‘1 [r, N1 ® 5 ((D)

We are left to study the term (0,®j; )((I)*) 1v3 in (3.2.22). This is nothing but
Q7 (0,97)" 13, therefore by Prop. it is equal to Op%w(e(U t,x,6)-1)+

R(U, f-1 Wlth e(U;t,x,&) and R(U; t) given by Prop. Since the map @7,

satisfies the reality condition (1.3.13) its derivative 0 t(DB = 6 Qpuy1)-1is reality

preserving, this follows by taking the derivative with respect to ¢ to both side of the
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equation (I.1.85)) and by using the fact that the fact that 8;B(U; ¢, x, 7, &) - 1 still sat-
isfies the anti-reality condition (I.3.16). We deduce, by using Lemma [I.3.3] that
the maps —®7,(9,®7,) " is reality preserving. Since the map ®}; is reversibility
preserving and parity preserving, one reasons in the same way as above to prove
that its derivative with respect to ¢ is parity preserving and reversible. There-
fore thanks to Lemma [[.3.4] we can also assume that both the matrix of symbols
e(U; t,x,¢) -1 and the operator R(U; t) above are reality and parity preserving and
reversible. [l

3.2.4 Reduction to constant coefficients: elimination of the term
of order one

In this section we shall eliminate the matrix of order one by conjugating the system
through a multiplication operator.

Proposition 3.2.4. There exist sy > 0, ro > 0 such that for any s = sy, r < ro and
any U € BX(1,1) solution of (B.1.1) the following holds. There exist two (R,R,P)
maps

K—(p+4)
*R

K—(p+4)

O4(U), ¥4(U): C &

(LHY(T) —C (LH(T)

(i) there exists a constant C depending on s, r and K such that

14Vl k- (psa),s < IV I k=(o+a),s (1 + C I Ul k50 )
I Vilk—(p+a),s < 1V I k=(p+a,s 1+ CllU Ik s)

K—(p+4)
*R

(3.2.29)

forany V in C (I,H®);

(ii) ®4(U) -1, Y4(U)~1 belong to ZMx p+4,1(1, N1® M>(C), moreover ¥ 4(U)o
O4(U) =1+ RWU)U with R(U) is in z‘%l_(f)p+4,l[r’ N ® > (C) and it is re-
versible, parity and reality preserving.

(iii) The function Vy = ®4(U) V3 (where V3 solves (3.2.20))) solves the problem
0, Vy =iE(AV4+0p?Y (AW (U; 1, x, &) Va+RP () V4 + RS () U), (3.2.30)

where A® (U; t, x,&) is a (R,R, P) matrix of symbols in Zr?(,p+4,l [r, Nl®.4,(C)
and it has the form
0
AV UL, = AP U060+ Y APU %0 (3.2.31)

j=~(p-1)
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where the diagonal matrix Ag})(U ;1) is x-independent and it is defined in

(3.2.21), A;.4)(U; t,x,&) are diagonal matrices belonging to ZF}%p%l[r, N]

®M>(C) for j = —(p—1),...,0. The operators RYD(U) and R§4)(U) are
(R,R,P) and belong to the class Z%I_(',O;ﬂyl[r, N1 ® > (C) for some me N
depending on N.

Proof. Let s(U; t,x) be a function in 2% ,43,1(r, N] to be chosen later, define the
map

BW es(U;t,x) 0
Q4(O)[] := Op ( 0 W) [-]. (3.2.32)

Suppose moreover that ®4(U) in (3.2.32)) is a (R,R,P) map. Since s(U;t,x) is in
2K p+3111, N] then by Taylor expanding the exponential function one gets that
the symbol V" —1 is in ZF p+3,1[r, N1, in particular the map ®4(U) satisfies
the condition (i) and (ii) in the statement. The matrix in (3.2.32) is invertible,
therefore the map

(3.2.33)

0 e—s(U; t,x)

—-s(U;t,x) 0
W, ()] := Op?W (e ) [

is an approximate inverse W4 (U) for the map ®@4(U) (i.e. satisfying the conditions
in the items (i) and (ii) of the statement). To prove this last claim one has to argue
exactly as done in the proof of Prop. [3.2.1]
The function Vj := ®4(U) V3 solves the equation
0:Vy = (0:D4()[Y4(U) V4]
+ @y (DIE[AY4(U) Vg + Op”?Y (AP (U; 1, x, ) Wa (D) Vs (3.2.34)
+ RO )4V, + RP (U] + RO,

where R(U)U is equal to
(0,®4(1))R(U) U+®4(U)1E([A+Op‘%W(A(s)(U; t, %, |RWU +RP ()RU) U),

where R(U) is the (R,R,P) smoothing operator in Z,%’I_(f) o+ 4,1[r’ N1 ® 4> (C) such
that W4 (U) o ®4(U)Vy = V4 + R(U)U and the matrix

2
A® U;t,x,¢) = A® U;t, x,
( &) jz_(zp_l) il &)
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is defined in the statement of Prop. Therefore R(U) is a (R,R,P) smoothing
remainder in the class 2%1—({3 p++’Z,1 [r, N]®.>(C) thanks to Lemma|1.3.3| Prop.|1.1.3
and to the fact that R(U) is a (R,R,P) smoothing remainder.
The term (0,@4(U))W¥4(U) is of order 0 thanks to Lemma and Prop.
moreover it is reversible, parity and reality preserving thanks to Lemma|l.3.3]since
Y4 (U) 1s (R,R,P) and (0,D4(U)) is reversible, parity and reality preserving.

The term (D4(U)iER§3)(U)U is reversible, reality and parity preserving thanks to
Lemma[[.3.3

We now study the algebraic structure of the term

Oy (DIE[AY4(U) Vg +O0p?Y (AP (U; £, x, ) W4 (U) V4, (3.2.35)

coming from equation (3.2.34). First of all, recalling (0.4.7), (0.4.8), (0.4.6) and
Remark|1.1.11{we have that ®4(U)iEPW¥4(U) is equal to iEP up to a term of order

0 (actually by Remark[I.1.7]this is a symbol of negative order, but at this level it is
enough to embed it in class of symbols of order 0). The conjugation of the term of
order 2

<I)4(U)iEOp‘%W((]1 + AP W; 1, x) (15)2))\P4(U)
is equal to
(M0
“lo M)
M:=0p™" (V) 0 0p®Y (1 + & (U3 1)) (16)%) 0 Op® ™ &7V,

Using symbolic calculus (Prop. [I.1.3) one can prove that up to contribution of
order 0 the operator M is equal to

Op”™((1+ @ (U5 x) (i)* + 25, (U ) (1 + a5 (U3 0) i6) )
Reasoning similarly one gets that the conjugation of the term of order one
D4 (UIEo Op®" (AP (U; 1, x,8)) 0 4 (U)

in (3.2.35) is equal, up to contribution of order 0, to iEOp%W(Agg) (U; t, x,8)), with

Agg) (U; t, x,¢) defined in (3.2.21).
Therefore the term of order one appearing in (3.2.34) is the following

(2s:(U; £, )0 + @ (U; 1) + aP® (U; 1, ) (19), (3.2.36)
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hence we have to choose the function s(U; ¢, x) as

3)
a;’”’ (U;t, x)
s(U; t,x) = =0, ( L )

2(1+al® (U; 1)

Note that the the function s(U; t, x) is well defined since af’) (U; t, x) is an odd func-
tion in x (therefore its mean is zero) and the denominator stays far away from zero
since 1 is small enough. With this choice the map @, (U) defined in (3.2.32)) is
(R,R,P) and therefore the ansatz made at the beginning of the proof is correct. Fur-
thermore the term is equal to iE[AVy + Op?ZW (A(U; t, x,&) Vy + Q(U) Vi),

where Q(U) is a (R,R,P) smoothing remainder in Z.%I_(p a1 [r, N] ® 4> (C) and

0
AU %, = AR WU; 0G0+ Y, A;WU;t,x,0),
J=—(p-1)

is a (R,R,P) diagonal matrix of symbols such that A jW;t,x,¢)isin ZFf( [r,N]®
,p+4,1
A>(C) thanks to Prop. [[.1.3]and Lemma([I.3.4]

3.2.5 Reduction to constant coefficients: lower order terms

Here we reduce to constant coefficients all the symbols from the order 0 to the
order p — 1 of the matrix AD(U; t, x,8) in (3.2.37).

Proposition 3.2.5. There exist so >0, ro > 0, such that for any s = sp, any 0 <r <
ro and any U € BX(1,1) solution of (B.1.1) the following holds. There exist two
(R,R,P)-maps

K-2p-4
*R

K-2p-4

(LH) — Cip

O5(U) ], Ws(U)[]: C (I, HY),

satisfying the following
(i) there exists a constant C depending on s, r and K such that

105 (W) Vlk-2p-4,5s < I VlIk—2p-4,s(1+ClUllk,s,)

(3.2.37)
IWs(U)Vllk—20-1,s < IVlIk—20-4,s(1+ CllUlIg,5, )

K-2p-4

RV : OF

forany Vin C
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(ii) ®5(U)[-] -1 and ¥Y5(U)[] -1 belong to the class ZMx 2p 14,111, N1® M>(C);
Y5(U)[®5(U)[-]]1 -1 is a smoothing operator in the class Z‘%I}?Zpﬂ.l [r,N]®
M (C);

(iii) the function V5 = ®5(U)Vy (where Vy is the solution of (3.2.30)) solves the
system

0, Vs =iE(AVs +0p®W (A® (U; 1,6) Vs + RP(U) V5 + RO (U)U), (3.2.38)

where A is defined in (0.4.6), A® (U; t,¢) is a (R,R,P) diagonal and constant
coefficient in x matrix in ZF?{,ZP+4,] [r, N] ® > (C) of the form

AP U; 1,6 = AP (U; (6% + AV (U5 1,0,

with A3 (U; 1) of Prop. 3.2.3|and AG (U;1,&) in T% 111, N @ (C);
the operators Ris)(U) and Ré‘r’) (U) are (R,R,P) smoothing remainders in the

class Z.%I}'yo 22?4,1 [r, N1 ® 4> (C) for some m in N depending on N.

Proof. We first construct a map which conjugates to constant coefficient the term
of order 0in (3.2.30) and (3.2.31)). Consider a symbol ny(U; t, x, &) in ZFI_(,lp+4,l [r, N]
to be determined later and define

(U;t,x,¢) 0
@ =1 PW(No(U; t,x,8):=1 aw (70 U t.x -8
50(U) +0p™ " (No(U; 1, x,6)) +0p 0 no(U; t,x,—¢)

Suppose moreover that the map @5, (U) defined above is (R,R,P). It is possible to
construct an approximate inverse of the map above (i.e. satisfying items (i) and

(i1) of the statement) of the form
W o(U) =1 -0p?W (No(U; t, x,8) +
o P (Nollt %) (3239)
Op”" ((No(U; £, x,6)7) + Op™" (No(U;; £, x, £))

proceeding as done in the proof of Prop. by choosing a suitable matrix of

symbols No(U; t, x,&) in the class ZFI_(?p+4,1[r’ N]® > (C). Let R(U) in the class

Ze%l_(f)p%l[h N] ®.4,(C) such that one has W5 (U)[®P5,0(U)[-]] -1 = R(U). Then
the function V5o = @5 (U) V4 solves the following problem

0:Vo,5 =(0:P50(U))¥s50V50
+®s5,0(DiE(A +O0p?" (AY (U; 1, x,8))) W50 (U) Vs 0
+®50(DIER® (U)¥50(U) Vs o
+@50(IERY (U + RU)U,

(3.2.40)
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where A (U; t,x,8), R\ (U) and R{” (U) are the ones of equation (3.2.30), while
R(U) is the operator

|0:@5,0(U)) + s, 0 (NE(A +Op®" (AP (U; 1, x,6)) + s o(WIER (1) | RV).

—p+m’

The operator R(U) belongs to the class 2% K,p+5,1 [r, N] ® .4>(C) for some m' € N
thanks to Prop. [I.I.3] moreover it is reversible, parity and reality preserving
by Lemma By using one deduces that the first summand in the
r.h.s. of is equal to Op%ZW (0,Ny(U; t, x,&)) 0o Op2W (1 — No(U; t, x, &) +
No(U; t, x,8)% + No(U; t, x, &), therefore by Lemmata and Prop.
can be decomposed as the sum of a para-differential operator of order —1 and a
smoothing remainder, both of them reversible, parity and reality preserving. The
third and the fourth summands in (3.2.40) are (R,R,P) remainders in the class

Z%;@;T;l[r, N]® > (C) by Lemmal|l.3.3|and Prop.|1.1.3

The remaining term ®s o (U)iE(A + Op?"W (AW (U; t, x,€))) W50 (U) Vs o is equal to

iE(A+0p?" (A (U; 1)(i8)?) Vs 0+
|0p™Y (N(W; 1, x,8), iEOp™Y (1 + Ao (U; 0)GE?)]| Va5
+iEOp?"™ (AW (U; 1, x,O) Vo 5
—0p?W (No(U; 1, x,8)) 0 Op®W GE(1L + A, (U; 1) (i6)%)o
o 0p?W (No(U; t, x,8) Vo 5
+0p?" (E(L + A2(U; )% 0 Op?Y (No(U; 8, x,6)*) Vo 5

(3.2.41)

up to operators of order —1. Every operator here can be assumed to be reversible,
parity and reality preserving thanks to Lemmata [1.3.3| and [1.3.4] The last two
summands in cancel out up to a (R,R,P) operator of order —1 thanks to
Prop. [I.1.3] In order to reduce to constant coefficient the term of order 0 in (3.2.4T))
we develop the commutator [-,-]— and we choose ny(U; t, x,¢) in such a way that
the following equation is satisfied

2(no(U; £,%,0) (1 + @ (U; 0 (9)) + al (U 1, x,6) =

1 3.2.42
—/ ay’ (U3 t, x,8)dx; ( :
27 T

proceeding as done in the proof of Prop. [3.2.2] we choose the symbol n(U; ¢, x,{)
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as follows:

0:\(% fr a1, x,0dx — o U3 1,x,0))

no(U; t,x,¢) =

(©);
2(1+al (U; 1) re

i 1=1/2,
Y= o] o
odd continuation of class C |é] €10,1/2).

The symbol above is well defined since the denominator stays far away from zero
since the function U is small, the numerator is well defined too since it is the
periodic primitive of a zero mean function; moreover it is parity preserving and
reversibility preserving, therefore the ansatz made at the beginning of the proof is
satisfied. Therefore we have reduced the system to the following

0,Vs0=IiE (A +0p?" (A (U; t, x,) Vs g+ RO (U) Vs 9 + RSO (U) U) :
where RF'O) (U) and Rés'o) (U) are (R,R,P) smoothing remainder in Z%I_(p p“ﬁll [r,N]®
M>(C), the matrix of symbols A®Y(U; t, x, &) is in Zri,pﬂyl [r, N] ® 4, (C) and it
has the form

ABOW; 1, x,6) = AP (U; 018 + APV (U3 1,0 + AP (U 1, x,6),

with Af) (U; t) coming from Prop. , Aé5’0) (U; t,¢) 1s equal to

1
C / AP (U; t,x,0)dx)y ()

and A(_51,0)(U; t,x,&) is a matrix of symbols in ZFI‘(lp+5 [ N1 ® > (C).
Suppose now that there exist j +1, j =0, (R,R,P) maps ®5(U),...,®Ps5 ;(U) maps

such that the function Vs j := @5 o(U) o--- 0 @5 ;(U) V} solves the problem

0,Vs j =iE(AVs j +Op?"W (ACD U; 1, x, ) Vs ; + ROV () Vs ; + RO () U)
| | (3.243)
where R;S'] ) ), Rés’] ) (Q) are (R,R,P) smoothing remainders in Z%;f p++"; i [r,N]®
AM>(C) and where A®(U;t,x,&) is a (R,R,P) diagonal matrix of symbols in

ZF%(,p+5+j,l [r, N1 ® > (C) of the form

. 0 , .
ASDW; 1, x,6) = AP WU 060+ Y. AT (WU 1,0+ A% U1, x,0),
=]
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with A(;’j)(U; t,é) in ZI“?'QJrSJer1 [r, N]® ¢, (C) and constant in x for ¢ =—j,...,0,

while A(_SJJ_) (W5 t,x,$) is in ZI“I;{;S +j_,1[r’ N] and may 'depejnd on x. We explain
how to construct a map @5 ;.1 (U) which put to coefficient in x the term of order

—j—1. Let nj;1(U;t,x,&) be a symbol in ZFIQ{;ESHJ [r, N] and consider the map

@51 (U) := 1+0p”" (N1 (U; 1, x,6)) :=

nj1 (U3 1, %,6) 0

1+0p?W .
p 0 n]+l(U7 t)x)_f)

Arguing as done in the proof of Prop. [3.2.2]one obtains the approximate inverse of
the map above W5 ;(U) =1 - Op‘%W(NjH(U; t, x,¢)) modulo lower order terms.
The same discussion made at the beginning of the proof, concerning the conju-
gation through the map @5 (U), shows that the function Vs ji1 := @5 j+1(U) V5 ;
solves the problem

0tVs,j+1=

iE(AVs j+1+0p?W (AT V(WU 1, x,6) Vs j11) + (3.2.44)

iE(RY T U)Vs 41 + BT U)U),

where Ri‘r”j V() and RéS'j V() are smoothing remainders in Z%I_(p pt";;j ,[r, Nl®
> (C) and where A®J*D(U; t, x, &) has the form
0 .
APWU;nE*+ Y. AV WU 1,¢)
==
+ ASD W3 1,5, +2(Nj (U5 £,%,8),) (1 + AP (U3 D)6,

The equation we need to solve is

2(nj1 (U £,%,0):(1+ a3 (U3 066 +a) (U; L8 = = / a®? ;1 x,6)dx,
27 T J

which has the same structure of (3.2.42)) and hence one can define the symbol

nj+1(U;t,x,¢) as done above.

To conclude the proof we define the maps ®@5(U) := ®5(U) 0---0 D5, 1 (U) and

Ws5(U) :=¥5,-1(U)o---0W¥5,0(U). []

At this point we can prove Theorem [3.2.1]

proof of Theorem[3.2.1] Itis enough to define ®(U) := ®5(U) oy (U)o D0, (U)o
@, (U) and ¥ (U) := V1 (U) o W2 (U) 0 (7)) "L o Wy (U) 0 ¥5(U). O
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3.3 Proof of the main theorem

The aim of this section is to prove the following Theorem which, together with
Theorem [3.1.1] implies Theorem[0.3.1]

Theorem 3.3.1. Fix N > 0 and assume M = N (see (0.3.4)), K € N, p € N such that
K > p> N and consider system (3.1.1)). There is a zero measure set & <O such
that for any im outside the set & and if p > 0 is large enough there is sy > 0 such
that for any s = sg there are ry,c,C > 0 such that for any 0 < r < ry the following
holds. For all Uy € H with | Uy llus < r, there is a unique solution U(t, x) of (3.1.1))
with
K
Ue ) CHI-T,, T,1;HS25(T; €%, (3.3.1)
k=0

with T, = cr~N. Moreover one has

sup 0XU(t, )2k <Cr, 0<k<K. (3.3.2)
te[—TrvTr]

The proof of the result above is divided into two main steps.
We need some further notation. For any n € IN, we define

1 0 _ 00
I := (0 0) II,, I, := (0 1) I, (3.3.3)
the composition of the spectral projector II,, defined in (1.1.3) with the pro-
jector from C? to C x {0} (resp. {0} x C). For a function U satisfying ((1.3.3)),
i.e. of the form U = (u, )7, the projectors TT} act as follows. Let ¢, (x) =
1/v/7 cos(nx) be the Hilbert basis of the space of even L?(T;C) functions, then, if
a(n) = [; u(x)@,(x)dx, one has
i(n)

= | —- + :A - :A_
HnU—(mm)(pn(x), IT,U=tne,p,(x), IL,U=a(ne_gp,x)),

efeel)

We now give the following definition.

(3.34)

Definition 3.3.1 (Kernel of the Adjoint Action). Fix p € N*, p > 0 and consider
a symbol a € F‘?;.
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(i) We denote by [al(U; t, x,&) the symbol in f% defined, for ny,...,ny €N, as

lal (11}, U,..., T}, U, TI,

VAN

U,.., L, Ust,%,E) =
a(H;IU I UL,

g1

U,... T, Ust,x,€),
for p even, ¢ = p/2 and
{nly---yn(}:{n[+lr-'-)np}y (335)

while for p odd and 0 < ¢ < p, or p even and 0 < ¢ < p with  # p/2 we set
[a)(I, U, T, UL T, U, T, Ut 3,6 =

(i) Let a€ XT'° N] of the form

e AL
N-1 B
aU;t,x,8) = Y, ax(U;t,x,8) +anU; 1,x,6), ar €T}, ay €Iy 1 v, N],
k=1
we define the symbol [a](U; t, x,&) as
N-1
[al(U; t,x,8) == Y_ laxl(U; t,x,8) + an(U; t, x, ).
k=1

(iii) For a diagonal matrix of symbols A € >10 [r, N1 ® A4 (C) of the form

K,K',1

awit ="V 0]

0 aU;t,x,-&8)’
we define

In the following lemma we consider the problem

[AN(U; t, x,¢&) := (HQH(U, t,x,6) 0 é‘))

{ 0,7 = iE(AZ+ op”" my () (%) Z + 0p”" (141U 1, 5))[21)’ (3.3.7)

Z(0,x) = Zy € HS

with my (U) in (3.2.3), A being a diagonal (R,R,P) matrix of bounded symbols in-
dependent of x in XT%, ., | [r, N1®.4(C) and U € CX, (I, H3(T; C*) N BX (I,1). We
prove that the (R,R P) structure of the matrix A(U; t, 6 ) (together with the fact that
it is constant in x) guarantees a symmetry which produces a key cancellation in
the energy estimates for the problem (3.3.7)), more precisely we show that the mul-
tilinear part of the matrix [A](U; t,¢) does not contribute to the energy estimates.
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Lemma 3.3.1. Let Ne N, r >0, K' < K € N. Using the notation above consider
Z = Z(t, x) the solution of the problem (3.3.7). Then one has

d
12 Wi < CHU@, G NZ(8, ) s (3.3.8)

Proof. Consider the Fourier multipliers (D)* := Op(({)®). We have that

d I Z11%s =
drTH T

((Dy*[iE(AZ + 0p™Y (o (1) (&)%) + Op®™ (1415 £,)(2)), <D>~‘Z)H

0

+ [0y Z, (D) [ Z+ 0p™Y (o ()% + Op”" (LANU; £,D12D) )
(3.3.9)
where (-,-)go is defined in (0.4.2). The contribution given by A and by the term
Op@ W (mo (1) ({&)?)[] is zero since they are independent of x (therefore they com-
mute with (D®)) and their symbols are real valued (hence they are self-adjoint on
H° thanks to Remark . Let us consider the symbol [A](U;¢,¢). By defini-
tion we have that

N-1
[ANU; ,8) = Y. 1A IWU,...,U; 1,6) + An(U; 1,8)
p=1

with A, € T%, p=1..,N—-1, and Ay € ZF(I)CK,’N[r,N]. The contribution of

Op?V (An(U; t,8))[Z] in the rh.s. of (3:3.9) is bounded by the r.h.s. of (3.3.9).
We show that [A] are real valued for p =1,..., N —1, this implies that, since they
do not depend on x, they do not contribute to the sum in (3.3.9). By hypothesis
the matrix of symbols A(U;t,&) is reversibility preserving, i.e. satisfies (1.3.7),
therefore, by Lemma|[T.3.T} we may assume that A, satisfy condition (1.3.13) for
any p=1,...,N—1. Since A, is reality preserving then we can write (see Remark

1.3.1)
apU;t,¢) 0
A, (U, =" —, 3.1
pU;1,6) 0 7, (U, t,—f)) (3.3.10)
for some symbol a, € fpm independent of x. Recalling Def. , since Ap is
a symmetric function of its arguments, we have, for ¢, p, ny, ..., n), satisfying the

conditions in (3.3.5), that

14p)(IT, SU, ..., T1}, SULTL, SU,.... T, SU; £,) S s
= SIAI(I1;, U,...., T3, U, T, U, T, U3 1,6).
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We recall that IT); SU = IT,,U using (3.3.4). On the component [dp] the condition

(3.3.11)) reads

nap]l(ngl U,...I,, U, U,....1I}, U; 5) 51

- [[51,,}](HzlU,...,H;[U,HglU,...,H;[U;—f).

The condition (1.3.8) (which holds since A, is parity preserving) implies that
ap(U,...,U;t,¢) is even in ¢ since it does not depend on x. Therefore by sym-
metry we deduce that

18y} (I, U, ., T, UL, U T, U 1)
is real valued. This concludes the proof. L

The first important result is the following.

Theorem 3.3.2 (Normal form 1). Let N,p,K > 0 as in Theorem There
exists N < O with zero measure such that for any me O\ A the following holds.
There exist K" > 0 such that K' :=2p+4 < K" < K, sy >0, ry > 0 (possibly different
from the ones given by Theorem|[3.2.1)) such that, for any s = sy, 0 < r < ro and any
U € BX(1,1) solution even in x € T of the following holds. There is an
invertible (R,R,P)-map

O : &K (1, 1 (T; €%) — &7 K" (1, 1 (T; €2y,
satisfying the following:
(i) there exists a constant C depending n s,r and K such that

1O [VIllk-k7,s < IVIk-k7,s(1 + CllUlIk,50)

- (3.3.13)
HOWY) " IVIllk=kr,s < I VIIk—kr,s(L+ ClU I k)

forany Ve C*KDQK”(I,HS(T; C?);
(ii) O(U) -1 and @wu)1-1 belong to the class Z M g 1[r, N1 ® M>(C);
(iii) the function W = ©@(U)[V], where V solves (3.2.2), satisfies

a[W =

3.3.14
iE(AW +0p?Y (L1 (U; 1,0) (W] + QY (U; n w1 + Q5P (U; 1) [U)) ( )
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where Qﬁ”, ;1) € Z,%I_(pg,/mll [r, N1 ® > (C), for some my > 0 depending on

N (larger than m in Theorem [3.2.1), are (R,R,P)-operators and L,(U; t,{)
is a (RR,P)-matrix in Zl"%( xrh Nl ® M (C) with constant coefficients in
x € T and which has the form (recalling Def. [3.3.1))
n(U; 1,8) 0

0 n(U; -8 |’ (3.3.15)
n® (U5 £,¢) = mp (0D (6)* + I 1(U; 1, ),

LI(U; trf) =

where my(U) is given in (3.2.3) and m(()l)(U; t,§) € XY ) [1 NI

3.3.1 Non-resonance conditions

For Me NN and 1 = (my,..., my) € G := [-1/2,1/2]™ we define, recalling (0.3.4),
(.4.4), forany N < M and 0 < ¢ < N the function

W, ) = Apy + oot Apy = Ay — o= Any
‘. N M | N 1 (3.3.16)
:.Z(mj)z_,z (inj)* + 3" my. Z .2k+1_,z N2k+1 |’
=1 j=0+1 k=1 \j=1{np j=t+1 (1))

where 71 = (ny,...,ny) € NN with the convention that Z;”:/m aj =0 when m > m'.
We have the following lemma.

Proposition 3.3.1 (Non resonance condition). There exists N < @ with zero
Lebesgue measure such that, for any m € O\ N, there exist y, Ny > 0 such that
the inequality

[y’ (7, )| = ymax((my),..., (nn) v, (3.3.17)

holds true for any it = (n,...,ny) € NN if N is odd. In the case that N is even the
(3-3.17) holds true if € # NI2 for any ii € NV if ¢ = N/2 the condition (3.3.17)
holds true for any 7i in NV such that

{nly---rn[}¢{n£+l!---)nN}- (3318)

Proof. First of all we show that, if N, ¢, 7i are as in the statement of the proposition,
the function wi,(fﬁ, 1) is not identically zero as function of /7. We can write

N M

. 0, - 0, - 0) >

w& (i, 7)) = i) (1) + kZl meay (i) + ) % lmkd;c (7),
= = +
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where

¢ N
a((f)(ﬁ)::Z(inj)z— Y (inp3

j=1 j=0+1

4 1 N 1
@) 2y .
a,’ (i) =)

Yy k=1

N2k+l \2k+17
j=1 <n]> j=0+1 <"]>

(3.3.19)

for 0 < ¢ < N. We show that there exists at least one non zero coefficient ag)(ﬁ)
forl<k<N.
Let g in IN* such that there are Ny, ..., Ny in IN* satisfying N1 +...+ N; = N and

{nl,...,nN}: {nlyl,...,nLNl,...,nq,l...,nq,Nq}
where
nji =nj;,Vi,ize{l,....N;},Vje{l,...,q},
njn#ni1vVi#j.

Note that, since (x) = V1+x? for x € R, then (n;;) # (n;;) for any i # j. Ac-
cording to this notation the element in (3.3.19) can be rewritten as

Q

a () = ;(N.* —~N7), (3.3.20)

where N].+, resp. N]._, is the number of times that the term (n;,; >2k+1 appears in the
sum in equation (3.3.19) with sign +, resp. with sign —, and hence N].+ +N; =Nj.
Note that if N;.’ —N; =0forany j=1,...,q, then the condition (3.3.18) is violated.
Define the (N x g)-matrix

_1 _1
('111,1)3 <nq1,1>3
—<n1‘1>5 cee cee (nq,1>5

Aq(n) =

<n1’l>2N+1 (nq’1>2N+1
We have

N
Y meal) (i) = (Aq(5) - iaw,
i (33.21)

T
> (0) . _ - _
g = ((Nf—N1 ),...,(N;—Nq)) ,
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where my := (my,..., my) and “-” denotes the standard scalar product on RN. By

the above reasoning the vector 0( ) is different from 0. We claim that the vector
= Aq(n)ﬁ(f) has at least one component different from zero.

Denote by AZ(ﬁ) the (g x g)-sub-matrix of A, (7)) made of its firsts g rows. The

matrix AZ(FL) is, up to rescaling the k-th column by the factor (nl,k)s, a Vander-
monde matrix, therefore

q 1 1
det(A%(m)) = ( - , (3.3.22)
q (E (nj,l>3) 15i1<_£5q <ni,l>2 <nk,l>2
which is different from zero since n; 1 # ng; for any 1 < i < k < g; this implies
that Rank(A, (7)) = g, hence the claim follows since O'Ef) #£0.
Fixy>0, N<MelN, Ny e N and 0 < ¢ < N; we introduce the following “bad”
set

By (7, 0) = { €@ : Wyl (i, )| < ymax (), ..., (nw)) ™). (3.3.23)

We give an estimate of the sub-levels of the function v N(ﬁfz 7). By the discussion
above there exists 1 < k' < ¢ such that ak,)(n) # 0, set ky € {1,---, g} the index
such that |a(f) (i) = (Aq(n)aw) “Aq(n)a “oo > 0. We start by proving that
there exist constants ¢ < 1 and b >> 1, both depending only on g (and hence only
on N), such that

1Oy, W (1, 1) = < : (3.3.24)

ax((m),..., (ny))°

We have
O, vy, ] = 1a” () SEP 1A (05 )| = K(det AL (), (33.25)

where 1 > K = K(IN) > 0 depends only on N. The last inequality in (3.3.25)
follows by the fact that AZ(ﬁ) 1s invertible, hence

1< (A7) Al (3] < (det A7) N*Cyy “A"(n)a(’) “

with Cy > 0 and we have used g < N. By formula (3.3.22)) one can deduce that

K

|det AT ()| =
I ax((n),..., (nn))°
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where b and K depend only on N. The latter inequality, together with (3.3.23)),
implies the (3.3.24). Estimate (3.3.24)) implies that

Y

CmaX((”l)) ey <nN>)

meas(%N,No(ﬁ,% 3)) = No—b"

Hence, for Ny =b+ 2+ N, one obtains

Y 1
meas| [ U By (7, 0)|<lim= ) — =0.
(Y>0 NN ’ ) =0 ¢ 5 env max ((ny), .., () 0
By setting
A= U N U %nniy.90),
0=sN=My>07ecINN
one gets the thesis. O

3.3.2 Normal forms

In this Section we prove Theorem [3.3.2] The proof will be based on an iterative
use of the following lemma.

Lemma 3.3.2. Fix p, KK NeN, np>0, 1<p<N-1and K' <K. For UE€
BE(1,r)n CX; (I, HY) be a solution of (B11) consider the system

0,V =iE(AV +0p?W (LP (U; 1,&) VI + GP (U; 01V + G (U; 01U1), (3.3.26)

where G(p)(U 1), G(p)(U 1) € ZQZKK, [r,N] ® 4> (C) are (R,R,P)-operator and
LP(U; t,&) is a diagonal and constant coefficients in x (R,R,P)-matrix of the form

nP)(U; 1,¢) 0
0 P (U;t,-&) |’ (3.3.27)
0 (U; £,8) = mo(U; 1)(i0)* +n” (U; 1,8),

LP(U;1,6) :=

where my(U; t) is the real symbol in ZF g 11, N1 given in (3.2.3)), while mép) (U;t,8) €
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ZF(I)() xahNLis such that (recalling Def.

N-1
m" (U; £,¢) = Zl mPW,..., U 1,) + my (U; 1,9),
]:

p-1
n” (U;1,8) = lelm;’”]l(U,...,U; £,6) (3.3.28)
]:

N-1
+ Y mP W, U0 +my U3 1,8),
J=p

for2 < p<N-1and where

mP el j=1,.,N-1, my €3y y[rN]. (3.3.29)

For r small enough and m outside the subset A given by Proposition the

following holds. There is sy > 0 such that for s = sy, there is an invertible (R,R,P)-
map

0,1 : CKTK (1,0 (T; €?) — XK (1, 1 (T; ¢%), (3.3.30)
satisfying the following:

(i) there exist C depending on s,r,K such that

10, (N[V]lik-k',s < IVIIk-k7,s(1 + Cll Ul k50

- 3.3.31
l@) 1| . =IVikr.a+ClUIk), G331

for any V € CK- X (1, H* (T; C%);
(ii)) ©,(U) -1 and (@,U(U))_1 — 1 belong to the class Z Mk k' 1[1, N1 ® 4> (C);
(iii) the function W = ©,(U)[V] satisfies

8 W =iE(AW +O0p”?" (LP*V(U; 1, &) W)

(3.3.32)
+HEGP VWU niw + GV W i),
where V satisfies (3.3.26). The operators Gipﬂ)(U; 1, Gépﬂ)(U; t) are (R,R,P)-

operators in the class Z‘%"I_(p;,’fl ([ NI ®M>(C) for some m >0, LP*D(U; t,¢)
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is a (R,R,P)-matrix in ZF% 141115 N1® 4l>(C) with constant coefficients in
x €T and it has the form
(p+D(r7-
[P DU r 8 = m'P Y (U; t,¢) 0 ’
0 n®*D(U;t,-4) (3.3.33)
0PV (U; 1,8) = my(U; 1)(i)? +n P (U; 1,8),
where my (U; t) is given in (3.2.3)), the symbol m(()p+1)(U; t,&)isin ZF% wa11lH NI
and it has the form
(p+1) d (p)
my (Ut,8) =3 Im"1U,...,U;1,6)+
i=1
o (3.3.34)
— (p+1) (p+1)
Y. m{ WU, Ut +my (Ui ),
j=p+1
where m;.p) € f(]’., j=1,...,p are given in (3.3.29) and
PO j=p+1,..,N-1, mP*Ver? 3.3.35
m; oo J=p+l y My €l g NI (3.3.35)

Proof. Let f(U;t,¢) be a symbol in fg which has constant coefficients in x € T.
Consider the system

3, W (@) = 0p”" (FP (U; 1, N [IW ()],

~ U;t, 0 3.3.36
FP (U; &) := fwiso 0 . ( )
0 fW;t,—=¢)

Suppose moreover that the matrix F”)(U; t,&) is a (R,R,P)-matrix of symbols. By
standard theory of ODEs on Banach spaces the flow ©,(U)['] of (3.3.36) is well
defined for 7 € [0,1]. We set ©,(U)[] := @Z(U)[']lm- Estimates (3.3.31) hold by
direct computation. Item (ii) follows by Taylor expanding @;(U) [(]in 7T =0 and
by using Remark [I.1.14] and item (i) of Proposition [[.1.3] The same argument
implies the following further properties of the map ©,(U)[-]:

0, () =1+0p?W (EP (U; t,8) +0p?W (C* (U; £, &) [1+ R (U; 1)[], (3.3.37)

©,UN [ =1-0p*"(FP (U; t,8) +0p”?V (C™(U; t,O))[] + R~ (U; DI,
(3.3.38)
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for some (R,R,P)-matrices of symbols C*(U;t,¢), C™(U;t,¢) independent of x

belonging to ZF% K p+1[r, N] ® 4, (C) and some (R,R,P)-operators R*(U;1)[-],

R™(U; 1)[] belonging to Z@I_f X1 [r, N1® 4> (C) (actually the homogeneity of these
remainders is bigger than p but, at this level, we do not emphasize this property
and we embed them in the remainders of homogeneity 1).

Finally, since FPu,...,U;t, ¢) is a (R,R,P)-matrix of symbols then G);,(U)[-] is
reversibility preserving. Indeed, by setting G* = S0,,(U; —1) - ©,,(Us; 1) S, one can
note that

0,G” = Op%W(ﬁ(p) (SU; t)]GT,
with G° = 0, where we used that SE'P (U; —t) = FP(SU; r) (which is (L.3.18)).
This implies that G* = 0 for 7 = [0, 1], which means that ®,(U; 1) is reversibility
preserving.

Since U solves (B.1.1), there is a (R,R,P)-map M € Z'/%I?,ZO,I[r’ Nl ® 4, (C), for
some 771 > 0, such that

0,U =iEAU +iEM(U; 1) [U]. (3.3.39)

Hence, by taking the derivative w.r.t. the variable ¢ in (3.3.3"/)), we have

p
1= AW ﬁ(p) IERREN] ) IERRS] ; )
0:(0,()[] ];Op (F'P(U @’l_{ U,...,U;t,&)

j—th
+0p?"(0,CT(U; t,&)[] + 0,R* (U; D)
;) (0:C"( O+ R (U; 1) (3.3.40)
=Y op?V(FP(U,...,iEAU,U,...,U; t,) +
J=1 j—th
+0p?Y (B(U; t,O))[1 + RY(U; O[],
for some B(U; t,§) € ZFOK,K’+1,p+1 [r, N1®.>(C), and R* (U; 1) € Z%I_(Z:,Tl'l[r, Nl®

> (C), where we used Proposition|[I.1.3](in particular items (iv), (v)) and /7 is the
loss given by M in (3.3.39). We fix 0 < p’ = p — m which is possible since p > 1.
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Now if W =©,(U)[V] one has that

0, W =0,(U) [iE(A +0p”?W LV (U; 1,) + GP (U r))] ©,(U) W)

+iEO, ()G (U; U +(8,0,(N) (O, (U)) W] =

=iE(AW +0p?" (L") (U; 1,6) [W]) (3.3.41)

p
+Y 0p?W(FP(U,...,iEAU, U,...,U; t, &) W]+
J=1 j—th
+1EOp”™ (C1(U; ,6) (W] +iEG3(U; ) [W] +iEG4(U; 0)[U],

for some (R,R,P)-matrix of symbols C;(U;¢,¢) independent of x belonging to

ZF?CK,HWH [r, N] ® 4> (C) and some (R,R,P)-operators G3(U; 1)[-], G4(U; t)[-] be-
longing to Z,%I_(p 141117 N1®.46(C). In the previous computation we used Propo-

sition[1.1.3] the (3.3.37)), (3.3.38) and (3.3.40). In particular we used also the fact
that the matrix L'P)(U;t,¢&), together with the matrices of symbols appearing in

(3.3.37) and (3.3.38)), have constant coefficients in x. In the notation of item (iii)
of the statement we look for FP (U, ..., U;t,&) such that

p
. . (p)
fW,...,iEAU,U,...,U;t,¢) +1m,, q,...,U;t,é) =
j=1 I (3.3.42)

ilmy1(U;...., U3 1,6).

Recalling the definition of the operator A in (0.4.6) (see also (0.4.4)), (0.3.4), and
(3.3.16)), we have that, passing to Fourier series, the equation (3.3.42) is equivalent

to
vy Ui, i) f (0, U, 10, U T, U, T, Ust,6) =

(p) _ .
-my (I, U,..., I, UL, U,.., 1T, U;t,$)
in the following cases:
e pisodd, 0=/ < p and for any 7i = (ny,...,np) € N?;
e piseven,0=</<p with £ # p/2 and for any 7i = (ny,...,np,) € NP;

* piseven, ¢ = p/2and for any 7i = (ny,...,np) € N” such that

{ny,....,np} #{ngsq, ..., np}.
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By estimate (3.3.17) on wé(ﬁfz, i), we get that f(U,...,U;t,¢) is a symbol in f%
and does not depend on x since so does m}f ), Furthermore, since L” in (3.3.27)
is a (R,R,P)-matrix of symbols, one has that FP(U,...,U;t,&) in (3.3.36) is even
in ¢, and reality preserving (i.e. satisfies resp. (1.3.8)) and (I.3.9)). Finally, since

(p U,...,U; 1,é) satisfies (T.3.13) and the function wé(ﬁaﬁ) in (3.3.16) is real
and even in each component of 7i, one has that the symbol F PI(U,...,U;t,¢) sat-
isfies (I.3.13)). Thanks to the choice of f above the equation (3.3.41)) has the form
(3:3:32) for a suitable (R,R,P)-matrix of symbols LP*Y of the form (3.3.33). [

Proof of Theorem[3.3.2L Let .4 be the set of parameters 772 € [-1/2,1/2]M given
in Proposition We apply Lemma to the system since it has the
form (3.3.26) with p =1, LV ~» Lin 323), GV, G” ~~ Q1,Q2, and p ~ p—m
(with m given by Theorem [3.2.T)). The lemma guarantees the existence of a map
O1(U)[] (see (3.3.30)) such that the function W) = ©;(U)[V] satisfies a system
of the form (3.3.32)) with L(Z) given in (3.3:33) with p = 1 and where G, GY”

are some operators in Z@K ke N] ® >(C). Here pV = p — m - i where
m is the loss of derivatives produced by the map M (U t) given in (3.3.39). This
new system still satisfies the hypotheses of Lemma [3.3.2] hence we may apply it
iteratively. We obtain a sequence of maps ©;(U)[] for j=1,...,N—1 such that
W;:=0;(U)[W;_1] satisfies a system of the form (3.3.32) for suitable matrices of

symbols LU+D given in (3.3.33)) with p = j and where the remainders G(j = G(j =

belong to Z%K K,+ 41 N] ® > (C) where p¥) ~ p—m — jm, which is positive
since p> NinT heorem@ We set

OU)[]:=0n-1(U)o---00:(U)[],

which satisfies items (i), (ii) because each map ©;, j =1,..., N —1 has similar
properties by Lemma With this choice, the constant coefficients in x ma-
trix of symbols L; (U; ¢,¢) in is equal to LN"V(U; ¢,¢€) (given in (3.3.33),
(3.2.3) and (3.3.34) with p = N — 1), which satisfies @]} The smoothing re-
mainders Qil)(U ; t),Q(Z)(U t) belong to the class st " K,, [r, N] ® 4> (C) where
K'~K'+Nand mjy=m+(N-1)m. O

3.3.3 Modified energies

In this subsection we give the proof of Theorem [3.3.1] We introduce the classes of
multilinear forms which will be used to construct modified energies for a system
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of the form (3.3.T4).

Definition 3.3.2. Let p,s € R with p,s =0 and p € N. One denotes by z:;p the
space of symmetric (p + 2)-linear forms

(UO’---)Up+l) - L(UO)---) Up+l)

defined on C*(T; C?) and satisfying for some p € R, and any (ny, ..., np1) € NP*2
and any (Uy,...,Up41) € (C*(T;C?)P+2,

|L(HI’L0 UO» ey an+1 Up+1)| = CmaX((n0>, LR} (np+1>)2s—p

pil (3.3.43)

xmax((no),..., (np1 )P HO L, Uil 2
]:

where maxz({no), ...,{np+1)) is the third largest value among {(ny),...,{np+1), and

such that
p+1

LMy Ug, ..., I, Up1) #0=> ) 0jng =0, (3.3.44)
j=0

for some choice of the signs 0 j € {+1,—1} for j =0,..., p+1, and for any Uy, ..., Up+1
satisfying (1.3.3),

L(SU(),...,SUp+1) :iL(Uo,...,Up+1). (3345)

The following lemma collects some properties of the class 357; ;p .

Lemma 3.3.3. The following facts hold true.

(i) Fix p =0, p € N* and consider R € R,” satisfying (I.3.24) (resp. ([323)).
One has that the L(Uy, ...,Up+1) defined as the symmetrization of

(Ut Ups1) = / (D) SU)(D)*R(UL, ..., Up)Ups1)dx (3.3.46)
T

belongs to 211'0 (resp. §S::p ).

(ii) Let L€ g;:;p. Then for any m = 0 such that p > m+1 and any s > p + u+
%, L extends as a continuous (p + 2)-linear form on HS(T;C?) x --- x HS(T;C?) x
HS™™(T; C?) x H*(T;C?) x - x H(T; C%).

(iii) Let p=2¢ with ¢ € IN* and L€ :?7;::'0. For U even in x satisfying (1.3.3) one
has, for ng,...,np € IN*,

L, U,...,10;,U,1, U,..., 1T, U) = 0. (3.3.47)
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(iv) Let m be outside the subset & and Ny given by Proposition Then for
any Le £, " there is Le Zﬁ;m% such that
p+1
Z L(U,.. L, U) =iLU,...,U), (3.3.48)
j—th
where E and A are defined in m and (0.4.6) respectively.
(v) Let Le $S’+ and M e ZU KK, [r, N1® ., (C) (see Def. |1.1.7) which is reality

preserving and reversible (resp. reverszbzlzty preserving) according to Def. [1.3.3]
Then

u-LU,...UMU;HU,U,...,U) (3.3.49)
S—p+m ),

. N-p-qg-1 25— p+
can be written as the sum Zq’:o Ly, for some Ly € £ (resp. £~ P

P+‘7+Cl +
plus a term that, at any time t, is

OUU MU P+ U@ )5 U@ P

1U(,)llg,s)  (3.3.50)
if s>o0> pandif |U(t, -)IIKf,U is bounded.
Proof. We prove item (7). First of all we note the following

|L(Ipy Uo, ..., M,y Upr)l =

n0Y** [Ty Uo | 2 | Mg R, U, .. T, Up) i Upia |, »

therefore the condition (3.3.44) is implied by (I.1.7), moreover by using
we can bound the r.h.s. of (3.3.51)) by

maxp ((11) ..., {Nps1 ))HHP PA

maX(<n1>)---y<np+1>)p j:()

(3.3.51)

(ngy**

ni Uil - (3.3.52)

We assume 1y = np = ... = Ny, moreover thanks to (3.3.44)) we have |ny— n| <

Cny for some constant C > 0. If ng = n1 then ng ~ ny, therefore

mZaX(nl,...,an) ~ maX(no,..., Np+1),

so the (3:3.43) follows. In the case that ng < 1y we have |ng— ni| < n, so that
n ~ no. Hence we have (ng) < Cmaxs({nyg),. ,(np+1)), so that we can bound

(3.3.52) by

maX3(<n0> yesey <np+l>) 2

max (1), ..., {Np+1))

maX(<n0> Yoo <np+1 >)25+IJ
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which, for 2s = u+ p, is controlled by the r.h.s. of (3.3.43). We still need to prove
(3.3.45)) for the form defined in (3.3.46)), but this follows from the symmetry of the

matrix S and from the property (1.3.18)) (resp. (1.3.17)) of the operator R.
We prove item (ii). Fix an index ¢ in {O,...,p+ 1} and assume 0 # Uy € H® for
¢=0,...,p+1with £ # ¢y and 0 # Uy, in H*"™. Let us assume ng=n; =... =

np+1, then by using (3.3.43)) we have
Z |L(Hn0 UO’---’anH Up+l)| =

2

p+1
<= Y me) P
j=0

ng,-.,p+1

p+l
= Z <n0>25—.0 <n2>P+IJ( l_[ C%j <nj>_s)6,€30 <n[0>—s+m (3.3.53)
Jj=0

j#o

p+1
* 11 Uil e [V
j=

j#lo

HS*m )

. M, U;
where we have denoted by c,]lj the ¢%-sequence (n iji‘LZ and by c,[;‘;o the

r["fo Uro “LZ
Ul ggs—m

that Z?:é €;jnj =0 for a choice of signs ¢; € {1}, therefore we have ng ~ n;. One
needs to study the convergence of the series

s—p+m .0 -5 .1 —s+p+u 2
) n} ) (no) Cpy (11D €y, (M2) Cry»
0,711,112

>s—m

¢?-sequence (ny, . The sum is restricted to the set of indices such

.. . 1 1

it is enough to write (n1)~* = (ny) 5" 2% (n;)"27¢ for € > 0, use the fact that n; ~
ny and Cauchy-Schwartz inequality.

We prove item (iii). By definition we have

L(SUy,...,SUps1) = —L(Uy, ..., Up11). (3.3.54)

Write U; = [anj,ﬁnj]Tq)nj = Qp;Qp;ey + ln,Pn;e-, where the vectors e, and e_
are defined in (3.3.4). Note that Se, = ez, therefore from equation (3.3.54) we
deduce

L(uﬂo(pno e-+ uno(pﬂo €ty unp+1(pnp+1 e-+ unp+l(pnp+1e+) =

_L(uno(pno €+ + UnyPnyl-,..., unp+l (pnp+1 e+ unp+l(10np+le_)'
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By us1ng the C- lmearlty in each argument and identifying the terms of the form
py - Un, ”nm unp+1 on each side we get

L((Pno €_,..., (Png e, (pn[+1 €yH... (png+1 e+) =

(3.3.55)
—L((pn0e+,...,(pn[e+,...,(pnme_,...(pnpﬂe_).

If pis even, ¢ = (p+2)/2 and ng = nyyy,...,ng = nyy then by symmetry we get
the thesis.
We prove item (iv). Let us decompose

LU,...,U) =
p+1
p+2 _ _ (3.3.56)
Z (€+ 1) Z L(Hno, H+ U, HWHU Hn +1U)
/=-1 no,.. yanrl

Thanks to item (i7i) this sum is restricted, in the case that p is even and p = ¢/2, to
the set of indices such that {n, ..., ng} # {np+1,..., Np+1}. Let waz(ﬁz, 7i) be th?
function defined in (3.3.16). Then in order to solve equation (3.3.48)) we define L
the (p +2) symmetric linear form associated to the homogeneous map

.p+1 p+2 4 = + + - -
U— i) 0i1 Y Wy, ML, U,..., 1T, U, U,..., I, U).

0=—1
(3.3.57)
By using (and by using the fact that the sum excludes the indices such
that p is even, p=¢/2 and {ny,...,ng} = {nes1,..., Nps1}), we have that L satisfies
(3.3-43) with (p, u) replaced by (o — Ny, -+ Np). The form L satisfies (3.3.44) since
L satisfies the same property. It remains to prove that L fulfils (3.3.43)). Reasoning
as above, and using that SH;], U= H;J_SU we have that L(SU,...,SU) is equal to

1no,...,Np+1

Prl(p42
iy Y. LaI,su,..,I, Sun,, SU,..I, SU)
no

ngs1 e Np+1
/=-1 +1 e lp+1 P
0 p+1
X(ZAI’LJ’_ Z Anj);
j=0 j=0+1

using the fact that the multilinear form L is symmetric and that satisfies (3.3.43)
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(with sign —) we obtain that the above quantity is equal to

'P+1 p+2 +
iy 011 Y. L, U..0; UL U,.. I3, U)

/=-1 ng,...,Np+1
p+1

x (- Z/ln]+ Y An)
j=0+1

which is the same quantity as in (3.3.57).
We prove item (v). By applying item (ii) of this lemma and (1.1.14) with k=0
we obtain the following estimate
IL(U,..., M(U;nNU,...,U)| =
< CIUEIIET IMW; DU -

< CIU@EINE MU+ IUE N MU g IUEIE,

therefore if p+¢g = N the quantity above contribute to (3.3.50). Therefore we need
to prove that if M is in M 7' ® A(C) with g < G < N - p then the form

U0, -+, Up+g+1) = LWy, .., Up, M(Upss1,-.., Ups ) Up++1)

is, up to symmetrization, a form L in Z° ot 5 ™. By using (3.3.43)) and (T.I.11)) we
have

L(Hno UO"--;an Up;M(an+1 Up+1»---»an+g Up+E])an+,7+1 Up+5]+1) =
> Cmax((n0>,...,(np>,(n’>)23_pm3ax(<n0),...,(np>,(n'>)p+“

n'elN (3.3.58)
p+g+1
x((n')+(nper)+ ..+ (npeger)” [T |1, Uj 2’
Jj=0

where the sum is restricted to the set of indices such that n' = Z”Z:i’“ eony for a
choice of signs € in {+1}. The sum in (3.3.58) is bounded by the r.h.s. of (3.3.43)
with (p, p) replaced by (o — m, p+ G). Moreover the form L satisfies since
L fulfils the same condition and M satisfies (I.1.13). We need to check that con-

dition ((3.3.45)) holds true with sign F (resp. +) if M satisfies (1.3.16) and (I.3.17)

(resp. (1.3.16) and (1.3.18)). Let us assume that M has the properties (I.3.16) and
(T.3.17)), the other case is similar. Let M be a multilinear component of M and U
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such that SU = U. First of all since M satisfies the anti-reality condition (T.3.16))
the homogeneous component M satisfies

MWU,..., DU =SMU,...,U)SU=SM(U,...,U)U,

therefore M(U,...,U)U has the same property of U. Since M has the property
(L.3.17) by Lemma|[I.3.2]each homogeneous component has the same property, so
that

M(SU,...,SU)SU =-S(M(U,...,)U),
and therefore thanks to (3.3.45)) one has

L(SU,...,SU,M(SU,...,SU)SU) = - L(SU,...,SU,S(M(U,...,U)U))
=FLU,...,U,MU,..., U)U),

which concludes the proof. O]

Lemma 3.3.4 (First energy inequality). Ler U(t, x) € Bf (I, 1) be the solution of
@.1.1) with r small enough. If p > 0 is large enough there are constants s = sy >

K = p > p" > N and multilinear forms L, € g;::p”’ p=1,...,N—1, such that for
s = sg the following holds.

Consider the functions V = ®(U)[U], given by Theorem and W =0 (U)[V]
given by Theorem[3.3.2] Then, for any s = sy, one has

N-1
%/I(D)SW(t,x)lzdx: Y LyWU,...,0)+O(lU(t, )15 (3.3.59)
T p=1

for te I. Moreover
Co W g < 1 Ullas < CsllW s, (3.3.60)

for some constant C; > 0.

Before giving the proof of Lemma [3.3.4 we need to prove the following.

Lemma 3.3.5. Let U(t,-) be the solution of (3.1.1)) defined on some interval I c R
and belonging to CO(I; HS(T; C?)). For any 0 < k < K there is a constant Cy. such
that, as long as ||U(t,")|lgs <1 with s > K, one has

105U (£, )llggs—2x < Cl UL, ) s (3.3.61)
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Proof. We argue by induction. Clearly (3.3.61)) holds for k = 0. Assume (3.3.61)
holds for k=0,...,k" < K- 1. Since by assumption ||U(¢,-)|lgs <1, then

k!
> 10F UL, ) g2 < Cro,
k=0

for some Cy uniformly for ¢ € I. In order to get is it is sufficient to show
lo¥+1uie, W gs-2wr+n < CIU(L, ) lgs. Using (3.1.1) we have that

OF LU =iE(AGF U +0F (0p®™ (AWU; £, x,0)[U1) + 0¥ (RW; 1U1))

—iEAON U +iE C2op?W (0 A(U; t, x,E)) (672 U
PUTiE 2 GopTe t (33.62)

+iE Y @'RW;n)6”2U,
ji+ 2=k

where ij are some binomial coefficients. By (1.1.44])) in Proposition|1.1.1} (1.1.8)
with K = 0 (recalling Remark [I.1.1)), the inductive hypothesis and using that
” U(t) )”HS = ]-a we get

10 LU (8, Yl ygs-ay < CIU(E, ) s (3.3.63)

This concludes the proof. L

Proof of Lemma[3.3.4. Since the maps ®,0 are (R,R,P)-maps, then the function
W =0(U)[®(U)[U]] is even in x and satisfies (I.3.3)). In particular, by items (i1)
of Theorems [3.2.1]and [3.3.2] we have that

N-1
W=U+ ) M,U,...,0)[Ul+Myn(U; 0[U], (3.3.64)
p=1

for some (R,R,P) maps M, € ./Zl;@./%g(([?), p=1,...,N-1land My € Mg x» n[r, N]®
A (0).
We remark also that, by Lemma [3.3.5|and (I.1.1]), we have

1U(, ks < Csx UL, ) s
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for some Cg x > 0. According to system (3.3.14), recalling (3.3.15), Remark[1.3.2]
and Definition [3.3.1] we get

%AI(D)SW(t,x)Ide:
2Rei /T (DYSW)[0p?W (1(&) +mp (U; 1) (O P E(DY W | d x
+2Rei/TW[Op%W([[Mg”]](U; t,)E(DY W ]dx (3.3.65)
+2Rei /1r (DY W)(DY EQ\" (U; 1) (W) dx
+2Rei /1T (DY W)(DY'EQSY(U; n1UDdx,
where

m"1(U; 1, 0

M(l) U;t,
Mo 1031, 0) = ( 0 0 1(U; £, )

The contribution of the first integral is zero since the symbol 1(¢) +my (U; 1) (i&)?
is real. By using Lemmata [3.3.1] and [3.3.5] we have that the contribution of the
second integral is bounded by

OUIU(t, ) IN I W lIs).

Let us consider the fourth integral term in (3.3.65)). By definition we have that

QP (WU nUl = Z QG W,..., U]+ QLN (U; DU

where QfY) € %,” ® 4,(C), p=1,...,N~1 and Q§1) € 'y, [r1 ® M(C) are
(R,R,P)- operators and with p > p' > N, p':= p—m; given in Theoremm The

contribution given by the term Q(l) (U; 1) 1s bounded by

OUlU(t, )5 2).

Furthermore the operators Q,; W (U, ..., U) satisfy (T.3.24) by Lemma|l.3.2| iE Q
satisfies (1.3.23) by Remark [ Hence the contribution to the fourth 1ntegral
in (3.3.65) coming from the terms Q(D ., U) can be written as in (3.3.46)). By
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item (i) of Lemma such contributions can be written as L, (U, ..., U) for some

multilinear form I:p(Uo, ...,Up+1) belonging to 72 S: ' Consider now the operator
Q(”(U ;1) in the third integral in (3.3.63). If p’ > p” is large enough, then, by
(3.3.64) and item (iii) of Proposition[I.1.3] we get

N-
Wy niw Z .., DU+ QnU; nIUI,

for some Qp € 9@ ®./%2(C) p=1,...,N-land Qy€ R P KK'N [r]® 4> (C) which
are (R,R,P)- operators Hence the contrlbutlon of the thlrd mtegral can be studied
as done for the term coming from Q(D (U; ). This concludes the proof. L]

Proof of Theorem[3.3.1l Let s > 0 large and r > 0 small enough. By Theorem
for any even function uy € H*(T;C) with ||ug| gs < r, there is a unique solu-
tion u(t, x) of (0.2.1]) with initial condition u(0, x) = uy(x) belonging to the space
C'(I; H*(T;C)) n C°(I; H¥(T; ©)) with I = (=T, T;), Tr > 0.

By Theorem [3.1.1] the function U = (u, @) solves the problem (3.1.1)) with initial
condition Uy = (uy, tlp), furthermore by Lemma such a solution belongs to
the ball BX(1,r).

We now prove that T, = cr~V for some ¢ > 0 depending on s. By applying to the
system (3.1.1) Theorems [3.2.1] and [3.3.2] we have that U (¢, x) solves (3.1.1)) if and
only if the function W(¢,x) given in Theorem [3.3.2] solves (3.3.14). By Lemma
.34l we have that

1Ullas ~ IWillas, (3.3.66)
and that (3.3.39) holds.

We claim that there are multlhnear forms F, € .,%S PP for p=1,...,N-1, for
some p < p” (the constant p” is given in Lemma , such that, by setting

N-1
GU,W):= [ KDY'W(t,x)Pdx+ Y. Fp(U,...,U), (3.3.67)
T p:l
the following conditions hold:
1U s ~ IW s ~9WU, W), (3.3.68)
d
—GU,W) <K IlU@, )N, tel-T,, 1), (3.3.69)

dat
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for some K; > 0 depending on s, N. To prove this fact we reason as follows. Note
that system (3.1.1)) can be written, by Remark [T.1.14] as
0,U =1iEAU + M(U; 1) (U], (3.3.70)

for some M € Z./%I?lo L[ NI ® M (C), m = 0. We show that it is possible to find

recursively multilinear forms

- —~—c _ ! _
Lyegy P rMorme=lo 1< p<N-1,

L(pq) E%;:p“ﬂNMm)q, g+1<p<N-1, (3.3.71)
such that, forg=1,..., N—-1,
d q
T /T|<D>SW(t’x)|2dx+pzle(U(t,-),...,U(t,-))
N-1 (3.3.72)
= Z L;yq)(U(t,-),...,U(t,-))+O(||U(t,.)||gs+2).

p=q+1
Here m > 2 is the loss coming form M(U;¢) in (3.3.70), the constant Ny is in
(3.3.17) of Proposition [3.3.1] This loss is compensated by the fact that p > 0 in
Theorem is arbitrary large, and hence also p” can be taken large enough.

We argue by induction on g. For g =0 the (3.3.72) follows by (3.3.59). Assume
inductively that (3:3.72) holds for g — 1. Let us define L, € Ps5=p"+WNo+m)(g-1)+No

as the multilinear form given by item (iv) of Lemma [3.3.3|applied to L = L(qq_l).
We get

d . gl
LU, U =i ; L,U,...,U,EAU,U,...,U)
j=0 j—times

g1 (3.3.73)

+i) LiU,...,.U,MU;nUU,...,U).
j=0 = ST
j—times

Using items (iv) and (v) of Lemma[3.3.3] we have that

d; wi,,...ut,)=-L49"%u,. . ., wm

dt q y Jreeey ) - q Yooy
N—q-3 (3.3.74)
+ ). LjW,....)+O0UI™),

=0

~.
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for some L;. € :Zj’;zi;(_Nwmm_mmJ'No. Thus we get (3.3.72) at rank q. We
conclude by setting F,, in equals to L,. Since r is small enough, then,

thanks to item (ii) of Lemma|[3.3.3] equation and Lemma[3.3.5] we get
GWU,W) = Cs(IU (8, ) g + 1 U 1),

as long as [|[U(t,")llgs < Cr, therefore (3.3.68) holds. The (3.3.69) follows by
(3.3.72) for g =N-1.

The thesis follows by using the following bootstrap argument. The integral form

of (359 i
t
0

and by (3.3.68)) we have that
GWU(0,-), W(0,) < cor?,

for some ¢y depending on s. Fix Ky = Ky(s,N) > 1 and let T the supremum of
those T such that
sup 94(U(t,), W(t,") < Kor?. (3.3.76)
te[-T,T]

Assume, by contradiction, that T < ér~N. Then, if Kj is the constant appearing in

the r.h.s. of (3.3.75)), we have
t
4y(t,-),W(t,-) < Cor2+K1/ K2N+2rN+sz
0

< cor? +K1K5V+2rN+2T

(3.3.77)

<cor’+ K1K21V+2rN5r_Nr2

3
<71?(co+ K1 K3 *2¢) < Kgrzé—l,

for ¢ > 0 small enough and K, > ¢y large enough hence the contradiction. By
(3.3.68) the reasoning above implies also that
sup [|U(t,)lgs<Cr, T=zér v,
te[-T,T]
for some fixed C > 0 depending on s, N. This is (3.3.2)) for k = 0. Moreover by
Lemma we also obtain that XU (¢,-) satisfies
sup IIOIfU(t, Mgs-2« =Cr, T= er v,
te[-T,T]

if r is small, s > K and where C is a large enough constant depending on K. [



Appendix A

Oscillatory integrals

In this short appendix we study the convergence of integrals of the form

/ 919 q(x)dx, (A.0.1)
R4

where ¢g(x) is a real valued function (usually called phase), and a(x) has polyno-
mial growth (usually called amplitude) and d = 1. Some non degeneracy on the
phase g(x) will be required in order to have “enough oscillations” to compensate
the growth of the amplitude a(x). These integrals are used in the Chapter [I]to de-
fine operations on the symbols. Therefore the aim of this appendix is not to write
down a general theory, but only to establish some fundamental properties of these
integrals in some particular cases that we shall use in Chapter[I} For a more com-
plete and deep analysis of this subject we refer to the books by Alinhac-Gerard [3]]
and by Saint Raymond [83]].

Definition A.0.1 (Amplitudes). For p in (-oo,1], m in R we define A (RY) the
class of functions a(x) in C>®(R4;C) such that for any multi-index a € IN? there
exists a constant Cy > 0 such that

|0%a(x)| < Cq (xy™Ple, (A.0.2)
for any x in R%.
We have the following easy remarks.

Remark A.0.1. . The amplitudes “behave" like symbols in the following sense.
The product of two amplitudes, and the derivative of an amplitude, are still
amplitudes:
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. m m my+msy
s ifac A, andbe Ay*? thena-be Ay "7,
* a€ A} and B €N then dfaeAZHﬁl;

* if my < my then Azﬁ C Azlz.

2. The class Agl (R%) turns out to be a Frechét space endowed with the family
of semi-norms (e/Vp " ke~ defined as

JVP’?}C(a) := sup max|0%a(x)| (x)~(m=plab (A.0.3)

x(—:]Rd |a|5k

If a(x) is an amplitude in A:)" (R%) we shall study the integral (A.0.1)) in the case
that the phase g(x) : R% — R satisfies the following conditions:

* g(x) € C®°(R?\{0}; R) is homogeneous of degree 1 > 0, i. e. g(Ax) = A*q(x)
for any A in R and x in R4;

* Vq(x) is different from 0 for any x € R%\ {0};

e u>1-p.
We have the following theorem.

Theorem A.(0.5 (Definition of oscillatory integrals). Fix m € R and p € (—oo,1].
Let w(x) be a rapidly decaying function in % (R%;R) such that w(0) = 1. If a(x)
isin A;,” (R%), and q(x) e C®(R%\ {0}; R) verifies the conditions above, then there
exist finite the limit
lim 9% a(x)y(ex)dx; (A.0.4)
=0 JRa
moreover the limit does not depend on the choice of the function y(x). In the case
that the amplitude a(x) is in L' (R%) such a limit coincide with f]Rd 9% g (x)dx.

Proof. 1f a(x) is in LY(R%) then the thesis follows just by Lebesgue dominated

convergence theorem. So let us prove the theorem in the case that a ¢ L!.

We define a dyadic partition of unity in the following way. Let ¢(x) be a C3° (RY)

function such that ¢(x) =1 for any x in the ball of center 0 and radius 1 and such

that its support supp(¢) is contained in the ball of center 0 and radius 2. We define

the function y(x) := ¢p(x/2) — p(x), so that we have supp(y) {1 < |x| < 2%}. Anal-

ogously the function yi(x) := y(2~*~Dx) is supported in the set {Zk_l <|x| =< Zk“}.



159

One has 1 = ¢(x) + X772, ¥k (x). By using the Lebesgue dominated convergence
theorem, it is enough to prove that there exists a constant C > 0 such that

‘/ 99 a(x) 1 —p(ex) yr(x)dx| < Ce27*, (A.0.5)
Rd

Performing the change of variable y = 2~*~Vx, and using the u-homogeneity of
the function g(x), we obtain that the L.h.s. of the inequality (A.0.5) is equal to

ok=1d /deizﬂ<k‘1’q(y)a(2k—1y)(1_U,(egk—ly)x(y))dy‘, (A.0.6)
R
Note that the vector field L[] := 12_”(k_1)<|vvq—b’7lvz’> and satisfies L[e!99] = 19 and
d (ax.q)v
L[v]=-i27Hk-D Yy 5 T~
j; Xj IVqIZ

One can easily prove that there exists a positive constant C such that

4V 0] = C max 2 o] .,

for any v € C°(R") and where the maximum is taken over all multi-indices a
of length less than N. Thanks to this fact one can bound, remembering that the
support of the function y is contained in the ball of center 0 and radius 2, the

integral in (A.0.6) by

C2kdp=*k=DEN sup max

|y|52|a|sN

0e1a2* 1y (1 -2 x| (A.0.7)

Since y(0) = 1 one has [0} (1—y(€2¥"y))| < 2"F-1e251 y therefore, by using the
Liebniz rule and (A.0.2)), one can bound (A.0.7)) by

Cok(d-uN+iala-prm+1) g o cok(d+NA-p-p+m+1)

where the constant C depends on everything but on k and €. Since by hypothesis
(remember the hypothesis on the phase g above the statement), we have 1 —p—pu <
0 one gets the (A.0.5) by choosing N> m+d +2. O

Thanks to Theorem (A-0.3) we can define the oscillatory integral [i4 9™ a(x)dx

by using formula (A.0.4).
We prove below a series of simple lemmas in which we show that the oscillatory

integrals essentially “behave" as absolutely convergent integrals.
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Lemma A.0.1 (Linear change of variable). Let a(x) and q(x) as in Theorem[A.0.5)]
Consider A€ R? xR an invertible and real matrix, then

/ e a(Ay)|det(A)|dy = / e a(x)dx.
R4 R4

Proof. Let w(x) a rapidly decaying function in .%(R%;R) and such that y(0) = 1.
Then by definition we have

/ 1V g(x)dx=1lim [ €9Ya(x)y(ex)dx
Rd e—0 Rd

= lin% 9 q(Ay) |det(A) | w (€ Ay)dy
€— Rd

= / ) 9 g(Ay) |det(A)| dy,
R

where in the second passage we have used the “classic”" change of variable x =
Ay. []

Lemma A.0.2 (Integration by parts). Let a € A;)"(Rd x RY) with p > —1. Then

/ ey aly,mdydn = / e”"1Dy (aly,m)dydn,
R2d R24d

where we have denoted Dy, := %6,, the Hormdander derivative.

Proof. Without loss of generality it is enough to give the proof in the case that
a=¢éj¢€ N4, Let y be a rapidly decaying function in . (R% x R%;R) such that
1 (0,0) = 1. By definition we have

/ e Myja(ymyeyemdydn = / =Dyl Maly,my(ey,emdydn
R R

= /[RM e—iy-nDnj [a(y,']])x(ey’ eﬂ)]dydn

which when € goes to 0 converges to f[RaZd Dy, j la(y,m)]dydn. L]

Note that in the hypothesis of Lemma[A.0.2] one proves the following very useful
representation formula

/[RZd e a(y,mdydn =

. , , (A.0.8)
) /uw eV (Y (n)* (D) (Dy)*" aty,mdyan,
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where we used the standard Japanese brackets (x) := /1 +|x|? and the Hérmander
derivatives D, := 19y and Dy, := 10,. Note that the integral in the r.h.s. of (A:0-8)
is absolutely convergent if m—2p¢ < —d and m—-2pf¢' < —d.

Lemma A.0.3 (Fubini’s theorem for oscillatory integrals). Let a(y,y’,n,n') be an
amplitude in A (RA+K 5 RA+KY Then

b(y,n) := / eV a(y,y ,nn)dy dny’
Rzk

is an amplitude in AZ“ (R4 x R%) and moreover

a;agb(%ﬂ) = /ﬂw a;‘aﬁa(y, vy ,n,nhdy' dn'.
Moreover one has

/de /RZk e_iJ"Tle—iy/-n’a(y’ yv.nn)dydy'dndn' =

R2d R2k
Proof. Let us consider the quantity
/Rz]c ey Oj‘faga(y, yn,nhdy'dn', (A.0.9)
by using the representation formula (A.0.§) it is equal to
—iy-n’ 20 20 20 20
/RZke VYY" ) (DY) (Dy) agaga(y,y’,n,n')dy’dn’,

if 2|1¢'| > (m+k)/p and 2|¢| > (m+ k)/p then the last integral is absolutely con-
vergent and therefore one can use the fact that the amplitude a is in the class
Apm (R4*F x R4*¥) to show that the integral is an amplitude in A;)"(Rd xR%).
For the same reason one takes the derivatives with respect to 7 and y outside of the
integral and hence proves that the symbol b(y,n) in the statement is an amplitude
in A'(RY x RY).

In order to prove the second part of the statement it is enough to note that

)2 () 2Dy (D)) by =
/Rzk e—iy'-n’(<y> <y/>)—2£’ (<D77> <Dn,>)2[’(<n> <n/>)—2£ %
(Dy)(DyN > x aly,y',n,n)dy dn,
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where the integrand in the r.h.s. is a function in L' (R?** x R4*¥). Hence the thesis
follows by applying the Fubini’s theorem. ]
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